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A b s t r a c t  

A c o n s i s t e n t  and e f f i c i e n t  s e t  o f  boundary 
c o n d i t i o n s  a r e  deve loped f o r  t h e  mul t i -sweep 
space march ing  p r e s s u r e - e l l i p t i c  Reduced Nav ie r -  
Stokes (RNS) scheme as a p p l i e d  f o r  t h r e e -  
d imens iona l  i n t e r n a l  v i scous  f l o w  prob lems.  
N o - s l i p  boundary c o n d i t i o n s  a r e  d i r e c t l y  imposed 
on t h e  s o l i d  w a l l s .  There i s  no  i t e r a t i o n  proce-  
dure  r e q u i r e d  i n  t h e  cross p lane  t o  ensure mass 
c o n s e r v a t i o n  ac ross  each march ing  p lane .  
f i n i t e  d i f f e r e n c e  equa t ions  f o r m i n g  t h e  c o e f f i -  
c e i n t  m a t r i x  a r e  o rde red  such t h a t  t h e  s u r f a c e  
normal v e l o c i t y  i s  s p e c i f i e d  on a l l  t h e  s o l i d  
w a l l s ;  u n l i k e  e x t e r n a l  flows, a p ressu re  boundary 
c o n d i t i o n  i n  t h e  c ross  p lane  i s  n o t  r e q u i r e d .  
S ince  c o n t i n u i t y  i s  d i r e c t l y  s a t i s f i e d  a t  a l l  
p o i n t s  i n  t h e  flow domain, t he  f irst o r d e r  momen- 
tum equa t ions  can be so l ved  d i r e c t l y  f o r  t h e  
p ressu re  w i t h o u t  t h e  need f o r  a Po isson p ressu re  
c o r r e c t i o n  equa t ion .  The procedure  deve loped 
h e r e i n  can a l s o  be a p p l i e d  w i t h  p e r i o d i c  bound- 
a r y  c o n d i t i o n s .  The a n a l y s i s  i s  g i v e n  f o r  gen- 
e r a l  compress ib le  f l o w s .  I ncompress ib le  f low 
s o l u t i o n s  a r e  ob ta ined ,  f o r  s t r a i g h t  and curved 
d u c t s  o f  square c ross  s e c t i o n ,  t o  v a l i d a t e  t h e  
p rocedure .  The s o l u t i o n s  o f  these t e s t  cases 
a r e  used t o  demonstrate t h e  a p p l i c a b i l i t y  o f  t h e  
RNS scheme, w i t h  t h e  improved boundary cond i -  
t i o n s ,  for i n t e r n a l  flows w i t h  s t r o n g  i n t e r a c -  
t i o n  as would be encountered  i n  duc ts  and 
tu rbomach ine ry  geomet r i es .  

The 

I n t r o d u c t i o n  

The flow th rough  advanced h i g h l y  loaded 
tu rbomach ine ry  b lade  rows i s  c h a r a c t e r i z e d  by 
e x t e n s i v e  r e g i o n s  o f  s t r o n g  th ree -d imens iona l  
v i s c o u s - i n v i s c i d  i n t e r a c t i o n .  To s i m u l a t e  t h i s  
i m p o r t a n t  p ressu re  i n t e r a c t i o n ,  numer i ca l  meth- 
ods t h a t  can coup le  t h e  v i s c o u s  and i n v i s c i d  
r e g i o n s  must be employed. 
c i e n c y  and accuracy  o f  t h e  numer i ca l  a l g o r i t h m  
become i m p o r t a n t  c o n s i d e r a t i o n s  i f  these methods 
a r e  t o  be u s e f u l  i n  t h e  aerodynamic des ign  
p rocess .  

cons ide red  for  t h e  s i m u l a t i o n  o f  s t r o n g  v i scous -  
i n v i s c i d  i n t e r a c t i o n  i n  i n t e r n a l  flows. Conven- 
t i o n a l  f u l l  Nav ie r -S tokes  (N-S)  methods, which 
s o l v e  t h e  f u l l  N-S equa t ions  th roughou t  t h e  f low 
f i e l d ,  have been s u c c e s s f u l l y  used t o  ana lyze  
th ree -d imens iona l  i n t e r a c t i n g  f l o w s  i n  turboma- 
c h i n e r y  b lade  passa9es. l  , 2  However, these meth- 
ods do n o t  e x p l o i t  t h e  asympto t i c  behav io r  o f  
t h e  equa t ions  a t  t h e  l a r g e  Reynolds numbers t y p i -  

I n  a d d i t i o n ,  e f f i -  

A number o f  d i f f e r e n t  approaches have been 

c a l l y  encountered  i n  tu rbomach ine ry  f l o w s .  
sequen t l y ,  these methods r e q u i r e  l a r g e  computer 
s to rage  and r u n  t imes .  
method i n  t h i s  ca tegory1  r e q u i r e s  18 h r  o f  CPU 
t ime  on a VAX 11/780 computer for  t h e  p r e d i c t i o n  
o f  end-wal l  f low i n  a cascade on a r e l a t i v e l y  
coarse  g r i d  o f  53 by 31 by  10 nodes. 

Another  approach i s  i n t e r a c t i n g  boundary 
l a y e r  t h e o r y .  
researchers  3-7 f o r  two-d imens iona l  a p p l i c a t i o n s ,  
where t h e  i n t e r a c t i o n  o f  t h e  i n v i s c i d  f l o w  on t h e  
boundary l a y e r  i s  coup led  th rough  t h e  i n j e c t i o n  
and s u r f a c e  boundary c o n d i t i o n s  for  t h e  i n v i s c i d  
and boundary l a y e r  a n a l y s i s  r e s p e c t i v e l y .  These 
methods a r e  p o t e n t i a l l y  v e r y  e f f i c i e n t ;  however, 
t h e  e v a l u a t i o n  o f  t h e  i n j e c t i o n  c o n d i t i o n  or 
i n v i s c i d  d i sp lacemen t  body (due t o  t h e  v i s c o u s  
e f f e c t s ) ,  wh ich  a l t e r s  t h e  i n v i s c i d  f low, can 
become r a t h e r  i n v o l v e d  f o r  complex t h r e e -  
d imens iona l  f l o w s .  Approx imate  methods n o r m a l l y  
used t o  e v a l u a t e  t h i s  e f f e c t ,  such as l i n e a r i z e d  
smal l  d i s t u r b a n c e  t h e o r y ,  can r e s u l t  i n  c o n s i d e r -  
a b l e  error.  I n  a d d i t i o n ,  t h e  approx ima t ion  o f  
z e r o  normal p r e s s u r e  g r a d i e n t  t h rough  t h e  bound- 
a r y  l a y e r  m i g h t  n o t  be a p p r o p r i a t e  fo r  t u r b u l e n t  
flows w i t h  s t r o n g  p ressu re  i n t e r a c t i o n . 1 6  

Methods t h a t  use space march ing  w i t h  an 
approx imate  form o f  t h e  s teady  N-S equa t ions  
( s ing le -pass  and m u l t i p a s s  march ing  methods) 
have been cons ide red  fo r  a number o f  y e a r s  t o  
p r e d i c t  f l o w s  th rough  cu rved  d u c t s  and turboma- 
c h i n e r y  b lade  cascades .8 - l l  S i n g l e  pass mdrch- 
i n g  can be used for c o n f i g u r a t i o n s  where t h e  
f low i s  o f  i n i t i a l  v a l u e  c h a r a c t e r ,  b u t  m u l t i p l e  
pass procedures  a r e  r e q u i r e d  f o r  e l l i p t i c  f l o w s .  
When a p p l i e d  t o  e l l i p t i c  f l o w s ,  t hese  fo rmu la -  
t i o n s  have g e n e r a l l y  i n t r o d u c e d  a Po isson  equa- 
t i o n  for  p ressu re  t o  c o r r e c t  an i n i t i a l l y  
assumed p ressu re  f i e l d .  T h i s  i s  r e q u i r e d  i n  
l i e u  o f  t h e  c o n t i n u i t y  equa t ion ,  wh ich  i s  n o t  
s a t i s f i e d  e x p l i c i t l y ,  i n  o r d e r  t o  ensure  g l o b a l  
mass c o n s e r v a t i o n .  These methods a r e  c a l l e d  pa r -  
t i a l l y  p a r a b o l i c  or s e m i - e l l i p t i c  methods t o  
d i s t i n g u i s h  them from t h e  f u l l  N-S schemes. 
A l though  these methods r e s u l t  i n  l e s s  comput ing  
t i m e  than  f u l l  N-S methods, t h e  s o l u t i o n  o f  t h e  
Po isson e q u a t i o n  s t i l l  r e q u i r e s  l a r g e  computer 
r u n  t imes .  I n  a d d i t i o n ,  due t o  t h e  uncoup led  
n a t u r e  o f  t h e  p r e s s u r e  c o r r e c t i o n ,  wh ich  i s  a 
n e c e s s i t y  o f  t h e  f o r m u l a t i o n ,  e x t r e m e l y  l a r g e  
u n d e r - r e l a x a t i o n  i s  r e q u i r e d  i n  h i g h  subson ic  and 
t r a n s o n i c  f low r e g i o n s .  Th is  s lows down t h e  con- 
vergence o f  t h e  i t e r a t i o n  procedure  and t h e r e b y  
f u r t h e r  i nc reases  t h e  r u n  t ime .  

Con- 

A r e c e n t l y  deve loped 

Th is  has been used by  a number of 

1 



A method t h a t  combines t h e  asympto t i c  t r e a t -  
ment o f  i n t e r a c t i n g  boundary l a y e r  t h e o r y  and t h e  
accu ra te  i n t e r a c t i o n  s i m u l a t i o n  o f  t h e  f u l l  
Nav ie r -S tokes  methods i s  t h e  Reduced Nav ie r -  
Stokes (RNS)  f o r m u l a t i o n .  Th is  scheme was o r i g i -  
n a l l y  deve loped f o r  e x t e r n a l  f l o w s 1 2 > 1 8  and l a t e r  
f o r m u l a t e d  f o r  i n t e r n a l  f l o w s .  l9  The s o l u t i o n  
procedure  and t h e  boundary c o n d i t i o n s  have been 
mod i f i ed  i n  t h i s  s tudy  t o  make t h e  scheme more 
e f f i c i e n t  for  b o t h  two- and th ree -d imens iona l  
f l o w s  w i t h  s t r o n g  i n t e r a c t i o n .  A s  d e s c r i b e d  i n  
e a r l i e r  r e f e r e n c e s , l 4 - l g  t h e  s y s t e m  o f  e q u a t i o n s  
r e s u l t i n g  i n  t h e  RNS f o r m u l a t i o n  i s  s i m i l a r  t o  
t h a t  o f  t h e  p a r t i a l l y  p a r a b o l i c  scheme i n  t h a t  
streamwise d i f f u s i o n  e f f e c t s  a r e  n e g l e c t e d .  HOW- 
eve r ,  t h e  e l l i p t i c  e f f e c t  o r  ups t ream i n f l u e n c e  
i n  s t r o n g l y  i n t e r a c t i n g  f l o w s  i s  s i m u l a t e d  by a 
c h a r a c t e r i s t i c  t r e a t m e n t  o f  t h e  streamwise p res -  
su re  g r a d i e n t .  The s o l u t i o n  procedure  i s  t h e r e -  
f o r e  v e r y  much d i f f e r e n t ,  and more d i r e c t ,  as 
compared t o  t h a t  o f  p a r t i a l l y  p a r a b o l i c  schemes. 
The equa t ions  a r e  so l ved  by a r e l a x a t i o n  proce-  
dure  w i t h  f u l l  c o u p l i n g  between p ressu re  and 
v e l o c i t i e s  and w i t h o u t  t h e  need f o r  a Po isson  
e q u a t i o n  for  t h e  p ressu re  c o r r e c t i o n .  D e t a i l e d  
a n a l y s i s  o f  t h e  RNS scheme and s o l u t i o n s  fo r  lam- 
i n a r ,  t u r b u l e n t ,  subson ic ,  t r a n s o n i c ,  and super-  
son ic  f low reg imes f o r  a v a r i e t y  o f  e x t e r n a l  
f low c o n f i g u r a t i o n s  a r e  g i v e n  i n  R e f s .  12 t o  18. 
A p p l i c a t i o n  o f  t h e  scheme f o r  i n t e r n a l  f low and 
some p r e l i m i n a r y  r e s u l t s  for  two- and t h r e e -  
d imens iona l  i n t e r n a l  f l o w s  were p resen ted  i n  
Ref .  19. A s  p o i n t e d  o u t  i n  these r e f e r e n c e s ,  t h e  
procedure  i s  a p p l i c a b l e  t o  b o t h  i n v i s c i d  and v i s -  
cous f l o w  and can be c l a s s i f i e d  somewhere between 
i n t e r a c t i n g  boundary l a y e r  t h e o r y  and f u l l  
Nav ie r -S tokes  s o l v e r s .  

RNS scheme as a p p l i c a b l e  t o  two-d imens iona l  
e x t e r n a l  f l o w s  a r e  g i v e n  i n  Refs .  13 t o  18. 
D e t a i l s  o f  v a r i o u s  s tages  o f  t h e  e v o l u t i o n  o f  
t h e  scheme l e a d i n g  t o  i t s  p r e s e n t  form a r e  a l s o  
g i v e n  i n  Refs .  13 ,  15 to  17. For t h e  sake o f  
completeness, some of t h e  a n a l y s i s  i s  repea ted  
he re .  

The RNS equa t ions  were f i rst cons ide red  as 
s i n g l e  sweep o r  PNS ( P a r a b o l i z e d  Nav ie r -S tokes)  
march ing  procedures  f o r  superson ic  f l o w s .  The 
f i rst  a p p l i c a t i o n  was for  hyperson ic  f low 2o 
where t h e  c o n t r i b u t i o n  o f  t h e  streamwise p res -  
su re  g r a d i e n t  i n  t h e  co r respond ing  momentum 
e q u a t i o n  i s  n e g l i g i b l e  and can t h e r e f o r e  be 
n e g l e c t e d .  The equa t ions  a r e  m a t h e m a t i c a l l y  pa r -  
a b o l i c ,  ups t ream i n f l u e n c e  i s  n e g l i g i b l e ,  and an 
exac t  s o l u t i o n  i s  o b t a i n e d  i n  a s i n g l e  march ing  
sweep. For  l ower  superson ic  mach numbers, where 
t h e  i n f l u e n c e  o f  t h e  streamwise p r e s s u r e  g r a d i e n t  
i s  n o t  n e g l i g i b l e ,  an e l l i p t i c  e f f e c t  a s s o c i a t e d  
w i t h  p ressu re  i n t e r a c t i o n  th rough  t h e  subson ic  
p o r t i o n  o f  t h e  boundary l a y e r  i n t r o d u c e s  ups t ream 
i n f l u e n c e . 2 1  122 A s i n g l e  sweep methodology then  
leads  t o  an i l l - p o s e d  i n i t i a l  va lue  p rob lem and 
g i v e s  r i s e  t o  e x p o n e n t i a l l y  g rowing  d e p a r t u r e  
s o l u t i o n s  f o r  a march ing  s tep  s i z e ,  Ag, l e s s  
than (A[)min where (A<)min  i s  p r o p o r t i o n a l  
t o  t h e  e x t e n t  o f  t h e  subsonic p o r t i o n  o f  t h e  
f l o w  i n  t h e  normal ( c r o s s  stream) d i r e ~ t i o n . ~ ~ , ~ ~  
To surpress  t h i s  s o - c a l l e d  d e p a r t u r e  e f f e c t  t h a t  
r e f l e c t s  t h e  boundary va lue  c h a r a c t e r  o f  t h e  
problem, researchers  have used a v a r i e t y  o f  
approx ima t ion  t e c h n i  q u e ~ z o - ~ ~  to  s i m u l a t e  t h e  

A d e t a i l e d  d e s c r i p t i o n  and a n a l y s i s  o f  t h e  

e l l i p t i c  e f f e c t  of t h e  streamwise p ressu re  g r a d i -  
e n t  term. 

I n  t h e  p resen t  RNS procedure ,  t h e  streamwise 
p ressu re  g r a d i e n t  t e r m  Pg i s  s p l i t  a c c o r d i n g  t o  
i t s  c h a r a c t e r i s t i c  behav io r  so t h a t  

T h i s  f o l l o w s  t h e  e igenva lue  a n a l y s i s  o f  V igneron 
e t .  a1,25 where 0 5 d M )  Wmax i s  a f u n c t i o n  o f  
l o c a l  Mach number M and 

A s  ment ioned i n  R e f s .  18 and 19, t h e  po r -  
t i o n  W(P[)h, which i s  "backward" d i f f e r e n c e d  
d u r i n g  d i s c r e t i z a t i o n ,  r e p r e s e n t s  t h e  "hyper -  
b o l i c "  o r  march ing  p a r t  o f  P and t h e  te rm 
( 1  - W)(Pg)e r e p r e s e n t s  the  ' e l l i p t i c "  or 
r e l a x a t i o n  c o n t r i b u t i o n  t h a t  i s  " f o r w a r d "  d i f f e r -  
enced. Note t h a t  f o r  imcompress ib le  f l o w ,  
s i n c e  ~ ( 0 )  = 0,  t he  e n t i r e  P s  c o n t r i b u t i o n  
i se 1 1 i p t i c . 
( 1  - w ) ( P  ) e  
t h e  compu ia t i ona l  domain. 
i l l - p o s e d n e s s  found i n  t h e  s i n g l e  sweep i n i t i a l  
v a l u e  f o r m u l a t i o n .  Due to  t h e  f o r w a r d  d i f f e r e n c -  
i n g ,  t h e  s o l u t i o n  procedure  r e q u i r e s  m u l t i p l e  
sweep march ing  o r  r e l a x a t i o n .  The above t r e a t -  
ment o f  t h e  streamwise p ressu re  g r a d i e n t ,  w i t h  
m u l t i p l e  sweep r e l a x a t i o n ,  l eads  t o  c o n s i s t e n t  
( a r b i t r a r y  AC) and d e p a r t u r e  f r e e  (Ag + 0) so lu -  
t i o n s  f o r  t he  e n t i r e  range o f  i n c o m p r e s s i b l e  t o  
superson ic  Mach numbers. S i g n i f i c a n t l y ,  o n l y  t h e  
p ressu re  (and p o s s i b l y  t h e  a x i a l  v e l o c i t y  i n  t h e  
l i m i t e d  r e g i o n s  o f  reve rsed  f l o w  o n l y )  need be 
s t o r e d .  T h i s  r e s u l t s  i n ,  among o t h e r  advantages, 
a s i g n i f i c a n t  r e d u c t i o n  i n  s to rage  requ i remen t  
o v e r  conven t iona l  N-S methods. 

I n  t h e  p r e s e n t  s tudy ,  a new c o n s i s t e n t  so lu -  
t i o n  procedure  i s  f o r m u l a t e d ,  u s i n g  t h e  RNS 
Scheme, f o r  t h r e e -  and two-d imens iona l  f l o w  prob- 
lems. The t rea tmen t  o f  boundary c o n d i t i o n s  hzs 
been s i g n i f i c a n t l y  m o d i f i e d ,  compared t o  t h e  ea r -  
l i e r  p r o c e d u r e , l g  t o  make t h e  s o l u t i o n  procedure  
more e f f i c i e n t  and a c c u r a t e .  The a p p l i c a t i o n  of 
z e r o  i n j e c t i o n  o r  s o l i d  w a l l  boundary c o n d i t i o n s  
i n  t h e  c ross -p lane  i s  more d i r e c t  i n  t h i s  s t u d y  
t h a n  i n  t h a t  o f  Ref .  19. The procedure  i s  deve- 
l oped  for  a r b i t r a r y  compress ib le  flow, b u t  o n l y  
i ncompress ib le  s o l u t i o n s  a r e  o b t a i n e d  for  deve- 
l o p i n g  f low i n  th ree -d imens iona l  s t r a i g h t  and 
curved duc ts  o f  square c ross  s e c t i o n .  These 
s o l u t i o n s  a r e  compared w i t h  a v a i l a b l e  exper imen- 
t a l  d a t a  and computed r e s u l t s .  

'I Forward" d i f f erenc  i ng o f  
i n t r o d u c e s  ups t ream i n f l u e n c e  i n  

T h i s  removes t h e  

Govern ing  Equat ions  

The gove rn ing  equa t ions  a r e  w r i t t e n  i n  a gen- 
e r a l  c u r v i l i n e a r  c o o r d i n a t e  system ( E ,  q ,  and 
i n  terms o f  t h e  p r i m i t i v e  v a r i a b l e s  (u ,  v,  w,  p ) .  
The momentum equa t ions  a r e  then rea r ranged  t o  
r e f l e c t  t h e  momentum ba lance i n  t h e  d i r e c t i o n s  o f  
t h e  c o n t r a v a r i a n t  v e l o c i t y  components (u, V ,  
and W ) .  This  r e q u i r e s  t h e  a p p r o p r i a t e  combina- 
t i o n  o f  t h e  C a r t e s i a n  component momentum equa- 
t i o n s  a f t e r  t r a n s f o r m a t i o n  i n t o  t h e  g ,  rl.  and < c o o r d i n a t e  system. For  example, t h e  momentum 
e q u a t i o n  i n  t h e  U d i r e c t i o n  i s  w r i t t e n  as e x  
(x-momentum) + gy(y-momentum) + cz(z-momentum) .26 
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R = - ~ T  J 

The f i n a l  equa t ions  a r e  g i v e n  i n  t h e  f o l l o w i n g  
m a t r i x  form. 

C o n t i n u i t y  and Momentum: 

0 

1 5  5 5 

5 5 5 

S X T X  5 + SYTY 5 + SZTZ 5 

x x + 'yTy + ?zTz 
Z T  x x + ,yTy + QZTZ - 

where 

T = j 

0 

1 5  5 5 n x ~ x  + Q ~ T ~  + Q ~ T ~  

S X T X  5 + SYTY 5 + SZTZ 5 

SxTx  5 + SYTY 5 + SZTZ 5 

r 0 1 

The terms T 5 ,  T 6 ,  e t c .  appear ing  i n  t h e  

column v e c t o r s  R ,  S, T,  and K a r e  e x p l a i n e d  
i n  d e t a i l  i n  Appendix A .  The v e l o c i t i e s  U,  V ,  
and W a r e  t h e  c o n t r a v a r i a n t  components; a l l  
t h e  shear s t r e s s e s ,  as shown as Appendix A ,  can 
be expressed i n  terms o f  these components. 
S ince  one o f  t h e  c o o r d i n a t e s  ( 5 )  r e p r e s e n t s  t h e  
march ing  d i r e c t i o n ,  i t  has been found t h a t  t h e  
equa t ions  i n  t h i s  f o r m  enhances t h e  s t a b i l i t y  o f  
t h e  numer i ca l  scheme. I n  a d d i t i o n ,  t h e  system o f  
equa t ions  i n  t h i s  form can be e a s i l y  v e r i f i e d  
fo r  an o r thogona l  c o o r d i n a t e  system. For the  
sample problems cons ide red  i n  t h i s  s tudy ,  an 
o r t h o g o n a l  ( c u r v e l i n e a r )  c o o r d i n a t e  system i s  

X Y  

s p e c i f i e d .  For t h e  p r e s e n t  f o r m u l a t i o n ,  ad ia -  
b a t i c  ( w a l l )  c o n d i t i o n s  a r e  assumed and w i t h  a 
P r a n d t l  number o f  u n i t y ,  a s i m p l i f i e d  energy  
e q u a t i o n  r e s u l t s ;  i . e . .  t o t a l  e n t h a l p y  i s  con- 
s t a n t .  The same a l g o r i t h m  can a l s o  be used for  
n o n a d i a b a t i c  w a l l  c o n d i t i o n s  and P r a n d t l  numbers 
d i f f e r e n t  from u n i t y .  The energy  equa t ion ,  w r i t -  
t e n  i n  terms o f  s t a g n a t i o n  e n t h a l p y  i s  o n l y  
weakly coup led  w i t h  t h e  remainder  o f  t h e  equa- 
t i o n s  for low speed and even moderate superson ic  
f l ows .  There fore ,  t h e  energy  e q u a t i o n  can be 
so l ved  i n  an uncoup led  manner t o  update  t h e  s tag-  
n a t i o n  e n t h a l p y  a t  each march ing  l o c a t i o n .  To 
c l o s e  t h e  system, an e q u a t i o n  o f  s t a t e  p = pRT 
and a r e l a t i o n  f o r  v i s c o s i t y ,  p = p(T),  a r e  
r e q u i r e d  for  compress ib le  f l o w s .  

s i o n  terms i n  t h e  streamwise d i r e c t i o n  a r e  
n e g l e c t e d  a c c o r d i n g  t o  t h e  RNS approx ima t ion .  
These terms a r e  n e g l i g i b l e  fo r  t h e  c o o r d i n a t e  
s y s t e m  s p e c i f i e d  h e r e i n  so t h a t  t h e  RNS system 
c l o s e l y  approx imates  t h e  f u l l  N-S equa t ions .  
The flow Reynolds number i s  based on t h e  i n l e t  
un i fo rm v e l o c i t y  and t h e  i n l e t  h y d r a u l i c  r a d i u s  
of t h e  d u c t .  The p ressu re  i s  nond imens iona l i zed  
w i t h  t h e  i n l e t  dynamic head. 

D i s c r e t i z a t i o n  

I n  a l l  o f  t h e  momentum equa t ions ,  t h e  d i f f u -  

The d i s c r e t i z a t i o n  o f  t h e  gove rn ing  equa- 
t i o n s  i s  i l l u s t r a t e d  i n  F i g s .  l and 2 .  I n  t h e  
march ing  ( 5 )  d i r e c t i o n  t h e  equa t ions  a r e  d i s c r e -  
t i z e d  a t  ( i), t h e  v e l o c i t y  node p o i n t s .  I n  t h e  
c ross-p lane,  t h e  c o n t i n u i t y ,  streamwise momentum 
and t h e  two normal momentum equa t ions  a r e  d i s c r e -  
t i z e d  a t  @,($),a, and @ r e s p e c t i v e l y .  A l l  
o f  t h e  connec i v e  terms i n  t h e  march ing  d i r e c -  
t i o n  a r e  upwind d i f f e r e n c e d .  Both  f i r s t - o r d e r  
(two p o i n t )  and second-order ( t h r e e  p o i n t )  accu- 
r a t e  upwind d i f f e r e n c i n g  schemes a r e  cons ide red .  
As d i scussed  e a r l i e r ,  t h e  streamwise p r e s s u r e  
g r a d i e n t ,  Pc i s  d i f f e r e n c e d  as:  

where t h e  s u b s c r i p t  i i s  a m o d i f i e d  i ndex  fo r  
p ressu re  i n  t h e  ( - d i r e c t i o n  (see F i g .  1 )  and 
n i s  t h e  c u r r e n t  march ing  ( g l o b a l )  sweep. The 
terms ( A P ~ ) ~  and a r e  a d d i t i o n a l  c o r r e c -  
t i o n  terms to  produce second-order accu racy  
i n  t h e  f o r w a r d  and backward d i r e c t i o n s  respec-  
t i v e l y .  These terms a r e  g i v e n  by :  

n-1 n-1 
x ( 1 + O f )  p i+l - ' i+2  - UfP7] [ 



and 
Boundary C o n d i t i o n s  

The method o f  a p p l i c a t i o n  o f  boundary cond i -  

x [ObP7 - ( l t U b )  p n t pn ] 
i - 1  i - 2  

For f i r s t  o r d e r  accuracy  the  t e r m s  and 
 APE)^ a r e  neg lec ted .  

t h e  unknown p ressu re  pi a t  !he march ing  l oca -  
t i o n  i ,  i s  s taggered a t  a d i s t a n c e  ( l - w ) A (  
ups t ream o f  v e l o c i t y  U i ,  v j ,  and W i .  The 
p r e s s u r e  a t  t h e  g r i d  p o i n t  1 i s  g i v e n  by :  

The d i s c r e t i z a t i o n  for  p r e q u i r e s  t h a t  

- 
i t 1  ) P i  t 1  p i  = witlpi t ( 1  - w 

The d i s c r e t i z a t i o n  o f  a l l  d e r i v a t i v e s  i n  t h e  q 
and 5 c ross  f low d i r e c t i o n s  i s  second-order 
a c c u r a t e  excep t  f o r  one of  t h e  v i scous  terms i n  
each o f  t h e  normal momentum e q u a t i o n s .  These 
terms a r e  t h e  d i f f u s i o n  terms i n  t h e  same d i r e c -  
t i o n  as t h e  momentum d i r e c t i o n ,  i . e . .  t h e  second 
d e r i v a t i v e  w i t h  r e s p e c t  t o  q i n  t h e  q-momentum 
e q u a t i o n  and t h e  co r respond ing  te rm i n  C momen- 
tum e q u a t i o n .  S ince  these v i scous  terms a r e  
n e g l i g i b l y  s m a l l ,  i . e . ,  o f  o r d e r  o f  t h e  n e g l e c t e d  
s t reamwise  d i f f u s i o n  te rms,  f o r  l a r g e  Reynolds 
numbers, t h e  d i s c r e t i z a t i o n  i n  t h e  q and 5 
d i r e c t i o n s  remains  e s s e n t i a l l y  second-order accu- 
r a t e .  The n o n l i n e a r  c o n v e c t i v e  terms i n  t h e  
f i n i t e  d i f f e r e n c e  equa t ions  a r e  q u a l s i l i e a r i z e d ,  
w i t h  r e s p e c t  t o  the  p r e v i o u s  march ing  l o c a t i o n ,  
u s i n g  a Newton l i n e a r i z a t i o n .  The l i n e a r i z e d  
e q u a t i o n  r e s u l t  i n  a coup led  system for  t h e  vec- 
tor  [U, V,  W ,  p l T .  
be r e p r e s e n t e d  by t h e  m a t r i x  e q u a t i o n  

The system o f  e q u a t i o n  can 

where {$I i s  t h e  s o l u t i o n  v e c t o r  [U,V,W,plT, 
{q }  i s  t h e  known r i g h t  hand s i d e  o f  t h e  equa- 
t i o n ,  and [ A I  i s  t h e  n i n e  d iagona l  c o e f f i c i e n t  
m a t r i x  shown i n  F i g .  3. The a s s o c i a t e d  computa- 
t i o n a l  mo lecu le  i s  shown i n  F i g .  4. Each o f  t h e  
e lements  o f  t h e  c o e f f i c i e n t  m a t r i x  [ A I  i s  a 4 
by 4 m a t r i x  co r respond ing  t o  t h e  column s i z e  [ 4 1  
o f  t h e  v e c t o r  {$}. The d i s c r e t e  system o f  equa- 
t i o n s  i s  so l ved  f o r  [U,V,W,pITi k a t  each 
march ing  l o c a t i o n  i w i t h  t h e  m d i f e d  s t r o n g  
i m p l i c i t  p rocedure  ( M S I P )  o f  Ref .  27.  T h i s  
method was o r i g i n a l l y  deve loped for t h e  s c a l a r  
system d e s c r i b i n g  t h e  two-dimensional  hea t  con- 
d u c t i o n  equa t ion .27  I t  was m o d i f i e d  by t h e  
p resen t  i n v e s t i g a t o r s  f o r  a p p l i c a t i o n  t o  a vec- 
t o r  system o f  equa t ions  i n  a p r e v i o u s  s t u d y . l g  
The d e t a i l s  o f  t h e  procedure  a r e  g i v e n  i n  
Refs .  19 and 27. As ment ioned i n  Ref .  19 f o r  a 
two-dimensional  flow t h e  c ross-p lane reduces t o  
a l i n e  and t h e  system of equa t ions  reduces t o  a 
b l o c k  t r i d i a g o n a l  system for  [U,V,p I i  , j  wh ich  
i s  so l ved  by s tandard  LU decompos i t ion .  

t i o n s  o f t e n  d i c t a t e s  t h e  e f f i c i e n c y  o f  a so lu -  
t i o n  a l g o r i t h m .  A ma jor  change i n  the  R N S / M S I P  
s o l u t i o n  procedure  has been implemented i n  t h e  
p r e s e n t  s tudy  by  a m o d i f i c a t i o n  o f  t h e  boundary 
c o n d i t i o n s  as a p p l i e d  i n  t h e  p r e v i o u s  s t u d y . l g  

I n f l o w  and o u t f l o w  boundary c o n d i t i o n s  a re  
s t r a i g h t  f o r w a r d .  S ince  streamwise ( 5 )  d i f f u -  
s i o n  terms a r e  n e g l e c t e d  and streamwise convec- 
t i o n  te rms a r e  upwind d i f f e r e n c e d ,  t h e  v e l o c i t i  
have an i n i t i a l  va lue  c h a r a c t e r  (excep t  i n  

S 

r e g i o n s  o f  r e v e r s e d  f low).  
t i e s  must be s p e c i f i e d  o n l y  a t  t h e  i n f l o w  boun- 
d a r y  assuming t h a t  f l o w  r e v e r s a l  does n o t  occu r  
a t  t h e  o u t f l o w  boundary .  Due t o  t h e  s p l i t t i n g  
D f  t h e  streamwise p ressu re  g r a d i e n t  i n t o  a f o r -  
ward d i f f e r e n c e d  ( r e l a x a t i o n )  and backward d i f f -  
e renced (march ing)  e lements ,  a p ressu re  cond i -  
t i o n  i s  r e q u i r e d  a t  b o t h  the  i n f l o w  and o u t f l o w  
boundar ies  f o r  mach numbers 0 < M < 1 .  For 
mach numbers M 1. 1 ,  w becomes u n i t y  and the re -  
f o r e  a p ressu re  c o n d i t i o n  i s  n o t  r e q u i r e d  a t  t he  
o u t f l o w  boundary i . e .  f u l l  march ing .  For incom- 
p r e s s i b l e  f low ( W  = 0) a p r e s s u r e  c o n d i t i o n  i s  
n o t  r e q u i r e d  a t  t h e  i n f l o w  boundary ( f u l l  r e l a x a -  
t i o n ) .  For 0 < M < 1 ,  t h e  s taggered  p ressu re  
(see F i g .  l ) ,  leads  t o  a p a r t i a l l y  p r e s c r i b e d  
p r e s s u r e  c o n d i t i o n  a t  b o t h  t h e  i n f l o w  and o u t -  
f low compu ta t i ona l  p lanes ,  s i n c e  a t  t h e  node 
p o i n t  1 ,  

There fo re  t h e  ve loc  - 

I n  t h e  c ross  p lane  (q - < p l a n e ) ,  i t  i s  
i m p o r t a n t  t o  a p p l y  t h e  boundary c o n d i t i o n s  i n  a 
c o n s i s t e n t  manner i f  t h e  system o f  d i s c r e t i z e d  
equa t ions  i s  t o  be so l ved  e f f i c i e n t l y .  To i l l u s -  
t r a t e  t h e  p r e s e n t  p rocedure ,  l e t  us f i rst con- 
s i d e r  t h e  two-d imens iona l  f low problem. The 
c ross -p lane  then  reduces  t o  a l i n e ,  e .g . ,  
0 i q 5 1 .  
c o n t i n u i t y ,  [-momentum and q-momentum, as asso- 
c i a t e d  w i t h  t h e  node j ,  a r e  denoted  i n  F i g .  5 
by 0.0, and @ r e s p e c t i v e l y .  

As seen i n  F i g .  5 ,  t h e  number o f  d i s c r e t e  
(-momentum equa t ions  i s  
o f  d e s c r e t e  
a r e  each jmax - 1 .  The re fo re  t h e  t o t a l  number 
o f  unknowns I S  3jmax ( U ,  V ,  and 
and t h e  t o t a l  number o f  d i s c r e t e  e q u a t i o n  i s  
(3 jmax - 4 ) .  
J = Jmax), each w a l l  has two p h y s i c a l  boundary 
c o n d i t i o n s ,  i . e . ,  U = 0 and V = 0. There fo re ,  
t h e  system i s  c losed  i n  so f a r  as t o t a l  number 
o f  equa t ions  p l u s  t h e  boundary c o n d i t i o n s  com- 
pa red  w i t h  t h e  number o f  unknowns i s  concerned. 
However, s i n c e  t h e r e  a r e  o n l y  jmax - 1 d i s c r e t e  
q-momentum equa t ions ,  t h e  numer i ca l  s o l u t i o n  
p rocedure  a p p a r e n t l y  r e q u i r e s  a c o n d i t i o n  f o r  
p r e s s u r e  a t  one o f  t h e  boundar ies  ( j  = 1 o r  
j = j m a x ) .  
d a r y  c o n d i t i o n s  on V redundan t .  I n  t h e  p r e v i -  
ous s t u d y , l g  t h e  z e r o  normal v e l o c i t y  ( V  = 0) 
was i n d i r e c t l y  imposed a t  t h e  o u t e r  boundary 

The d i s c r e t i z a t i o n  l o c a t i o n  for  t h e  

jmax - 2 and t h e  number 
q-momentum and c o n t i n u i t y  equa t ions  

p f o r  each node) 

For  s o l i d  w a l l s  C j  = 1 and 

Th is  would render  one o f  t he  boun- 

4 



( j  = jmax) th rough  an a r t i f i c i a l  p ressu re  boun- 
d a r y  c o n d i t i o n .  An i t e r a t i v e  p rocess  on t h i s  
p r e s s u r e  boundary c o n d i t i o n ,  imposed a t  
j = jmax 
mass c o n s e r v a t i o n  or t h a t  t h e  v e l o c i t y  V = 0 
a t  j = jmax. I n  t h e  p r e s e n t  s tudy ,  t h e  z e r o  
i n j e c t i o n  c o n d i t i o n s  a r e  d i r e c t l y  imposed a t  
b o t h  t h e  boundar ies  w i t h o u t  any need for the  
i t e r a t i v e  a r t i f i c i a l  p r e s s u r e  boundary cond i -  
t i o n .  T h i s  i s  acompl ished by s l i g h t l y  chang ing  
t h e  s t r u c t u r e  o f  t h e  b l o c k  t r i d i a g o n a l  m a t r i x  
near  t h e  o u t e r  boundary .  The b l o c k  t r i d i a g o n a l  
system a t  t h e  march ing  l o c a t i o n  ( i ) ,  for two- 
d imens ionc l  f low, i s  shown i n  F i g .  6 .  For  an 
i n t e r i o r  p o i n t ,  2 5 j jmax-2, t h e  t h r e e  equa- 
t i o n s  f o r  t h e  unknown U,  V ,  and p a r e  
grouped as :  

was r e q u i r e d  i n  o r d e r  t o  ensure  g l o b a l  

1 c o n t i n u i t y  a t  j - 112 
<-momentum a t  j 1 q-momentum a t  j + 1 /2  

For t h e  p o i n t  n e x t  t o  upper boundary ( t h e  lower  
boundary can be chosen i n s t e a d  o f  upper boundary) 
we m o d i f y  t h e  g roup ing  as follows. 

c o n t i n u i t y  a t  (jmax - 1 - 1 / 2 )  
(-momentum a t  (jmax - 1 )  
c o n t i n u i t y  a t  (jmax - 1 + 112) 1 

1 
1 

[ 
For  w a l l  boundar ies  ( i . e . ,  j = 1 and j = jmax) 
t h e  s t r u c t u r e  i s  g i v e n  as fo l lows. 
For j = jmax 

V = 0 ( o r  s p e c i f i e d )  
r = O  q-momentum eqn a t  (jmax - 1+1/2) 

and fo r  j = 1 

V = 0 (or s p e c i f i e d )  
r = O  q-momentum eqn a t  ( 1  + 112) 

The arrangement o f  t h e  equa t ions  and t h e  boundary 
c o n d i t i o n s  i s  shown i n  F i g .  7 .  

For p e r i o d i c  boundar ies ,  t h e  s u r f a c e  normal 
v e l o c i t i e s  cannot  be s p e c i f i e d .  The t o t a l  
number o f  d i s c r e t e  equa t ions  remains 3jmax-4. 
However, t h e  number o f  unknowns i s  now reduced 
( F i g .  8 ) ,  s i n c e  t h e  va lues  o f  t h e  unknowns a t  
j = jmax a r e  equal  t o  those a t  j = 1 .  

T h e r e f o r e  t h e  t o t a l  number o f  unknowns i s  
now (3jmax - 3 ) .  
t i o n a l  e q u a t i o n  t o  c l o s e  t h e  system. T h i s  cond i -  
t i o n  i s  o b t a i n e d  by a p p l y i n g  t h e  <-momentum 
e q u a t i o n  a t  j = jmax. Th is  r e l i e s  on t h e  f a c t  
t h a t  t h e  l o c a t i o n  j = jmax + 1 i s  e q u i v a l e n t  
t o  t h e  l o c a t i o n  j = 2.  The r e s u l t i n g  p e r i o d i c  
b l o c k  t r i d i a g o n a l  system can once aga in  be 
s o l v e d  u s i n g  t h e  s tandard  LU decompos i t ion .28  

th ree -d imens ina l  f l o w s  s i n c e  t h e  q and ( 
momentum equa t ions  a r e  d i s c r e t i z e d  i n  e x a c t l y  
t h e  same manner as f o r  two-dimensional  flows. 
The c o n t i n u i t y  e q u a t i o n  i s  now d i c r e t i z e d  a t  
( j  - 1 /2 ,  k - 1 /2 )  ( F i g .  2). Along t h e  l i n e s  
jmax - 1 and kmax - 1 ,  t h e  arrangement o f  equa- 
t i o n s  i s  as f o l l o w s :  
For ( jmax - 1 ,  k )  

T h i s  r e q u i r e s  o n l y  one add i -  

T h i s  p rocedure  can be d i r e c t l y  extended to  

c o n t i n u i t y  a t  (jmax - 112, k - 112) 

(-momentum a t  (jmax - 1 ,  k )  
<-momentum a t  (jmax - 1 ,  k + 112) 

c o n t i n u i t y  a t  (jmax - 1-112. k-112) 

w i t h  a s i m i l a r  form for  ( j ,  kmax - 1 ) .  
r i o r  p o i n t s ,  2 i j jmax - 1 ,  t h e  arrangement 
i s  g i v e n  as 

For  i n t e -  

I c o n t i n u i t y  a t  ( j - 1 / 2 ,  k - l / 2 )  
S-momentum a t  ( j ,  k )  
q-momentum a t  ( j + 1 / / 2 ,  k )  1 <-momentum a t  ( j ,  k+1 /2 )  

system i s  so l ved  i n  t h e  same manner w i t h  t h e  
M S I P  scheme. The boundary c o n d i t i o n s  can be 
summarized as f o l l o w s .  

v e l o c i t i e s  a r e  s p e c i f i e d .  A c o n d i t i o n  on t h e  
s taggered  p r e s s u r e  i s  r e q u i r e d  o n l y  f o r  t h e  com- 
p r e s s i b l e  case ( W  # 0 ) .  

o n l y  one boundary c o n d i t i o n  on t h e  s taggered  
p ressu re  i s  r e q u i r e d .  E i t h e r  p or ap/a< i s  
s p e c i f i e d .  

The r e s u l t i n g  b l o c k  n ine -d iagona l  m a t r i x  

I n f l o w  ( <  = S o ) :  A t  t h e  i n f l o w  boundary ,  

O u t f l o w  ( <  = <max): A t  t h e  o u f l o w  boundary,  

< =  
on 

Lower and l e f t  w a l l  boundar ies  (q = 0, and 
0) ;  No s l i p  and z e r o  i n j e c t i o n  a r e  s p e c i f i e d  

t h e  s o l i d  w a l l s  ( U  = 0, V = 0, and W = 0 ) .  
A boundary c o n d i t i o n  for  p r e s s u r e  i s  n o t  
r e q u i r e d .  The normal momentum equa t ions ,  a t  t h e  
co r respond ing  boundar ies ,  a r e  a p p l i e d  t o  o b t a i n  
t h e  w a l l  p ressu re  (q-momentum e q u a t i o n  a t  q = 0 
+ An12 and ( momentum e q u a t i o n  
a t  ( = 0 + A ( / 2 ) .  

Upper and r i g h t  boundar ies  (q = qmax and 
( = (max): Once aga in  z e r o  i n j e c t i o n  and no  s l i p  
a r e  s p e c i f i e d  on t h e  s o l i d  w a l l s .  A boundary 
c o n d i t i o n  f o r  p ressu re  i s  n o t  r e q u i r e d .  The no r -  
mal momentum equa t ions  a r e  a p p l i e d  a t  t h e  bound- 
a r i e s  t o  o b t a i n  t h e  sur face  p r e s s u r e  (q-momemtum 
e q u a t i o n  a t  q = qmax - Aq/2 and (-momentum 
e q u a t i o n  a t  

S o l u t i o n  Procedure  

< = (max - A( /2 ) .  

S t a r t i n g  from t h e  i n f l o w  boundary and then  
a t  each march ing  l o c a t i o n  i, t h e  b l o c k  n i n e  
d iagona l  s y s t e m  shown i n  F i g .  3 i s  so l ved  w i t h  
t h e  MSIP a l g o r i t h m  f o r  [ U ,  V, W ,  P I T .  The den- 
s i t y  and tempera ture  fo r  compress ib le  flows, i s  
updated a f t e r  t h e  l o c a l  i t e r a t i o n  for  t h e  quas i -  
l i n e a r i z e d  system has converged a t  each march ing  
l o c a t i o n  i . The d e n s i t y  and tempera ture  a r e  
eva lua ted  u s i n g  t h e  s t a t e  and energy  e q u a t i o n s .  
The r e l a x a t i o n  (march ing)  p rocedure  proceeds t o  
t h e  downstream boundary.  The terms w i t h  super-  
s c r i p t  ( n  - 1 )  a r e  then  updated  from t h e  p r e v i -  
ous march ing  sweep or g l o b a l  i t e r a t i o n .  The 
r e l a x a t i o n  process  from t h e  i n f l o w  t o  t h e  o u t -  
f low boundar ies  i s  repea ted  u n t i l  t h e  maximum 
change i n  t h e  p ressu re  f i e l d  fo r  two consecu t i ve  
g l o b a l  i t e r a t i o n s  i s  l e s s  than  a p r e s c r i b e d  
t o l e r a n c e ,  e.g. ,  10-5. 
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S t a b i  1 i t y  

i t y  a n a l y s i s  o f  t h e  r e l a x a t i o n  procedure  f o r  two- 
d imens iona l  i ncompress ib le  f l o w  i s  p resen ted  i n  
Ref .  16 and a s i m i l a r  a n a l y s i s  f o r  compress ib le  
f l o w  i s  g i v e n  i n  Re f .  29.  The a n a l y s i s  shows 
t h a t  t h e  r e l a x a t i o n  procedure  for  the  p r e s s u r e  
f i e l d  i s  u n c o n d i t i o n a l l y  s t a b l e .  S ince  r e l a t i o n  
o f  t h e  p ressu re  f i e l d  i n  t h e  march ing  d i r e c t i o n  
i s  t h e  same f o r  t h r e e -  and two-d imens iona l  f l o w s ,  
a s i m i l a r  c o n c l u s i o n  can be i n f e r r e d  for  t h r e e -  
d imens iona l  f l o w s .  For t h e  c ross -p lane  i n v e r -  
s ion ,  t h e  M S I  p rocedure  has been shown t o  be 
u n c o n d i t i o n a l l y  s t a b l e  i n  Re f .  27 There fo re ,  
t h e  o v e r a l l  s o l u t i o n  procedure  i s  p o s t u l a t e d  as 
u n c o n d i t i o n a l l y  s t a b l e .  No s t a b i l i t y  l i m i t a t i o n s  
were encountered  i n  t h e  p r e s e n t  c a l c u l a t i o n s .  

R e s u l t s  

As d i scussed  i n  R e f .  19,  a d e t a i l e d  s t a b i l -  

The th ree -d imens iona l  f l o w s  cons ide red  i n  
t h i s  s tudy  were chosen p r i m a r i l y  t o  v a l i d a t e  t h e  
scheme and t o  compare t h e  r e s u l t s  w i t h  a v a i l a b l e  
exper imen ta l  d a t a  and numer i ca l  s o l u t i o n s  
o b t a i n e d  by o t h e r  schemes. F i r s t ,  a s imp le  case 
o f  l am ina r  d e v e l o p i n g  f low i n  a s t r a i g h t  d u c t  o f  
square c r o s s  s e c t i o n  was cons ide red .  A s  no ted  
p r e v i o u s l y ,  t h e  Reynolds number i s  based on t h e  
u n i f o r m  i n l e t  v e l o c i t y  and t h e  h y d r a u l i c  d iamete r  
H o f  t h e  c r o s s  s e c t i o n .  The v e l o c i t i e s  and 
l e n g t h s  a r e  nond imens iona l i zed  w i t h  r e s p e c t  t o  
t h e  i n l e t  v e l o c i t y  and t h e  h y d r a u l i c  d iamete r  
r e s p e c t i v e l y .  The number o f  g r i d  p o i n t s  used i n  
t h e  streamwise d i r e c t i o n  i s  51 and i n  t h e  c ross  
p lane  1 1  by  1 1 .  The r e s u l t s  o b t a i n e d  fo r  incom- 
p r e s s i b l e  flow were compared w i t h  t h e  numer i ca l  
s o l u t i o n  o f  Rub in  and Khos la .30  o b t a i n e d  u s i n g  a 
boundary l a y e r l p o t e n t i a l  co re  a n a l y s i s ,  and w i t h  
t h e  exper imen ta l  d a t a  o f  G o l d s t e i n  and K r e i d 3 l  
(see  F i g s .  9 and 10). The comparison shows v e r y  
good agreement o f  t h e  RNS r e s u l t s  w i t h  b o t h  t h e  
e a r l i e r  numer i ca l  r e s u l t s  and t h e  exper imen ta l  
da ta .  Nex t ,  a s l i g h t l y  more severe  case o f  deve- 
l o p i n g  f low i n  a c i r c u l a r  a r c  ( cu rved )  d u c t  o f  
square c r o s s  s e c t i o n  was cons ide red  ( F i g .  1 1 ) .  
A s  i n  t h e  case o f  t h e  s t r a i g h t  d u c t ,  t h e  Reynolds 
number i s  based on t h e  u n i f o r m  i n l e t  v e l o c i t y  
and t h e  h y d r a u l i c  d iamete r  o f  t h e  c ross  s e c t i o n .  
The Dean number, wh ich  i s  d e f i n e d  as Re/ 
i s  5 5 ,  and Reynolds number i s  205. Once aga in ,  
only t h e  i n c o m p r e s s i b l e  f low s o l u t i o n  was 
o b t a i n e d ,  as t h e  d a t a  f o r  t h i s  case was r e a d i l y  
a v a i l a b l e .  The number o f  streamwise s t a t i o n s  
was 101, w i t h  a g r i d  s i z e  o f  15 by 15 i n  t h e  
c ross  p l a n e .  The development of t h e  streamwise 
v e l o c i t y  p r o f i l e s  i n  t h e  r a d i a l  p lane  and i n  t h e  
t r a n s v e r s e  p lane ,  from t h e  en t rance  t o  t h e  f u l l y  
deve loped r e g i o n ,  i s  shown i n  F i g s .  12 and 13 .  
The f u l l y  deve loped streamwise v e l o c i t y  p r o f i l e  
i n  t h e  r a d i a l  p l a n e  was compared w i t h  t h e  numer- 
i c a l  s o l u t i o n s  o b t a i n e d  by Kreskovsky  e t  a l . , 3 2  
who assumed a p a r a b o l i c  secondary flow c o r r e c -  
t i o n  t o  t h e  p r i m a r y  f l o w ,  Gh ia  and S ~ k h e y , ~  who 
used a p a r a b o l i c  method and w i t h  t h e  exper imen- 
t a l  d a t a  o f  Mori e t  a1 .33  The comparison, as 
seen i n  F i g .  14, shows good agreement w i t h  t h e  
numer ica l  r e s u l t s .  The exper imen ta l  d a t a  d i f -  
f e r s  from a l l  o f  t h e  numer i ca l  s o l u t i o n s .  This 
disagreement o f  t h e  exper imen ta l  r e s u l t s  can be 
a t t r i b u t e d  t o  p o s s i b l e  i n a c c u r a c i e s  i n  t h e  mea- 
surements.  F i g u r e  15 shows t h e  comparison o f  
t h e  f u l l y  deve loped secondary v e l o c i t y  p r o f i l e  
i n  t h e  t r a n s v e r s e  p lane  w i t h  those p r e d i c t e d  by  

Kreskovsky  e t  a1.32 and Ghia and Sokhey.9 The 
agreement o f  t h e  RNS s o l u t i o n  w i t h  the  o t h e r  
numer i ca l  s o l u t i o n s  i s  v e r y  good. A v e c t o r  p l o t  
o f  t h e  f u l l y  deve loped secondary v e l o c i t y  i n  t h e  
c ross  s e c t i o n  i s  g i v e n  i n  F i g .  16. Th is  c l e a r l y  
d e p i c t s  the  p lane  o f  symmetry and t h e  l o c a t i o n  
o f  t h e  v o r t i c i e s  t h a t  appear away f r o m  t h e  a x i s  
and toward  t h e  o u t e r  w a l l  due t o  t h e  e f f e c t s  o f  
t h e  c e n t r i f u g a l  f o r c e .  Compressible low Mach 
number s o l u t i o n s  were a l s o  o b t a i n e d  b u t  a r e  n o t  
p resen ted  he re .  

Summary 

A c o n s i s t e n t  p rocedure  has been developed 
f o r  t h e  a p p l i c a t i o n  o f  z e r o  i n j e c t i o n  and pres-  
sure  boundary c o n d i t i o n s  f o r  t he  RNS a l g o r i t h m .  
The m a t r i x  s t r u c t u r e  o f  t he  d i s c r e t i z e d  equa t ions  
has been r e o r d e r e d  near the  boundar ies  so the  
p h y s i c a l l y  mean ing fu l  boundary c o n d i t i o n s  can be 
a p p l i e d  on t h e  boundar ies  i n  a d i r e c t  manner. 
G loba l  and l o c a l  mass c o n s e r v a t i o n  i s  s a t i s f i e d  
a u t o m a t i c a l l y  w i t h o u t  t he  n e c e s s i t y  of  i t e r a t i o n  
o r  a Po isson p ressu re  e q u a t i o n .  The m o d i f i e d  
s t r o n g l y  i m p l i c i t  p rocedure  ( M S I P )  i s  used t o  
i n v e r t  t h e  n i n e  d iagona l  m a t r i x  r e s u l t i n g  from 
t h e  coup led  system of equa t ions  for v e l o c i t i e s  
and p ressu re  i n  the  c ross  p lane .  The procedure  
has been v a l i d a t e d  f o r  two example cases, deve- 
l o p i n g  f low i n  s t r a i g h t  and curved duc ts  o f  
square c ross  s e c t i o n .  The s o l u t i o n s  a r e  i n  good 
agreement w i t h  o t h e r  computed r e s u l t s  and e x p e r i -  
menta l  d a t a .  The scheme w i l l  be a p p l i e d  t o  more 
complex geomet r ies  o f  p r a c t i c a l  i n t e r e s t  and t o  
compress ib le  flows i n  f u t u r e  s t u d i e s .  
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Appendix A - Trans fo rma t ion  

5 = S(X,Y,Z)  

5 = C(X,Y,Z) 

The Jacob ian  J i s  g i v e n  by:  

1 1 -  

The c o n t r a v a r i a n t  components U, V, and W ,  
w r i t t e n  w i t h o u t  m e t r i c  r e n o r m a l i z a t i o n  a r e  g i v e n  
by  

u = sxu  + Syv + Szw 

v = r l u + r l v t r l w  
X Y Z  

w = s x u  + cyv + 5,w 

where u ,  v,  and w a r e  t h e  C a r t e s i a n  v e l o c i t y  
components i n  x ,  y ,  and z d i r e c t i o n s  respec-  
t i v e l y .  The shear s t r e s s  terms appear ing  i n  t h e  
momentum equa t ions  a r e  g i v e n  as follows 
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T X = s x T x x  + SYTXY + 5,TXZ 

Ty[ = SxTxy  + SYTYY + SZTZZ 

= 5x'xz + SYTYZ + S Z T X Z  

T X Q  = r l X T X X  + QyTyx + rlzrx2 

T rl = r l x T x y  + rlyTyy + Qz=yz 

TZQ = r l X T X Z  + QyTyz + rlz=,, 

5 
T z 

Y 

.T X = rxrxx + TYTYX + r z = z x  

T y l  = S X T X Y  + CYTYY + rZ=Zy 

T z = CxTx, + CYTYZ t rz~zz 
where 
shear s t r e s s  components. 
t i v e s  a r e  expanded i n  F,, q. and 6 space v i a  
c h a i n  r u l e  r e l a t i o n s  such as ux  = Exug + nXurl 
+ The C a r t e s i a n  v e l o c i t y  components a r e  
i n  t u r n  expressed i n  terms o f  t h e  c o n t r a v a r i a n t  
v e l o c i t y  components d e f i n e d  e a r l i e r  by t h e  
f o l  l o w i n g  

T ~ ~ .  -rXy, e t c .  a r e  t h e  r e g u l a r  C a r t e s i a n  
The C a r t e s i a n  d e r i v a -  

u = x u + x v + x w  

v = y u + y v + y w  

w = z u + z v + z w  

s r l r  

s r l r  

s r l r  

F i n a l l y ,  t h e  terms 
t h e  K a r e  g i v e n  as 

G s ~ ,  955, e t c .  appear ing  i n  

Gsr = U ( ( <  ) u + ( 6  ) v + ( 5  ) w )  x 5  Y 5  Z S  

+ vccc ) u + (5 ) v + ( 5  ) w )  x r l  Y r l  z r l  

X S  Y S  
+ W ( ( S  ) u + ( 5  ) v + (<&w) 

= U((n ) u + ( 0  ) v + (q ) w )  

+ V ( ( Q  ) u + ( r l  ) v = (Q ) w )  

+ W((q ) u + ( 0  ) v + ( r l  ) w )  

GQr x s  Y S  z s  

x r l  Y r l  z r l  

x r  Y S  z r  

u((<x)5u + (5 ) v t ( 5  ) w )  Gr< = Y S  2 s  

+ wee< ) u + (( ) v + ( r z ) S w )  

+ vctr, ) u + (5 ) v + ( 5  ) w )  
x r l  Y r l  z r l  

x r  Y S  

ORIGINAL PAGE 1s grlE = t X q x  + cyqy + cZnz 

OF POOR QUALIW, 2 2 2 
gqrl = rlx + rly + rlz 

grlr = r l x C x  + QYSY + rl,S, 

",. 

2 2 2  
= 5, + 5, + 5, 

1 .  

2 .  

3 .  

4. 

5 

6. 

7. 
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