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SUMMARY 

A v i s c o p l a s t i c  c o n s t i t u t i v e  t h e o r y  i s  presented for r e p r e s e n t i n g  t h e  h igh -  
temperature de fo rma t ion  behav io r  o f  metal  m a t r i x  composi tes.  The p o i n t  o f  v iew 
taken i s  one o f  a continuurn wherein t h e  composite i s  cons ide red  a m a t e r i a l  i n  
i t s  own r i g h t ,  w i t h  i t s  own p r o p e r t i e s  t h a t  can be determined fo r  t h e  composi te 
as a whole. 
i d e n t i f i a b l e  a t  each m a t e r i a l  p o i n t  (cont inuum element) ,  t he reby  a d m i t t i n g  t h e  
i d e a l i z a t i o n  o f  l o c a l  t ransve rse  i s o t r o p y .  
t h e  s p e c i f i c a t i o n  of  an exper imenta l  program fo r  t h e  complete d e t e r m i n a t i o n  of 
t h e  m a t e r i a l  f u n c t i o n s  and parameters fo r  c h a r a c t e r i z i n g  a p a r t i c u l a r  meta l  
m a t r i x  composi te.  The parameters r e l a t i n g  to  t h e  s t r e n g t h  of a n i s t r o p y  can be 
determined th rough  t e n s i o n  and t o r s i o n  t e s t s  on l o n g i t u d i n a l l y  and c i r cumfe ren -  
t i a l l y  r e i n f o r c e d  t h i n - w a l l e d  tubes. Fundamental aspects  o f  t h e  t h e o r y  a r e  
exp lo red  th rough  a geometr ic i n t e r p r e t a t i o n  o f  some b a s i c  f e a t u r e s  analogous 
t o  those of  t h e  c l a s s i c a l  t h e o r y  o f  p l a s t i c i t y .  

I t  i s  presumed t h a t  a s i n g l e  p r e f e r e n t i a l  ( f i b e r )  d i r e c t i o n  i s  

A key  i n g r e d i e n t  i n  t h i s  work i s  

m 

INTRODUCTION 

S t r u c t u r a l  a l l o y s  used i n  h igh- temperature a p p l i c a t i o n s  e x h i b i t  complex 
thermomechanical behav io r  t h a t  i s  i n h e r e n t l y  t ime-dependent and h e r e d i t a r y ,  i n  
t h e  sense t h a t  c u r r e n t  behav io r  depends n o t  o n l y  on c u r r e n t  c o n d i t i o n s  b u t  a l s o  
on thermomechanical h i s t o r y .  Considerable a t t e n t i o n  i s  b e i n g  focused now on 
metal  m a t r i x  composi te m a t e r i a l s  t h a t  possess s t r o n g  d i r e c t i o n a l  c h a r a c t e r i s -  
t i c s .  I n  h igh- temperature a p p l i c a t i o n s  these m a t e r i a l s  e x h i b i t  a l l  t h e  com- 
p l e x i t i e s  o f  conven t iona l  a l l o y s  (e.g. ,  creep,  r e l a x a t i o n ,  r e c o v e r y ,  r a t e  
s e n s i t i v i t y ,  e t c . ) ,  and I n  a d d i t i o n ,  t h e i r  s t r o n g  i n i t i a l  a n i s t r o p y  adds f u r -  
t h e r  c o m p l e x i t i e s .  

Here, we p resen t  a cont inuum t h e o r y  to  r e p r e s e n t  t h e  h igh- temperature,  
t ime-dependent, h e r e d i t a r y  de fo rma t ion  b e h a v i o r  o f  m a t e r i a l s  t h a t  a r e  i n i t i a l l y  
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t r a n s v e r s e l y  i s o t r o p i c .  The t h e o r y  i s  i n tended  t o  a p p l y  t o  m a t e r i a l s ,  p a r t i c u -  
l a r l y  m e t a l l i c  composi tes,  t h a t  can be i d e a l i z e d  as psuedohomogeneous c o n t i n u a  
w i t h  l o c a l l y  d e f i n a b l e  d i r e c t i o n a l  c h a r a c t e r i s t i c s .  

The composite m a t e r i a l  i s  viewed as a m a t e r i a l  i n  i t s  own r i g h t ,  w i th  i t s  
own p r o p e r t i e s  t h a t  can be measured and s p e c i f i e d  for t h e  composi te as a whole. 
Exper iments fo r  t h i s  purpose a re  o u t l i n e d  i n  d e t a i l  i n  t h e  f o u r t h  s e c t i o n  o f  
t h e  paper.  Th i s  v iew i s  i n tended  t o  s a t i s f y  t h e  s t r u c t u r a l  a n a l y s t  or des ign  
eng ineer  who needs reasonab ly  s imp le  cont inuum methods o f  s t r u c t u r a l  a n a l y s i s  
t o  p r e d i c t  de fo rma t ion  behav io r  i n  complex m u l t i a x i a l  s i t u a t i o n s ,  p a r t i c u l a r l y  
a t  h i g h  temperature where m a t e r i a l  response i s  enormously complex. Indeed, t h e  
p r e d i c t i o n  o f  component l i f e t i m e  depends c r i t i c a l l y  on  the  accu ra te  p r e d i c t i o n  
o f  de fo rma t ion  behav io r .  

The a l t e r n a t i v e  approach i s  concerned w i t h  d e t a i l e d  i n t e r a c t i o n s  o f  t h e  
c o n s t i t u e n t s  o f  the  composi te:  f a b r i c a t i o n ,  bonding, and t h e  r e l a t i o n  o f  t h e  
p r o p e r t i e s  o f  t h e  composi te to  t h e  i n d i v i d u a l  p r o p e r t i e s  o f  t h e  f i b e r  and 
m a t r i x .  C l e a r l y ,  such problems a r e  of g r e a t  importance, and t h e  two approaches 
ment ioned a r e  n o t  m u t u a l l y  e x c l u s i v e .  Here, however, t h e  cont inuum p o i n t  o f  
v iew w i l l  be emphasized. Th is  i s  done i n  t h e  same s p i r i t  t h a t  t h e  t h e o r i e s  of 
e l a s t i c i t y ,  p l a s t i c i t y ,  v i s c o e l a s t i c i t y ,  and o t h e r s  a r e  f o r m u l a t e d ;  on  t h e  
b a s i s  o f  macroscopic obse rva t i ons ,  w i t h o u t  d i r e c t  c o n s i d e r a t i o n  o f  t h e  d e t a i l s  
of i n t e r m o l e c u l a r ,  i n t e r g r a n u l a r  or  i n t e r d i s l o c a t i o n  i n t e r a c t i o n s .  O f  course, 
t h i s  i s  n o t  t o  i m p l y  t h a t  q u a l i t a t i v e  (and q u a n t i t a t i v e )  unders tand ing  of 
behav io r  on t h e  m i c r o s c a l e  shou ld  n o t  s t r o n g l y  i n f l uence  t h e  f o r m u l a t i o n  and 
s t r u c t u r e  o f  phenomenological t h e o r i e s .  

The au tho rs  a r e  hope fu l  t h i s  research  w i l l  complement o t h e r  ongo ing  
e f f o r t s  a t  NASA Lewis Research Center r e l a t i n g  to  t h e  h igh- tempera ture  behav io r  
o f  meta l  m a t r i x  composites ( r e f s .  1 t o  5). P a r t s  o f  t h e  p r e s e n t  work ( b e l i e v e d  
e s s e n t i a l  i n  r e p r e s e n t i n g  t h e  time-dependent, h e r e d i t a r y  behav io r  o f  me ta l s )  
may prove h e l p f u l  i n  ex tend ing  t h e  micromechanics equa t ions  f o r  t h e  thermal  
and mechanical behav io r  of composites ( r e f s .  1 and 2 )  t o  i n c l u d e  some impor tan t  
v i s c o p l a s t i c  f ea tu res .  

STATEMENT OF THE THEORY 

T h i s  work i s  an e x t e n s i o n  of  t h a t  by  Robinson ( r e f .  6) and i n c l u d e s  t h e  
fo rmer  work as a s p e c i a l  case. I n  r e f e r e n c e  6, t h r e e  m a t e r i a l  parameters ove r  
and above those necessary for r e p r e s e n t i n g  1 s o t r o p i c  v i  s c o p l a s t i c  behav io r  were 
necessary t o  account for t ransve rse  i s o t r o p y .  Here, f ou r  parameters have t o  be 
s p e c i f i e d  ( f i g .  1 ) .  The a d d i t i o n a l  parameter a r i s e s  from a l e s s  r e s t r i c t i v e  
s e t  of  assumptions made i n  t h e  t h e o r e t i c a l  development. D e f i n i t i o n  o f  t h e  
a d d i t i o n a l  parameter leads  t o  more t e s t i n g  t o  c h a r a c t e r i z e  a p a r t i c u l a r  m a t e r i a l  
b u t ,  a t  t h e  same t ime,  o f f e r s  t h e  d i s t i n c t  advantage o f  g r e a t e r  f l e x i b i l i t y  i n  
c o r r e l a t i n g  p r e d i c t i o n s  w i t h  exper imenta l  da ta .  

A s  i n  r e f e r e n c e  6, t h e  s t a r t i n g  p o i n t  i s  t h e  assumed e x i s t e n c e  o f  a d i s -  
s i p a t i o n  p o t e n t i a l  f u n c t i o n  ( r e f s .  7 to  9); t h a t  i s  

R = R (uij,aij,T) ( 1 )  



w i t h  t h e  g e n e r a l i z e d  n o r m a l i t y  s t r u c t u r e  

Here, oi j  and aij denote t h e  components o f  the  a p p l i e d  and i n t e r n a l  s t r e s s  
t e n s o r s ,  r e s p e c t i v e l y ,  E i j  denotes the  components o f  the  i n e l a s t i c  s t r a i n  r a t e  
tenso r ,  h i s  a s c a l a r  f u n c t i o n  o f  the  i n t e r n a l  s t r e s s ,  and T i s  t h e  tempera- 
t u r e .  A l though  a i s  shown as a f u n c t i o n  o f  temperature,  o n l y  i s o t h e r m a l  
de fo rma t ions  w i l l  be cons idered i n  the  f o l l o w i n g  development. Ex tens ion  to  
non iso thermal  c o n d i t i o n s  fol lows as i n  r e f e r e n c e  10. 

I n  t h e  f u l l y  i s o t r o p i c  case, t he  s t r e s s  dependence o f  Q e n t e r s  o n l y  
th rough  t h e  p r i n c i p a l  i n v a r i a n t s  o f  the d e v i a t o r i c  a p p l i e d  and i n t e r n a l  
s t resses  ( r e f .  10). For t r a n s v e r s e  i s o t r o p y ,  R must  depend a d d i t i o n a l l y  on 
t h e  l o c a l  p r e f e r e n t i a l  ( f i b e r )  d i r e c t i o n  denoted by  t h e  components o f  a u n i t  
v e c t o r  d i  (or ,  as t h e  sense o f  d i  i s  i m m a t e r i a l ,  on the  components o f  a 
symmetric d i r e c t i o n a l  t enso r  d i d j ) .  Form i n v a r i a n c e  ( o b j e c t i v i t y )  o f  R 
r e q u i r e s  t h a t  i t  depend o n l y  on i n v a r i a n t s  o f  the  a p p l i e d  and i n t e r n a l  
s t resses ,  t h e  d i r e c t i o n a l  t e n s o r ,  and c e r t a i n  p roduc ts  o f  these tenso rs  
( r e f .  1 1 ) .  

A subset o f  the  i r r e d u c i b l e  s e t  o f  i n v a r i a n t s  fo r  form i n b a r i a n c e  ( i n t e g -  
r i t y  b a s i s )  i s  used ( r e f .  11) 

I, = 2 'c c 
i j  j i  

( 4 )  

where X i *  denotes t h e  components o f  t h e  e f f e c t i v e  s t r e s s ,  t h a t  i s ,  t h e  d i f -  
f e rence  o# t h e  d e v i a t o r i c  a p p l i e d  and i n t e r n a l  s t r e s s e s .  I 1  r e l a t e s ,  as i n  
the  i s o t r o p i c  case, t o  t h e  e f f e c t i v e  o c t a h e d r a l  shear s t r e s s ,  I 2  r e l a t e s  to  
t h e  shear component o f  t h e  e f f e c t i v e  t r a c t i o n  on the  p lane  o f  i s o t r o p y  ( p l a n e  
normal t o  d i ) ,  and I 3  corresponds to t h e  normal component o f  the  e f f e c t i v e  
t r a c t i o n  a l o n g  d i .  

Tak ing  Q to  be dependent on t h e  a p p r o p r i a t e  i n v a r i a n t s  and u s i n g  equa- 
t i o n s  ( 2 )  and ( 3 ) .  t h e  f low law becomes 

9 



- 4I3(wZ2- ll)(3didj - &ij)/ (7) 
4w - 

and t h e  e v o l u t i o n a r y  law becomes 

- 41 id id j  H d i j  - -  - Go E i j  - RGm-o[aij - ( v ) ( d k d i a j k  + djdkaki 

w i t h  

and 

The f u n c t i o n  f (  
c i a t e d  w i t h  t h e  
v e c t o r  d i  (spec 
parameters assoc 
( f i g .  1 ) .  1;. I 

(10) 

F) and t h e  m a t e r i a l  parameters m, 0, R, H ,  and KT a r e  asso- 
v i s c o p l a s t i c  response ( r e f .  10); t h e  components o f  the u n i t  
i f i e d  i n  terms o f  two Eu le r  ang les ) ,  w ,  and q, a r e  t h e  f o u r  
i a t e d  w i t h  t h e  d i r e c t i o n  and s t r e n g t h  of t r a n s v e r s e  i s o t r o p y  ;, 1; a r e  i n v a r i a n t s  of t h e  d e v i a t o r i c  i n t e r n a l  s t r e s s  aii, 

' J  

s i m i l a r  i n  form t o  equa t ions  (4 )  t o  (6). Note t h a t  w i t h  w = q = 1 
equa t ions  ( 7 )  t o  (10) reduce t o  t h e  i s o t r o p i c  forms r e p o r t e d  i n  r e f e r e n c e  10. 
The d e t a i l s  o f  the  d e r i v a t i o n  of equa t ions  ( 7 )  to  (10) a r e  l e f t  t o  t h e  
re fe rences  6, 10, and 1 1 .  

For a p a r t i c u l a r  composi te m a t e r i a l  t h e  parameters w and q, des igna t -  

D i f f e r e n t  volume r a t i o s  i n v o l v i n g  
i n g  t h e  s t r e n g t h  of a n i s o t r o p y ,  depend on  t h e  i n d i v i d u a l  c o n s t i t u e n t  m a t e r i a l s  
( f i b e r  and m a t r i x )  and t h e i r  volume r a t i o .  
t h e  same c o n s t i t u e n t s  a r e  cons idered d i f f e r e n t  m a t e r i a l s .  
p resen t  t h e o r y  t o  a r b i t r a r i l y  l a r g e  deformat ions, t h e  l o c a l  volume r a t i o  may 
change i n  t h e  course of de format ion  (as does t h e  l o c a l  d e n s i t y  i n  an i s o t r o p i c  
m a t e r i a l ) ;  i n  which case e v o l u t i o n a r y  laws fo r  w and r l  must be s p e c i f i e d .  
Also, fo r  l a r g e  de format ions  and/or  r o t a t i o n s ,  t h e  p r e f e r e n t i a l  d i r e c t i o n  d i  
may convect w i t h  t h e  m a t e r i a l  t he reby  r e s u l t i n g  i n  i n c r e a s i n g  a n i s o t r o p i c  inho- 
mogeneity.  A t  t h i s  t ime,  l a r g e  deformat ions and r o t a t i o n s  a r e  n o t  cons idered.  

I n  ex tend ing  t h e  
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SOME FUNDAMENTAL IMPLICATIONS OF THE THEORY 

A s  i n  e a r l i e r  works ( r e f s .  6 and 10) F p l a y s  t h e  r o l e  o f  a Bingham-Prager 
t h r e s h o l d  s t r e s s  f u n c t i o n ;  i n e l a s t i c  response occurs  o n l y  fo r  F > 0. The sur-  
f a c e  F = 0 i n  the  s t r e s s  space enc loses  s t r e s s  s t a t e s  t h a t  produce e l a s t i c  
behav io r  o n l y .  ull - u2* 
p lane  fo r  f u l l  i s o t r o p y  ( W  = q = 1 )  and t h e  v i r g i n  s t a t e  ( a i  = 0). An i n f i -  

The d i r e c t i o n  o f  t h e  i n e l a s t i c  s t r a i n  r a t e  v e c t o r  a t  each s t r e s s  p o i n t  on a 
g i v e n  su r face  i s  d i r e c t e d  normal t o  t h e  su r face .  The e x i s t e n c e  o f  these sur-  
faces  and the  concept o f  n o r m a l i t y  has been demonstrated e x p e r i m e n t a l l y  f o r  the  
i s o t r o p i c  case i n  r e f e r e n c e  12. 

F i g u r e  2 shows a t y p i c a l  p r o j e c t i o n  of  F = 0 on t h e  

n i t e  f a m i l y  of surfaces F = c o n s t a n t  i s  a s s o c i a t e d  w i t h  eac d i n e l a s t i c  s t a t e .  

O2 2 F i g u r e  3 shows t h e  co r respond ing  p r o j e c t i o n  o f  F = 0 on t h e  ul, - 
p lane  f o r  t h e  t r a n s v e r s e l y  i s o t r o p i c  case w i t h  w = r l  = 2. For each curve  
shown, t h e  p r e f e r e n t i a l  d i r e c t i o n  i s  t aken  t o  l i e  i n  the  XI, X2 p h y s i c a l  
p lane  w i t h  a s p e c i f i e d  ang le  'Q r e l a t i v e  to the  X i  a x i s .  These curves, as 
i n  f i g u r e  2 ,  cor respond t o  t h e  v i r g i n  s t a t e .  The shape and o r i e n t a t i o n  of  t h e  
su r faces  F = 0 (and a l l  su r faces  F = cons tan t )  now depend on t h e  l o c a l  p r e f -  
e r e n t i a l  d i r e c t i o n  d i .  Note, for i ns tance ,  t h a t  f o r  'p = 0, t h e  i n t e r c e p t  on 
t h e  ul1 a x i s  i s  t h e  t h r e s h o l d  s t r e s s  YL,  ( f i g s .  1 and 3 > ,  t h e  i n t e r c e p t  on 
the  uz2 a x i s  i s  YT ,  and w = ( Y L / Y T >  = 2. 

As an i n t e r e s t i n g  and i l l u s t r a t i v e  example, cons ide r  the  s t r e s s  p a t h  
t h a t  i s  denoted as a d o t t e d  l i n e  i n  f i g u r e s  2 ahd 3. T h i s  i s  O11 = 2a22 

e q u i v a l e n t  to the  s t r e s s  s t a t e  i n  a t h i n - w a l l e d  tube w i t h  c losed  ends under 
i n t e r n a l  p ressure ,  where all i s  t h e  c i r c u m f e r e n t i a l  or hoop s t r e s s  and u~~ 

t he  a x i a l  s t r e s s .  Wi th  i n c r e a s i n g  p ressu re ,  t h e  s t r e s s  p o i n t  e v e n t u a l l y  
reaches t h e  su r face  F = 0 and t h e  tube beg ins  t o  deform i n e l a s t i c a l l y .  I n  f i g -  
u r e  2, cor respond ing  t o  t h e  i s o t r o p i c  tube, i n e l a s t i c  de fo rma t ion  occu rs  as 
i n d i c a t e d  by the  s t r a i n  r a t e  v e c t o r  shown. N o r m a l i t y  d i c t a t e s  t h a t  t h e  a x i a l  
s t r a i n  r a t e  .&22 
l e n g t h .  C o n t r a s t  t h i s  behav io r  w i t h  t h a t  o f  f i g u r e  3 w i t h  'p = 0. T h i s  case 
rep resen ts  a c i r c u m f e r e n t i a l l y  r e i n f o r c e d  tube w i t h  a t h r e s h o l d  s t r e s s  i n  t h e  
c i r c u m f e r e n t i a l  d i r e c t i o n  t h a t  i s  t w i c e  t h a t  o f  t h e  a x i a l  d i r e c t i o n .  A s  F = 
0 i s  reached and i n e l a s t i c i t y  beg ins  to  occur ,  t h e  (normal)  s t r a i n  r a t e  v e c t o r  
has a r e l a t i v e l y  l a r g e  a x i a l  component The t h i n  tube now exper iences  
i n e l a s t i c  a x i a l  e x t e n s i o n .  Thus the  mode o f  i n e l a s t i c  de fo rma t ion  has changed 
q u a l i t a t i v e l y  w i t h  r e i n f o r c e m e n t .  S i m i l a r  o b s e r v a t i o n s  a r e  w e l l  documented 
for  t ime- independent r e i n f o r c e d  s t r u c t u r e s  ( r e f .  13).  

i s  zero ,  t h a t  i s ,  t h e  tube i n c u r s  no  i n e l a s t i c  change i n  

E22.  

EXPERIMENTAL DETERMINATION OF MATERIAL PARAMETERS 

Two types  o f  specimens a re  presumed to  be a v a i l a b l e :  t h i n - w a l l e d  compos- 
i t e  tubes t h a t  a re  l o n g i t u d i n a l l y  r e i n f o r c e d  (hav ing  a s i n g l e  f i b e r  d i r e c t i o n  
o r i e n t e d  a x i a l l y )  and those t h a t  a r e  c i r c u m f e r e n t i a l  l y  r e i n f o r c e d  (c i r cumfe ren -  
t i a l  f i b e r  o r i e n t a t i o n ) .  Each t ype  o f  tube w i l l  be loaded e i t h e r  i n  pu re  tor- 
s i o n  or i n  pu re  t e n s i o n .  A l though n o t  d iscussed here ,  combined t e n s i o n  and 
tors on exper iments can be used as v e r i f i c a t i o n  t e s t s  t o  assess the  c o r r e c t -  
ness o f  t h e  m u l t i a x i a l  t h e o r y  ( r e f .  12) .  A s  i s  w e l l  known, t h e  t h i n - w a l l e d  
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tube i s  an i d e a l  specimen fo r  t h e  development of c o n s t i t u t i v e  r e l a t i o n s h i p s  i n  
t h a t  i t  p rov ides  a n e a r l y  homogeneous and u n i f o r m  r e g i o n  of  s t r e s s  and s t r a i n ,  
and i s  s t a t i c a l l y  de te rm ina te .  

Those parameters r e l a t i n g  t o  t h e  s t r e n g t h  o f  a n i s o t r o p y ,  w and Q, and 
the  t h r e s h o l d  s t r e n g t h  Y L ( E K T ( ~ u ~  - 1 ) 1 / 2 )  a r e  determined th rough  p r o b i n g  
t e s t s .  These t e s t s  a r e  designed t o  determine the  i n e l a s t i c  s t r a i n  r a t e  for a 
g i v e n  s t r e s s  i n  the  neighborhood of a cons tan t  i n e l a s t i c  s t a t e ,  here t h e  i n i -  
t i a l  ( v i r g i n )  s t a t e  o f  t h e  m a t e r i a l .  Indeed, i t  i s  the  degree o f  i n i t i a l  
t r a n s v e r s e  i s o t r o p y  t h a t  i s  of i n t e r e s t  i n  t h i s  s tudy .  
ducted p r o p e r l y ,  f u rn i shes  t h e  d e s i r e d  i n f o r m a t i o n  w i t h o u t  s i g n i f i c a n t l y  chang- 
i n g  the  s t a t e .  

The p r o b i n g  t e s t ,  con- 

The m a t e r i a l  f u n c t i o n  f ( F )  and the  parameters m, 8, R, and H r e l a t -  
i n g  to  t h e  v i s c o p l a s t i c  p r o p e r t i e s  of  t h e  composi te a r e  o b t a i n e d  from a combi- 
n a t i o n  o f  t h e  p r o b i n g  t e s t s  and creep t e s t s  conducted on l o n g i t u d i n a l l y -  
r e i n f o r c e d  tubes ( o r  b a r s ) .  A l t e r n a t e l y ,  i n  p l a c e  o f  the  l a t t e r  t e s t s ,  one 
cou ld  use t o r s i o n  t e s t s  on c i r c u m f e r e n t i a l l y  r e i n f o r c e d  tubes as o u t l i n e d  i n  
r e f e r e n c e  1 1 .  The p resen t  cho ice  of bas ing  t h e  v i s c o p l a s t i c  parameters on u n i -  
a x i a l  creep t e s t s  o f  a x i a l l y  r e i n f o r c e d  tubes i s  m o t i v a t e d  by ( 1 )  t h e  r e l a t i v e  
ease o f  f a b r i c a t i n g  l o n g i t u d i n a l l y  r e i n f o r c e d  t u b u l a r  specimens ove r  those 
r e i n f o r c e d  c i r c u m f e r e n t i a l l y  and ( 2 )  t h e  advantage of c h a r a c t e r i z i n g  d i r e c t l y  
t h e  i n e l a s t i c  response i n  t h e  c r i t i c a l  f i b e r  d i r e c t i o n .  I n  t h e  case o f  extreme 
r e i n f o r c e m e n t  (e .g . ,  a r e l a t i v e l y  h i g h  volume r a t i o  o f  v e r y  s t r o n g  f i b e r s  t h a t  
remain e s s e n t i a l l y  e l a s t i c ) ,  composi te s t r u c t u r e s  a r e  known t o  be "shear l i m i t -  
ed" ( r e f .  12),  and t h e i r  i n e l a s t i c  behav io r  i s  governed l a r g e l y  by t h e  shear 
response o f  the  m a t r i x .  
determine t h e  v i s c o p l a s t i c  parameters through t h e  t o r s i o n a l  creep t e s t s  on c i r -  
c u m f e r e n t i a l l y  r e i n f o r c e d  tubes d iscussed i n  r e f e r e n c e  1 1 .  

Under these c o n d i t i o n s  i t  may be advantageous to  

F i r s t ,  cons ide r  a p r o b i n g  t e s t  on a l o n g i t u d i n a l  tube.  Pure t o r s i o n  and 
pure t e n s i o n  probes a re  s c h e m a t i c a l l y  i l l u s t r a t e d  as t h e  r e s p e c t i v e  paths o-a 
and o-b i n  t h e  U-T s t r e s s  space of f i g u r e  4 (a ) .  Data from such t e s t s  t ake  
t h e  form o f  a sequence of s t r e s s  and i n e l a s t i c  s t r a i n  r a t e  p a i r s ,  ( r ,y)  a l o n g  
o-a and (u,€) a long  o-b. These d a t a  can be c o n v e n i e n t l y  p l o t t e d  as t h e  s o l i d  
curves u versus E and T versus y i n  f i g u r e  5. E x t r a p o l a t i o n  o f  t h e  
u versus & curve i n  f i g u r e  5 t o  t h e  E = 0 a x i s  f u r n i s h e s  t h e  l o n g i t u d i n a l  
t h r e s h o l d  s t r e s s  YL. 

S p e c i a l i z a t i o n  of equa t ions  (9) and (7 )  fo r  t h e  p a t h  o-a i n  f i g u r e  4(a)  
r e s u l t s  i n  

and 

2.r 
2 2E12 = y = f ( F )  - 

Q 
(12) 

i n  which T ( : u ~ ~ )  i s  t h e  a p p l i e d  shear s t r e s s .  The corresponding equa t ions  
fo r  pa th  o-b a re  
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and 

where o(3v11) i s  the applied normal stress. Now for F = constant (R = con- 
stant), equations ( 1 1 )  and (13) give 

112 
E =  T (9) 

while equations (12) and (14) combine to give 

(15) 

or 

OE = Ty (17) 

Thus, in figure 4(a) points (T,Y) along o-a and (u,&) along o-b, having 
the same dissipation rate, lie on a common 
for example, the particular points ( T ~ , Y ~ )  and CuA,EA) i n  figure 4(b). 

F = constant (R = constant) curve; 

Pairs of points in the plot of figure ( 5 )  that lie on an F = constant 
locus are related geometrically such that areas uA&A and T ~ Y ~  are equal. 
Several such pairs can be matched up giving an average value of the ratio 

Thus, from equation (15) 

1 /2 

($- l) = 

Probing tests on circumferential ly reinforced tubes produce results 
entirely analogous to those di scussed above for long1 tudinal ly reinforced 
tubes; counterparts of figures 4(a), 4(b), and 5 can be constructed. 

(19) 

The governlng equations corresponding to the pure torsional loading of 
the circumferentlal tube are identical to equations ( 1 1 )  and (12). The equa- 
tions relating to pure tension of the circumferential tube are 
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2 2  o w  - 1  2 (4u2 - l ) K T  
F =  

and 

2 
w 20 Ell = E = f ( F )  

4u2 - 1 

(20) 

(21 1 

A s  b e f o r e ,  fo r  F = cons tan t  (R = c o n s t a n t ) ,  equa t ions  ( 1 1 )  and (20)  combine t o  

g i v e  

whereas equa t ions  (12) and (21) g i v e  

or 

Again, i n  f i g u r e  4 
d i s s i p a t i o n  r a t e s ,  
l a r l y ,  match ing pa 
averagi  ng g i v e s  

OE = r y  (24) 

a) p o i n t s  (r,i) a long  o-a anG (a,;, a l o n g  o-b, w i t h  equal 
f a l l  on a common F - c o n s t a n t  curve ( f i g .  4 (b ) ) .  S i m i -  
r s  of p o i n t s  corresponding t o  F = c o n s t a n t  curves and 

Making use o f  e q u a t i o n  (191,  from t e s t s  on l o n g i t u d i n a l l y  r e i n f o r c e d  tubes, and 
equa t ion  (251, from c i r c u m f e r e n t i a l l y  r e i n f o r c e d  tubes, r e s u l t s  i n  

and 

112 (4w2 - 1 )  
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t he reby  comp le te l y  c h a r a c t e r i z i n g  the  s t r e n g t h  of  i n i t i a l  a n i s o t r o p y .  Reca l l  
t h a t  the  l o n g i t u d i n a l  t h r e s h o l d  s t r e s s  Y ~ ( z K ~ ( 4 0 2  - 1 I 1 l 2 )  i s  a l s o  known. 

Turn now t o  t h e  d e t e r m i n a t i o n  o f  t h e  rema in ing  v i s c o p l a s t i c  m a t e r i a l  
parameters.  A s  i n d i c a t e d  e a r l i e r ,  a l t hough  severa l  o p t i o n s  a r e  open i n  t h i s  
r e g a r d  ( i n c l u d i n g  t o r s i o n a l  t e s t s  on c i r c u m f e r e n t i a l l y  s t reng thened  tubes as 
i n  r e f .  l l), the  cho ice  here  i s  t o  cons ide r  u n i a x i a l  c reep t e s t s  on  l o n g i t u d i -  
n a l l y  r e i n f o r c e d  t h i n - w a l l e d  tubes .  
on l o n g i t u d i n a l  tubes a l r e a d y  d iscussed.  Typ ica l  r e s u l t s  o f  u n i a x i a l  c reep 
t e s t s  a re  i l l u s t r a t e d  i n  f i g u r e  6 .  

Th i s  i s  i n  a d d i t i o n  to  t h e  p r o b i n g  t e s t s  

Accord ing  t o  t h e  p r e s e n t  t h e o r y ,  t h e  govern ing  equa t ions  f o r  t h e  cons id -  
e red  creep c o n d i t i o n s  a r e  

2 G = 7  S 

yL 

n 1 
F (U - E =  

p(4w2 - 1 )  

and 

where 

3R n 

2 2(m-l3) R =  
(40  - l ) Y L  

n 

8 = 28 

m = 2m 
h 

(29) 

(30) 

(32) 

. .  
Here, E(:E,~) i s  t h e  a x i a l  component o f  i n e l a s t i c  s t r a i n  r a t e ,  and 
the  u n i a x i a l  component o f  the  i n t e r n a l  s t a t e  v a r i a b l e  aij. 
t i o n s  (32) i n d i c a t e s  t h a t  t he  f u n c t i o n  f ( F >  has been s p e c i a l i z e d  as a power 
f u n c t i o n  c h a r a c t e r i z e d  by  t h e  cons tan ts  p and n. 

s(5all) i s  
The first of  equa- 
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Note fo r  f u t u r e  re fe rence t h a t  for F > >  0, equa t ion  (30 ) .  t h e  f low law, 
can be approximated as 

2n+l  E = B(o - S )  

where 

1 
2 2n B =  

p ( 4 u  - l ) Y L  

Also, d u r i n g  t h e  e a r l y  p a r t  of p r i m a r y  ( t r a n s i e n t )  creep where s i s  smal l  
( f i g .  6), t h e  e v o l u t i o n a r y  law e q u a t i o n  (31) can be approximated as 

s %(>)E h 

The i n i t i a l  creep r a t e  f o l l o w i n g  a b r u p t  a p p l i c a t i o n  o f  t h e  s t r e s s  o 
( f i g .  6 ) ,  i s  expressed by equa t ion  (33) w i t h  s = 0. That i s  

2n+l 
E = BO 

(33)  

(34)  

(35) 

(36) 

I n f o r m a t i o n  f o r  d e t e r m i n i n g  B and n can be o b t a i n e d  d i r e c t l y  from t h e  i n i -  
t i a l  c reep r a t e s  as i l l u s t r a t e d  i n  f i g u r e  6, or a l t e r n a t i v e l y ,  and more accu- 
r a t e l y ,  from t h e  d a t a  genera ted  from t h e  p r o b i n g  t e s t s  a l r e a d y  cons ide red ;  t h e  
u versus E d a t a  i l l u s t r a t e d  i n  f i g u r e  5. By assuming these d a t a  c o r r e l a t e  
w i t h  e q u a t i o n  (36).  a p l o t  o f  l o g ( & >  versus  l o g ( a )  p r o v i d e s  b o t h  n and B 
d i r e c t l y  ( f i g .  7 ) .  I f  c o r r e l a t i o n  w i t h  equa t ion  (36) i s  n o t  s a t i s f a c t o r y  a 
d i f f e r e n t  f u n c t i o n  f ( F >  may have t o  be cons idered i n  t h e  f irst o f  equa- 
t i o n s  (32) .  I n  t h i s  s tudy ,  i t  i s  assumed t h a t  t h e  power law form i s  a p p r o p r i -  
a t e  (as  has been found f o r  severa l  i s o t r o p i c  a l l o y s )  and t h a t  n and B can 
be determined. Wi th  n ,  B ,  a, and YL known, p i s  t hen  de termined from equa- 
t i o n  ( 3 4 ) .  

Now focus a t t e n t i o n  on steady s t a t e  c reep i n f o r m a t i o n  ( f i g .  6 ) .  A t  
s teady  s t a t e  s = 0, so from e q u a t i o n  (31) 

Steady s t a t e  c reep d a t a  p rov ides  the  p a i r s  ( u , E S )  b u t  w i t h  u, p, YL, and 
known, equa t ion  (30) a l l o w s  s s  ( t h e  s teady  s t a t e  i n t e r n a l  s t r e s s )  to  be ca l cu -  
l a t e d  f o r  each p a i r ,  thus  g i v i n g  the  d a t a  p a i r s  ( E s , s s ) .  P l o t t i n g  log(Cs)  ve r -  
sus l o g ( s s )  p rov ides  va lues  of ( R / H )  and m d i r e c t l y  as i n d i c a t e d  by t h e  
l o g a r i t h m i c  form o f  equa t ion  (37) and f i g u r e  8 .  The l a s t  of equa t ions  (32) 
p rov ides  the  exponent m. 

n 

A h  h 
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A t t e n t i o n  i s  now t u r n e d  t o  t h e  p r i m a r y  creep 
i n d i c a t e d  i n  e q u a t i o n  (35 ) ,  t h e  e v o l u t i o n  of s 

governed by creep i s  

E l  i m i  n a t  

5 =(>)E 

r e s u l t s  i n  

ng t i m e  and i n t e g r a t i n g  

or i n  t ransposed l o g a r i t h m i c  form 

s tage o f  the  c reep t e s t s  
n t h e  e a r l y  stages o f  p r  

dc 

Now u s i n g  e q u a t i o n  (33)  t o  s o l v e  fo r  s y i e l d s ,  

1 /2n+l  
s = 0 - (;) 

and s u b s t i t u t i n g  t h i s  r e s u l t  i n t o  equa t ion  (41)  g i v e s  

A s  
mary 

(38) 

(39) 

(42) 

E a r l y  p r i m a r y  c reep d a t a  p rov ides  t h e  d a t a  t r i p l e t s  ( C Y , & , € )  a t  each t i m e .  
B and n known, these d a t a  can be p l o t t e d  ( f i g .  9) i n  t h e  form o f  equa- 
t i o n  (43) y i e l d i n g  H(8 + 1 )  and (8 + 1). Us ing  equa t ions  ( 3 2 1 ,  R and 

n n  n 

A h  

With 

H 

can then be de termined.  Since R / H  i s  known from steady s t a t e  creep da ta ,  
i n d i v i d u a l  va lues  fo r  R and H can then  be found. F u r t h e r ,  by making use 
o f  the  second and t h i r d  o f  equa t ions  (32), t he  parameters R and H then  a r e  
known. F i n a l l y ,  t he  v i s c o p l a s t i c  parameters Y ~ ( z K ~ ( 4 w 2  - 1I1I2), p, n, m ,  8, 
R, and H a r e  comp le te l y  determined, as a r e  the  measures o f  t h e  s t r e n g t h  of 
t ransve rse  i s o t r o p y ,  w and q. 

h n 

SUMMARY AND CONCLUSIONS 

A c o n s t i t u t i v e  t h e o r y  i s  p resented  t o  r e p r e s e n t  the  h iah- tempera ture ,  
t ime-dependent, h e r e d i t a r y  behav io r  o f  m a t e r i a l s  t h a t  can be i d e a l i z e d  as 
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i n i t i a l l y  t r a n s v e r s e l y  i s o t r o p i c .  I n  p a r t i c u l a r ,  t he  t h e o r y  i s  a p p l i c a b l e  t o  
metal  m a t r i x  composite m a t e r i a l s  a t  e l e v a t e d  temperature where t h e i r  mechanical  
behav io r  i n c l u d e s  s i g n i f i c a n t  v i s c o p l a s t i c i t y  (e .g . ,  creep, r e l a x a t i o n ,  thermal  
recove ry ,  et:.) and, a t  t h e  same t i m e  these m a t e r i a l s  a r e  s t r o n g l y  d i r e c t i o n a l .  
I t  i s  presumed t h a t  a s i n g l e  p r e f e r e n t i a l  ( f i b e r )  d i r e c t i o n  i s  i d e n t i f i a b l e  a t  
each m a t e r i a l  p o i n t  t he reby  a d m i t t i n g  t h e  i d e a l i z a t i o n  o f  l o c a l  t r a n s v e r s e  iso- 
t r o p y .  A l though  n o t  addressed here ,  t h e  t h e o r y  can be extended, a t  t h e  expense 
o f  some a d d i t i o n a l  c o m p l e x i t y ,  t o  account for  two (or more) i d e n t i f i a b l e  p r e f -  
e r e n t i a l  d i r e c t i o n s  a t  each m a t e r i a l  p o i n t .  

The composi te i s  viewed as a cont inuum i n  i t s  own r i g h t ;  and d e t a i l e d  
i n t e r a c t i v e  e f f e c t s  o f  t h e  c o n s t i t u e n t s  a r e  n o t  accounted fo r  d i r e c t l y .  O f  
course, t h i s  p rec ludes  p r e d i c t i o n s  o f  d e t a i l e d  phenomena such as f a i l u r e  by  
debonding, de lamina t ion ,  and so f o r t h .  However, t he  r e s u l t  i s  a reasonab ly  
s imp le  m u l t i a x i a l  c o n s t i t u t i v e  t h e o r y  t h a t  i s  e a s i l y  implemented i n t o  s t r u c -  
t u r a l  a n a l y s i s  codes fo r  p r e d i c t i n g  the  de format ion  response o f  s t r u c t u r e s  sub- 
j e c t e d  to complex thermomechanical l o a d i n g  h i s t o r i e s .  Because t h e  response i n  
t h e  presence o f  m a t e r i a l  a n i s o t r o p y  i s  o f t e n  h i g h l y  n o n i n t u i t i v e ,  t h i s  t h e o r y  
p rov ides  a v a l u a b l e  tool f o r  t h e  des ign  eng ineer .  

Some fundamental aspec ts  o f  the  t h e o r y  a r e  exp lo red  th rough geomet r i c  
i n t e r p r e t a t i o n  o f  some b a s i c  f e a t u r e s  analogous t o  those o f  t ime- independent  
p l a s t i c i t y  t h e o r y .  Convex i t y  o f  the  d i s s i p a t i o n  p o t e n t i a l  su r faces  ( F  = 
cons tan t  or Q = c o n s t a n t )  i s  demonstrated, and t h e  shape o f  t h e  su r faces  i s  
shown t o  be dependent on t h e  s t r e n g t h  and o r i e n t a t i o n  o f  a n i s o t r o p y .  An exam- 
p l e  i n v o l v i n g  t h e  response o f  a t h i n - w a l l e d  tube under i n t e r n a l  p ressu re  demon- 
s t r a t e s  the  q u a l i t a t i v e  changes i n  t h e  i n e l a s t i c  de fo rma t ion  mode t h a t  can 
r e s u l t  from d i r e c t i o n a l  s t r e n g t h e n i n g  ( a n i s o t r o p y ) .  

A key  i n g r e d i e n t  i n  t h e  p r e s e n t  work i s  t he  s p e c i f i c a t i o n  o f  an e x p e r i -  
mental p rocedure  for t h e  complete d e t e r m i n a t i o n  o f  t h e  m a t e r i a l  parameters fo r  
a p a r t i c u l a r  meta l  m a t r i x  composi te.  The parameters r e l a t i n g  t o  the  s t r e n g t h  
o f  a n i s o t r o p y  a r e  de termined th rough p r o b i n g  exper iments on t h i n - w a l l e d  tubes 
o f  two k i n d s ;  c i r c u m f e r e n t i a l l y  r e i n f o r c e d  ( a  s i n g l e  f i b e r  d i r e c t i o n  o r i e n t e d  
c i r c u m f e r e n t i a l l y )  and l o n g i t u d i n a l l y  r e i n f o r c e d  ( a x i a l  f i b e r  d i r e c t i o n ) .  The 
tubes a r e  loaded i n  b o t h  t e n s i o n  and t o r s i o n .  The parameters r e l a t i n g  t o  the  
v i s c o p l a s t i c  p r o p e r t i e s  o f  t h e  composi te a r e  determined p r i m a r i l y  t h rough  u n i -  
a x i a l  c reep t e s t s  conducted on l o n g i t u d i n a l l y  r e i n f o r c e d  tubes .  A1  t e r n a t e l y ,  
as d iscussed,  one c o u l d  use pu re  t o r s i o n  t e s t s  on c i r c u m f e r e n t i a l l y  r e i n f o r c e d  
tubes i n  p l a c e  o f  t h e  u n i a x i a l  c reep t e s t s .  A d d i t i o n a l  t e s t s  a r e  suggested i n  
o r d e r  to assess the  c o r r e c t n e s s  and accuracy of the  t h e o r y .  
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0 = Y L N T  r) = KL/KT 

FIGURE 1. - PARAMETERS ACCOUNTING FOR TRANSVERSE ISOTROPY ~lr. e .  
0 , Q .  THE LOCAL F IBER DIRECTION IS DENOTED BY THE U N I T  VECTOR 

ARE THRESHOLD STRESSES AS INDICATED. DEFINITIONS OF THE PARAM- 
ETERS 0 AND r) ARE GIVEN. 

q - SPECIFIED BY THE EULER ANGLES u~ AND e .  yL, Y,. K ~ ,  AND K, 

u22 2 :[ 
*s 

I I I I 1 
-3 -2 2 3 4 

01 1 

-3 -'t 
FIGURE 2. - PROJECTION OF FLOW SURFACE F = 0 ON U11-92 PLANE 

( 0  = r) = ~ - I S O T R O P Y ) .  UNITS OF STRESS ARE ARBITRARY. 

20 



-4 L 
FIGURE 3. - PROJECTION OF FLOW SURFACES F = 0 ON u,,-a,, PLANE 

UNITS OF STRESS ARE'ARBITRARY. ( 0  = Q = 2). 
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FIGURE 4 ( a ) .  - TENSION AND TORSION PROBES SCHEMATICALLY ILLUSTRATED 
I N  THE 0-T STRESS PLANE. 

4(b) . - DATA POINTS THAT L I E  ON A COMMON f = CONSTANT CURVE, 
POINTS A.A HAVE THE SAME DISSIPATION RATE. 
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FIGURE 5 .  - STRESS AND INELASTIC STRAIN RATE PAIRS FROM TORSION 
AND TENSION PROBE DATA ON A LONGITUDINALLY REINFORCED TUBE. 
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FIGURE 6. - TYPICAL CREEP CURVES. 
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FIGURE 7. - DETERMINATION OF B AND n. 
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-IGURE 8 .  - DETERMINATION OF 6 AND$/G. 
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FIGURE 9. - DETERMINATION OF ($ + 1) AND l/??($ + 1). 
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