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OPTIMAL APPLICATION OF MORRISON’S ITERATIVE

NOISE REMOVAL FOR DECONVOLUTION

Theses and Research Papers

Much of the research done in connection with this
grant has been carried out by graduate students who have
written Master’s theses summarizing their results. These
Master’'s theses are included as Appendices to this report,
and will be referred to in the discussion. Since they are
quite large, they are bound separately as three theses in
four volumes:

Appendix A: James H. Leclere, Optimum Use of Morrison'’s
Iterative Method of Noise Removal for Deconvolution

Appendix B: Aed M. El-saba, Effect of Input on Optimization
of Morrison's Iterative Noise Removal for Deconvolution
Appendix C, Parts 1 and 2: Abolfazl M. Amini, Optimization
of Convergent Iterative Noise Removal and Deconvolution and
an Evaluation of Phase-Shift Migration.

Much of the grant work has been summarized in Semi-
Annual Status Reports submitted at six month intervals over
the grant period. Research papers related to the grant have
also been given in those reports. Those papers are included
as Appendix D at the end of this document, as well as more
recent papers which have not been reported in any of the
Status Reports. A list of these papers is given at the
beginning of Appendix D. In addition to the theses

suppported and/or directly a part of the grant research, two



additional theses have been supervised by the Principal
Investigators which are related to the subject of the grant.
Title pages and abstracts of these theses appear in Appendix

E.

Summary of Grant Research

In 1963 Morrison proposed an iterative technique of
noise removal for deconvolution. The method has been applied
to several data types. In 1967, 1968, and 1976, Toup and
Thomas and Ioup applied the method and proposed modifications
to its use. Until the early 1980’s, however, and the work of
Wright (1980), Wright and Ioup (1981), and Ioup and Ioup
(1981), the optimum use of the method was not known, and the
number of iterations applied only approximated optimum use.
Beginning in 1983 and continuing with the research in this
grant, a systemmatic study of the optimum use of the method
was made, as well as the related wvan Cittert iterative
deconvolution and the always-convergent iterative techniques
of noise removal and deconvolution of Ioup (1981). The
results of the systemmatic study of Morrison’s method are
given in the thesis of Leclere (1984), which is included as
Appendix A of this report. This thesis includes an
investigation of the accuracy and reliability of inverse
filtering. It employs both the L1 and L2 norms for the
optimization. It includes both Gaussian noise with a
constant standard deviation and Gaussian noise with an
ordinate-dependent standard deviation. Since the

optimizations are done statistically, the results are



reported statistically, with means and standard deviations
for optimum number of iterations and resulting mean squared
error. These are given for Morrison noise removal alone and
for Morrison noise removal combined with direct inverse
filtering. The results have been reported by Leclere et al.
(1985).

During and after completion of the thesis, Mr.
Leclere investigated several related topics as a Research
Associate. The first was a combination of constant and
ordinate-dependent noise. It was found that the results fall
between those of the constant and ordinate-dependent noise
separately. He also made a thorough investigation of another
method of noise removal, proposed by Morrison in 1963, of
truncating the transform so that it does mnot exceed the
response function transform if both are normalized to the
same value at zero frequency. Ioup (1968) has shown that
this procedure is strictly justified only for non-negative
data. For almost all cases, the iteragive approach was found
to be more effective than the truncation used alone. When
the truncation was used with the iterative approach, it often
gave improvement but not always enough improvement to justify
its application.

Another question investigated by Mr. Leclere was the
effect of substituting point-successive for point-
simultaneous iterations. The latter is the natural outgrowth
of the initial formulation of the iterative method. For it,

each iteration is complete before the data array is updated




for the new iterationm. In the point-successive technique,
new data values are inserted into the array as they are
calculated. This means that the point-successive technique
should converge with fewer iterations. By doing the same
statistical study for the point-successive technique, the
savings in iterations have been shown, as well as the slight
sacrifice in mean squared error values, which are so small as
to suggest for the cases studied that the point-successive
technique should be the one of choice.

Mr. Leclere also tested asymmetric Gaussian impulse
response functions to examine the effect of the lack of
symmetry on the optimization procedure. An asymmetric
reponse function was constructed of two half Gaussians, each
of different width. The results of this study were quite
interesting. The amount of noise removal accomplished for
deconvolution and the quality of the deconvolution were
determiend primarily by the high-frequency behavior of the
transform, and this was determiend mainly by the narrow
Gaussian side. The number of iterations required, however,
was much greater than either the wide or the narrow Gaussian.
This requirement can be understood from the convergence
properties of the iterative method and its dependence on the
imaginary component of the impulse response transfer
function. The convergence properties are being discussed in
a publication now in preparation. In the same publication we
will show that the optimization of Morrison’s iterative noise
removal prior to direct inverse filtering is equivalent to

optimizing the wunconstrained van Cittert iterative



deconvolution applied without noise removal. This aspect is
discussed in Mr. Leclere’s thesis, Appendix A. In later
optimization studies of wvan Cittert iterative deconvolution
used alone, Mr. Leclere has shown the equivalence to hold in
practice.

In theory the convolution performed at each
iteration of the iterative noise removal expands the length
of the data. If the expansion is included in the procedure,
it causes an unnecessary waste of computer resources.
However, some expansion of the data is known to be necessary
to reduce adverse edge effects. For all the previously
reported results only one expansion of the data has been
allowed. Mr. Leclere has tested two, three, and four
expansions, and shown that the second expansion has a slight
effect on the results, while the higher order expansions have
negligible effects. These results are related to the
wraparound studies to be discussed.

The initial noise generation Q;thods have been based
on a folded Gaussian noise distribution. The folding was
necessary to guarantee non-negative data, which are the type
of data under investigation. In order to 1learn the
sensitivity of the methods to the assumed form of the noise
distribution, we have substituted a number of additional
constant and ordinate-dependent noise probability density
functions in place of the folded Gaussian. The optimum
number of iterations is not very sensitive to the probability

density function assumed. In fact, the curves of the mean




optimum iteration number versus signal-to-noise ratio for
each of the constant noise types were very similar, and the
same was true for all the curves of the ordinate-dependent
noise types. Even the separation between the curves of
constant and ordinate-dependent noise types 1is not very
large. This means our initial premise, that one could
determine the optimum iteration number based only on the
signal-to-noise ratio to characterize the noise, is probably
true. This result greatly increases the utility of the
method, since it appears that in addition to knowing the
signal-to-noise ratio, at most one need only know
the mix of ordinate-dependent and constant noise to determine
the optimum iteration number. Not even details of the
probability density function for the noise need be known, let
alone a complete knowledge of the autocorrelation of the
noise, such as is needed for the ordinary least-squares
approach.

The thesis of Mr. Aed El-saba, Appendix B, reports
the results of using a very different input function from
that used in the studies of Mr. Leclere. It is clear from
his work that when a very different input is used, the
optimum iteration number is affected. Therefore in
optimizing the method for a given instrument, consideration
must be given to the input as well as the impulse response of
the instrument.

The first simultaneous optimization of iterative
noise removal and iterative deconvolution was accomplished by

Mr. Abolfazl Amini, and is reported in his thesis, Appendix



C, Parts 1 and 2. The success was possible in part because
the computational facilities available at the University of
New Orleans were upgraded to include a VAX Cluster consisting
of four VAX 8600's. Instead of the Morrison and van Cittert
iterations, Mr. Amini used the related always-convergent
technique of Ioup (1981), which does not suffer the
convergence limitations of the prior methods. Not only is it
possible from the results of Mr. Amini’'s work to determine
the optimum iteration number for simultaneous use of the
jterative technique for noise removal and deconvolution, but
it is also possible for the first time to know for which
signal-to-noise ratios it is efficacious to use iterative
noise removal prior to iterative deconvolution, and for which
it is not. The methodology is now in place to establish the
results for any instrument. Complete details may be found in
Appendix C. Results for seismic data (not grant supported
work, but grant related) have been presented by Amini et al.
(1986) and Amini et al. (1987a). Resuits for aerospace data
will be given by Amini et al. (1988).

Mr. Leclere then applied the same techniques to
optimize simultaneously the Morrison noise removal and van
Cittert deconvolution iterations which are convergent for the
Gaussian response functions employed in the grant research.
The results of his work will be presented by Leclere et al.
(1988).

All the work described thus far has been done with a

wide and a narrow Gaussian used for the impulse response




function except that which considered an asymmetric Gaussian.
Mr. Leclere and Mr. Amini went on to include a sequence of
Gaussian widths from narrow to wide in their respective
simulations. Mr. Leclere’s simulations were done with the
Morrison and van Cittert iterations, while Mr. Amini's were
with the always-convergent iterations. With these
calculations accomplished three-dimensional surface plots are
possible. An example is a surface describing the variation
of the mean squared error with the independent variables of
signal-to-noise ratio and Gaussian width. These surfaces can
be extremely useful in understanding the effects of
deconvolution for a given instrument. A number of these
surfaces have been generated and will be reported by Amini et
al. (1988) and Ioup et al. (1988). 1In the last Status Report
submitted for this grant a claim was made that these surfaces
could be used to optimize the output for an instrument after
deconvolution if the relation of signal-to-noise ratio to
resolution of the instrument was known. Ioup et al.
(1983/84) suggested that the optimum operating instrumental
parameters might not be those giving the highest resolution
if deconvolution is to be used. Because it was felt to be a
fruitful area of research, a proposal was submitted to NASA,
titled "Determination of Design and Operation Parameters for
Upper Atmospheric Research Instrumentation to Yield Optimum
Resolution with Deconvolution." This proposal has been
funded and research is continuing in this direction.
Preliminary results of the study will be presented by Ioup et

al. (1988).



The work of Mr. William S. Kamminga has been
summarized in the most recent Status Report for the grant.
The abstract of his thesis, "Gibbs Oscillations for Three
Point Sources," is given in Appendix E, and a copy of the
complete thesis has been given to the Technical Monitor.

One of the subject areas of study discussed in the
grant proposal was the application of iterative deconvolution
as a single window in the transform domain. Although such an
application must be modified for the inclusion of function-
domain constraints, it offers a major advantage in terms of
speed. The thesis of Mr. Mark Whitehorn (1981) contains the
first one-shot filter study. The important question to be
investigated in this grant proposal was the effect of
wraparound due to the telescoping of many iterations into
one. The first investigation of wraparound was accomplished
by Mr. Tahar Bensueid. His preliminary results seem to
indicate that when no noise was present, wraparound error was
negligible for all response function éonsidered. Mr. Amini
then performed a systemmatic study of the wraparound effect
including noise over a whole domain of signal-to-noise ratios
for seismic data. His work confirmed the findings of Mr.
Bensueid and were reported by Amini et al. (1987b). The
investigation of this effect for upper atmospheric research
data has been the subject of the thesis work of Mr. Haihong
Ni. Mr. Ni's thesis is not yet complete, but a copy of it
will be given to the Technical Monitor when it is finished.

His work is being reported by Ni et al. (1988). A side



benefit of this research has been the availability of a fast
method for optimization of the iterative techniques for
impulse responses of low resolution, which require many
iterations. That research will also be reported in Mr. Ni’'s
thesis.

Although the application of the optimization studies
to data which go positive and negative is not the subject of
the grant, investigation of iterative deconvolution and noise
removal for such data can nevertheless be revealing when
contrasted to the results for nonnegative data and response
functions. Mr. Edward J. Murphy has worked with oscillatory
type data and has completed a thesis, "Always-Convergent
Iterative Deconvolution for Acoustic Non-Destructive
Evaluation." The abstract of his thesis appears in Appendix
E, and a copy of his complete thesis has been given to the
Technical Monitor. His work will be reported by Murphy et
al. (1988).

In the renewal proposal to NASA, it was proposed to
build a theoretical model of the noise removal in order to

determine whether it might be possible to calculate

analytically the optimum iteration number. Mr. Amini has
built a theoretical model which includes the noise spectrum
as well as the data spectrum and the transfer function. His
model also includes the deconvolution. Unfortunately the
theoretical result is a complicated function of these spectra
and does not lend itself to any direct determination of the
optimization. Therefore the: simulation approach which has

been used for our work is still the method of choice, and

10




will be until a more efficient procedure can be found.

As part of his grant investigation, Mr. Amini also
analyzed the procedure invented by LaCoste (1982) for
accelerating van Cittert-type iterations. Although Lacoste’s
method has limited utility because of certain details of its
operation, Mr. Amini was able to invent new methods of
accelerating the iterations which promise to be extremely
important for the deconvolution of 1low resolution
instruments. These methods are currently being tested as
part of our continuing NASA grant-supported work, and the

Technical Monitor will be apprised of all new developments.
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Tterative noise removal for linear
deconvolution is applied 1in a simulation
study to noise-added data sets of various
noise levels to determine statistically the
optimum use of the method. Typical peak-type
data 1is selected as input and is convolved
with a narrow or wide Gaussian response
function to produce the data sets analyzed.
Both constant and ordinate-dependent standard
deviation Gaussian distributed noise is added
to the data. Optimization is determined by
the minimization of L1 and L2 norms or by
reaching a suitably defined convergence.
Results include btoth the mean optimum
iteration number and the mean error
improvement versus the signal-to-noise ratio
and the statistical properties of these
quantities. The results also determine the
optimum use of van Cittert's iterative
deconvolution, when it is applied without
prior noise removal.
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GRIGINAL PAGE IS
OF POOR QUALITY

A COMPARISON OF CONVERGENT ITERATIVE DECONVOLUTION METHODS

WITH THE LEAST SQUARES TECHNIQUE FOR SYNTHETIC SEISMIC DATA

-

Reginald Powe, Department of Mathematics, University of New Orleans, New Orleans, LA 70148,
and George E. Ioup and Juliette W. Ioup, Department of Physics and Geophysical Research
Laboratory, University of New Orleans, New Orleans, LA 70148

SUMMARY

The reblurring/mirror image iterative procedure (RB) of Kawata and Ichioka and
LaCoste, and the always-convergent iterative procedure (AC) of Ioup are compared for
synthetic seismic data to standard least-squares spiking deconvolution (LS). A test s
constructed which accounts for the differing assumptions of the methods. These assumptions
are discussed and contrasted. The fact that the iterative or any other deconvolution
technique can use an approach to minimum phase wavelet estimation equivalent to that of the
zero delay LS spiking deconvolution (except for noise) is discussed. Varying spike
separations and heights are employed to test the resolution of the techniques for noise-free
data and for data with a signal-to-noise ratio of 40. The results show that the RB
deconvolves slowly as a function of iteration number and is not very sensitive to noise.
The LS and AC deconvolutions for the noise-free data are very similar., For the noisy data
the LS gives slightly more resolution and slightly less noise than the 50 iteration result

selected for the AC. Finally, techniques for improving the resuits are summarized.

The development of the reblurring/mirror image iterative procedure (RB) of Kawata
and Ichioka (1980) and LaCoste (1982) and the always-convergent iterative technique (AC) of
Ioup (1981) enhances the applicability of iterative methods to spiking and shaping
deconvolution of seismic data. It is important to compare these methods to the standard
least-squares approach (LS) (Robinson, 1980; Robinson and Treitel, 1980). This comparison
is made difficult by the fact that the assumptions for the LS can differ significantly from
those of the iterative techniques. The former often assumes that the autocorrelation of the

"wavelet may be calculated from that of the data, for non-noisy data, if the input spike

series is white. It assumes the phase of the wavelet to be minimum for zero-delay spiking,

or it assumes that the wavelet is known so that the optimum delay or shape for the desired
1




6utput may be selected. It is possible to use sideways recursion to determine the optimum
delay for deconvolution, ‘again with knowledge of the wavelet (Wiggins and Robinson, 1965;
Simp;on et al., 1963). The iterative techniques asﬁume the wavelet is known. Although the
LS in general requires the power spectrum of the noise, this does not present a difficulty
if it may be assumed that'the signal and noise are uncorrelated. This is because the filter
calculation requires~‘the,'autocorrelation of the wavelet plus the autocorrelation of the
noise as a single factor, and thié autocorrelation may be taken to be the autocorrelation of
the seismic data, 'provided the signal and noise are uncorrelated»and the white input
assumption holds. For automatic application, the iterative techniques require a general
characterization of the noise, e.g., by the signal-to-noise ratio (S/N) of the data, to
guide the determination of the optimum number of iterations for deconvolution (Leclere,
1984),

The differences in these approaches to the data are not as great as they might seem.
For example, in the zero delay spiking for the LS, Wold decomposition (Wold, 1954) and an
intrinsic miminum delay (minimum phase) assumption are used to incorporate the wavelet. But
Wold decomposition may be used to find the autocorrelation of the wavelet from the data
prior to any method of deconvolution with the same assumption of a white input. A standard
calculation (Oppenheim and Schafer, 1§75; Claerbout, 1976) may then be made to find the
corresponding minimum phase wavelet, independent of the least-squares approach. A
difficulty is that the noise will be a contaminant in the autocorrelation and so must be
accounted for. As the techniques of wavelet estimation become more successful for seismic
data, this problem may be overcome, and it is possible with fﬁrther developments that
neither the minimum nor any other phase assumption will be necessary. It is also possible
that making the noise a part of the wavelet autocorrelation will be beneficial to the
iterative techniques as it is to the least-squares method.

Since we are adding noise to synthetic data, we can construct a test which we feel
.is fair to all three methods and still meaningful. The wavelet is taken to be minimum phase
so that it 1is the appropriate wavelet for zero-delay spiking deconvolution. -Since the
'noise—free data are known, the autocorrelation of the noise can be calculated for 'the

purpose of achieving an optimum LS filter without the assumption of a white input spike

”



V;series. The S/N for the data is also available to guide in the selection of the number of
iterations to be used in the iterative techniques. It should be emphasized that this paper
>ls concerned with deconvolution performance for noise-free and noisy data, and not with
compafisons of computer economics, since the present iterative techniques have not been
optimized for speed. ‘fd examine the limits of resolution for the techniques, an input spike
series was created with systematically incfgaéingAégparations for the spikes for two equal
spikes and for second spikes having heights of 0:5 and 0.25 of the first. This was done
both for spikes of the same polarity and for two spikes with opposite polarity. The
separations of the spikes were successively increased by one from two sample intervals to
seven sample intervals.

The results of the deconvolution for the same polarity data are given in Fig. 1,
and those of opposite polarity in Fig. 2. In each figure the top three tests are for the
noise-free data and the bottom three are for the same data with noise added for a S/N of 40.
Each trace in a set of three corresponds to a different deconvolution technique. The order
from top to bottom in these sets is (1) RB, (2) zero delay spiking LS, and (3) AC. For the
RB, 400 iterations were used in all applications. For the LS a 100 length filter was
applied. For the AC, the noise-free result is that of 200 iterations, while the noisy
result is that of 50 iterations.

The RB is a slow function of iteration number compared to other iterative
techniques, and this is apparent in all cases. The resolution even after 400 iterations is
significantly less than that of the other two methods. As expected, however, the
sensitivity to noise is also much less. The performance of the LS and the AC are similar
for the noise-free data. Comparison for the noisy data shows slightly less resolution and
slightly more noise for the AC result of fifty iterationms. A good idea of the resolution
performance may be obtained from the figures; however, no firm conclusions should be drawn
for the noisy data until a study is done over many cases.

There are important improvements for all three methods which are not a part of the
basic test results shown in these figures. The RB may be accelerated as a function of

“iteration number using the procedure given by LaCoste (1982). For the noisy data the LS

spiking filter can be replaced by a shaping filter (using the known wavelet in the filter

Q



AGsign) which would be less sensitive to noise. An additional white noise term may be added
to the noise autocorrelation in the filter design, again to reduce the sensitivity to noise.
Bo;h “of these changes would reduce the resolution inwthe result, A longer filter can also
be used-to improve the result. The AC is less sensitive to noise if preceeded by an always-

convergent 1iterative noise removal technique which has not been used for this basic test

(Ioup, 1981; Ioup and Ioup, 1983; Ioup et al., 1983/1984),

REFERENCES
Claerbout, J.F., 1976, Fundamentals of geophysical data processing: New York, McGraw-Hill.

Ioup, G. E., 1981, Always-convergent iterative noise removal and deconvolution: Bull., Am.
Phys. Soc., v. 26, p. 1213,

Ioup, G. E., and Ioup, J. W., 1983, Iterative deconvolution: Geophysics, v. 48, p. 1287-
1290.

Ioup, J. W., Toup, G. E., Rayborn, G. H., Wood, G. M., and Upchurch, B. T., 1983/1984,
Iterative and function-continuation Fourier deconvolution methods for enhancing mass
spectrometer resolution: Int. J. Mass Spectrometry and Ion Processes, v. 55, p. 93-109.

Rawata, S., and Ichioka, Y., 1980, Iterative image restoration for linearly degraded images.
I. Basis: J. Opt. Soc. Am., v. 70, p. 762-768;II. Reblurring procedure: J. Opt. Soc. Am., v.
70, p. 768-772.

LaCoste, L. J. B;, 1982, Deconvolution by successive approximations: Geophysics, v. 47, p.
1724-1730. .

Leclere, J. H., 1984, Optimum use of Morrison's iterative method of noise removal for
deconvolution: M.S. thesis, University of New Orleans.

Oppenheim, A.V., and Schafer, R.W., 1975, Digital signal processing: New Jersey, Prentice-
Hall.

Robinson, E. A., 1980, Physical applications of stationary time-series: New York, Macmillan.

Robinson, E. A., and Treitel, S., 1980, Geophysical signal analysis: New Jersey, Prentice-
Hall.

Simpson, S. M., Robinson, E. A., Wiggins, R. A., and Wunsch, C. I., 1963, Studies in optimum
filtering of single and multiple stochastic processes: Sci. Rept. 7, Contract AF
19(604)7378, MIT, Cambridge.

Wiggins, R. A. and Robinson, E. A., 1965, Recursive solution to the multichannel filtering
problem, Jour. Geophys. Res., v. 70, p. 1885-1891.

Wold, H., 1954, A study in the analysis of stationary time series: Uppsala, Almgvist and
Wiksells.




*2anpadoad 9ATIBIDI] JuaFadAU0D sdente (3) pue (9) feanpasord saienbs iseay (@) pue (q) !aanpasoad

dupaangqai (p) puv (¥) °N/S 0% (J) pue ‘(2) ‘(p) fesjou ou (°) pue “(q) ‘() -osEd 3893 A31ae{od sueg - ‘314
dWT L
e |l 06 0e8 0oL 09 0osS oot 21710 QoS eo1 Q
L I I 1 I 1 J 1 L 1

S TTITAHT

L}

WY



*3anpadoad aAfjIeA93F Juadisauod sdenie (3) pue () "mu:mmuoua saaenbs 3seay (®) pue (q) {aanpadoad
3urianyqaa (p) pue (e) "N/S 0% (3) pue ‘(3) ‘(p) fasjou ou () pue ‘(q) ‘(e) -9sE> 3893 A3jaeyod ?31soddg 7z 814

JWIL

®®®_P ®®_® veB | LRL o9 0OSs ®®.¢ QQ_m ®®_N ®®_P o

SN A A it

dWV



OPTIMUM USE OF MORRISON“S ITERATIVE METHOD

OF NOISE REMOVAL FOR DECONVOLUTION

A Thesis
Presented to
the Faculty of the Graduate School

University of New Orleans

In Partial Fulfillment

of the Requirements for the Degree

Master of Science in Applied Physics

by
James Henrv Leclere

Auqust 1984



ACKNOWLEDGEMENTS

I am greatly indebted to Dr. George 1Ioup for his
guidance and assistance in the completion of this work. and
I offer him many thanks. I would also 1like to thank Dr.
Juliette TIoup and Dr. Lionel Dureau for the assistance and
suggestions that they provided. Finally I would 1like to
thank NASA Langley Research Center for supporting this

research through Grant Number NAG-1-485.

ii



CHAPTER

CHAPTER

CHAPTER I

CHAPTER

CHAPTER

REFERENCES

APPENDIX

VITA

1I:

II:

IVv:

TABLE OF CONTENTS

INTRODUCTION

INVERSE FILTER

MORRISON'S METHOD FOR NOISE REMOVAL ALONE

MORRISON'S METHOD PRIOR TO DECONVOLUTION

CONCLUSION

iii

PAGE

69

186

286

291

292

332



Table

(2.
(2.
(2.
(3.

(3.

(3

(3.

(3

3

(3.
(3.
(3.
3.
(3.
(3.
(3.
(3.
(3.
(3.
(3.
(3.
(3.
(3.
(3.

(3.

1Y)
2)
3)
1)

2)

.3)

4)

.5)

.6)

7)

8)

9

10)
11)
12)
13)
14)
15)
16)
17)
18)
19)
20)
21)

22)

LIST OF TABLES

Narrow Gaussian Error
Wide Gaussian Error
Difference Gaussian Error
Narrow Ordinate SNR
Narrow Ordinate SNR
Narrow Constant SNR
Narrow Constant SNR

Wide Ordinate SNR

Wide Ordinate SNR

Wide Constant SNR

Wide Constant SNR

Narrow Ordinate Iteration
Narrow Ordinate Iteration
Narrow Constant Iteration
Narrow Constant Iteration
Wide Ordinate Iteration
Wide Ordinate Iteration
Wide Constant Iteration
Wide Constant Iteration
Narrow Ordinate Error
Narrow Ordinate Error
Narrow Constant Error
Narrow Constant Error
Wide Ordinate Error

Wide Ordinate Error

iv

20

21

22

96

97

98

99

100

101

102

103

104

105

106

107

108

109

110

111

112

113

114

115

116

117



Table

(3.
(3.
(4.

(4.

(4

(4.

(4

(4

(4.

(4

(4.
(4.
(4.
(4.
4.
(4.
(4.

(4.

23)
24)
L)
2)

.3)

4)

.5)

.6)

7)

.8)

9)

10)

11)

12)
13)
14)
15)
16)

Wide Constant Error

Wide Constant Error

Narrow

Narrow

Narrow

Narrow

Narrow

Narrow

Narrow

Narrow

Ordinate

Ordinate

Constant

Constant

Ordinate

Ordinate

Constant

Constant

Iteration
Iteration
Iteration
Iteration
Error
Error
Error

Error

Wide

Wide

Wide

Wide

Wide

Wide

Wide

Wide

Ordinate

Ordinate

Constant

Constant

Ordinate

Ordinate

Constant

Constant

Iteration

Iteration

Iteration

Iteration

Error

Error

Error

Error

Page

118

119

205

206

207

208

209

210

211

212

213

214

215

216

217

218

219

220



Figure

(2.1)
(2.2)
(2.3)
(2.4)
(2.5)
(2.6)
(2.7)
(2.8)
(2.9)
(2.10)
(2.11)
(2.12)
(2.13)
(2.14)
(2.15)
(2.16)
(2.17)
(2.18)
(2.19)
(2.20)
(2.21)
(2.22)
(2.23)
(2.24)

(2.25)

LIST OF FIGURES - CHAPTER II1

System

Narrow Gaussian

Wide Gaussian

Input

Narrow Output

Wide Output

Wide 1/G(s), NT=32
Wide Filter, NT=32
wide 1/G(s), NT=64
Wide Filter, NT=64
Wraparound Overlay
Narrow 1/G(s), NT=64
Narrow Filter, NT=64
Prepared g

Transform

Magnitude

Filter

Narrow Filter, NT=32
Narrow Filter, NT=4096
Wide Filter, NT=32 |
Wide Filter, NT=128
Wide Filter, NT=4096
Narrow Deconvolution, NT=32
Narrow Deconvolution, NT=64

Narrow Deconvolution, NT=4096

vi

23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45

46



Figure

(2.
(2.
(2.
(2.
(2.
(2.
(2.
(2.
(2.
(2.
(2.
(2.
(2.

(2.

(2

(2.
(2.
(2.
(2.

(2.

(2

(2.

26)
27)
28)
29)
30)
31)
32)
33)
34)
35)
36)
37)
38)

39)

.40)

41)
42)
43)
44)

45)

.46)

47)

Wide

Wide

Wide

Wide

Wide

Deconvolution, NT=32
Deconvolution, NT=64
Deconvolution, NT=128
Deconvolution, NT=250

Deconvolution, NT=4096

Narrow SMABER/L

Narrow SMSQER/L

Narrow SMABER/M

Narrow SMSQER/M

Narrow SMSQER/(NT+M)

Wide

Wide

Wide

Wide

Wide

SMABER/L
SMSQER/L
SMABER/M
SMSQER/M -

SMSQER/ (NT-+M)

Narrow SMABDF/M

Narrow SMSQDF/M

Narrow SMABDF/(NT-+M)

Narrow SMSQDF/(NT+M)

Wide SMABDF/(NT+M)

Wide SMSQDF/(NT+M)

Narrow Single Precision

vii

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61 .

62

63

64

65

66

67

68



LIST OF FIGURES - CHAPTER III

Figure Page
(3.1) : Narrow Constant, SNR=2 120
(3.2) : Narrow Ordinate, SNR=2 121
(3.3) : Narrow Ordinate NSF 122
(3.4) : Narrow Constant NSF 123
(3.5) : Wide Ordinate NSF 124
(3.6) : Wide Comnstant NSF 125
(3.7 :  Narrow Ordinate L1 AVITNM 126
(3.8) : Narrow Ordinate L1 AVITNM 127
(3.9) : Narrow Ordinate L2 AVITNM 128
(3.10) : Narrow Ordinate L2 AVITNM 129
(3.11) : Narrow Constant L1 AVITNM 130
(3.12) : Narrow Constant L1 AVITNM 131
(3.13) : Narrow Constant L2 AVITNM 132
(3.14) : Narrow Constant L2 AVITNM 133
(3.15) : Wide Ordinate L1 AVITNM 134
(3.16) : Wide Ordinate L1 AVITNM 135
(3.17) : Wide Ordinate L2 AVITNM 136
(3.18) : Wide Ordinate L2 AVITNM 137
(3.19) : Wide Constant L1 AVITNM . 138
(3.20) : Wide Constant L1 AVITNM 139
(3.21) : Wide Constant L2 AVITNM 140
(3.22) : Wide Constant L2 AVITNM 141
(3.23) : Narrow Ordinate L1 AVERNM 142
(3.24) +  Narrow Ordinate L1 AVERNM 143
(3.25) : Narrow Ordinate L2 AVERNM 144
viii



Figure

(3.
(3.

(3.

(3

(3.
(3.
(3.
(3.
(3.

(3.

(3

(3.

(3

(3

(3.

(3

(3

(3.

(3.

(3
(3
(3
(3

(3

(3.

(3

26)
27)

28)

.29)

30)
31)
32)
33)
34)

35)

.36)

37)

.38)

.39)

40)

J41)

.42)

43)

44)

.45)
.46)
47)
.48)

.49)

50)

.51)

Narrow

Narrow

Narrow

Narrow

Ordinate

Constant

Constant

Constant

Narrow Constant

Wide Ordinate L1

Wide

Wide

Wide

Wide

Wide

Wide

Wide

Ordinate
Ordinate
Ordinate
Constant
Constant
Constant

Constant

Noise Overlay

L1l

L2

L2

L1

L1

L2

L2

Narrow

Narrow

Narrow

Narrow

Narrow

Narrow

Narrow

Narrow

Narrow

Narrow

Narrow

Narrow

Ordinate
Ordinate
Ordinate
Ordinate
Ordinate
Ordinate
Ordinate
Ordinate
Constant
Constant
Constant

Constant

L2 AVERNM

L1 AVERNM

L1 AVERNM

L2 AVERNM

L2 AVERNM

AVERNM

AVERNM

AVERNM

AVERNM

AVERNM

AVERNM

AVERNM

AVERNM

Before, SNR=2

After, SNR=2

Before, SNR=47

After, SNR=47

L1 After,

L2 After,

L1 After, SNR=1075

L2 After, SNR=1075

SNR=264

SNR=264

Before, SNR=2

After, SNR=2

Before, SNR=46

L2 After,

ix

SNR=46

Page

145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169

170



(3

(3

(3.

(3

(3

(3.

(3

(3.
(3.
(3.
(3.
(3.
(3.
(3.

3.

Figure

.52)

.53)

54)

.55)

.56)

57)

.58)

59)
60)
61)
62)
63)
64)
65)

66)

Narrow Constant L2 After, SNR=262
Narrow Constant L2 After, SNR=1043
Wide Ordinate Before, SNR=2

Wide Ordinate After, SNR=2

Wide Ordinate Before, SNR=47

Wide Ordinate L2 After, SNR=47
Wide Ordinate L2 After, SNR=260
Wide Ordinate Before, SNR=1080
Wide Ordinate L2 After, SNR=1080
Wide Constant Before, SNR=2

Wide Constant After, SNR=2

Wide Constant Before, SNR=47
Wide Constant L2 After, SNR=47
Wide Constant L2 After, SNR=267

Wide Constant L2 After, SNR=1084

171

172

173

174

175

176

177

178

179

180

181

182

183

184

185



LIST OF FIGURES - CHAPTER IV

Figure Page
(4.1) :  Narrow Ordinate AVITNM Ll 221
(4.2) Narrow Ordinate AVITNM Ll 222
(4.3) Narrow Ordinate AVITNM L2 223
(4.4) Narrow Ordinate AVITNM L2 224
(4.5) Narrow Constant AVITNM Ll 225
(4.6) Narrow Constant AVITNM Ll 226
(4.7) Narrow Constant AVITNM L2 227
(4.8) Narrow Constant AVITNM L2 228
(4.9) Narrow Ordinate AVERNM L1 229
(4.10) Narrow Ordinate AVERNM L1 230
(4.11) " Narrow Ordinate AVERNM L2 231
(4.12) Narrow Ordinate AVERNM L2 232
(4.13) Narrow Constant AVERNM L1 233
(4.14) Narrow Constant, AVERNM L1 234
(4.15) Narrow Constant AVEéNM L2 235
(4.16) Narrow Constant AVERNM L2 236
(4.17) Narrow Ordinate Before, SNR=2 237
(4.18) Narrow Ordinate After, SNR=2 238
(4.19) Narrow Ordinate Before, SNR=49 239
(4.20) Narrow Ordinate After, SNR=49 240
(4f21) Narrow Ordinate Before, SNR=270 241
(4.22) Narrow Ordinate L1 After, SNR=270 242
(4.23) Narrow Ordinate L2 After, SNR=270 243
(4.24) Narrow Ordinate Before, SNR=1017 244
(4.25) Narrow Ordinate L2 After, SNR=1017 245
x1i




(4.
(4.
(4.
(4.

(4.

(4

(4.
(4.
(4.
(4.

(4.

(4

(4.

(4.

(4

(4.
(4.
(4.

(4.

(4
(4

(4

(&.

(4

(4.

(4

Figure

26)
27)
28)
29)

30)

.31)

32)
33)
34)
35)

36)

.37

38)

39)

.40)

41)
42)
43)

44)

.45)
.46)

.47)

48)

.49)

50)

.51)

Narrow

Narrow

Narrow

Narrow

Narrow

Narrow

Narrow

Narrow

Narrow

Constant

Constant

Constant

Constant

Constant

Constant

Constant

Constant

Constant

Before, SNR=2
After L2, SNR=2
Before, SNR=46
After L2, SNR=46
Before, SNR=260
After L1, SNR=260
After L2, SNR=260

Before, SNR=1050

Wide

Wide

Wide

Wide

Wide

Wide

Wide

Wide

Wide

Wide

Wide

Wide

Wide

Wide

Wide

Wide

Wide

Ordinate

Ordinate

Constant

Constant

Ordinate

Ordinate

Ordinate

Constant

Ordinate

Ordinate

Constant

Constant

Ordinate

Ordinate

Ordinate

Ordinate

Ordinate

L1 AVITNM
L2 AVITNM
L1 AVITNM
L2 AVITNM
After L1,
After L2,
L2 AVITNM
L2 AVITNM
L2 AVERNM
L2 AVERNM
L2 AVERNM

L2 AVERNM

After L2, SNR=1050

SNR=262

SNR=262

Before, SNR=2

L2 After,

SNR=2

Before, SNR=47

L1l After,

L2 After,

xii

SNR=47

SNR=47

246
247
248
249
250
251
252
253
254
255
256
257
258
259
260
261
262
263
264
265
266
267
268
269
270

271



Figure

(4.52)
(4.53)
(4.54)
(4.55)
(4.56)
(4;57)
(4.58)
(4.59)
(4.60)
(4.61)
(4.62)
(4.63)
(4.64)

(4.65)

Wide

Wide

Wide

Wide

Wide

Wide

Wide

Wide

Wide

Wide

Wide

Wide

Wide

Ordinate

Ordinate

Ordinate

Ordinate

Constant

Constant

Constant

Constant

Constant

Constant

Constant

Constant

Constant

Before, SNR=262
L2 After, SNR=262
Before, SNR=1035
L2 After, SNR=1035
Before, SNR=2

L2 After, SNR=2
Before, SNR=47

L1 After, SNR=47
L2 After, SNR=47
Before, SNR=263
L2 After, SNR=263
Before, SNR=1042

L2 After, SNR=1042

Weighted Error Measure

xiii

272

273

274

275

276

277

278

279

280

281

282

283

284

285



ABSTRACT

Morrison's iterative method of noise removal, or
Morrison's smoothing, is applied in a simulation to
noise-added data sets of various noise levels to determine
the optimum use of the method. Morrison's smoothing is
applied for noise removal alone, and for noise removal prior

to deconvolution.

For the latter calculation, an accurate method of
deconvolution is analyzed to provide confidence in the
optimization. The method of deconvolution consists of
convolving the data with an inverse filter calculated by
taking the inverse discrete Fourier transform of the
reciprocal of the transform of the response of the system.
Various length filters are calculated for the narrow and
wide gaussian ‘response fuctions used. Deconvolution of
non-noisy data is performed, and the error in each
deconvolution calculated. Plots are produced of error
versus filter 1length; and from these plots the most

accurate length filters are determined.

The statistical methodologies employed in the
optimizations of Morrison's method are similar. A typical
peak-type input is selected and convolved with the two
response fuctions to produce the data sets to be analyzed.

Both constant and ordinate-dependent gaussian distribhuted

xiv



noise is added to the data, where the noise levels of the
data are characterized by their signal-to-noise ratios. The
error measures employed in the optimizations are the L1 and
L2 norms. Results of the optimizations for both gaussians,
both noise types, and both norms include figures of optimum
iteration number and error improvement versus
signal-to-noise ratio, and tables of results. The

statistical variation of all quantities considered 1is also

given.

The computer codes employed are included in the
appendix; and the correspondence with an optimization of
van Cittert's iterative deconvolution and suggestions for

future research are also given.




CHAPTER I

INTRODUCTION

Morrison”s noise removal (Morrison, 1963), or
Morrison”s smoothing, is an iterative technique in which the
first iteration smoothes the data to which it is aoplied,
and which with each subsequent iteration restores the data
to the original, exceot for incompatable noise, upon
convergence of the methnd It has been shown by Ioup(1968),
Wright(1980), Ioup et al (1983/1984), and others, that the
iterations may be terminated before convergence of the
method and a reasonable approximation to the noise free
signal obtained. Indeed, this approximation can be better
than that obtained on convergence. This work concerns the
optimum use of Morrison”s noise removal for noise removal
alone, and for noise removal vprior to deconvolution. It
should be noted that the primary use of Morrison”s method is
for noise removal prior to deconvolution, and the reader mav
be familiar with more effective methods for noise removal

alone,

Before a study can be undertaken to determine _the
optimum use of Morrison”’s noise removal prior to
deconvolution, some determination of the accuracy of the

operation of the deconvolution itself must be made. Chapter

IT outlines the method for choosing the most accurate length



inverse filter, calculated from the response of the system,
to be used for deconvolution. Included is the procedure for
calculating the filter, along with the testing methodology
for determining accuracy. Also given is a detailed
discussion of the theoretical and experimental errors which

most affect the reliability of the filter and the accuracy

of the deconvolution.

Chapter TII is a study of the optimum use of Morrison”s
smoothing for noise removal alone. A statistical study 1is
performed in which the optimum use of Morrison®s noise
removal is determined when applied to data sets of varving
noise levels. A discussion of the types of noise added to
the data is provided and the statistical methodology
emploved for optimization is outlined. Plots of
optimization results. i e optimum iteration number versus
noise level are provided, as are tables listing numerical
results. A detailed analysis of the results obtained is
also given, including tables and plots showing the
improvement at the optimum iteration number. The

statistical variation of all results is also given.

The study of the optimum use of Morrison®s smoothing
prior to deconvolution is dicussed in Chapter 1IV. Here
Morrison”’s smoothing is applied to data sets having
approximately the same noise levels as those of Chapter III,
and deconvolution is performed after each of Morrison”s

iterations by applving the most accurate length filter



calculated in Chapter 1II. The ootimization, i.e., the

choice of optimum iteration number, is based on the
deconvolved result. The statistical method of optimization
is provided, along with an analysis of results. Plots of
optimum iteration number and the corresponding noise

reduction versus noise level are oroduced.

A comparison of the optimum use of Morrison’s smoothing
for noise removal alone and prior to deconvolution is given
in the conclusion section. Guidelines are given which a
user mav follow in the application of the results obtained
in the preceeding chapters. Also, the correspondence of
Morrison”s method with van Cittert”s iterative method of
deconvolution is given, as are suggestions for further
research. The appendix lists all of the computer programs
used to calculate the results of this study, and contains

brief computer documentation for each program.



CHAPTER II

INVERSE FILTER

Input to anv linear, shift-invariant system is
distorted by the svstem itself, where the effect on the
input is determined by the impulse response of the system.
The output of the system 1is the distorted input. This
effect of the impulsé response on the input 1is represented
mathematically by the convolution of the input and the
impulse response, or discretely by their serial wproduct,

convolution sum, or discrete convolution (Bracewell, 1978) .

Figure (2.1)

SYSTEM

R h

INPUT ~ ouT PuUT

©
%

The convolution integral is:

+oo
h(x) = S f(u) g(x-u) du

-_— O
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where f is the input, g the impulse resoonse of the svstem,
and h the distorted output.

To remove the effect of the response, the output is
deconvolved. One approach is that a function domain inverse
filter is calculated from the response of the system, which
when convolved with the output results in a good
approximation of the original input. There are several
methods used for the calculation of an inverse filter. The
technique used in this work is to take the inverse transform

of the Discrete Fourier Transform (DFT) of the impulse

response:

£(x) * (x) = h(x)
F(s) G(s) = H(s)
F(s) = H(s) (1/G(s))
f(x) = h(x) * (inverse filter(x)) ,

NT

inverse filter(x) = 1/NT E% (1/ G(s) ) eti2wsx T
[ J

where capital 1letters denote the Fourier transform
representations of the corresponding functions, and the
Fourier transform of the convolution of £ and g 1is the
product.of their transforms by the Convolution Theorem
(Bracewell, 1978). NT is the number of discrete frequency
components contained in 1/G(s) , and x and s are the

function and transform domain variables, respectivelv.



Before deconvolution, it is desired to know something
about the accuracy of the inverse filter calculated. As
will be shown, the accuracy of the filter is very dependent
on the length of the filter, and this chapter concerns the
calculation and test procedure used in determining the

optimum length filter for the technigue employed.

In a previous work Wright(1980) constructed the
gaussian impulse response functions of two widths and the

realistic input to the system which are used for this study.

The gaussian responses are discrete real valued
functions of nine and twenty-one points, both with unit
area. Both re ponses are represented by g, and their number
of points by N. They are referred to as the narrow and wide

gaussians and are shown in figures (2.2) and (2.3),

respectively.

The input consists of three gaussians representing
approximate impulses input to the system, where the peaks
are close enough to have overlap after convolution with g.
The string of approximate imoulses is twentv-four points in
length, with zeroes on the ends and in between the peaks.

The input is represented by £, the number of points bv L,

and £ is shown in figure (2.4).

As mentioned above, the output of the svstem,
represented by h, is the convolution of the input with the
response of the system. The length of the output is N+L-1

points (Bracewell, 1978), where the lengths for the outputs



of the narrow and wide gaussian responses are thirty-two and
forty-four points, respectively. These lengths are
represented by M, and figures (2.5) and (2.6) are pvlots of

these outputs,

Wraparound Error

Since the system considered is entirely discrete we
assume there is no error due to sampling (Bracewell, 1978) .
Thus theoretically the most significant effect on the
accuracy of the inverse filter is wraparound error in the
function domain (Oppenheim and Schafer, 1975) . The
wraparound is significant because the filter is calculated
from a sampled transform domain function with frequency
components of large magnitude at the edges of the window. A
procedure to reduce this effect is to reduce the sampling

interval in the transform domain, or correspondingly, to add

zeroes in the function domain. This results in widening the
function domain window of the filter, thus reducing the
error introduced by wraparound. In this study filters of
increasing length are calculated, with the purpose being to

choose the most accurate length filter apvlicable.

Figures (2.7) through (2.11]) show how too coarse a
sampling interval in the transform domain causes significant

wraparound in the calculation of the filter, and how

sampling at a finer rate can reduce this effect greatly.




Figure (2.7) is the coarselv sampled function 1/G(s), and
figure (8) is the inverse filter calculated from 1/G(s).
The transform domain function has NT=32 vpoints and the
inverse filter has NT+1=33 points. More will be said later
as to why the filter is one point longer. There is
significant wraparound with the 33 point filter as overlap
from the replicated windows interferes with the window of

intrest,

Figures (2.9) and (2.10) show 1/G(s) sampled at a finer
interval, NT=64. and the corresponding 65 point inverse
filter, respectively. Note that increasing the number of
points in the transform increases the length of the filter,
thus reducing the wraparound significantly. A portion of
both length filters is overlayed in figure (2.11), where the
effect from wraparound can be observed in the 32 point

filter.

It should be noted that a filter calculated from the
narrow gaussian has less wraparound than a wide gaussian
filter of the same length and sampling interval. The
transform of the narrow gaussian, G(s), is wider and has
larger values at the edges of it”s window. When the filter
is calculated from the reciprocal of the transform, 1/G(s).,
the filter has less oscillations and dies off more rapidly
since the narrow case 1/G(s) has smaller values at the
window edges. Observe the 64 voint reciprocal, 1/G(s) , and

the 65 point narrow gaussian filter shown in figures (2.12)



and (2.13), respectively.

It is noted. and it will be discussed in more detail
later, that the precision with which the calculations are
carried out has an effect in determining the optimum length
filter, as round-off error in the calculations can cause

inconsistency and erroneous results in the test orocedure,

Inverse Filter Calculation

To calculate an inverse filter from one of the two
response functions (the calculation for the wide gaussian 65
point filter is shown here) the function is first wprepared

so that it”s transform can be calculated with the Fast

Fourier Transform (FFT) subroutine used (Higgins, 1976) .

The FFT subroutine requires that input data have real

and imaginary components and that the number of points

input, NT, be a power of two greater than two (Riggins,
1976). To meet these requirements, and to increase the
length of the filter to reduce wraparound zeroes are added
to the end of the data so thaﬁ the 1length 1is NT. Thén
zeroes representing the imaginarv part of the data are added
between successive real points, and on the end, until the
total length is 2NT. For this study NT will have values
32,64.... 4096, Figure (2.14) is the prepared wide gaussian

with NT=64, where the zero imaginary component is not shown.
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As the peak of the response 1is not centered on the
origin, the response is shifted in the function domain.
When the Fourier transform of the shifted gaussian is
calculated, the phase will be effected thuslv (Bracewell,

1978):

g(x-a) O exp(-i2mrsa)G(s)

where G(s) is the transform of g(x), "a" represents the

amount that g is shifted from the origin, and i2msa
represents the delay in phase. Figure (2.15) 1is the
transform of the shifted function, where the real component

is denoted by "o", and the imaginarv part by "x".

The magnitude of the transform 1is then calculated

eliminating the delav in phase:

G(s) = ( [Re(G(s))12 + [Im(G(s))12 )12 = G (s

The 64 point G(s) is shown in figure (2.16), where the high
positive and negative frequencies are located at the center
of the window. It is the small magnitude high frequencies

which increase the wraparound.
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The reciprocal of G(s) is calculated, figure (2.9), and
zeroes are then added between successive real points, and at
the 2NT“th point, in preperation for applying the inverse
FFT to calculate the inverse filter. The 64 vpoint inverse

filter is shown in figure (2.17).

For the deconvolution calculations that follow, the
peak is shifted to the center of the window and the filter
made symmetric by dividing the first point of the shifted
filter by two and adding a sixty-fifth point (NT+1) equal to
the first point. The result is a real, svmmetric, NT+1
length inverse filte ., Fiqure (2.10) shows the 65 point

symmetric inverse filter.

Optimum Length Test Procedure

The methodology emploved in determining the ovptimum
length filter to use for deconvolution 1is to calculate
inverse filters of lengths 33,65,...,4097, as just
described, for each of the two resnonse functions. Noise
free data h are then deconvolved by applying each of the
various length symmetric filters. The results of the
deconvolutions are compared to the known input £, and also
with the result of the deconvolution performed with the
longest length filter, with suitable error measures. In the
latter instance this deconvolution is assumed to be the most

accurate, as might be done if £ is not known. There are
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some minor problems with this assumption as will bhe

discussed.

The error measures used in the comparisons with £ are

the sum of the absolute error, and the sum of the squared
error, or variance, per voint. These measures are
calculated over the inout window L, the data window M, and
the full range of the deconvolution NT+M, The notations
used for the two measures for the window L are SMABER/L and

SMSQER/L, respectivelv. For the window M the expressions

are:

SMABER/M = (1/M) zg HN(I)-£(I)
2)

and

’ m
SMSQER/M = (1/M) = (HN(I)-£(I))?2
432

[ 4
where HN(I) is the deconvolved result.

For comparison to the longest length filter, the sum of
the absolute difference and sum of the squared difference
per point, SMABDF/(NT+M) and SMSQDF/(NT+M), respectively,
are calculated. f(I) is replaced by the longest filter

result in the above expressions.
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Plots are oroduced of the various length inverse
filters and the deconvolution results, figures (2.10),
(2.13), and (2.18)-(2.30), and of the error versus the

number of points of the filter, figures (2.31)-(2.46).

From the error plots it is possible to choose the most
accurate length filter to apply in deconvolution for the
width response under consideration. The sensitivity of
deconvolution to small error in the inverse filter can be
seen by observing the plots of the filter and deconvolution
for the wide gaussian 65 point case, figures (2.10) and
(2.27). Comparing the 65 point filter with the 4097 point
filter, figure (2.22), no apvarent wraparound is noticed in
the 65 point case, yvet in the deconvolved result the error
is readily observable. This effect is most easily
understood in the transform domain. At fregquencies where
G(s) is small, small changes in G(s) can bhe large percentage
chahges in G(s) , 1/ G(s) , and the deconvolved result,

F(s)=H(s)/G(s).

Test Results

For all length filter olots, figures (2.18)-(2.22), of
both narrow and wide gaussian cases, only the 33 point wide
gaussian case filter shows evidence of wraparound. Plots of
the deconvolutions, figures (2.23)-(2.30), show wraparound

only in the 65 and 129 point wide cases. Yet, the error
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results, figures (2.35) and (2.40), for hoth the narrow and
wide gaussians, when calculated over the full range of the

deconvolution, show a monotonic decrease in error as the

filter length increases.

It should be noted, that doing all computer
calculations in double (or even a higher) precision is
esential for consistent results in hoth the narrow and wide
gaussian cases because of the sensitivity of the
calculations to round-off error. No attempt to reduce this
sensitivity by alteration of calculations is made. For
routine calculations this would be important. All results
given here are double precision results unless otherwise
specified. Doing calculations in single precision was
originally attempted and there was little consistency in the

results; many of the results were simply wrong.

The deconvolution is especially sensitive to the
precision of the calculation as there are many additions and
subtractions of very small numbers in the inverse filter
with relatively large values in the data. The inverse
filter calculation also contributes greatly to round-off

error, wperhaps even more SO than the dAeconvolution
calculation (this was not determined) because of the large
magnitude of 1/G(s) at high frequencies. 1In hoth cases the
round-off error could be reduced significantly by adding all
of the subtraction amounts and doing a subtraction just once

for each case.
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As mentioned above, the inverse filter calculated from

the narrow gaussian has less oscillations and dies off more
rapidly than the filter for the wide gaussian case, sO that_
there are less small negative values affecting the result.
For this reason, as well as 1/ G(s) having smaller magnitude
high frequencies, the narrow case is less affected by

round-off error.

The results calculated in double precision are somewhat
affected by round-off error, but the results are much more

consistent and correct than the single orecision results.

Figures (2.47) and (2.32) are plots of the sum of the
square efror per point calculated over the L length window
for the narrow gaussian versus filter length, for single and
double precision calculations, respectively. As is evident,

the double precision plot exhibits the tyve of theoretical

behavior expected, i.e., decreasing error as filter length

increases, while the error in the single precision nlot does

not at all increase monotonically nor smoothly as the filter

length increases.

Plots of the error versus filter length for both the
narrow and wide gaussian cases are shown in figures
(2.31)-(2.40). The numerical results given to seven
significant figures are listed in tabhles (2.1) and (2.2). A
discussion of the plot behavior is now detailed, along with

the criterion by which the optimum length filter for

deconvoluion is selected.
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Examination of the results of the narrow gaussian case,
figures (2.31)-(2.35), shows that in all measures calculated
the error increases monotonically as the filter length
decreases. The results of the two error measures of the
deconvolution compared to the known input calculated over L
and M length windows, show that there |is relatively large
error due to wraparound for the 33 point filter. Increasing
the filter length to 65 points greatly reduces the error,
and in all but one case, the sum of }the ahsolute error
calculated over M points, SMABER/M, the decrease in error
esentially levels off by the 257 point filter. The large

relative decrease in error for the 4097 point filter is

thought to be a consequence of the type error measure used,

as the sum of the square error calculated over the M window,
SMSQER/M, and the two measures calculated over the L. window
do not show this decrease. The sum of the square error
calculated over the full length of the deconvolution,
SMSQER/ (NT+M) , decreases significantly and monotonically as

the filter length increases.

From the theoretically consistent behavior or the
results of the narrow gaussian case, it is helieved that the
major contribution to the error is from wraparound, and that

round-off error is insignificant.

In the comparison of the deconvolution to f for the
wide gaussian case, figures (2.36)-(2.40), the - error

introduced from wraparound is too large to be considered
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when applying the 33 point filter. 1Increasing the length to
65 points again greatly reduces the error, but with the
error measures calculated over the M length window, the

errors are still relatively large when comoared to the
results of the longer length filters., The error is actually
a minimum for the 65 point filter with the error calculated
over the L length window, and the 129 point filter shows the

best results for the M length measures.

Three of the four measures calculated over the L and M
windows show a slight increase in error as the filter length
increases from 129 points for all greater length filters.
It is believed that this departure from expected theoretical
behavior is due to round-off error. Evidently the increase
in round-off error as filter 1length increases is greater
than the improvement in wraparound. The SMABER/M shows a
significant decrease in error for the 4097 point filter. As

for the narrow case, this is thought to be a consequence of

the type measure emploved for very small numbers. The
measures taken over (NT+M) points exhibit the theoretical

hehavior of decreasing error as filter length is increased.

The results of comparing the deconvolutions to the
longest length deconvolution are only shown for the result
calculated over the NT+M window for the wide gaussian case,
figures (2.45) and (2.46). For the narrow case the result

are shown calculated over the M and NT+M windows, figures

(2.41)-(2.44). The numerical results are listed in table
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(2.3). For the wide case this is because round-off affected
the shorter length window results enough that, in general
for these windows, the deconvolutions performed with the

shorter length filters are more accurate.

In the selection of the the optimum length filter to
apply in deconvolution for both the narrow and wide cases,
it was decided to make the selection from the L and M length
error results, with the M length results being weighted more
heavily in the decision. This is hecause the shorter length
windows are usuallv the regions of most interest

experimentally. In the work of Chapter IV we will only be
concerned with the result calculated over the M window. The.
results calculated by comparing to the longest length filter

are not considered in the selection.

For the narrow case the 257 pvoint filter is chosen as

the most accurate. The error had esentially leveled off by

the 257 length result for most cases, and the small increase

in accuracy gained by using a longer length filter will not
compensate for the increased computer time needed for the
longer length calculations. The reduction in computation

time is especially important for the work of Chapter 1IV.

The optimum length filter for the wide case is 129 points,

as round-off in general caused an 1increase in error for

longer length filters. For the SMABER/M where there was a
large relative decrease in error, this was roughlv only a 3%

decrease for both narrow and wide cases, and the error
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magnitude is small enough that the decrease is

insignificant.

It is of interest that a longer length filter is chosen
as optimum for the narrow case. This selection goes against
theory as the wide case should require a longer filter. As
mentioned previously, the devarture from expected results is
due to round-off error, and doing the calculations in a
higher precision, or revising the calculations would result
in a longer length wide filter. Also, examination of the L
and M window error results for both gaussians show that the
error magnitudes for the 129 through 4097 length filters are
all very close. Using even a 65 point filter in the narrow
case, or a longer length filter than 129 points in the wide
case, where round-off affects the accuracy, will not affect
the deconvolution too severely. For this study the
selection of optimum filter length is based most importantlv
on error reduction, unless there is a considerable increase
in computation time, as is the «case for the 4097 point
filter. Another user of these results maQ decide he

requires more or less accuracy corresponding to his needs

and computer time available. The computer program used in

calculating all results of this chapter are listed in the

appendix.



NARROW GAUSSIAN

FILTER LENGTH

3.300000E+01

6.500000E+01 .

1.290000E+02
2.570000E+02
5.130000E+02
1.025000E+03
2.049000E+03
4,097000E+03

FILTER LENGTH

3.300000E+01
6.500000E+01
1.290000E+02
2.570000E+02
5.130000E+02
1.025000E+03
2.049000E+03
4,.097000E+03

Table (2.1)

SMABER/L

4.970879E-05
1.068407E-05
1.068390E-05
1.068386E-05
1.068385E-05
1.068385E-05
1.068385E-05
1.068385E-05

SMABER/M

5.708786E-05
8.411077E-06
8.410643E-06
8.410541E-06
8.410508E-06
8.410253E-06
8.402295E-06
8.147680E-06

SMSQER/L

9.528120E-09
1.945857E-10
1.945715E-10
1.945680E-10
1.945672E-10
1.945669E-10
1.945669E-10
1.945669E~-10

SMSQER/M

1.237392E-08
1.460660E-10
1.460555E-10
1.460529E-10
1.460523E-10
1.460521E-10
1.460521E-10
1.460521E-10

FILTER LENGTH

3.300000E+01

6.500000E+01
1.290000E+02

2.570000E+02
5.130000E+02
1.025000E+03
2.049000E+03
4,.097000E+03

SMSQOER/ (NT+M)

1.216599E-08

4.868889E~-11
2.921147E-11

1.622845E-11
8.591554E-12
4,425974E-12
2.247045E-12
1.132238E-12



Table (2.2)

WIDE GAUSSIAN

FILTER LENGTH

3.300000E+01
6.500000E+01
1.290000E+02
2.570000E+02
5.130000E+02
1.025000E+03
2.049000E+03
4,097000E+03
1.025000E+03
2,.,049000E+03
4.097000E+03

FILTER LENGTH

3.300000E+01
6.500000E+01
1.290000E+02
2.570000E+02
5.130000E+02
1.025000E+03
2.049000E+03
4,097000E+03

SMABER/L

7.054848E+03
2.094336E-01
2.094349E-01
2.094352E-01
2.094353E-01
2.094353E-01
2.094353E-01
2.094353E-01
1.321833E-01
1.321174E-01
1.291816E-01

SMABER/M

8.606430E+03
3.211137E+00
1.321193E-01
1.321695E-01
1.321818E-01
1.321833E-01
1.321174E-01
1.291816E-01

SMSQER/L

9.392609E+07
6.822844E-02
6.823538E-02
6.823715E-02

6.823761E-02
6.823773E-02
6.823777E-02
6.823778E-02
3.801159E~-02
3.801164E-02
3.801165E-02

SMSQER/M

1.198460E+08
9.266671E+01

- 3.800783E-02

3.801067E-02
3.801140E-02
3.801159E-02
3.801164E-02
3.801165E-02

FILTER LENGTH

3.300000E+01
6.500000E+01
1.290000E+02
2.570000E+02
5.130000E+02
1.025000E+03
2.049000E+03
4,097000E+03

SMSOER/ (NT+M)

8.827930E+07
6.071961E+02
1.420265E-02
5.649545E-03
3.011642E-03
1.567809E-03
8.004685E-04
4,045085E-04
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FILTERILENGTH

3.300000E+01
6.500000E+01
1.290000E+02
2.570000E+02
5.130000E+02
1.025000E+03
2.049000€E+03

FILTER LENGTH

3.300000E+01
6.500000E+01
1.290000E+02
2.570000E+02
5.130000E+02
1.025000E+03
2.049000E+03

FILTER LENGTH

3.300000E+01
6.500000E+01
1.290000E+02
2 570000E+02
5.130000E+02
1.025000E+03
2.049000E+03

Table (2.3)

NARROW GAUSSIAN

SMABDF /M

5.238886E-05
4.990104E-09
1.207103E-09
2.986158E-10
7.363779E~-11
1.752466E-11
3.504542E-12

SMABDF/ (NT+M)

5.239288E-05
1.534156E-08
8.677523E-09
4.773366E-09
2.576831E-09
1.336576E-09
5.884715E-10

WIDE GAUSSIAN

SMABDF/ (NT+M)

6.508820E+03
1.431675E+01
3.133485E-02
3.288296E-03
4.180027E-04
1.592667E~-04
7.187993E-05

SMSODF /M

5.238886E-05
4.990104E-09
1.207103E-09
2.986158E-10
7.363779E~-11
1.752466E-11
3.504542E-12

SMSQDF/ (NT+M)

1.195982E-08
4.379296E-16
1.950363E-16
8.856593E-17
4,074210E-17
1.803191E-17
6.013890E~-18

SMSQDF/ (NT+M)

8.827931E+07
6.071861E+02
4,466132E-03
6.986873E-05
6.927578E-07
9.967352E-08
3.949944E-08
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Figure (2.44)
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CHAPTER III

MORRISON“S METHOD FOR NOISE REMOVAL ALONE

Morrison”’s iterative method of noise removal, or

Morrison”’s smoothing, is a technique in which the first
iteration smoothes the data, and which with each subsequent
iteration restores the data to the original, except for the

removal of incompatable noise, wupon convergence of the

method, Ioup(l1968).

For this work Morrison’s noise removal is applied in a

simulation to noise added data for the determination of

optimum use of the method.

The function and transform domain representations of

Morrison’s smoothing are as follows (Ioup, 1968):

Function domain:
hl=h*g

hn = h,_1 + (h - hy1] *g ,n > 1

Transform domain:
Hl =H G

Hy =Hp.p + [HE - Hp3]1 G ,n > 1

or

69
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H, = [1-(1-G)"] H

Fof the study undertaken in the present chapter g is
one of the gaussian impulse response functions; h, hereupon
denoted by hp, is the corresponding data set, defined in
Chapter II, with noise added; and hn is the smoothed and/or

restored result.

Detailed discussions of the ‘conditions that assure
convergence are outlined by Ioup(1968) and Wright(1980).

Briefly, convergence is assured if 1-G(s) < 1, or if G(s)

0.

It should be noted, that since the narrow response has
a wider frequency spectrum than does the wide gaussian, for
a given s value [1-(1-G(s))™] is a number closer to one for
any n for the narrow case, and Morrison”“s noise removal

converges faster,

Morrison’s method may be used for noise removal alone,
or noise removal prior to deconvolution. The work in this
chapter concerns a statistical study of the optimum use of
Morrison®s technique for noise removal alone. The

application for deconvolution is discussed in Chapter IV.

Morrison”s applied to noise added data, hp, restores
both signal and noise with each iteration. In the
restoration process very little distinction can be made

between the restoration of noise and the restoration of
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signal except in those frequency regions where one

significantly dominates the other.

It has been shown by Wright(1980) that the best

_ approximation of the data, h, is obtainable by termination

of the iterations before convergence of the method. At this
optimum number of iterations there results the most

favorable trade off hetween the restoration of noise and

resolution of signal.

One would expect that the optimum number of iterations
should increase monotonically as the noise level of the data
to be restored is decreased. Since there is less noise to
obscure the restoration, a greater number of Morrison”s
iterations may be performed to obtain increased resolution

of the signal before noise distorts the result.

In previous studies Wright(1980) and Toup(1981), and

Ioup and Ioup(1981), developed a methodology for optimum use

of Morrison®s noise rgmoval. An algorithm was develoned for
apprlving Morrison“s method, as was a procedure to add
ordinate-dependent and constant gaussian distributed noise
to the data h. The signal-to-noise ratio (SNR), which |is
the ratio of the maximum ordinate value of h to the
root-mean-square (RMS), or standard deviation, of the noisvy
data, was used as the measure to characterize the level of
noise added to the data. These developments are used for

this study.
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signal except 1in those frequency regions where one

significantly dominates the other.

It has been shown bv Wright(1980) that the best
approximation of the data, h, is obtainable by termination
of the iterations before convergence of the method. At this
optimum number of iterations there results the most
favorable trade off between the restoration of noise and

resolution of signal.

One would expect that the optimum number of iterations

should increase monotonically as the noise level of the data
to be restored is decreased. Since there is less noise to
obscure the restoration, a greater number of Morrison”’s

iterations may be performed to obtain increased resolution

of the signal before noise distorts the result.

In previous studies Wright(1980) and TIoup(1981), and
Ioup and Ioup(1l981), developed a methodology for ootimum use
of Morrison”s noise removal. An algorithm was developed for
applying Morrison”“s method, as was a procedure to add
ordinate-dependent and constant gaussian distributed noise
to the data h The signal-to-noise ratio (SNR), which 1is
the ratio of the maximum ordinate wvalue of h to the
root-mean-square (RMS), or standard deviation, of the noisy
data, was used as the measure to characterize the 1level of

noise added to the data. These developments are used for

this study.
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The data studied have SNR”s of approximately 2 through
1000, and enough data sets are optimized for each SNR so

that the result has statistical significance.

Noise Addition Procedure

The procedure for adding constant gaussian noise, i.e.,

noise having a constant standard deviation at each point, is

as follows:
. [}
hp (1) = lé;Aj_ 6y * (NsF)L/2 + h(I)
l:

where NSF, the noise scale factor, is chosen to vary the
magnitude of the noise and thus the SNR; and A is a random

number between zero and one generated by a system subroutine

(Hamming, 1973). The index I denotes each discrete data

element.

For addition of ordinate-dependent gaussian noise,

i.e., noise having an ordinate dependent standard deviation,

the procedure is:

12
(£A._ ) * (NSF*h(D)) /2 + h(I)

hp (1) FETA

The only difference from the constant case 1is that the
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tandard deviation of the noise added is orovortional to
(h(1))1/2.  Figures (3.1) and (3.2) show data of SNR 2 for
the narrow gaussian case with constant and

ordinate-dependent noise added, respectivelv.:

In the procedure for adding noise anv negative hp(I) is
set positive to keep the data set non-negative since the
object of the study is to consider onlv such data. Also,
for the ordinate data- for any h(I) less than .0000001

(NSF*h(I)) is set equal to (NSF*.0000001) before noise 1is

added.

As mentioned previouslv, the SNR is used as the measure
of noisiness of the data sets, and as is evident  from the

noise addition procedures, the SNR is inversely proportional

to the square root of the NSF.

Constant noise case:

M
SNR=h (max) / ((1/M)Z[h (1)~ (z”Aj-s) * (NSF) 1/ Z4h (1))

el

2)1/2

M i
=h (max) (M) 1/2/( (NSF) 172 121 [{'Aj-s] 2y1/2

1*

SNR ¢ 1/ (NSF) /2

Ordinate noise case:

M
SNR=h (max) / ( (1L/M)E [h(I)~( (,'Z:Aj-s) * (NSF*h (1)) 1/ 240 (1)12) 12
L=} 4
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=h(max) (M) 1/2/ ((nsF) 1/2l§[ (J,'f‘Aj-s) *(h(1)) /212172
2‘ z

SNR < 1/ (NSF)1/2

A larger NSF corresponds to data having a higher noise

level.

Since a given NSF produces a statistically Aistributed
range of SNR values upon repeated use. something must be
done to limit the SNR values to a small neiqhhorhodd about
the mean SNR for a given NSF. The approach used here is to
add noise 100 times to h, and calculate an average S5SNR,
AVESNR, and standard deviation, SDSNR, for the 100 cases.
The SNR of the data sets to be optimized will be confined to

a range of plus and minus one-half SDSNR of AVESNR.

Plots of AVESNR versus l/(NSF)l/2 are shown in figures
(3.3) through (3.6). Figures (3.3) and (3.4) are of the
narrow gaussian ordinate-dependent and constant noise cases,
respectively and figures (3.5) and (3.6) are the wide
gaussian ordinate and constant cases. All wolots show a
nearly linear relationship between AVESNR and 1/(NSF)1/2

The sloves of the lines for the constant and ordinate noise

cases are as follows:
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Constant noise case:

1/2 oo
Slope = ( (M) h(max) /100) [__Z‘BJ] ’
J:

m iz 2 ,1/2
h B, = - =)
where B l/(%(‘}g‘z\‘J G)I J)

J

Ordinate noise case:

(5]
Slope = ((M)1/2h(max)/100) [;;TCJ] ,

1/2)2 )1/2

M 12
where C =1/(§(('2A'—6)I*(h(1))3'

I = 97

The terms in brackets are esentially constant because of the
large number of noise additions, and M is the number of

points of a data set. A user need only pick out a NSF from

the plots for a desired AVESNR.

As mentioned, Morrison’s method is applied to data sets
having SNR”s of about 2 to 1000. A look ahead to figures
(3.7) and (3.23) shows that the rate of change of the
optimum iteration number and the error improvement with
respect to SNR is much greater for the relatively low SNR”s.
For this reason more data points are required in the low SNR

region so as not to lose too much information.
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a proceduré of first calculating an AVESNR of about 2,
using the appropriate NSF, then dividing the NSF by 2 after
each AVESNR is calculated until an AVESNR of about 1000 is

attained, works quite well in calculating an effective range

of average SNR”s.

Two error measures are emploved in this optimization.
These are based on minimization of (a) the absolute error
per point, and (b) the root-mean-square error, RMS, between

h and hn. These measures are referred to as the Ll and L2

norms, respectively.

Convergence Criteria

The convergence criterion applied in the optimization
terminates the iterations when a fractional difference, DF1,
or an absolute difference , DF2, between the error at

successive iterations is less than .0001.

Fractional difference:

DFl = [ e(i-1)-e(i) /e(i=1)] < .0001

Absolute difference:



78

DF2 = [ e(i-1l)=-e(i) ] < .0001

where i denotes the iteration number of the current test.

Error values are in general higher for the 1lower SNR
cases, so that two convergence measures are employed so as
not to favor the larger or smaller errors over the complete
SNR range. The fractional difference criterion results in
faster convergence for the larger errors, and for smaller
errors the absolute difference criterion gives convergence
more rapidly. For verv low SNR”s, approximately 2 to 15
depending on the width of the gaussian response and the
noise type used, it is believed that opotimization occurrs at

an error minimum rather than convergence of error.

Choosing a suitable convergence criterion is somewhat
subjective as a preference for reduction in noise or

resolution of signal comes into play. But as this 1is a

statistical study meant to make the selection of the optimum
number of Morrison”s iterations more routine a convergence
criterion is chosen which allows optimum error improvement
in combination with results consistent with expected
behavior. A useful selection also avoids a variance in
iteration number so wide as to preclude user confidence in

the selection of a iteration number.
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The choice of .0001 as the convergence value was
determined experimentally as test results were calculated
using stronger and weaker values. Using a stronger value}
.001, caused convergence to occur to quickly, as the number
of iterations were lower and, more importantly, the error
improvement was not as substantial. Using a weaker value,
.00001, resulted in higher iteration numbers, but the
improvement in error was not significantly better and the
results of optimum iteration number versus SNR did not show
as consistent a monotonically increasing behavior as the SNR
increased. Also, the standard deviations in iteration
numbers were significantly larger. Using no convergence
criterion resulted in even less consistent data, and again

not a significant improvement in error.

Optimization Procedure

The method for determining optimum average iteration
number is to calculate AVESNR and SDSNR as previously
outlined, and to continue adding noise for each SNR until
100 data sets having SNR”s that fall within plus and minus
one-half SDSNR for each AVESNR are stored. From these 100
data sets new averages, AVSNR2, standard deviations, SDSNR2Z,
and maximum and minimum SNR”“s, MXSNR and MNSNR, that fall
within the one-half SDSNR range are calculated. These

values are listed in tables (3.1)-(3.8) for both gaussians,
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and both noise types, and on all plots versus AVSNR2 the
confidence 1limits, MNSNR and MXSNR, of AVSNR2 are given.
The NSF’s used in calculating the average SNR”s are listed
in the tables. Having data sets with SNR”s very close to a
mean value, AVESNR, gives highly reliable results in

determining the average optimum iteration number for each

AVSNR2.

Morrison’s noise removal is aoplied to the data sets
and error is tested after each iteration by comparing the
restored result to the noise-free h defined in Chapter TI.
The 100 optimum iteration numbers for each AVSNR2 are
stored, and averages of iteration number afe calculated,
AVITNM, along with their standard deviations, SDITNM, and
maximum and minimum iteration numbers, MXIT and MNIT. These

values are listed in tables (3.9)-(3.16).

Figures (3.7)-(3.22) show AVITNM versus AVSNR2 and
AVITNM versus the natural log of AVSNR2 for both the narrow
and wide gaussians, L1 and L2 norms, and ¢ constant and
ordinate-dependent noise tvpes. Standard deviations of

iteration number are given on the semilog plots.

In the calculation of the average improvement in error
at each AVSNR2, the ratio of the error after to the error
before applying Morrison”’s method is determined for each of
the 100 data sets. The averages of each of the 100 ratios
are calculated, AVERNM, along with their standard

deviations. SDERNM, and their maxima and minima, MXER and
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MNER. Tables (3.17)-(3.24) list these values.

Plots of AVERNM versus AVSNR2 and AVERNM versus the
natural log of AVSNR2 are shown in figures (3.23)-(3.38%8).
Standard deviations of error improvement are included on the

semilog figures.

In examining the data, figures and tables, one can note

that the confidence 1limits given by the average SNR”s,

‘standard deviations, and MNSNR to MXSNR, are larger for the

ordinate noise data than the corresponding constant noise

result. This is a consequence of the noise types. There is
more of a variance in the noise per point at large ordinates
in the ordinate noise case because for each data voint the
noise is weighted by the square root of the ordinate value

of h.

The width of the SNR error bars shown on the semilog

figures does not correspond to the actual linear spread of

SNR values, as the natural log is being plotted. The reader
can refer to the values 1listed in the tables or on
corresponding figures for easier interoretation, unless one
has an intuitive feel for the properties of logarithms or

does a logarithm calculation.
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Narrow Gaussian Iteration Results

Results of the narrow gaussian study (examine figures
(3.7)-(3.14) or tables (3.9) and (3.12)) show a nearly
monotonic increase in average iteration number, AVITNM, as
the average SNR, AVSNR2, increases. However for very low
AVSNR2”s, 2 and 3 of the ordinate result, the AVITNM®s show
a departure from this behavior, as the extremely high noise
level for this SNR region is wusually sufficient to cause
termination of iterations after one smoothing iteration.
For AVSNR2 135 and 190 of the ordinate L2 and constant Ll
results, respectively, there is a slight decrease in AVITNM.
It is believed that the dip in iteration number for both
.cases occurred in the SNR region where the absolute
difference convergence criterion became effective. A slight
weakening of this criterion would result in slightlvy higher
AVITNM”s and strict monotonically increasing behavior for
_the region in question. Also, at very high AVSNR2 values
for both the L1 and L2 ordinate result and the constant L2
case there is some minor fluctuation in average iteration
number. Since the percent difference bhetween average
iteration numbers is minimal and the restored result very
good for this SNR region, this behavior is of 1little

concern.,

Both the L1 and L2 norm results of the ordinate and
constant noise cases show a very ranmid increase in AVITNM

from AVSNR2 3 through 94 and 2 through 130, respectively.
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The increase is 1 to 39 and 1 to 35 AVITNM”s for the Ll and
L2 ordinate cases, and 1.5 to 38 and 1 to 38 AVITNM”s for

the L1 and L2 constant results, respectively.

There is a slight decrease in the rate of AVITNM
increase beginning at AVSNR2”s 33 and 46 for the ordinate
and constant cases. This behavior will be magnified when
the error improvement results are analvzed as the rate of
decrease in error improvement becomes slower for this AVSNR2
region. A leveling off of the rate of increase of AVITNM
with respect to AVSNR2 occurrs in the AVSNR2 regions 95
through 545 , and 130 through 530 for the ordinate and
constant results,respectively. The AVITNM“s for the Ll and
L2 ordinate result are 53 and 45, respectively, at AVSNR2
545, and for the L1 and L2 constant result are 42 and 45 at
AVSNR2 530. Examination of the average iteration curves
shows that this leveling off region is not well defined for

all cases, and the leveling off is generally more abrupt for

the constant L1 curve. For high AVSNR2”’s the curves have
leveled off considerably, as for this low noise level region
the iterations may be continued until a very accurate

restored result is obtained.

By comparing the iteration results 1listed here with
those calculated using no convergence criterion, it is
determined that the fractional difference convergence
criterion begins to affect the ordinate noise L1l and L2 norm

results at AVSNR2 8.8, The convergence criterion becomes
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effective at AVSNR2”s 4.3 and 11.8 for the constant noise L1l

and L2 cases, respectively.

Wide Gaussian Iteration Results

The wide gqaussian ordinate-noise results, figures
(3.15)-(3.18) or tables (3.13) and (3.14), show a rapid
increase in AVITNM from AVSNR2 1.9 through 66, an increase
of 1.7 to 61 and 1 to 59 iterations for the L1 and L2 norms.
It is believed that the ahsolute difference convergence
criterion takes effect at AVSNR2 90 for both L1 and L2 norm
types, where the AVITNM”“s are 62 and 63. The slopes of the
curves, oOr ratgs of change of AVITNM”s, then graduallv
decrease, until for high AVSNR2 the curves are relatively

flat with maximum AVITNM“s of 115 and 122 at AVSNR2 1088 for

the L1 and L2 recults, respectively.

The L1 and L2 results for the wide gaussian
constant-noise cases, given in figures (3.19)-(3.22) or
tables (3.15) and (3.16), demonstrate a rapid increase in
AVITNM from AVSNR2 2.2 through 92, an increase of 2.6 to 72

and 1.4 to 72 average iterations for the L1 and U2 norms.

Where there is a slight buckle in the curves at AVSNR2 133,
the AVITNM”s are 74 and 75 for the L1 and L2 norms,
respectively. For these AVSNR2 the absolute difference
convergence criterion begins to affect the result. Then

there 1is a gradual decrease in the slopes of the curves as
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AVSNR2 increases, with maximum AVITNM”s of 112 and 120 at

AVSNR2 1084 for the L1 and L2 norms, respectively.

The fractional difference convergence criterion becomes
effective immediately for all wide gaussian results.
Perhaps a better experimentation procedure would have been
to weaken this criterion slightly for the very 1low SNR
region and allow optimization as an error minimum 1is
achieved. Another procedure which would have been useful in
the analysis of results would be to set a marker or flag to
indicate which termination method, 1i.e., error minimum,
fractional, or absolute difference convergence, was used 1in
the optimization at each AVSNR2. This would have made
certain of the SNR regions where each of the criteria was
used, and would allow a more complete understanding of the
behavior of all results. Also, it is possible an even more
suitable choice of convergence criteria could have been made
with the use of this information, with perhaps different

criteria for different SNR regions for each case.

It should be noted that in the analysis of convergence
criteria given thus far, it is 1likely that once one
criterion takes effect it is the onlv criterion used until
the next one becomes effective. Some of the analysis to

follow makes this general assumption.
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Noise Svectra

Upon observation of figure (3.39), a plot of the
ordinate-dependent and constant noise superimposed, both of
SNR 2 for the narrow gaussian case, it is noticed that for
constant noise the magnitudes of the oscillations about the
noise free level remain relatively constant for the entire
data region. The ordinate-dependent noise tends to more
violent oscillations in regions where the ordinate values of
the data are largest, and lesser magnitude oscillations
where h is smallest. Thus the frequency distributions of
the spectra of the ordinate and constant noise types differ.
Large magnitude oscillations about the no-noise 1level at
each data point correépond to large magnitude high

frequencies.

The ordinate noise perhaps has a bimodal frequency
distribution, with regions of large magnitude low and high
frequencies. The latter possibility arises from the erratic
behavior at large ordinate data. Since the
ordinate-dependent noise has a trend following the data, it
is also expected to have a relativelv large low frequency
component. There is possibly a more even distribution of
the magnittides of frequencies for the constant noise.
However, the exact distributions are not known without
examining the transform domain representations of the two

noise types. This will be done in a future study.
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The difference in frequency distributions should be
less evident for the wide gaussian case, as there is a
lesser variation in the ordinate values of the data. This
implies that there is still a bimodal frequency distribution
for the wide gaussian ordinate noise, but the low and high
frequency regions of large magnitude are less pronounced

than in the narrow gaussian case.

E#amination of the average iteration results shows that
there are differing AVITNM‘s between the L1 and L2 norm
results for the same gaussian and noise tvpes. There are
also different iteration results between the ordinate and
constant noise cases for the same gaussian and norm
optimizations. These differences iﬁ AVITNM are of different

degree and magnitude over differerent AVSNR2 regions.

For the case where the L1 and L2 norm AVITNM”s are
different, the difference can probably be attributed to the
L2 norm favoring the reduction of larger errors at each data
point, as the L2 norm gives weight to larger magnitude
restored noise by squaring the error. The difference
between AVITNM’s for different noise types is a  consequence
of the differing frequency distributions of the ordinate and

constant noise.

As previously alluded to, the wide gaussian results
have higher iteration numbers than the corresponding narrow
gaussian results because the convergence of Morrison”s noise

removal is faster for the narrow case.
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Examinimg the average iteration semilog figures, or the
corresponding tables, for both the narrow and wide gaussian
cases, one observes a region of maximum standard deviation
values, SDITNM“s, which occurrs in the middle to wupver
middle range of AVSNR2“s. At high noise levels, or low SNR
values, noise is restored quickly for all cases and there is
little chance for a wide variance in iteration number. For
high SNR values the noise level is low for all data sets and
iterations can be continued until a very good approximation
of the signal is obtained. But for the intermediate range
?f SNR”s, noise is distributed more unevenly throughout the
data, and in the restorati&e process the variation in

optimum iteration is greatest.

It is noted that the standard deviations of the
AVITNM”s for both the narrow and wide cases are 1in general
larger for the ordinate results. This is worobablvy due to

the relative uneveness of the frequency distribution of the

ordinate-dependent noise,

Error Improvement

In the examination of the plots of average error ratio,
AVERNM, versus AVSNR2, figures (3.23)-(3.38) and tables
(3.17)-(3.24), it should be noted that a lesser value

corresponds to a greater improvement in error with the

application of Morrison®s noise removal. An average error
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ratio, AVERNM, greater than one implies that there is no
improvement of error in the restored result. For plots
where there is a range of AVSNR2 for which no error
improvement is achieved, a line equal to one is detailed on
the graph. For semilog plots of AVERNM where the average
standard deviation of the error, SDERNM, added to AVERNM is
greater than one for sohe AVSNR2, a line equal to one is

also plotted for easier interoretation of the results.

Tt should be remembered that, in general, greater
improvement in error is expected after the data is
deconvolved, as Morrison’s method 1is designed for noise

removal prior to deconvolution. It will be evident after

the results of error improvement in Chapter IV ‘are studied
that this is indeed the case. Where there is no, or verv
little, error improvement in applying Morrison®s method for
noise removal alone, the results will show that after

deconvolution there can be significant error improvement.

An average error ratio of .8 implies a 20% improvement
of the data with the application of Morrison”s noise
removal. For this study the percent error improvements are
calculated as follows, using .8 error improvement as an

example:

ERR AFTER/ERR BEFORE = .8
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ERR AFTER = (.8)ERR BEFORE
[ (ERR .BEFORE - (.8)ERR BEFORE)/ERR BEFORE] X 100% = 20%

From the L2 norm result additional information may be

derived, as the SNR of the noise removed result can be

calculated:

L2 = RMSa/RMSb = (h(max)/RMSh)/(h(max)/RMSa)

= SNRb/SNRa = .8

SNRa = SNRb/.8 = (1.25)SNRb

RMSb and RMSa denote the root-mean-square noise of the data
before and after Morrisdh’s method is applied, and a higher

SNR corresponds to a lesser level of noise.

As one would expect, the percent error improvements for
all results are greater for data of low SNR, since the noise
level is so high for these cases before the application of
Morrison”s. For the AVSNR2 regions studied, where there is
a rapid decrease in the rate of error improvement with
respect to AVSNR2, the noise levels chosen for the data are

decreasing rapidly.
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For the ordinate and constant noise error results, for
both the L1 and L2 norms, some of the average error ratios,
AVERNM“s, at very low AVSNR2 values fluctuate instead of
exhibiting steadily increasing behavior. This is a minor
inconsistency as the noise level is verv high for this SNR
region and some oscillation of AVERNM can be expectd. This
slightly uneven behavior is also somewhat present for for
high SNR regions where the noise level of the data 1is 1low
and the average error improvement is very 1little. This

behavior is of little concern as the difference between

AVERNM”s is usually not more than 1%, and is often less.

Narrow Gaussian Error Results

The narrow case ordinate noise L1 norm error result
demonstrates a rapid decrease in error improvement from 18%
to 4% for AVSNR2 6.5 through 33. For the ordinate L2 norm
case the decrease is from 29% to 7% for AVSNR2 2 through 33.
For hoth norms the decrease in percent error improvement
becomes less rapid from AVSNR2 33 through %4, as the average
percent error improvements at AVSNR2 94 are 1% and 3% for
the L1 and L2 norms, respectively. This less rapid decrease
in error improvement corresponds to the slight decrease in
the rate of AVITNM increase for the same range of AVSNR2”s
mentioned in the iteration number analysis. AVERNM“s for

AVSNR2“s higher than 94 tend to level off with a small
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percent difference hetween AVERNM“s for this SNR reqgion.
For the Ll case the error ratio is greater than one for
AVSNR2 values greater than 264, implying that there is no
improvement with appliction of Morrison”’s method for this

region.

Average error results for the narrow constant case
exhibit a relatively rapid decrease in error improvement
from AVSNR2 8.3 to 46 for both L1 and L2 norms, a decrease

from 6% to 2% and 10% to 2%, resvectively, followed by a
gradually less rapid decrease to 1% at AVSNR2 131 for both
norm results. It is noted that there is a peak in AVERNM at
AVSNR2 131 for the L1 data corresponding to the slight
jutting of the AVITNM curve at the same AVSNR2. For higher
AVSNR2 the data levels off with an error improvement of

approximately 1% for all AVSNR2.

In the analysis of the narrow gaussian error results,

it is noted that the error improvements are not that great
for the low middle to middle SNR region. This 1is perhaps
because the noise level is still high enough in this region
to cause a termination of iterations before a very good
approximation of the signal can be obtained; vet the noise
level is not so high that the ootimum iteration result is a

great improvement over the unsmoothed data.
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Wwide Gaussian Error Results

Examination of the wide gaussian ordinate data, figures
(3.31)=-(3.34), shows that the AVERNM”s oscillate somewhat
for AVSNR2 1.8 through 16 with maximum and minimum error
improvements of about 44% and 28% for the L1 norm result,
and 50% and 42% for the L2 data, for this SNR region. This
is followed by a leveling off of AVERNM”s from AVSNR2 23 to
90, where the error improvements are 31% and 35% at AVSNRzl
90. There is a general steady decrease in error improvement
for the range of AVSNR2 higher than 90, and for very high

AVSNR2”s no error improvement is achieved.

The wide constant results, figures (3.35)-(3.38), show
oscillation in AVERNM from AVSNR2 2 through 12, with maximun
and minimum error improvements of 29% and 22% for the Ll
norm data, and 30% and 29% for the L2 result. For AVSNR2
higher than 12 there is a monotonic decrease in error
improvement, with AVERNM”s greater than one at AVSNR2 1084
for both the L1 and L2 results. AVERNM”s at specific SNR
values for all results can of course be determined bv

examining the corresponding tables or figures.

Tt should be noted that for most of the AVSNR2 range
the error improvements are much greater for the wide
gaussian results than for the corresponding narrow gaussian
case For the higher SNR regions, very roughly beginning

at AVSNR2 700 and 1000 for the L1 and L2 ordinate cases, and
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AVSNR2 900 and 1000 for the L1 and L2 constant results,
respectively, the error improvement is greater for the
narrow gaussian result. The behavior of greater error
improvement for the wide gaussian is attributed to a much
slower and less complete restoration of high frequency noise
for the wide case results, as the wide case G(s) and H(s)
are much narrower and Morrison®s noise removal restores
frequencies faster where G(s) is of larger magnitude. Thus
where the wide case error improvement is bhetter, much more

of the high freaquency noise is not present in the restored

result.

For the higﬁ AVSNR2 region where the error improvement
for the narrow case is somewhat better, the behavior is
believed to be a consequence of the noise level being low
everywhere and G(s) wider for the narrow gaussian. Thus a
more complete restoration of the signal can be obtained

before noise terminates the iterations.

It should be noted that although the results for noise
removal alone show that in general the wide gaussian case
restoration is more accurate (one can examine figures
(3.40)-(3.66) of restored data for the wide and narrow cases
at selected SNR values). This will not be the case for the
deconvolution study analyzed in Chapter 1v, as the

narrowness of the wide gaussian transform G(s) will severely

affect the deconvolved result.
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The percent error improvements for the ordinate noise
results are in general greater than the corresponding
constant noise data. This can be attributed to the
differing frequency distributions of the ordinate and
constant noise types, since Morrison”s noise removal
restores frequencies the quickest where G(s) is of greatest
magnitude. Thus much of the large magnitude high frequensy

noise is not restored for the ordinate noise optimization.

The values of the standard deviations of .the AVERNM”s
do not vary greatly over the total AVSNR2 region for each
result. The only departure from this behavior is for the
narrow ordinate L1 case, where beginning at about AVSNR2 70,

the sizes. of the standard deviations tend to decrease as the

SNR“s increase.

The program used to calculate the results given in this
chapter is listed in the appendix. Computer documentation

is also included.
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Figure (3.2)
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Figure (3.4)
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Figure (3.5)
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Figure (3.6)
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Figure (3.7)
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Figure (3.9)
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Figure (3.11)
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Figure (3.14)
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Figure (3.15)
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Figure (3.16)
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Figure (3.17)
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Figure (3.18)
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Figure (3.19)
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Figure (3.21)
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CHAPTER IV

MORRISON“S METHOD PRIOR TO DECONVOLUTION

This chapter Is a study of the optimum use of
Morrison”s noise removal, or smoothing, prior  to
deconvolution. After each smoothing iteration is applied to
the two noise-added data sets analyzed in Chapter 1III, the
data sets are deconvolved by convolution with the two most
accurate inverse filters calculated 1in Chapter II. The
deconvolved results are compared to the known input £ after
each iteration and an optimum iteration number chosen when
either an error minimum or suitable convergence of error is

realized.

Noise removal and deconvolution are applied to data
sets having roughly the same average SNR values, AVSNR2, as
those examined previously, where enough cases for each SNR
are included to give the result statistical significance.
As in the noise removal study, plots of average optimum
iteration number and average error improvement versus AVSNR2
are produced, along with tables 1listing accurate average

values and confidence limits of all quantities considered.

The results will provide an experimentalist having
similar data with guidelines which will allow a more

automatic selection of the optimum number of Morrison”’s

186
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iterations prior to deconvolution. As will be seen, ootimum
use of Morrison”s noise removal for noise removal alone does

not necessarily, though it may, corresoond to optimum use

prior to deconvolution.

There are two reasons for this. The first is that
deconvolution amplifies noise selectively. Specifically, in
the region of the transform domain where the response
function, G(s), is smallest, noise is amplified the most.
The transform domain representation for deconvolution of

noise added data is as follows:

F(s) = H(s)/G(s) + N(s)/G(s)

where N(s) is the spectrum of the noise, n(x). As can be
seen, dividing by small magnitude G(s) greatly increases the
magnitude of the noise term. Applying Morrison®s noise
removal, which is an overall noise removal technique, for
noise removal alone will not necessarily minimize noise
resulting after division by G(s). Thus the results of the

two applications of Morrison”s method may differ.

The second problem has to do with the fact that
Morrison”’s noise removal consists of a single smoothing
iteration followed by restoring iterations that will

ultimately restore all the signal and noise exceot in the

regions of the frequency domain where G(s) is zero,
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Deconvolution, on the other hand, consists purely of

restoring the data by removing the effect of the response.
Since the compromise in optimizing Morrison®s method is
between resolution of signal and restoration of noise, and
the deconvolution consists of a correction of the signal for
the effect of the response of the system, the intervlay in
the presence of noise between the noise removal and the

deconvolution is a complex one.

Results obtained in the present chapter for optimum use
of Morrison”s prior to deconvolution are compared to similar
results for noise removal alone. Hopefully, some insight is
gained as to why similarities or differences exist in the

results of the two uses of Morrison®s method.

Optimization Procedure

The experimental procedure of optimization for
deconvolution is similar to that used for noise removal
alone. The same noise types, ordinate and constant, are
added to the data in the same manner. As in the noise
removal study, data sets having SNR“s of approximately 2 to
1000 are created by varying the noise scale factor, NSF.
The method of calculating an avérage SNR, AVESNR, and
standard deviation, SDSNR, from the 100 data sets for each
NSF is the same as in Chapter III. Again only data sets

having a SNR that is within plus and minus one-half a SDSNR
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of the average, AVESNR, are used in optimization. The
difference here is that 50 data sets are optimized for each

AVESNR instead of 100.

In determining a statistically reliable number of data
sets to optimize for each SNR, test results were calculated
at SNR values of 2,47,260, and 1000 using one-hundred data
sets, and results were not significantly different from
those calculated from 50 sets. Using the lesser number has

the benefit of cutting the computer time almost in half.

After each of Morrison”s iterations is applied to the
data, the data sets are deconvolved by convolution with the
257 and 129 point inverse filter for the narrow and wide
gaussian cases, respectively. The deconvolved result is
then compared to the known input, f, with both the Ll and L2
norms used previouslyv. The error in the deconvolution is
stored, then compared to the error of the result from the
succeeding iteration. As already mentioned, the iterations
are terminated at error minimum or by a convergence

criterion to bhe described.

A complete study to determine if only one error minimum
exists over the complete range of iterations and SNR”s used
was not attempted. Tests were carried out for selected low,
middle, and high SNR values. After the error minimum was
reached, the iterations were continued past the minimum with
the result that error increased monotonically as iteration

number increased. This result allows termination of



190

iterations as the minimum is located.

The convergence formulas are the same fractional and
absolute differences applied in Chapter TII. The
convergence values are different, however. For the narrow
case, fractional and abhsolute differences of .001 and .0005,
respectively, are used. For the wide case, .0005 and .005
are used. A process of comparing results calculated at
selectd SNR“s using a range of convergence values was
performed. The convergence criteria were chosen to allow
the result to correspond to the expected behavior of
increasing optimum iteration number as the SNR“s of the data
are increased, without having iteration confidence limits so
large as to prevent reliabhility of the results.' Also,

minimization of error is especially considered.

Note that the convergence criteria are stronger for the
deconvolution optimization than for noise removal alone.
The stronger criteria are used because one can expect
greater error in the deconvolved result than the error 1in

the restored data result for noise removal alone.

Next, averages of the optimum iteration number, AVITNM,
are calculated from the 50 results for each SNR, along with
their Qtandard deviation, SDITNM, and the maximum and
minimum of iteration number, MXIT and MNIT. Also, the
average SNR“s, AVSNR2, of the 50 data sets within plus and
minus one-half SDSNR of AVESNR are calculated, and the

maximum and minimum within the range chosen.
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The improvement in error is calculated as described in
Chapter ITII, only now the error before the apnlication of
Morrison”s smoothing is determined by comparing the
deconvolved result to €£. The error after Morrison”s
smoothing is calculated by comparing the known input f to

the deconvolution performed at the optimum iteration number.

Plots of average optimum iteration number, AVITNM,
versus AVSNR2 are produced,as are graphs of the ratio of
error after to error before application of Morrison”s method

versus AVSNR2. Confidence limits are included on all plots.

Before an analysis of the results obtained, one thing
should be noted. If the noise level is high enough to cause
termination of iterations after only one smoothing
iteration, this means that the original data, without
incompatable noise, is closer to the original data f£ than
the result of deconvolving any restoration of Morrison”s
method. The first smoothing iteration broadens the data by
convolving with the response, removing incompatable noise.
Deconvolving this result gives back the original noise-added

h, except for incompatable noise. Thus Morrison®’s method is

not useful for this case.
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Narrow Gaussian Iteration Results

Examination of the narrow gaussian. ordinate noise
iteration results for both L1 and L2 error me;sures, figures
(4.1)-(4.4) and tables (4.1) and (4.2), shows that the
average iteration number increases rapidly with respect to
AVSNR2 from AVSNR2 5 through 138. The increase is 1.3 to 39
and 1.3 to 37 average iterations for the L1 and L2 norms,
resvectivelv. For AVSRN2 below 5 the noise level is so high
that in general only the smoothing iteration is vperformed
before noise causes an increase of error in the

deconvolution. For both cases there is a slight die in

average iteration number, AVITNM, for AVSNR2 175 to about 38

and 35 iterations. AVITNM then increases rapidly to 49 and

46 at AVSNR2 270. From AVSNR2 270 to 1017 the increase |is
much slower but monotonic, an increase of about 10
iterations for both cases. The dip in AVITNM at AVSNR2 175
is likely at the AVSNR2 value where the absolute difference
convergence criterion becomes effective. Using a slightly

weaker criterion would result in a smoother curve.

For the L1 and L2 norm results of the narrow constant
noise data, figures (4.5)-(4.8) and tables (4.3) and (4.4),
there is a rapid increase in AVITNM from AVSNR2 3 through
260. The increase is about 1 to 47 iterations for both norm
cases. For AVSNR2 260 through 1050, the number of
iterations levels off with onlv a 5 and 6 AVITNM change over

this AVSNR2 range, with a slight dip in iteration number at
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AVSNR2 532, Further experimentation with the convergence

criteria is needed to know if this dip in iteration number

was caused by a switch to a different criterion.

Where there is a rapid increase in iteration number
with respect to AVSNR2, the noise levels chosen for the data
are decreasing rapidly and thus there is a rapid increase in
the number of iterations which may be carried out before
noise obscures the deconvolution. For higher AVSNR2 values
the leveling off of iteration number is due to the noise
level being lower throughout the SNR region, which allows
the relatively high iteration numbers. Thus there is 1less
change in actual noise which could cause a wide variance 1in

average iteration number.

Narrow Gaussian Error Results

In discussing the error improvements, one can refer to
Chapter III for the method of calculating the percent error
improvements. As shown in figures (4.9)-(4.12) and tables
(4.5) and (4.6), error improvement for the narrow gaussian
ordinate noise L1 and L2 cases decreases from 75% to 7.5%
and 72% to 7.5%, respectively, for AVSNR2 2 through 95. For
AVSNR2 95 through 1017 the decrease in error improvement 1is
only 6% and 3% over this SNR range for the L1 and L2 norms,

respectively.
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For the narrow constant L1 and L2 cases, figures
(4.13)-(4.1A) and tables (4.7) and (4.8), there is a rapid
decrease in error improvement from AVSNR2 2 through 46, a
decrease of 64% to 8% and 64% to 7% for the Ll and L2 norms,
respectively. For AVSNR2 higher than 64 the error
improvement oscillates somewhat with a minumum and maximum
error improvement of 5% and 9%, respectivelv, for the L1
case, and a minimum and maximum of 4% and 9%, respectively,

for the L2 norm result.

The SNR region where there is a rapid decrease in error
improvement corresponds roughly to the region where the
noise level is decreasing most rapidly. For very low SNR
the error in the deconvolved result before Morrison”s
technique is applied is large, and just a few iterétions
before deconvolution will greatly reduce the error. As the
noise levels chosen become less, the deconvolutions applied
without Morrison”s smoothing have less and less error, thus
less and less error improvement after Morrison®s smoothing
is applied is obtainable. A greater error improvement at a
low AVSNR2 does not mean that the deconvolved result is
better than the deconvolved result of a higher AVSNR2 case.
Figures (4.17)-(4.34) show deconvolved results for the

narrow gaussian, before and after Morrison®s at selected

AVSNR2 wvalues.
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Standard deviations of iteration number and error
improvement are listed in the tables. The semilog plots
have standard deviations for the iteration and error results
included. The largest standard deviations are for SNR
values where the variance in magnitude of the noise added
per data point for each data set is greatest, and the noise

levels not so high as to cause rapid termination of

iterations.

Before discussion of the behavior of the wide gaussian
results, it should be noted that the L1 norm data for both
the ordinate and constant noise results 1is not considered
reliable. Comparison of the L1 and L2 results -- figures
(4.35)-(4.38) show AVITNM versus AVSNR2 for the Ll and L2
cases, and figures (4.39) and (4.40) are deconvolved results
performed at the L1 and L2 optimum for the same SNR --
reveals that iterations are terminated too quickly for the
L1 norm. Much more resolution of data is obtained in the L2
case. The reason is thought to be a consequence of the Ll
norm weighting all points equally. As the deconvolved
result figures show, good resolution of peaks is not
obtainable for the wide gaussian deconvolution. A maximum
of about 60 is all that can be achieved for the best case
data, and the restoration of peaks is slow. 1In using the Ll
norm the slow improvement at the peaks is not enough to
compensate for the increase in noise about the baseline as
iterations proceed. This noise is a consequence of the many

small magnitude high frecuency components in the frequency
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domain representations of the wide gaussian, G(s), and the
data, H(s). In deconvolution great amplification of noise
occurrs where G(s) 1is small, and any small changes where
H(s) and G(s) are small will be large percentage changes in
the deconvolved result. The resulting function-domain
high-frequency oscillations about the baseline have a
greater effect on the L1 norm than the L2 norm, Generally
the data analyst will accept an increase in baseline noise
for increased resolution for peak-type data. For the L2
norm, which emphasizes the large error at the peaks, the
restoration of the peaks is fast enough to compensate for
the increase in error about the baseline. This result of
the unreliahilitv of the L1 norm results would not be as
significant for smooth or non-peak-tvpe data, or data with
less baseline, as there would be less effect from baseline
noise. It would be interesting to add more haseline data
points to the narrow gaussian deconvolution optimization and
observe if the faster restoration of peaks would compensate

for the increase in baseline noise. .

Wide Gaussian Iteration Results

The wide gaussian ordinate noise L2 norm AVITNM result,
figures (4.36) and (4.41) and tables (4.9) and (4.10), shows
a rapid increase in AVITNM for AVSNR2 4.4 through 183, an

increase of 1.2 to 41 average iterations. Again the higher
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noise level for lower AVSNR2”s causes quick termination of
iterations. The iterations increase less rapidly to AVSNR2
376 where the AVITMN is 48, and then decrease slowly to an
AVITNM of 42 at AVSNR2 1035. It is noted that the high

AVITNM at AVSNR2 376 also has an inordinately large standard

deviation.

For the wide constant L2 result, figures (4.38) and
(4.42) and tables (4.11) and (4.12), the rapid increase 1in
iteration numbers is over the 16 through 185 AVSNR2 range.
The increase in AVITNM is from 2 to 24. There is a slight
dip in AVITNM to 23 at AVSNR2 263, probably due to a switch
to another convergence criterion, succeeded by average
iteratibns which increase to 40 at AVSNR2 743. The AVITNM
dios slightly to 39.5 at AVSNR2 1041. As the Ll norm

results are unreliable they will not be discussed.

Wide Gaussian Brror Results

Examination of the wide case ordinate noise L2 norm
error curves, figures (4.43) and (4.44) and tables (4.13)
and (4.14), shows that the percent error improvement
decreases monotonically as the AVSNR2”s increase. There is
a maximum error improvement of about 21,000,000% at AVSNR2

1.9, and a minimum error improvement of 67,000% at AVSNR2

1035,
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The wide case constant L2 error results, figures (4.45)
and (4.46) and tables (4.15) and (4.16), also show
monotonically decreasing error improvement as AVSNR2
increases. Here the maximum error improvement is
17,000,000% at AVSNR2 2.2, and the minimum improvement is
61,000% at AVSNR2 1041. The error improvements for the Ll
norm for both noise types are of the same order of magnitude
as those for the L2 norm. A brief discusssion of the result

is given immediately after the following paragraoh,

Analysis of Results

Studyving the error improvement results, one observes
that the improvement in error is significantly greater for
the wide gaussian case than for the narrow, even though the
deconvolved result is much more accurate for the narrow
case, Figures (4.17)~-(4.34) and (4.47)-(4.64) show
deconvolved results for the narrow and . wide cases,
respectively, hefore and after Morrison’s method is applied
at selected SNR values. This is due to the wide case
deconvolution before Morrison”s smoothing being so
inaccurate. The inaccuracv is a consequence of the wide
gaussian transform, G(s), being narrower and thus containing
many more small-magnitude high-frequencv components. As
discussed previously, these components cause great

amplification of noise in deconvolution.
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In observing the deconvolution plots, one should note

that the gravhs do not represent an average of results for

" each SNR. The plots are of selected data sets that make up

the averages for each SNR. The AVSNR2 and AVITNM are listed
on the graphs, the actual SNR and iteration number of the
data shown may be different from the averages. For AVSNR2 s
where the AVITNM is approximately equal for the L1 and L2
norm results only the L2 norm deconvolution is given, though

for a specific data set the L1 and L2 results could be
significantly different. For the wide gaussian only a few
of the L1 norm results are given as they are considered

unreliable.

Even the error improvement obtained for the wide case
Ll norms is considerable. Just the smoothing iteration, or
the smoothing followed by one or a few restoring iterations,
and deconvolution is enough to achieve a great amount of
error improvement over the deconvolution result of the
unsmoothed data. Though as alluded to, the deconvolution

result after two or three iterations is not much different

from the original noise-added data.

For the amount of error improvement at specific AVSNR2
values the reader may refer to tables (4.5)-(4.8) and
(4.13)~-(4.16). Standard deviations for the AVITNM and
AVERNM results are shown in the semilog figures and listed

in the tables.
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The average iteration numbers for the wide ordinate L2
result are consistently higher than the corresponding
iterations of the constant L2 case. As decribed in Chapter
ITI, it is believed that the ordinate and constant noise
tvpes have different frequency distributions. The ordinate
noise has a somewhat bimodal frequency distribution and the
constant noise a more even distribution of frequencies, with
larger magnitude frequencies for the low middle to middle
range of frequencies, though it must be remembered that this
description of the frequency distributions is speculation,
as a frequency domain study of the noise was not done. It
is possible that the restoration of the relativelv large low
middle to middle range noise frequencies, which are
magnified in deconvolution as G(s) is narrow, caused the
faster termination of iterations for the wide gaussian

constant noise case.

This effect of higher wide ordinate case iteration
numbers is not as prevelant for the noise removal study
(where the effect of differences in the noise frequency
restoration is not enough to cause great differences in

iteration results) because Adeconvolution magnifiesb the

effect.

For the narrow gaussian deconvolution study the
ordinate and constant noise iteration results are more
closely related than for the wide case. Perhaps this closer

correlation of iteration numbers 1is due to the relative
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flatness, or wideness, of the magnitude of G(s) for the
narrow gaussian, as there is less magnification of noise at
higher frequencies in deconvolution. In speaking of the
relative widths of the frequency domain representations for
the narrow and wide gaussian cases, it 1is important to
remember that both fill the same transform domain window

determined by the sampling interval in the function domain.

Comparing the iteration results of the narrow ordinate
and constant cases, one may find a greater difference in
iterations over specific AVSNR2 regions than in the wide
case. This is also true for the noise removal study. But
over the complete SNR range, higher ordinate-noise iteration

results are most significant for the wide gaussian

deconvolution study.

As the explanation of the frequency domain behavior of
the ordinate and constant noise studies is not known with
certainty, a useful study in this matter would be to analvze
the frequencv domain representations of the Morrison
restored data at each iteration. This would allow one to
observe how the frequency components of the data are being
restored and possibly make a better determination of why

differences or similarities occur in the two results,

An examination of the error improvement results for the
wide L2 cases reveals that in general the ordinate case
error improvements are slightly better than the

corresponding constant case improvements. However, this
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does not necessarily imply that the deconvolved optimum
results for the ordinate case are slightly better than those
for the constant noise case. The deconvolution prior to
application of Morrison”s noise removal likely contains more
error for the ordinate case because of the larger magnitude
high frequencies. In this determination a 1listing of the
error after Morrison”s noise removal would be benefical
though it 1is not given here. One may analyze the
deconvolutions for the ordinate and constant noise cases at
the same SNR for selected SNR”s, figures (4.47)-(4.64), to
make a judgement in this regard. For the narrow case one
may examine figures (4.17)-(4.34) to decide whether the
ordinate or constant noise deconvolution results are better,.
One may find that the SNR 6f the data has an effect on the

relative goodness of the two results.

Weighted Error Measure

It should be noted that in the course of
experimentation a modification to the L1 and L2 error
measures was applied in the determination of optimum
iteration number for the deconvolution study. This
modification was to weight the L1 and L2 error at each data
point by the known input €. This was accomolished by
multiplying the error at each point by the value of £ if £

was greater than one there. Where f is less than or equal
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to one, or zero, the error was multiplied by one. The
results, determined bv examining plots of the optimum
deconvolution achieved for the weighted and unweighted error
measures, were that for most SNR values the iterations
seemed to be continued past the number that would produce
what most observers would regard as optimum. Resolution of
peaks was not significantly better than the unweighted
optimum result, and noise about the baseline began to
ohscure the data. However for some SNR values, specifically
low middle range values, an argument could be made for using
the weighted error measure for the wide case, as there was a
significant increase in the resolution of peaks. The
determination of which error measure achieves the best
result is very user and data dependent as the data analyst
may or may not be willing to accept increased noise for
increased resolution of signal. Figure (4.65) shows this
result at SNR 68, wﬁere the deconvolved wide case result,
denoted by "o", is the wide case unweighted L2 optimum, and
the result with more resolution of peaks is the weighted L2
optimum. The least resolved result is the L1 unweighted
case. The weighted measure was aoplied to the wide case Ll
optimization, but with little success. There was a slight
improvement in the iteration results over the lower middle
SNR range, but not enough of an improvement to consider the

result correct.
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The results given in this work are all calculated using
the unweighted error measures. An experimenter applving
these results to low middle range SNR data may want to
continue Morrison”s smoothing for considerably more
iterations and then choose the ootimal number of iterations
which best suits his or her needs. Using the maximum
iteration, MXIT, listed in the tables of iteration results
would perhaps be a good starting point in the selection of a

higher number of iterations for this SNR range.

The appendix lists all computer programs used for this
work, along with documentation. The program for the
deconvolution study contains the necessary algorithm for

applying the weighted error measure.
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Figure (4.7)
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Figure (4.9)
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Figure (4.12)
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Figure (4.13)
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Figure (4.14)
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Figure (4.15)
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CHAPTER V

CONCLUSION

Comparison of the Two Applications of Morrison®s Method

As mentioned above, Morrison’s smoothing is designed
speciﬁically for noise removal prior to deconvolution. In
general the error improvement between results bhefore and
after Morrison“s technique is applied is greater for the
deconvolution study. This is especially true for the wide
gaussian case as the relatively large number of small
magnitude high frequency components in G(s) cause great\

amplification of noise in deconvolution before Morrison”s

method is applied.

In the comparison of the optimum iteration results for
the wide gaussian ordinate and constant noise L2 norm cases
for noise removal alone and noise removal prior to
deconvolution, it is obvious that the average iteration
numbers are significantly higher for noise removal alone
over the full range of the average SNR values. This 1is a
consequence of optimum use of Morrison”’s method for overall
noise removal not corresponding to optimum use prior to
deconvolution. When iterations are continued past the
optimum for deconvolution, noise at higher frequencies and

elsewhere continues to be restored, As deconvolution is
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most sensitive to noise at frequencies where the magnitudes
of G(s) and H(s) are small, the result is greater distortion

of the deconvolved result.

In the narrow gaussian study the optimum iteration
numbers show a much closer relationship between the noise
removal alone and deconvolution studies. The degree of
closeness as compared to the wide case result can in all
probability be attributed to the fact that G(s) and H(s) for
the narrow gaussian contain fewer small-magnitude
high-frequency components, and thus have a flatter spectrum.
Consequently, Morrison”s method restores signal and noise
most quickly where G(s) is largest, giving a more even
restoration of the low and somewhat higher frequencies. The
combination of these two factors is enough to cause slower
amplification of noise in deconvolution. Where H(s) |is
wider, it takes longer for error in regions for which H(s)
is small to cause a large percentage error in the

deconvolved result.
L J

From the results of the wide and narrow gaussian
studies there seems to be a direct relationship between the
width of the system”s response and the degree of correlation

between the noise removal and deconvolution results.
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User Application

A user having similar data wishing to apply the results
calculated in this study should consult chapter III i€
optimization for noise removal alone is desired, and chapter
IV for optimization prior to deconvolution. The plots of
average iteration number and average error improvement
versus average SNR are probably the most useful results for
a data analyst. Only the SNR of the data need be calculated
as decribed in chapter I1I, and from the iteration plots the
corresponding iteration number can be located. Using the
plots where the abscissa values are the natural log of
average SNR 1is suggested for lower SNR”s for easier
interpretation. The exponential of the natural log wvalue
must be taken to calculate the SNR value. Choosing an
iteration number at the uoper 1limit of one standard
deviation above the mean number will correspond to a result
with more noise but perhaps more resolution of signal.
Choosing an iteration number at the lower 1limit of one
standard deviation below the mean will give a result with
less noise but perhaps less resolutiop of signal. The user
should bear in mind that the maximum and minimum number of
iterations for optimization at a given SNR, 1listed in the

tables, mav also be of interest.

The error curves give the user some idea of how much

error improvement can be expected. An error ratio greater

than one corresponds to no improvement in error achieved by
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applving Morrison”s noise removal. The analyst will

probably not want to apply Morrison”s method in this region

or even when the error ratio is not much less than one.

Application to van Cittert”s Deconvolution

A significant added result of this study 1is that the
optimization of Morrison”s method prior to deconvolution |
corresponds to the optimum use of van Cittert”s iterative
method of deconvolution applied alone and without
constraints. The transform domain representation of van
Cittert”s method of deconvolution as given by Frieden(1979)

is as follows:

F
n

(5/G) [1-(1-G) "1

Comparison to the frequency domain representation of

Morrison”s technique with deconvolution:

H /G = [1-(1-G)"] (H/G)

shows that the ootimum for van Cittert®s method occurrs at

one less iteration number than for Morrison®s technique

prior to deconvolution.
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Further Research

An interesting study would be to calculate results for
a number of gaussians having a greater and more detailed
range of widths, and determine if the same behavior found
here is magnified and how the behavior depends on width in
detail. This may allow one to make a more definitive
statement about the results achievable with Morrison®s noise

removal in relation to the width of the gaussian response.

Another extension to the study performed here would be
to determine the optimum use of Morrison”s noise removal for
data containing a mixture of constant and ordinate-dependent
noise. Because of the proportionate contribution of each
noise type could be varied, care would have to he taken to
select realistic mixtures and to limit the cases so that the

amount of data to be summarized does not grow to large.
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APPENDIX

Computer Programs and Documentation

The computer programs used to calculate the results of
this study are listed here as well as brief documentation
for each program. All orograms are written in FORTRAN. The
program ERWRAP.FOR was used to calculate the results of
Chapter II. 1Input to the program is the type gaussian used,
GTYP, i.e., either narrow or wide, 1 or 2: the 1length of
the output h, M, either 32 or 44 for this studv; the length
of the gaussian g, N, 9 or 21, followed by the length of the
input £, L=24. Next the number of the data file containing
h, g, and £ is input; followed bv the length of the longest

length inverse filter, minus one, to he calculated,

NT=NT1=4096.

Filters of decreasing length are calculated until a

filter of 1length 33 1is attained. The method used to
calculate filters of decreasing length is to divide NT1=4096
by a variable labled INDEX. Each time through a loop in the
main program INDEX, which has an initial value of one, is

multiplied by two. An INDEX of 128 calculates a 33 ooint
filter; a larger INDEX causes termination of the 1loop and
then the output files are produced. A user can change the
limits set on the loop to calculate a different range of

filter lengths. The results listed in the tables and on the
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figures of Chapter IT were produced from the output files
1isted in the subroutines OUTERR and OUTCON. The reader may

consult these subroutines for a listing of the file numbers.

The results of Chapter III were calculated using the
program NOS2B.FOR. Input to the program is the type of
gaussian, narrow or wide, 1 or 2, respectively, followed bv
the lengths of h and g. Next the number of the 1input file
containing h and g is input; followed by the type noise to
added to the data. Type in 1 and ordinate Adependent noise
is produced; 2 gives constant noise. The maximum and
minimum noise scale factor NSF are input to set the limits
on the range of SNR”s to be calculated. The plots of AVESNR
versus l/(NSF)]\'/2 given in Chapter IIT are useful in
choosing effective NSF’s. Next the maximum number of
Morrison”s restorations that can he performed is input; the
program has an upper limit of 900 restorations. The results
listed in the tables and plots of Chapter III were produced

from the output files listed in the subroutine OUTPUT.

The program DECON.FOR was applied in calculating the
results of Chapter IV. Input to DECON.FOR is the gaussian
type, 1 or 2, the lengths of h, g, and f; followed by the
number of the file containing h, g, and f. Next the number
of points minus one, NT, of the most accurate length inverse
filter to be used in deconvolution is input; i.e., 256 and
128 for the narrow and wide gaussian studies, respectively.

The noise type is then input, either 1 or 2, followed by the
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maximum and minimum NSF”s to be used. For the NSF’s to use
the AVESNR versus 1/(NSF)1/2 plots of Chapter III are again
useful. Next the maximum number of Morrison®s iterations
that can be performed is inout; the program has an upper
limit of 900. Iterations will be terminated when the error
minimum or convergence of error is attained. The number of
data sets to be optimized is input (50 for this studv):
followed by the number of points the error is to be
calculated over, either L=24, or M=32 or 44. The type of
error measure used is input; either 1 for the unweighted Ll
and L2 norms, or 2 for the weighted measures, Next the
convergence criteria defined in Chapter IV is input. The
output files contained in the subroutine OUTPUT were used to

give all results listed in Chapter IV

In listing the programs the main program of each
calculation is given. A complete version. including all
subroutines, is given of DECON.FOR. For ERWRAP.FOR the
subroutines used to calculate the inverse filter are not
included since these subroutines are 1listed in DECON.FOR.
For the program NOS2B.FOR, the subroutines used to add
ordinate dependent and constant noise, the subroutines used
in smoothing and restoration, and the output subroutine are
not given as they are also included in DECON.FOR. In the
insertation of subroutines from DRECON.FOR into NOS2B.FOR.
however, care should he taken as some of the arrays of
NOS2B.FOR begin with zero as the first data location and the

same arrays used in DECON.FOR begin with one as the first
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data element. Some minor modifications to the suhroutines
SMOOTH and RESTOR, and the noise addition subroutines will

have to be made.
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PROGRAM ERWRAP.FOR

IMPLICIT DOUBLE PRECISION (A-H,0-Z)

DIMENSION GSMBER(20),GSMOER (20) ,GSMBHR (20)

DIMENSION GVARHF (20) ,GSMBDH (20) ,GSMQDH (20) ,FTL(10),
* GSMABD (20) ,GSMSOD (20) ,GT (8194) ,GSMQHR (20)

DIMENSION H(256),G(256),F(256),GTR(4200),HO(4200)

INTEGER P,Z,ANS,GTYP,OFL,PTINDX

INDEX = 0
PTINDX = 1
ENTER DATA _NUMBER OF POINTS IN GT
CALL ENTERD (GTYP,N,M,L,G,H,F,NT,INDEX)
ADD ZEROS WITH PREPGT FOR LENGTH NT _IMG. = 0
CALL PREPGT (GT,NT,N,G)
CALL FFT(GT,NT,-1)
CALCULATE MAGNITUDE OF TRANSFORM GT
CALL MAGGT (GT,NT)
CALCULATE 1/TRANSFORM GT
CALL INVTRN (GT,NT)
BACK TO FUNCTION DOMAIN
CALL FFT(GT,NT,+1)
SHIFT PEAK
CALL SHIFGT (GT,NT)
NORMALIZE INVERSE IMPULSE RESPONSE _MAKE SYMETRIC (ODD)
CALL NRMSMR (GT,NT)
DELETE IMAGINARY PART OF GT
CALL GTREAL (GTR,GT,NT)
DO CONVOLUTION HO = H * GTR
CALL CONVOL (GTR,H,HO,M,NT)

OUTPUT CONVOLUTION RESULTS

‘CALL OUTCON (HO,M,NT . INDEX)
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CALCULATE ERROR BETWEEN HNS _F

CALL ERRFHO(F,HO,M,L,NT-SMABER,SMSQER,SMABHR,SMSQHR,
1 VARHF)

CALCULATE DIFFERENCE BETWEEN HA _HN'S
CALL DIFH(HO,SMBDHM,SMQDHM,INDEX,M,NT,SMABD,SMSQD)
PLACE ERRORS INTO ARRAYS _OuTPUT RESULTS

CALL SMARAY (SMABER,SMSQER,SMABHR,SMSOHR,VARHF,

1 GSMBER,GSMQER,GSMBHR,GSMQHR,GVARHF,PTINDX,L,M,
2 SMBDHM,SMQDHM,GSMBDH,GSMQDH,NT,FTL,SMABD,SMSQD,
3 GSMABD,GSMSQD)

GO BACK TO ENTERD TO DO CALCULATIONS FOR NEW GT

INDEX = INDEX * 2
IF (INDEX.LE.128)GO TO 4

OUTPUT THE ERROR MEASURES

CALL OUTERR (GSMBER,GSMQER,GSMBHR,GSMQHR,GVARHF,PTINDX,
1 GSMBDH,GSMQDH,FTL,GSMABD,GSMSQD,GTYP)

RETURN
END

ENTER DATA _NUMBER OF POINTS NT

SUBROUTINE ENTERD (GTYP,N,M,L,G,H,F,NT,INDEX)
IMPLICIT DOUBLE PRECISION (A-H,0-2)

DIMENSION G(256) ,H(256) ,F (256)

INTEGER GTYP

FORMAT (I)

IF (INDEX.GT 1‘70 TO 10

INDEX=1

TYPE 2

FORMAT (* ENTER 1 FOR NARROW G, 2 FOR WIDE G “)
ACCEPT 1,GTYP

CALL INPUT(N,M,L,G,H,F,GTYP)

TYPE 3

FORMAT (* ENTER NUMBER OF POINTS IN GTl “$)
ACCEPT 1,NT

NT1=NT

IF (INDEX.EQ.1)GO TO 20

NT=NT1/INDEX

RETURN

END
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INPUT ENTERS THE DATA

SUBROUTINE INPUT(N,M,L,G,H,F,GTYP)
IMPLICIT DOUBLE PRECISION (A-H,0-2)
DIMENSION H(256),G(256) ,F(256)
INTEGER IFL,GTYP
WRITE (33,105)
WRITE (40,105)
WRITE (33,120)GTYP
WRITE (40,120)GTYP
FORMAT (///° TYPE OF G FUNCTION “//)
TYPE 110

FORMAT (~ ENTER SIZE OF R”%)
ACCEPT 120,M

FORMAT (I)

TYPE 130

FORMAT (° ENTER SIZE OF G,O0DD °)
ACCEPT 120,N
TYPE 135

FORMAT (° ENTER SIZE OF F °)
ACCEPT 120,L

TYPE 140

FORMAT (° ENTER THE INPUT FILE “,8)
ACCEPT 120,IFL

READ (IFL,160) (H(I) ,I=1,M)

READ (IFL,160) (G(I),I=1,N)

READ (IFL 160) (F(I),I=1,L)

FORMAT (4G)

FORMAT (G)

RETURN

END

CONVOLUTION PROGRAM

SUBROUTINE CONVOL (GTR,HI,HO,M,NT)
IMPLICIT DOUBLE PRECISION (A-H,0-2)
DIMENSION GTR(4097) ,HI(256) ,HO(4140)
INTEGER A,B,C,D,E,F

COMPUTE CONVOLUTION

K=NT+M

po 10 I=1,K

HO(I)=0.

A=1

B=I-M+1

IF (A.GE.B) C=A

IF (A LT.B) C=B

D=1

E=NT+1

IF (D.LT E' F=D

IF (D.GE.E) F=E

DO 5 J=C,F

TEMP=GTR (J) *HI (I-J+1)

HO (IY=HO(I)+TEMP

CONTINUE

298
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RETURN
END
C
C OUTPUT CONVOLUTION RESULTS- (WITH PLOT)
c
SUBROUTINE OUTCON (HO,M,NT, INDEX)
IMPLICIT DOUBLE PRECISION (A-H,0-2)
DIMENSION HO(4200)
10 FORMAT (G)

IF (INDEX.EQ.l)WRITE(51,10) (HO(I),I=1,NT+M)
IF (INDEX.EQ.2)WRITE(52,10) (HO(I) ,I=1,NT+M)
IF (INDEX.EQ.4)WRITE(53,10) (HO(I) ,I=1,NT+M)
IF (INDEX.EQ.8)WRITE(54,10) (HO(I',I=1,NT+M)

IF (INDEX.EQ.l6)WRITE(55,10) (HO(I),I=1,NT+M)

IF (INDEX.EQ.32)WRITE(56,10) (HO(I),I=1,NT+M)

IF (INDEX.EQ.64)WRITE(57,10) (HO(I),I=1,NT+M)

IF (INDEX.EQ.128)WRITE(58,10) (HO(I),I=1,NT+M)

RETURN

END

aan

ERROR HO _F

anan

SUBROUTINE ERRFHO (F.HO,M,L,NT,SMABER,SMSQER,SMABHR,
1 SMSQHR,VARHF) '

IMPLICIT DOUBLE PRECISION (A-H,0-2)

DIMENSION F(256),HO(4200) ,ABER(100) ,SOABER(100)

DIMENSION HHFER(256) ,HOFER(4200)

SMABER=0.

SMSQER=0.

SMSBHR=0.

SMSQHR=0.

VARHF=0.

C ERROR HN _F, L TERMS

DO 10 I=1,L
ABER (I)=DABS (HO (M/2+NT/2-L/2+I1)-F (1))
SQABER(I)=(ABER(I))**2
SMABER=SMABER+ABER (I)
SMSQER=SMSQER+SQABER (I)

10 CONTINUE
SMABER=SMABER/L
SMSQER=SMSQER/L

WRITE(33,20)

20 FORMAT (///° F - FUNCTION “//)
WRITE(33,40) (F(I),I=1,L)
WRITE(33,30)

30 FORMAT(///° L-TERMS OF HN “//)

WRITE (33,40) (HO (M/2+NT/2-L/2+1),I=1,L)
WRITE(33,32)

32 FORMAT (///° ABS. ERR. = ABS(F-HN) , L-TERMS “//)
WRITE (33,40) (ABER(I),I=1,L)
WRITE (33,33)

33 FORMAT (///° SUM OF ABS ERROR F _HN ,L-TERMS “//)
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WRITE(33,40) SMABER

WRITE (33,35) 3
35 FORMAT (///° SQ. ABS. ERR.=ABS (F-HN)**2,L-TERMS //)

WRITE/33,40) (SQABER(I) ,I=1,L)
WRITE (33,37)

37 FORMAT (///° SUM OF SQ. ERROR F _HN ,L-TERMS “//)
WRITE (33,40)SMSQER

40 FORMAT (8 (1PE16.6))

c

Cc ERROR HN _F, M TERMS

Cc

po 50 I=1,M/2-L/2
HHFER (I)=DABS (HO (NT/2+1))
50 CONTINUE
DO 55 I=1,L
HHFER (M/2-L/2+I)=ABER(I)
55 CONTINUE
DO 60 I=1,M/2-L/2
HHFER (M/2+L/2+1)=DABS (HO (NT/2+M/2+L/2+I))
60 CONTINUE
WRITE(33,65)
65 FORMAT (///° ABS. ERR. = ABS(F-HN), M-TERMS “//)
Do 70 I=1,M
SMABHR=SMABHR+HHFER (I)
SMSQHR=SMSQHR+HHFER(I) **2
70 CONTINUE
SMABHR=SMABHR/M
SMSQHR=SMSQHR/M
WRITE(33,77)

77 _FORMAT(///° SUM OF ABS. ERROR - M TERMS *//)
WRITE (33,78)

78 FORMAT (///° SUM OF SQ. ERROR - M TERMS “//)
WRITE (33,40)SMSQHR

C

C ERROR HN _F ,M+NT TERMS -- VARIANCE

C

DO 80 I=1,NT/2+M/2-L/2
HOFER (I)=DABS (HO(I))
80 CONTINUE
Do 85 1=1,L
HOFER (NT/2+M/2-L/2+1I)=ABER(I)
85 CONTINUE
DO 90 I=NT/2+M/2+L/2+1,NT+M
HOFER (I)=DABS (HO(I))
0 CONTINUE

CALCULATE VARIANCE - NT+M TERMS

QOO w

DO 100 I=1,NT+M
VARHF=VARHF+ (HOFER (I) **2)

100 CONTINUE
VARHF=VARHF/ (NT+M)
WRITE (33,105)

105 FORMAT (///° VARIANCE OF HN - NT+M TERMS “//)
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WRITE(33,40)VARHF
RETURN
END

PLACE SUM“S INTO ARRAY’S

SUBROUTINE SMARAY (SMABER,SMSQER,SMABHR,SMSQHR,VARHF,
GSMBER , GSMQER , GSMBHR , GSMQHR , GVARHF ,PTINDX,L,M,
SMBDHM, SMQDHM , GSMBDH GSMQDH NT .FTL,SMABD,SMSQD,
GSMABD ,GSMSQD)

IMPLICIT DOUBLE PRECISION(A-H,0-2)

DIMENSION GSMBER(20),GSMQER (20) ,GSMBHR(20)
DIMENSION GVARHF (20) ,GSMBDH (20) ,GSMQDH (20) ,FTL(10),
GSMABD (20) ,GSMSQD (20) ,GSMQHR (20)

INTEGER PTINDX

IF (PTINDX.EQ.1)GO TO 5

GSMBDH (PTINDX-1)=SMBDHM

GSMQDH (PTINDX-1)=SMQDHM

GSMABD (PTINDX-1)=SMABD

GSMSQD (PTINDX-1)=SMSQD

GSMBER (PTINDX) =SMABER

GSMQER (PTINDX)=SMSQER

GSMBHR (PTINDX)=SMABHR

GSMQHR (PTINDX) =SMSQHR

GVARHF (PTINDX)=VARHF

FTL (PTINDX)=NT+1

PTINDX=PTINDX+1

TYPE 10,NT

FORMAT (I)

RETURN

END

OUTPUT ERROR MEASURES

SUBROUTINE OUTERR (GSMBER,GSMQER,GSMBHR,GSMQHR,

GVARHF ,PTINDX ,GSMBDH,GSMQDH ,FTL,GSMABD,GSMSQD,

GTYP)

IMPLICIT DOUBLE PRECISION(A-H,0-2)

DIMENSION GSMBER (20) ,GSMQER(20) ,GSMBHR (20) ,GSMOHR (20)
DIMENSION GVARHF (20) ,GSMBDH (20) ,GSMQDH (20) ,FTL/10),
GSMABD (20) ,GSMSQD (20)

DIMENSION SSMBER20) ,SSMOER (20) ,SSMBHR(20) ,SSMOHR (20)
DIMENSION SVARHF (20) ,SSMBDH (20) ,SSMQDH (20) ,FTLL(10),
SSMABD (20) ,SSMSQD (20)

INTEGER PTINDX,GTYP

J=PTINDX

K = PTINDX-1

FORMAT (8 (1PE16.6))

DO 2 I=1,%/"

FTLL/I'=FTL(I)

SSMBER (I)=GSMBER 'T)
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SSMQER (I)=GSMQER(I)

SSMBHR (I)=GSMBHR (I)

SSMQHR (I)=GSMQHR (I)

SVARHF (I)=GVARHF (I)

SSMBDH (I)=GSMBDH (I)

SSMQDH (I)=GSMQDH (I)

SSMABD (I)=GSMABD (I)

SSMSQD (I)=GSMSQD (I)

CONTINUE

DO 3 I=1, (K/2)

FTL(I)=FTL(J-I)

GSMBER (I)=GSMBER (J-1I)

GSMQER (I)=GSMQER (J-1I)

GSMBHR (1) =GSMBHR (J-1I)

GSMOHR (I)=GSMQHR (J-I)

GVARHF (I)=GVARHF (J-1I)

IF (I.EQ.1l) GO TO 3

GSMBDH (I-1)=GSMBDH (.T-I"

(:SMQDH (I-1)=GSMQDH (J-I)

GSMABD (I-1)=GSMARBRD (J~1I)

GSMSQD (I-1)=GSMSQD (J-1I)

CONTINUE

DO 4 I=(K/2+1),K

FTL(I)=FTLL(J-I)

GSMBER (I)=SSMBER (J-1)

GSMQER (I)=SSMQER (J-1I)

GSMBHR (I)=SSMBHR (J-1I)

GSMOHR (I)=SSMQHR (J-1)

GVARHF (I)=SVARHF (J-1I)

GSMBDH (I-1)=SSMBDH (J-1I)

GSMQDH (I-1)=SSMQDH (J-1I)

GSMABD (I-1)=SSMABD (J-1I)

GSMSQD (I-1)=SSMSQD (J-I)

CONTINUE

WRITE (40,5)

FORMAT (///° SUM OF ABS ERR, L TERMS: Hl,...,HN °//)
WRITE (40,1) (GSMBER(I) ,I=1,K)

WRITE (40,10)

FORMAT (///” SUM OF SQ. ERR, L TERMS: H1,...,HN °//)
WRITE (40,1) (GSMQER(I) ,I=1,K)

WRITE (40,15)

FORMAT(///° SUM OF ABS ERR., M TERMS: Hl,...,HN °//)
WRITE (40,1) (GSMBHR(I) ,I=1,K)

WRITE (40,20)

FORMAT (///° SUM OF SQ. ERR, M TERMS: Hl,...,HN “//)
WRITE (40,1) (GSMQHR(I) ,I=1,K)

WRITE (40,25)

FORMAT (///° VARIANCE OF HN FROM F, NT+M TERMS “//)
WRITE (40,1) (GVARHF (I),I=1,K)

WRITE (40,35)

FORMAT (///° SUM OF ABS DIF - (HA-HN) - M TERMS “//)
WRITE (40,1) (GSMBDH (I),I=1.K-1)

WRITE (40,45)

FORMAT (///° SUM OF SQ. DIF - (HA-HN) - M TERMS “//)
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WRITE (40,1) (GSMQDH(I) ,I=1,K-1)

C
C*
C*
C SKIP GRAPH OUTPUT TO KEEP TOO MANY DEVICES
C* A
PREPARE FOR GRAPH

FILE 25 SUM OF ABS ERR L TERMS

FILE 26 SUM OF SQ. ERR L TERMS

FILE 27 SUM OF ABS ERR M TERMS

FILE 28 SUM OF SQ. ERR M TERMS

FILE 29 VARIANCE OF HN”S

FILE 30 SUM OF ABS DIF HA-HN M TERMS

FILE 31 SUM OF SQ. DIF HA-HN M TERMS

FILE 60 SUM OF ABS DIF HA-HN (NT+M) TERMS

FILE 61 SUM OF SQ. DIF HA-HN (NT+M) TERMS

WRITE (25,50) (FTL(I) ,GSMBER(I),I=1,K)
WRITE (26,50) (FTL/I' ,GSMQER(I) ,I=1,K)
WRITE(27,50) (FTL/I) ,GSMBHR(I) ,I=1,K)
WRITE (28,50) (FTL(I) ,GSMQHR(I) ,I=1,K)
WRITE(29,50) (FTL/I) ,GVARHF (I),I=1,K)
WRITE (30,50) (FTL(I),GSMBDH(I),I=1,K-1)
WRITE(31,50) (FTL(I',GSMQDH(I),I=" "-1)
WRITE (60,50) (FTL(I) ,GSMABD(I) ,I=1,K~1)
WRITE(61,50) (FTL(I) ,GSMSQD(I) ,I=1,K-1)
50 FORMAT ( 2G)
11 FORMAT (3 (1PE1l5.5))
12 FORMAT (2 (1PE15.6))
IF (GTYP.EQ.l) WRITE(41,69)
69 FORMAT (///15X, “NARROW GAUSSIAN")
IF (GTYP.EQ.2) WRITE(41,70°
70 FORMAT (///16X, “WIDE GAUSSIAN”)
WRITE (41,71)
71 FORMAT (///2X, FILTER LENGTH”,5X, “SMABER/L”,7X,
*SMSQER/L”//)
WRITE (41,11) (FTL(I) ,GSMBER(I) ,GSMQER(I) ,I=1,K)
WRITE (41,72)
72 FORMAT (///2X,“FILTER LENGTH”,5X, SMABER/M”,7X,
*SMSQER/M”//)
WRITE(41,11) (FTL(I) ,GSMBHR(I) ,GSMQHR(I) ,I=1,K)
WRITE (41,73)
73 FORMAT (///2X, “FILTER LENGTH”,2X, SMSQOER/ (NT+M)~“//)
WRITE (41,12) (FTL(I) ,GVARHF (I),I=1,K)
IF (GTYP.EQ.l) WRITE(41,69)
IF/GTYP EQ.2) WRITE(41,70)
WRITE (41,74)
74 FORMAT (///2X, FILTER LENGTH”,5X, SMABDF/M”,7X,”
*SMSQDF/M”//)
WRITE(41,11) (FTL(I),GSMBDH(I),GSMQDH(I),I=1,K-1)
WRITE (41,75)
75 FORMAT////°v,”FILTER LENGTH”,2X, “SMABDF/ (NT+M) ",
*2v ,“SMSQDF/ (NT+M) *//)
WRITE (41,11) (FTL/I) ,GSMABD(I) ,GSMSOD(I) ,I=1.K-1)
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RETURN
END

DIFH - DIFFERENCE BETWEEN HA _HN

SUBROUTINE DIFH (HO,SMBDHM,SMQDHM,INDEX,M,NT SMABD,
SMSQD)
IMPLICIT DOUBLE PRECISION(A-H,0-2)
DIMENSION HO(4200),HA(4200) ,ADFMHN (100) ,ADNT(5000)
IF (INDEX.EQ.1)GO TO 10
IF (INDEX.GT.1)GO TO 20
DO 15 I=1,M+NT
HA (I)=HO(I)
GO TO 100
SMBDHM=0.
SMQDHM=0.
SMABD=0.
SMSQD=0.
DO 25 I=1,M
ADFMHN /I)=DABS ‘HA ( (NT/2) *INDEX+I)~HO (NT/2+I')
SMBDHM=SMBDHM+ADFMHN (I)
SMQDHM=SMBDHM+ADFMHN (I) **2
CONTINUE
DO 30 I=1,NT+M
ADNT (I)=DABS /HA ( (NT/2) * (INDEX-1)+I)-HO(I))
SMABD=SMABD+ADNT (I)
SMSQD=SMSQD+ADNT (I) **2
CONTINUE
SMBDHM=SMBDHM/M
SMQDHM=SMQDHM /M
SMABD=SMABD/ (NT+M)
SMSQD=SMSQD/ (NT+M)
RETURN
END
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PROGRAM NOS2B.FOR

DIMENSION H(0/255),G(n/255) ,HP(0/255) ,HZ(0/511),
HN/0/511' ,ER(500) ,HOLD(0/511) ,ERR(100,5),
OPTER(100,30,2) ,SVSNR2(100,30) ,ERIT(900,2),

ADDNS (50) ,MXSNR (50) ,MNSNR/50) ,OPTIT(100,30,2),
AVITNM(40,2),SDITNM(40,2),ERBFM(lOO,BO,Z),AVSNRZ(SO)

INTEGER P,Z,ANS,GTYP,OFL,SNRNO2,Q

REAL MXSNR,MNSNR,MINER1,MINER2

L=20

ENTER THE DATA

TYPE 5

FORMAT (* ENTER 1 FOR NAR. G,2=WIDE")
ACCEPT 20,GTYP
CALL INPUT(N,M,H,G)

ADD NOISE

TYPE 10

FORMAT (© CHOOSE 1 FOR ORD DEP NOISE,2=CONSTANT")
ACCEPT 20,ANS

FORMAT (1)

CALL SCFCTR(SF,SFMIN ¥,L)

IF (ANS.EQ.l) CALL ORDNOI (H HZ,HP,SF,RMS
* , SNR,M,N)

IF (ANS.EQ.2) CALL CONST(H,HZ,HP,SF
* ,RMS,SNR,M,N)

IF (ANS.EQ.3) CALL BOTH(H,HZ,HP,SF,RMS,
* SNR,M,N)

* * ¥ *

CALCULATE AVERAGE SNR FOR 100 NOISE ADDITIONS _SD --

CONTINUE ADDING NOISE -- FOR 100 WITHIN +/-.5SD RANGE
SMOOTH _RESTORE -- CALCULATE ERROR AT EACH ITERATION

CALL ERROR (X ,M,N,H,ER SNR,L,ERR,SF,OPTIT SVSNR2,
* SNRNO2,NM2K,ADDNS,HP,G,HZ ,NMRES,OPTER,ERBFM)
IF (K.LE.100)GO TO 50
IF (SNRNO2.LT.100)GO TO 50
IF (SF.GT.SFMIN)GO TO 45
CALL OUTPUT (ERR,L,NM2K,OPTIT,SNRNO2,SVSNR2,GTYP,
* ANS,ADDNS ,OPTER,ERBFM)
STOP
END

INPUT ENTERS THE DATA

SUBROUTINE INPUT (N,M,H,G)
DIMENSION H(0/255) ,G(0/255)
INTEGER IFL

TYPE 110

110 FORMAT (~ ENTER SIZE OF H”)

ACCEPT 120.M

120 FORMAT 'T)

TYPE 130

130 FORMAT (“ ENTER SIZE OF G,0DD”)
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ACCEPT 120,N
M=M-1
N=N-1
TYPE 140
140 FORMAT (© ENTER THE INPUT FILE “0$)
ACCEPT 120,IFL '
READ (IFL,160) (H(I) ,I=0,M)
READ (IFL,160) (G(I) ,I=0,N)

160 FORMAT (4G)
RETURN
END
C
Cc ENTER SCALE FACTORS
C

SUBROUTINE SCFCTR(SF,SFMIN,K,L)
IF (L.GT 1°GO TO 47
TYPE 30
30 FORMAT (* ENTER MAX NOISE SCALE FACTOR ~)
ACCEPT 40.SF
TYPE 31
31 FORMAT (“ FNTER MIN NOISE SCALE FACTOR °)
ACCEPT 40,SFMIN
40 FORMAT (G)
K=1
L=1
GO TO 50
47 SF=SF/2.0
K=1
0 RETURN
END

wn

SMOOTH, RESTORE _ERROR AT EACH ITERATION

oo Ne X X®)

SUBROUTINE SMRSER(N,M,HP,G,HN,K,L HOLD,HZ ,H NMRES,
* OPTIT,SNRNO2,0PTER)

DIMENSION H(0/255) ,HP(0/255) ,HN(0/511',HZ (0/255",
* G(0/255) ,HOLD(0/511* noTIT’100,30,2),ERIT’900,2),
* OPTER(100,30,2)

INTEGER P,Q,SNRNO2

REAL MINER1,MINER2

IF (SNRNO2.GT.1l.O0R.L.GT.l) GO TO 60

TYPE 55
FORMAT (“ ENTER MAX NUMBER OF RESTORATIONS )

ACCEPT 58 ,NMRES
8 FORMAT (1)

(9]
(6}

IF /NMRES.EQ.0) GO TO 70

SMOOTH AND RESTORE EACH HP

e X K®] Qv
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ITNM=1
IF (ITNM.GT.NMRES) GO TO 70

IF (ITNM.GT.l) GO TO A5

CALL SMOOTH (N,M,HP,G,HN)

GO TO 66

CALL RESTOR(N,M.G,HN,HOLD,HZ)
CALCULATE ERROR AT EACH ITERATION

CALL ERRITR(N,M,ITNM,NMRES.H,HN,K,L,ERIT,OPTIT,
SNRNO2,0PTER)

ITNM=ITNM+1

- FORMAT /G)

FORMAT (4 (I4))

GO TO 62

TYPE 69,NMRES,ITNM,K,L
RETURN

END

CALCULATE ERROR AT EACH ITERATION

SUBROUTINE ERRITR (N,M,ITNM,NMRES,H,HN,K,L,ERIT,OPTIT,
SNRNO2 ,0PTER) ‘
DIMENSION ERIT(900,2),0PTIT(100,30,2) ,H(0/255),
HN/0/511) ,OPTER‘100,30,2)

INTEGER P,Q,SNRNO2

REAL MINER1,MINER2

FORMAT (T)

FORMAT (1PE16.8)

IF (ITNM.GT.l) GO TO 10

I1=0

12=0

IND=0

P=N/2

SUM=0.

SIGMA=0.

DO 50 I=0,M

Q=I+P

TEMP=H ‘I) ~HN (Q)

SUM=SUM+ABS (TEMP)

SIGMA=SIGMA+TEMP * TEMP

CONTINUE

ERIT (ITNM,1)=SUM/ (M+1)
ERIT/ITNM,2)=SQRT (SIGMA/ (M+1))

IF (ITNM.GT.1'G0O ™0 80

MINER1=ERIT(1,1)

OPITN1=1

MINER2=ERIT(1,2)

OPITN2=1

IF (ITNM.EQ.1) GO TO 70

IF (I1.EQ.1)GO TO 200
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IF (ERIT(ITNM,l).LE.MINER1) MINER1=ERIT(ITNM,1)
IF (ERIT(ITNM,1l).EQ.MINER1l) OPITN1=ITNM
IF (ERIT(ITNM,l).GE.ERIT(ITNM-1,1)) Il=l
DERIT1=ABS(ERIT(ITNM,l)-ERIT(ITNM-l,l))/ERIT(ITNM—l,l)
ERT1=ABS (ERIT(ITNM,1)-ERIT (ITNM-1,1))
IF (DFRIT1.LE.0.0001.0R.ERT1.LE.0.0001) Il=l
IF (I2.EQ.1l) GO TO 300
IF (ERIT(ITNM,2) .LE.MINER2) MINER2=ERIT(ITNM,2)
IF (ERIT'ITNM,2).EQ.MINER2) OPITN2=ITNM
IF (ERIT'ITNM,2).GE.ERIT(ITNM-1,2)) I2=1
DERIT2=ABS (ERIT (ITNM, 2)-ERIT (ITNM-1,2))/ERIT (ITNM-1,2)
ERT2=ABS (ERIT (ITNM,2)-ERIT (ITNM-1,2))
IF (DERIT2.LE.0.0001.0R.ERT2.LE.0.0001) I2=]
IF (Il.EQ.l1.AND.I2.EQ.1l) IND=1l
IF (IND.NE.1l.AND.ITNM.NE,NMRES) GO TO 70
ITNM=NMRES
OPTIT (SNRNO2,L 1)=OPITN1l
OPTIT (SNRNO2,L 2'=0OPITN2
OPTER (SNRNO2,L,1)=MINER]L
OPTER (SNRNO2 ,L, 2) =MINER2
FORMAT (8 (1PE16.8))
FORMAT (G)
RETURN
END

ERRORS

SUBROUTINE ERROR(K,M,N,H,ER,SNR,L,ERR,SF,OPTIT,SVSNR2,
* SNRNOZ,NMZK,ADDNS,HP,G,HZ,NMRES,OPTER,ERBFM)
DIMENSION H(0/255),ER(SOO),ERR(lOO,S),OPTIT(100,30,2),
* SVSNR2(100,30),ADDNS(SO),HP(O/ZSS),HN(O/Sll),G(O/ZSS),
* HZ(0/255),HOLD(O/Sll),OPTER(100,30,2),ERBFM(100,30,2)
REAL MINER1,MINER2
INTEGER P.0O,SNRNO2
ER ‘™) =SNR
K = K+1
IF /v,LE.100)GO TO 60

OUTPUT RESULTS _AVESNR,VARSNR,SDSNR

K = K-1

IF /K.GT.100)GO TO 100
AVESNR=0.

VARSNR=0.

SDSNR=0.

SNRNO2=0

DO 50 I=1,K
AVESNR=AVESNR+ER(I)
AVESNR=AVESNR/K

DO 52 I=1,K
VARSNR=VARSNR+ ( (ER (I) ~AVESNR) **2)
VARSNR=VARSNR/K
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SDSNR=SQRT (VARSNR)

CALCULATE OF SNR”S IN SDSNR RANGE _DO CALCULATIONS

SNRMX 2=AVESNR+SDSNR/2
SNRMN2=AVESNR-SDSNR/2.
IF (K.LE.100)GO TO 105
IF (ER/K) .GE.SNRMN2.AND.ER (K) .LE.SNRMX2) SNRNO2=
* SNRNO2+1
IF (ER(K) .GE.SNRMN2.AND.ER(K) .LE.SNRMX2) SVSNR2
* (SNRNO2,L)=ER(K)
IF (ER(K) .GE.SNRMN2.AND.ER(K) .LE.SNRMX2) CALL SMRSER
*(N,M,HP,G,HN,K,L,HOLD,HZ,H,NMRES,OPTIT,SNRNOZ,OPTER)
IF (ER’‘7?).LT.SNRMN2.0OR.ER(K).GT.SNRMX2) GO TO 53

CALCULATE ERROR BEFORE MORRISON

TEMP=0.

SUM=0.

SIGMA=0.

DO 200 I=0,M

TEMP=H (I)-HP (I)

SUM=SUM+ABS (TEMP)
SIGMA=SIGMA+TEMP**2

CONTINUE

ERBFM (SNRNO2,L 1'=SUM/ (M+1)

ERBFM (SNRNO2,L,2)=SQRT (SIGMA/ (M+1) )

TYPE 650

FORMAT//° IN ERROR “/)
TYPE 57,0PTIT(SNRNO2,L,1)
TYPE 57,0PTIT(SNRNO2,L 2)

IF (SNRNO2.LE.100)NM2K=K
IF (SNRNO2.LT.100)GO TO 59
IF (SNRNO? EQ.100)GO TO 65
FORMAT (I)
FORMAT (8 (1PE16.8))

FORMAT (G)

ERR(L,1)=SF

ERR (L, 2)=AVESNR

ERR(L 5)=SDSNR

K=K+1

IF (SNRNO2.LT.1l00)GO TO 60
ADDNS (L)=NM2K

TYPE 68
FORMAT (/////° OF SNR S COMPLETED °)
TYPE 54,L

L=L+1
RETURN
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PROGRAM DECON.FOR

DOUBLE PRECISION GT,GTH,DATA,GTR

DIMENSION ER(500),HOLD(512) ,ERR(30,5) ,ADDNS(30),
MXSNR/30),
SVSNR2(200,30) ,ERIT (900,2) ,AVSNR2 (30) ,MNSNR(30),
opPTIT(100,30,20),

AVITNM(30,2),SDITNM(30,2) ,OPTER(100,30,2),
ERBFM(100,30,2),
H'256),G(256),F(256),GTR(1025),HO(lSOO),GT(ZOSO),
HZ(SIZ),HN(256),HP(256),HAF(lSOO),HBF(lSOO),FE(ZSG)
INTEGER P Z,ANS,GTYP,SNRNO2,ERTYP

REAL MXSNR,MNSNR,MINER1,MINER?2

LI=0

* * * ¥ N *

ENTER DATA _NUMBER OF POINTS IN GT

CALL ENTERD(GTYP.N,M.L &¢,H,F,NT,SF,SFMIN,ANS,NMRES,
* NMSNR,NMERWD,ERTYP,CON,CONT?}

ADD ZEROS WITH PREPGT FOR LENGTH NT _IMG. = 0
CALL PREPGT (GT,NT,N,G)
CALL FFT(GT,NT,-1)
CALCULATE MAGNITUDE OF TRANSFORM GT
CALL MAGGT (GT,NT)
CALCULATE 1/TRANSFORM GT
CALL INVTRN (GT,NT)
RACK TO FUNCTION DOMAIN
CALL FFT(GT,NT,+1)
SHIFT PEAK
. CALL SHIFGT (GT,NT)
NORMALIZE INVERSE IMPULSE RESPONSE _MAKE SYMETRIC (ODD)
CALL NRMSMR (GT,NT)
DELETE IMAGINARY PART OF GT
CALL GTREAL (GTR,GT,NT)
G-INV IS NOW CALCULATED =--- WILL NOW ADb NOISE TO H

CREATE FE TO WEIGHT RERROR BY F - IF ERTYP EOUALS 2
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IF (ERTYP.EQ.2) CALL WEIGHT(F,L,M,FE)

CALCULATE AVERAGE SNR FOR 100 NOISE ADDITIONS _SD
CONTINUE ADDING NOISE -- FOR NMSNR WITHIN +/-.5SD

CALL SCFCTR(SF,SFMIN,K,LI)

IF (ANS.EQ.l) CALL ORDNOI (H HZ,HP,SF,RMS
, SNR,M,N)

IF (ANS.EQ.2) CALL CONST(H,HZ,HP,SF

,RMS ,SNR,M,N)

IF (ANS.EQ.3) CALL BOTH (H,HZ,HP,SF,RMS,
SNR,M,N*

DO DECONVOLUTION BEFORE MORRIS. AND AFTER MORRIS.
AT EACH ITTERATION _CALC. ERROR OF DECONVOLVED
RESULT BY COMPARING TO F-INPUT

CALL ERROR(K,M.N,H,ER,SNR,LI,ERR,SF,OPTIT SVSNR2,
UN,SNRNO? .MM2K,ADDNS ,HP,G,HZ ,NMRES ,OPTER, ERBFM,NT,
L,GTR,F,MRS ,NMSNR,NMERWD,ERTYP,FE,CON,CON1)

IF (XK.LE.100)GO TO 50
IF (SNRNO2.LT.NMSNR)GO TO 50
IF (SF.GT.SFMIN)GO TO 45

CALL OUTPUT (ERR,LI NM2K,OPTIT,SNRNO2,SVSNR2,GTYP.

ANS ,ADDNS ,OPTER,ERBFM)
STOP
END

ENTER DATA _NUMBER OF POINTS NT

SUBROUTINE ENTERD (GTYP,N,M,L,G,H,F,NT,SF,SFMIN,
ANS NMRES,NMSNR,NMERWD,ERTYP,CON,CON1)

DIMENSION G(256) ,H(256) ,F(256)

INTEGER GTYP ANS,ERTYP

FORMAT (I)

TYPE 2

FORMAT (° ENTER 1 FOR NARROW G -- 2 FOR WIDE G °)
ACCEPT 1,GTYP

CALL INPUT(N,M,L,G,H,F GTYP)

TYPE 3

FORMAT (* ENTER NUMBER OF POINTS IN G-INV *)
ACCEPT 1,NT

TYPE 4

FORMAT (“ CHOOSE 1 FOR ORD DEP NOISE,2=CONSTANT “)
ACCEPT 1,ANS

TYPE 5
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5 “ORMAT (* ENTER MAX NOISE SCALE FACTOR “)

ACCEPT 40,SF
TYPE 6
6 FORMAT (“ ENTER MIN NOISE SCALE FACTOR °)
ACCEPT 40,SFMIN
: TYPE 7
7 FORMAT (* ENTER MAX NUMBER OF RESTORATIONS )
ACCEPT 1,NMRES
TYPE 8
8 FORMAT (© ENTER NUMBER OF SNR IN +/- .5SD RANGE )
ACCEPT 1,NMSNR
TYPE 9
9 FORMAT (* ENTER ERROR WINDOW SIZE -- L OR M “)
ACCEPT 1,NMERWD
TYPE 10
10 FORMAT (” TYPE 1 FOR L1 _L2 ERROR,2 FOR ERROR
* WEIGHTED BY F”)
ACCEPT 1,ERTYP
TYPE 11
11 . FORMAT(” CHOOSE CONVERGENCE CRITERION
* (Ei-(Ei-1))/Ei-1) *)
ACCEPT 40,CON
TYPE 12
12 FORMAT (* CHOOSE CONVERGENCE CRITERION
* (Ei-(Ei-1)) °)
ACCEPT 40,CON1

40 FORMAT (G)
RETURN
END
C
C INPUT ENTERS THE DATA
C

SUBROUTINE INPUT(N,M,L,G,H,F GTYP)
DIMENSION H(256) ,G(256) ,F (256)
INTEGER IFL,GTYP
TYPE 110
110 FORMAT (~ ENTER SIZE OF H")
ACCEPT 120,M .
120 FORMAT (I)
TYPE 130
130 FORMAT’” TFNTER SIZE OF G,0DD )
ACCEPT 120,N
TYPE 135
135 FORMAT (© ENTER SIZE OF F °)
ACCEPT 120,L
TYPE 140
140 FORMAT (* ENTER THE INPUT FILE 2,8
ACCEPT 120,IFL
READ (IFL 160) (H(I),I=1,M)
READ (IFL,160) (G(I) ,I=1,N)
READ (IFL,160) (F'I) ,I=1,L)
160 FORMAT (4G)
RETURN
END
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PREPGT

SUBROUTINE PREPGT (GT,NT,N G)
DOUBLE PRECISION GT
DIMENSION GT (2050) ,G(256)
po 1 1=1,N

GT (2*I-1) = G(I)

GT(2*I) = 0.0

DO 2 I=N+1,NT

GT (2*1I-1)=0.0

GT (2*1)=0.0

RETURN

END

MAGGT

SUBROUTINE MAGGT (GT NT)

DOUBLE PRECISION GT

DIMENSION GT (2050)

po 1 1=1,NT

GT (2*I-1)=DSQRT ( (GT (2*I-1) **2)+(GT (2*I) **2))
GT (2*I)=0.0

RETURN

END

1/TRANS. GT

SUBROUTINE INVTRN (GT NT)
DOUBLE PRECISION GT
DIMENSION GT (2050)

DO 10 I=1,NT

IF (GT(2*I-1).EQ.0)GO TO 5
GT (2*I-1)=1./GT(2*I-1)
GO TO 10

GT (2*I-1)=0.

CONTINUE

RETURN

END

SHIFT-GT

SUBROUTINE SHIFGT (GT,NT)
DOUBLE PRECISION GT,GTH
DIMENSION GT(2050) ,GTH(1024)
po 1 1=1,NT

GTH (I)=GT (I)

DO 5 I=1 NT

GT (I)=GT (NT+I)

DO 10 I=1,NT

GT (NT+I)=GTH(I)

RETURN

END

314
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NRMSMR

SUBROUTINE NRMSMR (GT,NT)

DOUBLE PRECISION GT

DIMENSION GT (2050)

DO 5 I=1.2*NT

GTI)=GT(I)/NT

MAKE INV, IMPULSE RES. SYMETRIC
GT(1)=GT(1)/2.0

GT (2*NT+1)=GT (1)

RETURN

END

GT REAL

SUBROUTINE GTREAL (GTR,GT,NT)
DOUBLE PRECISION GT,GTR
DIMENSION GTR(1025),GT(2050)
DO 10 I=1,NT+1

GTR(I'=GT (2*I-1)

CONTINUE

RETURN

END

FFT SUBROUTINE

SUBROUTINE FFT(DATA,NN ISIGN)

DOUBLE PRECISION DATA,TEMPR,TEMPI,THETA,DSINTH,
* WR,WI,WSTPR,WSTPI

DIMENSION DATA(2050)

INTEGER N,NN,ISIGN

N=2*NN

J=1

DO 5 I=1 N,?2

IF (I.GE.J) GOTO 2
TEMPR=DATA (J)

TEMPI=DATA (J+1)

DATA (J)=DATA(I)

DATA (J+1)=DATA (I+1)

DATA (I)=TEMPR

DATA (I+1)=TEMPI
M=N/2
IF (J.LE.M) GO TO 5
J=J-M

M=M/2

IF (M.GE.2) GO TO 3
J=J+M

MMAX=2
IF (MMAX.GE.N' GO TO 10
ISTEP=2*MMAX

THETA=6.2831853/FLOAT (ISIGN*MMAX)

DSINTH=DSIN/THETA/2 )
WSTPR=-2,*DSINTH*DSINTH
WSTPI=DSIN (THETA)

315
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WR=1.
WI=0.
DO 9 M=1,MMAX,2
DO 8 I=M,N,ISTEP
J=I+MMAX
TEMPR=WR*DATA (J) -WI*DATA (J+1)
TEMPI=WR*DATA (J+1) +WI*DATA (J)
naTA /J)=DATA (I)-TEMPR
DATA (J+1'=DATA (I+1)-TEMPI
DATA (I)=DATA (I)+TEMPR
DATA (I+1)=DATA(I+1)+TEMPI
TEMPR=WR
WR=WR*WSTPR-WI*WSTPI+WR
WI=WI*WSTPR+TEMPR*WSTPI+WI

10 RETURN

MMAX=ISTEP
GO TO 6
END

CREATE FE TO WEIGHT ERROR BY F

SUBROUTINE WEIGHT(F,L,M,FE)
DIMENSION F(256) ,FE(256)

DO 10 I=1,M/2-L/2

FE(I)=1.

po 20 I=1,L

IF (F(I),LT.1l) FE(I+M/2-L/2)=1.
IF (F(I).GE.l) FE(I+M/2-L/2)=F'TI)
CONTINUE

DO 30 I=M/2+L/2+1],M

FE(I)=1.

RETURN

END

DE-CONVOLUTION PROGRAM

SUBROUTINE DECONV (GTR,HI ,HO,M,NT N,MRS)
DOUBLE PRECISION GTR,DPHI,DPHO,TEMP
DIMENSION GTR(1025),HI/256) ,HO(1500) ,DPHI (256),
DPHO (1500)

INTEGER A,B,C,D,E,F

COMPUTE CONVOLUTION

IF (MRS.EQ.0) J=M

IF (MRS.GT 0' J=M+N-1

po 1 I1=1,J

DPHT (I)=HI (I)

IF (MRS.EQ.0) K=NT+M

IF (MRS.GT.0) R=NT+M+N-1

DO 10 I=1,X

DPHO (I)=0.

A=1

IF (MRS.EQ.0) B=I-M+l

IF (MRS.GT.0) B=I-M-N+2

IF (A.GE.B) C=A
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IF (A.LT.B) C=B

D=I

E=NT+1

IF (D.LT.E) F=D

IF (D.GR E) F=E

po 5 J=C,F
TEMP=GTR (J) *DPHI (I-J+1)
DPHO (I)=DPHO (I)+TEMP
HO(I)=DPHO(I)
CONTINUE

RETURN

END

ENTER SCALE FACTORS

SUBROUTINE SCFCTR(SF,SFMIN,K,LI)
IF (LI.GT.1)GO TO 47

K=1

LI=1

GO TO 50

SF=SF/2.0

K=1

RETURN

END

ORDNOI ADDS ORDINATE DEPENDENT NOISE

SUBROUTINE ORDNOI (H,HZ ,HP,SF,RMS,SNR,M,N)
DIMENSION H(256) ,HZ (256) ,HP (256)
REAL MAXIM
INTEGER Q,L
Q= (N+1) /2
RMS=0.
MAXIM=H (1)
DO 210 I=1,M
SD =SQRT( SF * H(I))
IF(H(I).LT..0000001) SD =SQRT( SF * .0000001)
CALL GAUSS (SD,H(I) ,HP(I))
IF (H/I).GT.MAXIM) MAXIM=H (I
IF (HP(I).LT.0.) HP(I)=-HP(I)
L=I+Q-1 '
HZ (L' =HP (I)
RMS= (HP (I)-H(I)) **2+RMS
CONTINUE
RMS=SQRT (RMS/ (M) )
IF (RMS.EQ.0.) GOTO 215
SNR=MAXIM/RMS
RETURN
END

CONST ADDS CONSTANT NOISE

SUBROUTINE CONST(H,HZ,HP,SF,RMS,SNR,M,N)

317
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DIMENSION H(256) ,HZ (512) ,HP (256)
REAL MAXIM
INTEGER Q,L
Q= (N+1)/2
RMS=0.
MAXIM=H (1)
DO 230 I=1,M
IF (H(I).GT.MAXIM) MAXIM=H(I®
SD=SQRT (SF)
CALL GAUSS (SD,H(I),HP(I))
IF /HP(I).LT.0.) HP(I)=-HP(I)
L=I+Q-1
HZ (LV=HP (I)
RMS= (HP (I)-H(I))**2+RMS
CONTINUE
RMS=SQRT /RMS/ (M) )
IF (RMS.EQ.0.) GO TO 235
SNR=MAXIM/RMS
RETURN
END

GAUSS COMPUTES RANDOM NUMBERS

SUBROUTINE GAUSS (S,AM,V)
A=0.0

DO 1 I=1,12

A=A+RAN/1)

V=(A-6.0)*S + AM

RETURN

END

SMOOTH, RESTORE _ERROR AT EACH ITERATION

318

SUBROUTINE SMRSERN,M,HP,G,K,LI,HOLD,HZ ,H,NMRES,
OPTIT,SNRNO2,0PTER,L,GTR,F,NT MRS,HN,NMERWD,ERTYP,

FE,CON,CON1)
DOUBLE PRECISION GTR

DIMENSION H(256) ,HP (256) ,HN(256) ,HZ (256) ,G(2
GTR(1025) ,HOLD(512) ,0PTIT(100,30,2) ,ERIT(900,

OPTER (100,30,2) ,HAF(1500) ,F(256) ,FE(254)
INTEGER P,Q,SNRNO2,ERTYP
REAL MINER]1,MINER2

TYPE 1
FORMAT (/° IN SMRSER “/)

IF (NMRES.EQ.0) GO TO 70
SMOOTH AND RESTORE EACH HP

ITNM=1

56)
2)

’
14
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IF (ITNM.GT.NMRES) GO TO 70
IF (ITNM.GT.l) GO TO 65
CALL SMOOTH (N,M,HP ~,HN)

GO TO 66

CALL RESTOR(N M.G,HN,HOLD,HZ)

CALCULATE ERROR AT EACH ITERATION

MRS=ITNM

CALL DECONV/(GTR,HN HAF,M,NT,N,MRS)

CALL ERRITR(N M,ITNM,NMRES,H,HAF,K,LI,ERIT,OPTIT,

SNRNO2,0PTER,L,F,NT NMERWD,ERTYP,FE,CON,CON1)

ITNM=ITNM+1

FORMAT (G)
FORMAT ‘5 (I4))
GO TO 62
RETURN

END

SMOOTH DOES THE INITIAL SMOOTHING, AND STORES

THE RESULT IN HN --- HN=H*G

SUBROUTINE SMOOTH (N,M,HP,G,HN)
DIMENSION HP (256) ,G(256) ,HdN’256)
INTEGER A,B,C,D,E,F
FORMAT (4G)
DO 420 I=1,M+N-1
HN(I)=0.
A=1
B=I-N+1
CALL MAX(A,B.C)
D=I
E=M

" CALL MIN/D,E,F)

DO 410 J=C,F

TEMP=HP (J) *G (I-J+1)

HN (I)=HN/I)+TEMP
CONTINUE '
CONTINUE

RETURN

END

MAX RETURNS THE LARGR VALUE

SUBROUTINE MAX(A,B C)
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IF (‘A.GT.B) C=A
IF (A.LT.B) C=B
IF (A.EQ.B) C=A
RETURN

END

MIN RETURNS THE SMALLER VALUE

SUBROUTINE MIN(D,E F)
IF (D,GT.E) F=E

IF (D.LT.E) F=D

IF (D.EQ.E) F=E
RETURN >

END

RESTORE .DOES RESTORING ITERATIONS
HOLD=HN-1
HN=HOLD+ (HZ-HOLD) *G

SUBROUTINE RESTOR(N,M,G,HN,HOLD,HZ)
DIMENSION S(512),v(1000) ,HP(256) ,G(256) ,HN(256),

* HOLD(512) ,HZ (512)

INTEGER P
P=(N-1)/2

DO 300 I=1,M+N-1
S(I)=HZ (I)-HN(I"
HOLD (I )=HN (I)
DO CONVOLUTION V=S*G
DO 330 I=1,M+2*N-2
V‘’I)=0.
A=1
B=I-N+1
CALL MAX(A,B,C)
D=1
E=M+N-1
CALL MIN (D,E,F)
p& °~n J=C,F
TEMP=S (J' *G (I-J+1)
V(I)=V'I)+TEMP
CONTINUE
ASSEMBLE HN, HN=HOLD + V
DO 340 I=1,M+N-1
HN (I)=HOLD (I)+V (I+P)
RETURN
END

CALCULATE ERROR AT EACH ITERATION

SUBROUTINE ERRITR(N M,ITNM,NMRES,H HAF,K,LI,ERIT,
OPTIT,SNRNO2,0PTER,L,F,NT NMERWD , ERTYP,FE,CON,CON1)
DIMENSION ERIT(900,2),0PTIT(100,30,2),H(256),

HAF (1500) ,F (256) ,OPTER(100,30,2) ,HAGR(50,2) ,FE(256)
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INTEGER P 0,SNRNO2,ERTYP
REAL MINER1,MINER?

IF (ITNM.GT.l) GO TO 10
I1=0

I2=0

IND=0

P=( (N-1) /2)+NT/2

SUM=0.

SIGMA=0.

IF (ERTYP,EQ.1l) GO TO 45

CALCULATE ERROR 1 _2 WEIGHTED BY F

IF (NMERWD.EQ.L) GO TO 42

DO 41 I=1.M’2-L/2
SUM=SUM+ABS (HAF (I+P) ) *FE(1I)
SIGMA=SIGMA+ (HAF 'I+P)**2) *FE (I)
CONTINUE

DO 43 I=(M/~=7 /2+1), (M/2+L/2)
TEMP=HAF (I+P)-F (I-M/2+L/2)
SUM=SUM+ABS (TEMP) *FE (I)
SIGMA=SIGMA+ (TEMP**2) *FE (I)
CONTINUE

IF (NMERWD.EQ.L) GO TO 59

DO 44 I=M/2+L/2+1,M
SUM=SUM+ABS (HAF (I+P) Y*FE(I)
SIGMA=SIGMA+ (HAF ‘I+P) **2) *FE (1)
CONTINUE

GO TO 59

CALCULATE ERROR 1 _2

IF (NMERWD.EQ.L) GO TO 52
DO 50 I=1, (M/2-L/2)
SUM=SUM+ABS (HAF (I+P))
SIGMA=SIGMA+HAF (I+P) **2
CONTINUE

DO 54 I=(M/2-L/2+1),(M/2+L/2)
TEMP=HAF (I+P)=%'I-M/2+L/2)
SUM=SUM+ABS (TEMP)
SIGMA=SIGMA+TEMP**2
CONTINUE

IF (NMERWD.EQ.L) GO TO 59
DO 58 I=(M/2+L/2+1) ,M
SUM=SUM+ABS (HAF (I+P\}
SIGMA=SIGMA+HAF /I+P) **2
CONTINUE

STORE ERROR EACH ITERATION

ERIT (ITNM,1)=SUM/NMERWD
ERIT (ITNM, 2)=SQRT (SIGMA/NMERWD)
IF (ITNM.GT.1l)GO TO 80
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FIND OPTIMUM ITERATION

MINER1=ERIT (1,1)
OPITN1=1
MINER2=ERIT(1,2)
OPITN2=1

IF (ITNM.EQ.l) GO TO 100
IF (I1.EQ.1)GO TO 200

CHECK FOR MIN. ERROR 1

IF (ERIT'‘ITNM,1l).LE.MINER1) MINER1=ERIT'ITNM,1)
IF ‘ERIT(ITNM,1l).EQ.MINER1l) OPITN1=ITNM
IF (ERIT/ITNM,l).GE.ERIT(ITNM-1,1)) Il=l

CONVERGENCE CRITERION ERROR 1

DERIT1=ABS(ERIT’ITNM,I)-ERIT(ITNM—l,l))/ERIT(ITNM-l,l)
ERT1=ABS (ERIT (ITNM,1)-ERIT(ITNM-1,1))
IF ‘DERIT1.LE.CON.OR.ERT1.LE.CON1l) Il=1]

PLOT _PRINT OPT. NFCON, FOR ERROR L1

IF ‘I1.EQ.1) GO TO 15
DO 11 I=1 'M
HAGR (I,1)=HAF (I+NT/2+ (N-1)/2)
IF (ITNM.EQ.l) GO TO 150
GO TO 200
WRITE(50,21) (HAGR(I,1) ,I=1,M)
IT1=ITNM-1
WRITE (40,23)LI,SNRNO2,ITL
WRITE(40,22) (HAGR(I,1l) ,I=1,M)
FORMAT (G)
FORMAT (8 (1PE16.8))
FORMAT (/° DECON AT OPT. L1%,3I8/)

IF (I2.EQ.l) GO TO 300
CHECK FOR MIN. ERROR 2
IF (ERIT/ITNM,2).LE.MINER2) MINER2=ERIT (ITNM,?2)
IF (ERIT(ITNM,2).EQ.MINER2) OPITN2=ITNM
IF (ERIT/ITNM,2).GE.ERIT(ITNM-1,2)) I2=1
CONVERGENCE CRITERION ERROR 2
DERIT2=ABS (ERIT (ITNM,2)-ERIT (ITNM-1,2))/ERIT(ITNM-1,2)

ERT2=ABS (ERIT/ITNM,2)-ERIT/ITNM=-1,2))
IF (DERIT2.LE.CON.OR.ERT2.LE.CON1l) I2=1l

PLOT _PRINT OPT. DECON. FOR ERROR L2
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IF (I2.EQ.l1l) GO TO 25
DO 31 I=1,M
HAGR (I,2)=HAF (I+NT/2+ (N-1)/2)
IF (ITNM.EQ.l1) GO TO 70
GO TO 300
WRITE(51,21) (HAGR(I,2),I=1,M)
IT2=ITNM-1
WRITE(41,33)LI,SNRNO2,IT2
WRITE(41,22) (HAGR(T,2) ,I=1,M)
FORMAT (/° DECON AT OPT. L2°,318/)

IF (I1.EQ.l1.AND.I2.EQ.1) IND=l
IF (IND.NE.l.AND.ITNM.NE.NMRES) GO TO 70

ITERATIONS AND STORE RESULTS

ITNM=NMRES

OPTIT (SNRNO2,LI,1)=0OPITN1l
OPTIT (SNRNO2,LI,2)=0PITN?
OPTER (SNRNO2,LI,1)=MINER]
OPTER (SNRNO2,LI,2)=MINER2

RETURN
END

ERRORS

SUBROUTINE ERROR‘¥,M,N.H,ER,SNR,LI,ERR SF,OPTIT.
SVSNR2,HN,SNRNO2 ,NM2K,ADDNS ,HP ,G,HZ NMRES ,0OPTER,
ERBFM,NT,L,GTR F,MRS,NMSNR,NMERWD,ERTYP,FE,CON,CONl)
DOUBLE PRECISION GTR
DIMENSION H(256),ER(SOO),ERR(30,5),OPTIT'100,30,2),
HN (256) ,SVSNR2(100,30) ,ADDNS (30) ,HP (256k) ,G(256),
F(256) ,GTR(1025) ,HZ (256) ,HOLD (512) ,HBF (1500),
OPTER(100,30,2) ,ERBFM(100,30,2) ,FE(256)
REAL MINER1,MINER2
INTEGER P,Q,SNRNO2,ERTYP
ER(K)=SNR

K = K+1

IF (K.LE.1l00)GO TO 60

C OUTPUT RESULTS _AVESNR,VARSNR,SDSNR

C

K = K-1
IF (K.GT.l100)GO TO 100
AVESNR=0.
VARSNR=0.
SDSNR=0.



50

52

C
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SNRNO?=0

DO 50 I=1,K

AVESNR=AVESNR+ER(I)
AVESNR=AVESNR/K

DO 52 I=1,K
VARSNR=VARSNR+ ( (ER(I) -AVESNR) **2)
VARSNR=VARSNR/K

SDSNR=SQRT (VARSNR)

C CALCULATE OF SNR”“S IN SDSNR RANGE _DO CALCULATIONS

C

100

CALC.

OaQQO

QOO0

Qaaan

81

83

84

SNRMX2=AVESNR+SDSNR/2.

SNRMN 2=AVESNR-SDSNR/2.

IF (K.LE.l100)GO TO 105

IF (ER(K) .GE.SNRMN2.AND.ER (K) .LE.SNRMX2) SNRNO2=
SNRNO2+1

IF (ER(K).GE.SNRMN2.AND.ER (K) .LE.SNRMX?2) SVSNR2
(SNRNO2,LI'=ER'")

IF (ER(K) .GE.SNRMN2.AND.ER(K) .LE.SNRMX2) CALL
SMRSER (N,M,HP,G,K,LI ,HOLD,HZ ,H,NMRES ,OPTIT,SNRNO2,
OPTER,L,GTR,F,NT,MRS ,HN,NMERWD,ERTYP,FE,CON,CON1)
IF (ER(K).LT.SNRMN2.OR.ER(K).GT.SNRMX2) GO TO 53

ERROR BEFORE MORRIS. BY CONVOL. NOISY H _G-INV

MRS=0
CALL DECONV (GTR,HP,HBF,M,NT,N,MRS)

TEMP=0.
SUM=0.
SIGMA=0.

IF (ERTYP.EQ.1l) GO TO 88

CALCULATE ERROR 1 _2 WEIGHTED BY F

IF (NMERWD.EQ.L) GO TO 82

DO 81 I=1,M/"-T/2
SUM=SUM+ABS (HBF (I+NT/2) ) *FE (I)
SIGMA=SIGMA+ (HBF (I+NT/2) **2) *FE(I)
CONTINUE

DO 83 I=(M/2-L/2+1), (M/2+L/2)
TEMP=HBF(I+NT/2)-F(I—M/2+L/2)
SUM=SUM+ABS (TEMP) *FE (I)
SIGMA=SIGMA+ (TEMP**2) *FE (I)
CONTINUE

IF (NMERWD.EQ.L) GO TO 410

DO 84 I=M/2+L/2+1,M
SUM=SUM+ABS (HBF (I+NT/2))*FE/I"
SIGMA=SIGMA+ (HBF (I+NT/2) **2) *FE ‘I)
CONTINUE
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GO TO 410

C COMPARE DECON RESULT TO F-INPUT OVER H OR F - WINDOW

c
88

200
210

300

400

410

53

54
55
57
105

59
65

68
67

60

IF (NMERWD.EQ.L) GO TO 210
DO 200 I=1, (M/2-L/2)
SUM=SUM+ABS (HBF (I+NT/2))
SIGMA=SIGMA+HBF (I+NT/2) **2
CONTINUE

DO 300 I=(M/2-L/2+1),(M/2+L/2)
TEMP=HBF(I+NT/2)-FII—M/2+L/2)
SUM=SUM+ABS (TEMP)
SIGMA=SIGMA+TEMP**2

CONTINUE

IF (NMERWD.EQ.L) GO TO 410
DO 400 I=(M/2+L/2+1) ,M
SUM=SUM+ABS (HBF (I+NT/2))
SIGMA=SIGMA+HBF (I+NT/2) **2
CONTINUE

STORE ERROR

ERBFM (SNRNO2,LI 1)=SUM/NMERWD
ERBFM (SNRNO2,LI,2)=SQRT (SIGMA/NMERWD)

IF (SNRNO2.LE.NMSNR)NM2K=K
IF (SNRNO2.LT.NMSNR)GO TO 59
IF (SNRNO2.EQ.NMSNR)GO TO 65
FORMAT (I'

FORMAT /8 (1PE16.8))

FORMAT (G)

ERR(LI,1'=SF

ERR(LI,2)=AVESNR

ERR/LI 5)=SDSNR

K—-K+1 :

IF (SNRNO2.LT.NMSNR)GO TO 60

ADDNS (LI)=NM2K

TYPE 68
FORMAT (/~ OF SNR S COMPLETED “)
TYPE 54,LI

LI=LI+1
RETURN
END

OouTPUT

SUBROUTINE OUTPUT (ERR,LI,NM2K,OPTIT,SNRNO2,SVSNR2,
* GTYP,ANS ,ADDNS ,OPTER, ERBFM)
DIMENSION ERR(30,5),SVSNR2(100,30) ,MXIT'30,2),
* AVSNR2 (30) ,ADDNS (30) ,MXSNR/30) ,MNSNR(30),
* OPTER'100,30,2) ,ERBFM(100,30,2) ,AVERNM(30,2),
* OPTIT(100,30,2) ,AVITNM(30,2) ,MNIT(30,2) ,MXER(30,2),



o

Q OSO QO a0 0

(=]
=

O0O0O0000000 0000

INTEGER SNRNO2,GTYP,ANS
"REAL MXSNR,MNSNR,MXER,MNER,MXIT, MNIT
LI=LI-1
WRITE (30,10)
WRITE (35,10)
WRITE (36,10)
FORMAT (///° G - TYPE “//)
WRITE(30,70)GTYP
WRITE(35,70)GTYP
WRITE (36,70)GTYP
WRITE (30,12)
WRITE (35,12)
WRITE (36,12)
FORMAT (///° NOISE - TYPE “//)
WRITE(30,70)ANS
WRITE (35,70)ANS
WRITE (36,70)ANS
WRITE (35,14)

FORMAT (///° USING 100 NOISE ADDITIONS *///7)

AVESNR”, 10X, “SDSNR”//)
WRITE (35,38) (ERR(I,1) ,ERR(I,2) ,ERR(I,5),I=1,LI)

WRITE (35,2)
FORMAT (//,8X, “NSF

FORMAT (5 (1PE16.8))
FORMAT (3 (1PE16 8))
FORMAT (8 (1PE16 8))
WRITE (45,60) (ERR‘I,1) ,I=1,LI)
WRITE (46,60) (ERR(I,2),I=1,LI)
WRITE (35,42)
FORMAT (///° TOTAL OF SNR IN RANGE “//)
WRITE (35,70) SNRNO?2

CALC. NEW AVERAGE USING SNR IN GIVEN RANGE AND AVE IT

CALC. ERROR AFTER MOR. / ERROR BEFORE MOR.
DO 50 1=1,LI
PRINT ERROR AFTER MORRIS

WRITE (36,51)

FORMAT (//° ERROR AFTER MORRIS. “/)
WRITE(36,70)I

WRITE(36,40) (OPTER(J,I,1l) ,J=).SNRNO2)
WRITE(36,70)1I

WRITE (36,40) (OPTER(J,I,2),J=1.SNRNO2)

AVSNR2 (I)=0.

AVITNM(I,1)=0.
AVITNM(I,2)=0.
AVERNM(I,1)=0.
AVERNM(I,2)=0.
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MNER(30,2),SDMXER(30,2),SDMNER(30,2),SDMXIT(30,2),
* SDMNIT (30,2) ,SDERNM(30,2) ,SDITNM(30,2),
* ERR1 (30) ,ERRL (30)



DO 47 J=1,SNRNO2
OPTER(J I,1l)=(OPTER(J,I,1l)/ERBFM(J,I,1))
OPTER(J,I,2)=(OPTER(J,I,2)/ERBFM(J,I,2))
AVSNR2 (I)=AVSNR2 (I)+SVSNR2 (J,I)
AVITNM(I,1)=AVITNM(I,1)+OPTIT(J.I 1}
AVITNM(I,2)=AVITNM(I,2)+OPTIT(J,I,2)
AVERNM (I,1)=AVERNM(I,1)+OPTER(J,I,1)
AVERNM(I,2) “VERNM(I,2)+OPTER(J I,2)

47 CONTINUE
AVSNR2 /I)=AVSNR2 (I)/SNRNO2
AVITNM(I,1l)=AVITNM(I,1)/SNRNO2
AVITNM(I,2)=AVITNM(I,2)/SNRNO2
AVERNM (I,1)=AVERNM(I,1)/SNRNO2
AVERNM (I,2)=AVERNM(I.2)/SNRNO2

C
C CALC. SD OF AVERAGE ITERATION NUMBER _SD OF ERROR

C
SDITNM(I,1l)=0.
SDITNM(I,2)=0.
SDERNM(I,1)=0.
SDERNM(I,2)=0.
DO 45 J=1,SNRNO2
DIF1=0PTIT(J,I,1)~AVITNM(I,1)
DIF2=0PTIT(J,I,2)-AVITNM(I,2)
DF1=OPTER(J I,1l)~AVERNM(I,1)
DF2=0PTER(J,I,2)-AVERNM (I, 2)
SDERNM (I,1)=SDERNM(I,1)+DF1**2
SDERNM (I, 2)=SDERNM(I,2)+DF2**2
SDITNM(I,1)=SDITNM(I,1)+DIF1**2
SDITNM(I,2)=SDITNM(I.2)+DIF2**2
45 CONTINUE
SDITNM(I,1l)=SDITNM(I,1)/SNRNO2
SDITNM(I,2)=SDITNM(I,2)/SNRNO2
SDERNM (I,1)=SDERNM(I,1l)/SNRNO2
SDERNM (I,2)=SDERNM(I,2)/SNRNO2
SDERNM (I.1'=SQRT (SDERNM(I,1))
SDERNM (I, 2)=SQRT (SDERNM(I,2))
SDITNM(I,1)=SQRT (SDITNM(I,1))
SDITNM(I,2)=SQRT (SDITNM(I,2))

WRITE(30,40) (SVSNR2(K,I) ,K=1,SNRNO2)

C

C OUTPUT AVESNR _SNR”“S IN +/- RANGE

C

C WRITE (30,210)

c210 FORMAT (///° AVESNR FOR SNRNO2 “//)
o WRITE(30,40)AVSNR2(I)

C WRITE (30,46)

C46 FORMAT(///” SNR S IM +/- .58D RANGE “//)
c

C

C

o

CALC. MAX _MIN OF SNRNO2 SNR”S, OPTIT”S OPTER”S IN
RANGE -
MXSNR(I)=SVSNR2(1,I)
MNSNR(I)=SVSNR2(1,I)
MXIT(I,1l)=OPTIT(1,I,1)
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MNIT(I,1)=0PTIT(1,I,1l)

MXIT(I,2)=0PTIT(1,I,2)

MNIT(I,2)=O0PTIT(1l,I,2)

MXER(I,1)=OPTER(1l,I,1)

MNER(I,1)=OPTER(1l,I,1l)

MXER(I,2)=OPTER(1,I,2)

MNER (I, 2)=0OPTER(1,I,2)

DO 55 K=2.SNRNO2 ‘

IF ‘SVSNR"'”,I).GE “"XSNR'I))MXSNR(I)=SVSNR2(K,TI)

IF (SVSNR2(K,I).LE.MNSNR(I))MNSNR(I)=SVSNR2(K,I)
IF (OPTIT(X,I,l).GE.MXIT(I,l)) MXIT(I,1)=OPTIT(K,I,1l)
IF (OPTIT(X,I,l).LE.MNIT(I,1)) MNIT(I,1l)=OPTIT(K.I,1)
IF (OPTIT'¥,I,2).GE.MXIT(I,2)) MXIT(I 2'=OPTIT(K,I,2)
IF ‘~~rIT‘ ,I,2).LE.MNIT(I,2)) MNIT(I,2)=OPTIT(K,I,?)
IF (OPTER(K,I,l) .GE.MXER(I,1)) MXER(I,1l)=0PTER(K,I,1)
IF (OPTER(K,I,l).LE.MNER(I,1)) MNER(I,1)-OPTER(K,I,1l)
IF (OPTER(K,I,2).GE MXER(I,2)) MXER(I,2)=OPTER(K,I,2)
IF (OPTER(K,I,2).LE.MNER(I,2)) MNER (I, 2)=0OPTER(K,I,?2)

55 CONTINUE

50 CONTINUE
C
C
C
WRITE (35,72)
72 FORMAT (///° NUMBER OF AVERAGE SNR"S “//)
WRITE (35,70)LI
WRITE (35,77)
77 FORMAT (///° NEW AVE USING SNR IN +/-.5SD RANGE “//)
WRITE (35,87)
87 FORMAT (~ NSF AVESNR MAXSNR
* MINSNR NS ADD “//)

WRITE(35,37) (ERR(I,1) ,AVSNR2(I) ,MXSNR(I) ,MNSNR(I),
* ADDNS (I) ,I=1,LI)

WRITE (35,74)

74 FORMAT(///° OPT. ITER. -SD-MAX _MIN-FOR OF SNR “//)
WRITE(35,75)

75 FORMAT (/7X, “AVSNR2”,8X, “ITERATION1 “,7X, IT1SD”,7X,

* “ITERATION2 “,6X,”IT2SD”"//)
WRITE(35,37) (AVSNR2(I) ,AVITNM(I 1 ,SDITNM(I,1),

* AVITNM(I,2),SDITNM(I,2),I=1,LI)
WRITE (35,165)

165FORMAT ////5X,”AVE ITER 1”°,5X,°MIN ITER 1°,6X, MAX ITER 1°,

* 5X.”AVE ITER 2°,5X, MIN ITER 2°,6X, MAX ITER 2°//)
WRITE(35,177) (AVITNM(I,1l) ,MNIT(I,1) ,MXIT(I,1),

* AVITNM(I,2) ,MNIT(I,?2),MXIT(I,2),I=1,LI)

WRITE(35,76)

76 FORMAT(///° ERROR 1 _2 AT OPTIMUM ITERATION “//)
WRITE (35,176)

176 FORMAT (/7X, “AVSNR2” 17X.”ERROR 1°,8%,”SD ERR1”,8X,

* “ERROR 2°,8X,“SD ERR2"//)
WRITE (35,37) (AVSNR2 (I) ,AVERNM(I,1l) ,SDERNM(I 1),
* AVERNM(I,2) ,SDERNM(I,2) ,I=1.LI)
WRITE (35,178)
178 FORMAT(///6X,”ERROR 1°,7X,”MIN ERR1”,8X, MAX ERR1”,8X,



177
C

onNnQa o

C

PLOT OF ITERATION

“ERROR 2”,7X,°MIN ERR2”,8X, MAX ERR2°//)

WRITE (35 177) (AVERNM(I,1l) ,MNER(I.1) ,MXER(I,1l),

AVERNM(I,2) ,MNER(I,?) ,MXER(I,2),I=1,LI)
FORMAT (6 (1PE16.8))

CALCULATE ITT _ERROR (+ _-) SD

DO 90 I=1,LI
SDMXIT(I,1l)=AVITNM(I.1)+SDITNM(I.1)
SDMXIT (I,2)=AVITNM(I,2)+SDITNM(I,2)
SDMNIT(I,1)=AVITNM(I,1)-SDITNM(I,]1)
SDMNIT(I,2)=AVITNM(I,2)-SDITNM(I,2)
SDMXER(I,1)=AVERNM(I,1)+SDERNM(I,1)
SDMXER (I, 2)=AVERNM(I,2)+SDERNM(I,2)
SDMNER (I,1)=AVERNM(I,61)-SDERNM(I,1)
SDMNER (I,2)=AVERNM(I,2)~-SDERNM(I, 2)
CONTINUE

WRITE (40,61) (MNSNR(I) ,AVERNM(I,1l) ,I=1,LI)
WRITE (41,61) (MNSNR(I' ,AVERNM(I 2),I=1,LI)
WRITE (42,61) (MXSNR(I) ,AVERNM(I,1),I=1,LI)
WRITE (43,61) (MXSNR'I) ,AVERNM(I,2) ,I=1,LT)
WRITE(44,61) (MNSNR(I) ,AVITNM(I,l),I=1,LI)
WRITE (45,61) (MNSNR(I) ,AVITNM(I,?),I=1,LT’
W~~~ °"~,61) (MXSNR/I) ,AVITNM(I 1),I=1,LI)
WRITE "47,61) (MXSNR(I) ,AVITNM(I,2),I=1,LI)
WRITE (48,61) (AVSNR2(I) ,SDMXER(I 1),I=1,LI)
WRITE (49,61) (AVSNR2(I) ,SDMXER(I,2),I=1,LI)
WRITE (50 61) (AVSNR2(I),SDMNER(I,1),I=1,LI)
WRITE(51,61) (AVSNR2 (I) ,SDMNER(I,2) ,I=1,LI)

CLOSE FILES

CLOSE (UNIT=40)
CLOSE /(TINIT=41)
CLOSE (UNIT=42)
CLOSE (UNIT=43)
CLOSE/TINTT=44)
CLOSE (UNIT=45)
CT.OSE /TTNT™M= *£)
CLOSE ™™™~ .

CLOSE UNIT=48)
CLOSE (UNIT=49)
CLOSE (UNIT=50)
CLOSE (UNIT=51)

WRITE(52,61) (AVSNR2(I) ,SDMXIT(I,1),I=1,LI)
WRITE(53,61) (AVSNR2(I) ,SDMXIT(I,2),I=1,LI)
WRITE (54 61) (AVSNR2(I) ,SDMNIT(I,1) ,I=1,LI)
WRITE(55,61) (AVSNR2(I) ,SDMNIT(I,2),I=1,LI)

_ERROR VS SNR, MAX MIN OF SNR
STANDARD DEVIATION OF ERROR _ITTERATION
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c PLOT OF ITERATION , _ERROR VS SNR
C
WRITE (56,61) (AVSNR2/I) ,AVERNM(I,1l) ,I=1,LI)
WRITE(57,61) (AVSNR2(I) ,AVERNM(I,2),I=1,LI)
WRITE (58,61) (AVSNR2 (I) ,AVITNM(I,1),I=1,LI)
WRITE (59,61) (AVSNR2 (I) ,AVITNM(I,2),I=1,LI)
c
C CLOSE FILES
c
CLOSE (UNIT=52)
CLOSE (UNIT=53)
CLOSE (UNIT=54)
CLOSE (UNIT=55)
CLOSE (UNIT=56)
CLOSE (UNIT=57)
CLOSE (UNIT=58)
CLOSE (UNIT=59)
C
c
C PLOT AVESNR VS LN(SF) _1/SQRT (SF)
C
c DO 80 I=1,LI
C ERRL (I)=ALOG(ERR'I,1))
c ERR1/I)=1./SQRT(ERR(I,1))
C80 CONTINUE
CcC A
cC WRITE(60,61) (ERRL(I) ,AVSNR?/I) ,I=1,LI)
c WRITE(61,61) (ERR1(I) ,AVSNR2(I),I=1,LI)
cC
C CLOSE (UNIT=60)
c CT.OSE (UNIT=61)
C
C .
C PLOT AVERAGE ITT VS LN(AVSNR2) _ITT SD”S _LN(MX-MN SNR)
c

DO 95 I=1 LI

AVSNR2 (I)=ALOG (AVSNR2 (I))

MXSNR ‘I) =ALOG (MXSNR(I))

MNSNR (I)=ALOG (MNSNR(I))
95 CONTINUE

WRITE(31,61) (AVSNR2(I) ,AVERNM(I,1),I=1 LI)
WRITE(32,61) (AVSNR2(I) ,AVERNM(I,2) ,I=1,LI"
weTmw (33,61) (AVSNR2(I) ,SDMXER(I,1l) ,I=1,LI)
WRITE (34,61) (AVSNR2(I) ,SDMXER(I,2),I=1,LI)
WRITE(37,61) (AVSNR2(I) ,SDMNER(I,1) ,I=1,LI)
WRITE (30,61) (AVSNR2(I) ,SDMNER(I,2) ,I=1,LI)
WRITE(38,61) (AVSNR2(I) ,AVITNM(I,1),I=1,LI)
WRITE (39,561) (AVSNR2 (I) ,AVITNM(I,2),I=1,LI)
WRITE(60,61) (AVSNR2 (I) ,SDMXIT(I,1),I=1,LI)
WRITE(61,61) (AVSNR2 (I) ,SDMXIT(I,2),I=1,LI)
WRITE(62,61) (AVSNR? /I) ,SDMNIT(I,1),I=1,LI)
WRITE (63,61) (AVSNR2(I) ,SDMNIT(I,2),I=1,LI)
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WRITE (33,61) (MNSNR(I) ,AVERNM(I,1),I=1,LI)
WRITE (24,61) (MNSNR(I) ,AVERNM(I 2),I=1,LI)
WRITE(37,61) (MXSNR(I) ,AVERNM(I,1),I=1,LI)
WRITE (30,61) (MXSNR(I) ,AVERNM(I,2),I=1,LI)
WRITE(60,61) (MNSNR(I) ,AVITNM(I,1),I=1,LI)
WRITE(61,61) (MNSNR(I) ,AVITNM(I,2),I=1,LI)
WRITE (62,61) (MXSNR‘I) ,AVITNM(I,1),I=1,LI)
WRITE(63,61) (MXSNR/I) ,AVITNM(I,2),I=1,LI)

PRINT OUT OPTIT 1 _2 AND OPTER 1 _2

DO 400 I=1,LI

WRITE(36,52)

FORMAT (//° OPTIMUM ITERATION NUMBER /)
WRITE(36,70)I

WRITE(36,40) (OPTIT(J,I,1l) ,J=1,SNRNO2)
WRITE(36,70)1

WRITE (36,40) (OPTIT(J,I,2),J=1,SNRNO2)
WRITE(36,53)

53 FORMAT (//° ERROR AFTER MORRIS / ERROR BEFORE MORRIS “/)

WRITE(36,70)I

WRITE(36,40) (OPTER(J,I,1) ,J=1,SNRNO2)
WRITE(36,70)I

WRITE (36,40) (OPTER(J,I,2),J=1,SNRNO2)
CONTINUE

FORMAT (2 (1PE16.8))

FORMAT (G)

FORMAT (2G)

TYPE 73

FORMAT (© NUMBER OF AVERAGE SNR"S “//)
TYPE 70,LI

FORMAT (I)

RETURN

END
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Abstract

Morrison’s iterative method of noise removal can be applied for both
noise removal alone and noise removal prior to deconvolution. This method

is applied to noise of various noise levels added to data to determine the

optimum use of the method.

The inverse filter is calculated by taking the inverse discrete Fourier
transform of the reciprocal of the transform of the response of the system.
The method of deconvolution used consists of convolving the data with the
inverse filter. Deconvolution of non-noisy data is performed and the error

is calculated by comparing the deconvolved results to the original input f.

A triangular and rectangular type input is selected and convolved with
narrow and wide response Gaussian functions to produce the data sets to be
analyzed. The types of noise added to the data are constant and ordinate-
dependent Gaussian distributed noise. The noise levels of the data a.re‘
characterized by their signal-to-noise ratios. L1 and L2 norms for errors are

employed in the optimization.

Tables of results and figures are both included to show the results of

optimization for both Gaussians, for both noise types, and for both norms.

The input is selected to contrast with the input of Leclere which consists
of narrow Gaussians. The results of the two optimizations are compared.

The current input is also scaled by multiplication by a constant to illustrate

xii



the effect of scaling.
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Chapter I

Introduction

This work concerns the optimum use of Morrison’s method for both

noise removal alone and noise removal prior to deconvolution.

Morrison’s noise removal is an iterative technique in which which the
first iteration smoothes the data to which it is applied, and each subsequent
iteration restores the data back toward the original, except for the incom-

patable noise, upon the convergence of the method.

Some work has been done by loup(1968), Wright (1980). and Leclere(1984)
to show that the iterations may be terminated before convergence of the

method and a reasonable approximation to the noise free data obtained.

In Chapter II the method of determining the optimum length filter used

for the deconvolution and the factors that affect its accuracy are briefly

studied.

Chapter III contains the study of Morrison’s noise removal method for
noise removal alone and also a discussion of the ordinate-dependent and
constant noise that is added to the data. Tables and plots are provided
to show the optimum iteration number versus noise level as well as error
improvements at the iteration numbers. Comparisons between narrow and

wide Gaussians are also provided.

Chapter IV contains the study of Morrison’s method for noise removal
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prior to deconvolution. As Morrison’s smoothing is applied to the noisy
data, the deconvolution is performed after each iteration by applying the
optimum filter calculated in Chapter II. Tables and plots corresponding to

those in Chapter III are also included in this chapter.

Chapter V contains the same study done in Chapter III and IV for the
same input but of a different size. The size of the new input is reduced to one
fourth and the study is done to see how the convergence value, the iteration
number, and the error improvement is affected. Complete tables of results

are included for convenience.

Chapter VI contains a comparison between two types of input. The
first type of input is the one used by Wright(1980) and Leclere(1984)and A
the second is the one used in this study. The purpose is to have a better
understanding of what effect a different input has on the convergence criteria,
the iteration numbers, and the error improvements. Plots are given which
show the average iteration numbers and average error improvements for both

inputs. A brief discussion is also included.

Chapter VII is a conclusion section which contains a comparison of the
use of Morrison’s technique for noise removal alone and for noise removal
prior to deconvolution. Suggestions for further study are given. A listing

of the FORTRAN computer program used in this study is in the appendix.



Chapter II

Convolution and Inverse Filter

When input data are measured by a system, the system subjects those
data to some distortion. The effect on the data is determined by the impulse
response of the system. The effect of the impulse response on the data can
be described by convolution if the system is linear and shift invariant. The
relationship between the input and the output can be represented as shown

in Figure (2.1). In Figure (2.1) the input data are denoted by f, the system

response by g, and the output by h.

s 3
SyStem
vesponce.

.O‘f'\‘j'\ Aol
\ r\? 1d
5’\3(1:\[

Figure(2.1) : h=[=y
where the asterisk * represents the convolution. The convolution integral in
g

the function domain is:
+00
e Jfuigen
-0

If N denotes the number of points for either the narrow or wide responses

and L the number for the input data. then the length of the output is (N+L-

c-S
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1) points (Bracewell, 1978). For example, the number of points in the narrow
Gaussian response used here is 9 and in the wide Gaussian response 21, so

the number of points of the output is 32 in the narrow case and 44 in the

wide case.

Figure (2.2) represents the input f to the system and Figures (2.3) and
(2.4) show the narrow and the wide Gaussian responses respectively. Figures

(2.5) and (2.6) represent the outputs, h, for the narrow and the wide cases

respectively.

To remove the effect of the response, the output is deconvolved. The
process of deconvolution (or inverse filtering) is extremely useful in radar,
seismic, and other areas for removing the effect of some previous convolution
on the signal. As in Figure (2.1), if the observed output signal is h, the
general problem of deconvolution is one finding a box through which one can
pass the observed signal h so as to recover the original signal f (Robinson,

1980). The process of deconvolution is depicted by the diagram shown

below:

)

Ve S
Systenn
vesponce

Figure(2.7) : Deconvolutron process
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The technique used in this work is to take the inverse transform of the
reciprocal of the discrete Fourier transform (DFT) of the impulse response.
The convolution

h(z) = f(z) * 9(2)
in the Fourier transform domain corresponds to multiplication of the trans-

forms of f and g (Bracewell,1978),

and

which corresponds to
f(z) = h(z) * inverse of g(z).

The inverse filter is defined by

NT
1

’ _ _1_ )'."nng

g'lz) = NT g(G(s)) ezp T
where F(s), H(s), and G(s) represent the Fourier transforms of f(z), h(z),
and ¢(z), respectively. NT is the number of discrete frequency components

contained in 1/G(s).

It was shown by Leclere (1984) that the accuracy of the filter depends
verv much on the length of the filter. The following is a brief discussion of
the factors that affect the accuracy of the inverse filter and the choice of the

optimum filter length.

Bracewell (1978) points out that that if the system considered is entirely

discrete there is no error due to sampling. The significant effects on the
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accuracy of the inverse filter are the wraparound error in the function domain

(Oppenheim and Schafer, 1975) and the round- off error.

The procedure used to reduce the wraparound effect is to reduce the
sampling interval in the transform domain, or correspondingly, te add ze-
ros in the function domain. This results in widening the function domain
window of the filter and thus reducing the error introducéd by wraparound.
This is significant because the filter is calculated from a sampled transform
domain function with frequency components of large magnitude at the edges

of the window.

In his work Leclere(1984) shows how too coarse a sampling interval in
the transform domain causes a significant wraparound error in the calculation
of the filter, and how sampling at a finer rate can reduce this effect greatly.
Leclere also shows that the filter calculated from the narrow Gaussian has
less wraparound error than a wide Gaussian of the same sampling interval
and that the transform of the narrow Gaussian is wider and has larger values

at the edges of its window.

For the determination of the inverse filter, the fast Fourier transform
(FFT) subroutine (Higgins. 1976) is used for the calculation of the forward
and inverse transforms. In his work, Leclere (1984) tests different inverse
filter lengths to determine the optimum one. Because the wide Gaussian
inverse has more round-off error than the narrow, its optimum length is less.
As a result of his study, a 257 point filter is chosen for the narrow case. and

a 129 point filter is chosen as the most accurate one for the wide case.
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Chapter II1

Morrison’s Method For Noise Removal

Morrison’s iterative method of noise removal is a technique in which the
first iteration smoothes the data by convolving h with g, and each subse-
quent iteration restores the data to the original except for the removal of
incompatable noise, upon convergence of the method (Morrison, 1963:Ioup,
1968). The first iteration wherein h is convolved with g results in a function
h, that has no frequency component higher than those found in g, the system

response function.

Morrison’s smoothing can be represented as follows (Ioup, 1968; Ioup

and Ioup, 1983). In the function domain:
hi(z) = h(z) * 9(z)

h(2) = hum1(2) + [A(2) ~ hnoi(2)] = 9(2) n>1

In the transform domain:
Hi(s) = H()G(s)
H,(s) = Hy-1(s) + [H(s) = Hy-1(s)]G(s) n>1

or

H(s) = [1~ (1= G(s)"H(s)

In previous work loup(1968) discusses the convergence conditions. Conver-

gence is assured if ABS(1 - G(s)) < 1 or if G(s) = 0. Morrison’s noise removal
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converges faster in the case of the narrow response because, as stated ear-
lier, the narrow response has a wider frequency spectrum than does the wide

Gaussian and for any value of s, |1~ (1 - G(s))"] is a number closer to one, for

any n.

Morrison’s Method for Noise Removal Alone

Morrison’s method applied to noise added data,h, restores both signal
and noise with each iteration. It was shown by Wright (1980) and Leclere
(1984) that the best approximation of the data, h, is obtainable by termina-

tion of the iterations before convergence of the method.

It was shown by Wright and loup (1980), loup and Ioup (1981), and
Leclere (1984) that the optimum use of Morrison’s method can be studied
by adding ordinate-dependent and constant Gaussian distributed noise to
the data h. The definition of the signal to noise ratio (SNR) used here is
the ratio of the maximum value of h to the root-mean-square (RMS) value,
or standard deviation. of the noise. The SNR is used to characterize the
level of the noise added to the data. The procedure for noise addition used
in this study is the same as that used by Leclere (1984). The procedure will

be summarized in the following sections.
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Constant Gaussian Noise Addition Procedure

Constant Gaussian noise is that which has a constant standard deviation

at each point. It can be generated as follows (Leclere, 1984, Hamming, 1973):
L2
ho(D) = (3 A; - 6) % (NSF)"® + h(])
=1
where NSF is the noise scale factor chosen to vary the magnitude of the noise
and thus the SNR. A is a random number uniformly distributed between

zero and one, generated by a computer subroutine. The index I denotes each

discrete data element.

Ordinate-Dependent Gaussian Noise Addition Procedure

Ordinate-dependent Gaussian noise is that which has an ordinate de-

pendent standard deviation. The noise addition procedure is as follows:

ho(1) = (3 4, = 6) + (NSF » h(1))"®) + h(1)

=1

Signal To Noise Ratio

The SNR is used to measure the noisiness of the data sets and, as is

evident from the noise addition procedure. the mean SNR is inversely pro-

portional to the square root of the NSF:
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SNR = constant/(NSF)">,

in both the constant and the ordinate-dependent noise cases. A single
NSF produces a statiscally distributed range of SNR values upon repeated
application of the above formulas. To limit the SNR values to a small
neighborhood about the mean SNR for a given NSF, one approach is to add
noise 100 times to h and calculate an average SNR, AVSNR, and standard
deviation, SDSNR, for the 100 cases. Then the SNR of the data sets to be

optimized is confined to a range about AVSNR of plus and minus one half

SDSNR.

As will be shown later in this chapter, the rate of change of the optimum
iteration number and the error improvement with SNR are much greater
for relatively low SNR’s. The two error measurements employed in the
optimization were based on the minimization of the absolute error per point
and the mean-square errors,or the RMS, between h andh,. These measures

are referred to as the L1 and L2 norms, respectively.

Convergence Criteria

In his previous work, Leclere(1984) uses a procedure for convergence
which terminates the iterations for the narrow Gaussian case, constant noise
and ordinate-dependent noise, when the fractional difference, DF1. or an ab-
solute difference, DF2. between the errors at successive iteration are less than

0.0001 or 0.00002 respectively. For the wide Gaussian case the iterations are
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terminated, for the constant and the ordinate-dependent noise, when DF1 or
DF2 are less than 0.0005 or 0.00005 respectively. The fractional difference

is defined as:

DF1={e(t— 1) — e()|/efz — 1),

and the absolute difference is obtained from:

DF2 = [e(1 — 1) — e(7)],

where i denotes the iteration number of the current test.

Choosing a suitable convergence criterion is somewhat subjective as a
preference for reduction in noise or resolution of. signal comes into play.
Other factors are the smoothness of the iteration vs SNR curve and the
standard deviations of the iteration numbers. A convergence criterion is
chosen which allows optimum error improvement in combination with results
consistent with expected behavior. The convergence value for each case in
this study determined experimentally. Convergence values of DF1=0.0001
and DF2=0.00002 are chosen for the narrow case for both constant and
ordinate-dependent noise types. Convergence values of DF1=0.0005 and

DF2=0.00002 are chosen for the wide case for both the constant and ordinate-

dependent cases.
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Optimization Procedure

The method for determining the optimum average iteration number is
to calculate AVESNR and SDSNR as mentioned earlier and to continue
adding noise for each SNR until 100 data sets having SNR’s that fall within
plus and minus one-half SDSNR for each AVSNR are generated and stored.
From these sets new averages, AVSNR2, standard deviations, SDSNR2, and
maximum and minimum SNR’s, MXSNR and MNSNR, that fall within the
one-half SDSNR range are calculated. These values are listed in Tables

(3.1)-(3.4) for both Gaussians and both noise types.

Morrison’s noise removal is applied to the data sets and the error is
tested after each iteration by comparing the restored result to the noise-free h
defined in Chapter II. The 100 optimum iteration numbers for each AVSNR2
are stored, and averages of iteration numbers,AVITER, are calculated along
with their standard deviations, ITSD, and maximum and minimum iteration

numbers, MAXITER and MINITER.

Figures (3.1)-(3.16) show AVITER versus AVSNR2 and AVITER versus
the natural log of AVSNR2 for both the narrow and wide Gaussians, for both
L1 and L2 norms, and for both constant and ordinate-dependent noise types.

Standard deviations of iteration numbers are given on the semilog plots.

In the calculation of the average error improvement at each AVSNR2 the
ratio of the error after noise removal to the error before applying Morrison’s

method is determined for each of the 100 data sets. The averages of each of
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the 100 ratios are calculated, ERROR, along with their standard deviation,

SDERR, and their maxima and minima, MAXERR and MINERR.

Tables (3.13)-(3.20) list these values. Plots of average error versus
AVSNR2 and average error versus the natural log of the AVSNR2 are shown
in Figures (3.17)-(3.32). Standard deviations of error improvements are

included on the semilog figures.

Results of Narrow Gaussian Iterations

Examining Tables (3.5)-(3.8) one can see the monotonic increase in av-
erage iteration number as the SNR increases. For the ordinate-dependent
noise case the average iteration number for the L1 norm is higher than that
of the L2 norm at the same AVSNR2. However, for the constant case the
average iteration number for L2 norm is higher than that of the L1 norm for
the same AVSNR2. For the L1 norm the average number of iterations for
the ordinate-dependent noise is higher than that of the constant noise. For
the L2 norm the average iteration number for the ordinate-dependent case
is less than that of the constant case. For both norms and both noise types,

there is a rapid increase in average iteration in the low and middle range of

AVSNR2.

The data also show that for both L1 and L2 norms, and for both constant
and ordinate-dependent noise types, there is no fluctuation in the average of

the iteration number as the AVSNR2 increases over the total range.
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Results For Wide Gaussian Iteration

Examining Tables (3.9)-(3.12) or Figures (3.9)-(3.16), one can see clearly
the monotonic increase in the average iteration number as the average SNR
increases. For the ordinate-dependent noise the average iteration number for
the L1 norm is higher than that of the L2 norm in the region AVSNR2 5 to
200, and the L2 norm is slightly higher in the rest of the range. For constant
noise the average iteration number for the L1 norm is higher than that of L2
in t-he range AVSNR2 7.8 to 100, and there is no significant difference over
the rest of the range. For the L1 norm the average iteration number of the
ordinate-dependent noise is higher than that of the constant noise. However
for the L2 norm the average iteration number of the constant noise case is

higher than that of the ordinate-dependent case.

As in the narrow Gaussian case for both L1 and L2 norms, and for both
the ordinate-dependent and constant noise, there is a monotonic increase
in average iteration number as the AVSNR2 increases. The data show no
Auctuation in the average iteration number as AVSNR2 increases over the

total range.

Comparison of Narrow to

Wide Iteration Results

From the investigation of Tables (3.5)-(3.9) and (3.12), the monotonic
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increase in average iteration number as AVSNR2 increases is very clear. For
both constant and ordinate-dependent noise and for both L1 and L2 norms,
the average iteration number of the wide Gaussian is larger than those of the

narrow Gaussian over the full range.

Error Results For Narrow Gaussian

Tables (3.13)-(3.16) and Figures (3.17)-(3.24) show the average error
ratios versus AVSNR2. It should be noted that a smaller value in the
table corresponds to a larger improvement in error with the application of
Morrison’s noise removal methods. It is also should be noted that an average

error ratio greater than one implies no error improvement in the restored

results.

For the L1 and L2 norms and for the constant and ordinate-dependent
cases the larger error jmprovements take place in the low SNR’s. For both
noises and both norms there is a monotonic decrease in error improvement

and no fluctuations noticed over the full range.

For ordinate-dependent noise there is no error improvement in the range
of AVSNR2 from 755 to 1000, and the significant error improvement takes
place in the AVSNR2 2.3 to 75 range. For the ordinate-dependent noise the
L2 norm has a significantly greater error improvement than the L1 in the low
SNR range but this difference is slight over the rest of the range. For the L1

norm the error improvement for the ordinate-dependent noise is greater than
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that of the constant case in the AVSNR2 2.2 to 100 range. However, the
error improvement for the constant noise is slightly greater for the rest of the
range. For the L2 norm the error improvement for the ordinate-dependent

noise is larger than that of the constant noise over the full range.

Error Results for Wide Gaussian

Tables (3.17)-(3.20) and Figures (3.25)-(3.32) show the average error
improveme.nt versus AVSNR2 for the wide Gaussian. For both constant and
ordinate-dependent noise the average error improvements for the L2 norm
are greater than that of the L1 norm over the full range of AVSNR2. Itis
also noticed that the average error improvement is greater at low SNR for
both L1 and L2 norms and both ordinate-dependent and constant noise. The
ordinate-dependent noise has a greater error improvement than the constant

noise over the full AVSNR2 range for both L1 and L2 norms.

In general both constant and ordinate-dependent and both L1 and L2

norms seem to have no fluctuation of error improvement with a monotonic

decrease over the full range.

Comparison of The Narrow Gaussian

to The Wide Gaussian Error Results

Comparison of Tables (3.13)-(3.16) and (3.17)-(3.20) shows that the er-
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ror improvements in the wide case are greater than those of the narrow case
for both constant and ordinate-dependent noise, and for both the L1 and
L2 norms. In the constant case the error improvements for the L1 and L2
norm of the wide case are better than those of the narrow case especially
at higher SNR. The same thing can be said about the L1 norm for the
ordinate-dependent noise. For the ordinate-dependent noise and for the L2
norm, the error improvement of the wide Gaussian is much greater than that

of the narrow Gaussian over the full range of SNR.
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Chapter IV

Morrison’s Noise Removal Prior To Deconvolution

This chapter presents the study of the optimum use of Morrison’s noise
removal prior to deconvolution. After each Morrison iteration is applied to
the data, the data are deconvolved by convolution with the two optimum
inverse filters, either the 257 point narrow case filter or the 129 point wide
case flter. The deconvolved result is then compared to the known input, f,
using the L1 and L2 norms. The error in the deconvolution is then stored
and compared to the error of the result from the succeeding iteration. The

same techniques for convergence used in Chapter III are used in this chapter.

Optimization Procedure

The same experimental procedure used in Chapter III is also used here.

Data sets having SNR’s of 2 to 1000 are created by varying the NSF. An
average SNR, AVSNR, and standard deviation, SDSNR, from the 100 data

set for each NSF are calculated in a similar way as in Chapter 1II. However,
there are 50 data sets that are optimized for the deconvolution case instead

of 100. The number is reduced to 50 merely to save computer time.
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Convergence Criteria

Once again the convergence criteria formulas used are the same as those
used in Chapter III. However, in this chapter the convergence values are
different. The convergence values of the narrow constant and the narrow
ordinate-dependent noise are DF1=0.0005 and DF2=0.00005, and for the

wide case the convergence values for the ordinate-dependent and the constant

noise afe 0.0000 and 0.0000.

These values were chosen according to the expected behavior of increas-
ing optimum iteration number with increasing SNR. Also minimization of
error is heavily considered. Similar tables and figures to those listed in

Chapter III are also listed in this chapter.

Results For The Narrow Gaussian Iterations

Examining Tables (4.5)-(4.8) or Figures (4.1)-(4.8), one can see that

the average number of iterations increase as the AVSNR2 increases for both

constant and narrow noise and for both L1 and L2 norms.

It is also noticed that the average iteration number remains at the con-
stant value 1 over the AVSNR2 2.2 to 10 range. For the ordinate-dependent
noise the average number of iterations for the L1 norm is slightly higher than

that for the L2, and the opposite is true for the constant noise.
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Both the ordinate-dependent and the constant noise have nearly the

same average number of iterations over the same range.

Results For The Wide Gaussian Iterations

From the investigation of Tables (4.9)-(4.16) or Figures (4.9)-(4.16) it
is clear that in the wide case the average number of iterations increases
monotonically as AVSNR2 increases for both norms and for both noise types.
For both noise types and both norms the average iteration number remains

constant at a value of 1 for AVSNR2 in the 2.2 to 10 range.

For both noise types the average iteration number in the L2 case is

higher than that of the L1 case.

Error Results For The Narrow Gaussian

From Tables(4.13)-(4.16) or Figures (4.16)-(4.24), one can see that for
both noise types and for both norms the average error improvement de-
creases monotonicaly as the AVSNR2 increases. Once again the largest error
improvement takes place in the low AVSNR2 range. The error improve-
ments at the higher AVSNR2 remain constant. The error improvements are

nearly the same for both noise types and for both norms.

Error Results For The Wide Gaussian



78

By examination of Tables (4.17)-(4.20) or Figures (4.24)-(4.32), it is easy

to see the monotonic decrease in error improvement as AVSNR2 increases for
both constant and ordinate-dependent noise and for both L1 and L2 norms.
For both noise types the large error improvement is at the low and middle

AVSNR2 range and it decreases monotonically at the higher AVSNR2 range.

Both noise types have nearly the same error improvements over the
same range of AVSNR2 for both norms. Also for both noise types the error

improvements for the L1 case are greater than that of the L2.

Comparison Between The Narrow And Wide Iterations

Investigating Tables (4.5)-(4.12), one can see that for both noise types,
both Gaussians, and both norms, that the average iteration number is con-
stant over the low AVSNR2 range. Also for both Gaussians, both noise
types, and both norms, the average number of iterations increases monoton-
ically as the AVSNR2 increases. However, this monotonic increase is very
slow in the wide case but it is large for the narrow case. For both noise types
and both norms the average iteration number for the narrow case is much

higher than that of the wide case over the middle of the AVSNR2 range.

Comparison Between Narrow And Wide Gaussian Errors

Tables(4.13)-(4.20) show that the average error improvement decreases
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monotonically as the AVSNR2 increases for both Gaussians, both noise types,
and both norms. It is also noticed that greater error improvement occurs
over the low AVSNR2 range. In the wide case the error improvement is much
greater than that of the narrow case for both noise types and both norms,

especially over the low AVSNR2 range.
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Chapter V

Scaled Input

The effect of the size of the input on the convergence criteria, the op-
timum iteration number, and the error improvement when using Morrison’s

noise removal alone and prior to deconvolution is discussed in this chapter.

The input used is the same input used before, except that its size has
been reduced to oné fourth of the previous input. The same labels f, g, and
h. as in the previous chapters, are used in this chapter. Similar figures and

tables to those listed in Chapter 11l and IV are also presented in this chapter.

With the new f the convergence value has to be changed. However,
DF1 remains the same because the numerator and the denominator are both
divided by one fourth. DF2 has to be divided by one fourth to obtain the new
convergence criterion. It has been found that with the given convergence
criteria, exactly the same optimum iteration numbers and the same error
improvements are obtained. An additional table with convergence values of

DF1=0.0000 and DF2 =0.0000 for noise removal alone is also presented.

Tables (5.1)-(5.20) correspond to tables listed in Chapter III and Tables
(5.20)-(5.40) correspond to tables listed in Chapter IV. Since they are listed
and unchanged, there is no need to replot the figures. One can refer to those

figures in Chapter III and Chapter IV for more information.
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