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NONLINEAR WAVE INTERACTIONS I N  SWEPT WING FLOWS 

Nabil  M. El-Hady 

Department of Mechanical Engineer ing and Mechanics 
Old Dominion Univers i ty ,  Norfolk, V i r g i n i a  23508 

Abstract 

An a n a l y s i s  is  presented  t h a t  examines the  modulation of d i f f e r e n t  

i n s t a b i l i t y  modes s a t i s f y i n g  t h e  t r i a d  resonance c o n d i t i o n  i n  t i m e  and space 

i n  a t h r e e  dimensional  boundary-layer flow. Detuning parameters  are used f o r  

t h e  wavenumbers and t h e  f requencies .  The nonpara l le l i sm of t he  mean flow is 

taken  i n t o  account  i n  t h e  a n a l y s i s .  A t  t h e  leading-edge r eg ion  of an i n f i n i t e  

swept wing, d i f f e r e n t  resonant  t r i a d s  a r e  i n v e s t i g a t e d  t h a t  are comprised of 

t r a v e l i n g  c ross f low,  s t a t i o n a r y  c ross f low,  v e r t i c a l  v o r t i c i t y ,  and Tollmien- 

S c h l i c h t i n g  modes. The s p a t i a l  evo lu t ion  of t he  r e s o n a t i n g  t r i a d  components 

are s t u d i e d .  
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I. In t roduc t ion  

An impor tan t  s t a g e  i n  the  t r a n s i t i o n  from laminar  t o  t u r b u l e n t  f low is  a 

r eg ion  of non l inea r  development, c h a r a c t e r i z e d  by a broad spectrum of non- 

l i n e a r l y  i n t e r a c t i n g  d i s tu rbances .  The c h a r a c t e r  of t h e  non l inea r  development 

i s  s t r o n g l y  dependent on t h e  i n i t i a l  spectrum of t h e  d i s tu rbances .  

Most t h e o r e t i c a l  and experimental  work was performed u s i n g  the  B l a s i u s  

boundary l a y e r  to  i n v e s t i g a t e  the  i n s t a b i l i t y  mechanism t h a t  break down i n t o  

turbulence .  On t h e  o t h e r  hand, l i t t l e  is known about  t h e  p h y s i c a l  phenomena 

t h a t  l e a d s  t o  t r a n s i t i o n  i n  cases l i k e  swept wings where t h e  boundary l a y e r  is 

three-dimensional  (3D). In t h i s  s i t u a t i o n ,  t h e  boundary-layer p r o f i l e  

c o n s i s t s  of a streamwise v e l o c i t y  component i n  the  d i r e c t i o n  of t he  e x t e r n a l  

i n v i s c i d  f low and a c ross f low v e l o c i t y  component normal t o  it a long  t h e  wing 

s u r f a c e .  Due t o  t h a t ,  d i f f e r e n t  types  of i n s t a b i l i t y  modes may e x i s t  and 

d i f f e r e n t  p o s s i b l e  i n t e r a c t i o n s  may occur  between t h e s e  modes r e s u l t i n g  i n  

s t a b i l i t y  c h a r a c t e r i s t i c s  that is much d i f f e r e n t  from what l i n e a r  theory  would 

sugges t  . 
The resonan t  i n t e r a c t i o n  of t h r e e  waves is cons idered  one of t he  mecha- 

n i s m s  t h a t  play an  impor tan t  role i n  determining the non l inea r  characterist ics 

of  the development of d i s tu rbances ,  l ead ing  t o  t r a n s i t i o n .  Such resonance 

occur s  whenever the  real  wavenumbers k and f r equenc ie s  w s a t i s f y  t h e  

c o n d i t i o n s  

wi th  cor responding  s i g n s  be ing  taken. 
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I n  B l a s i u s  boundary l a y e r ,  t h e r e  u s u a l l y  e x i s t  t r i a d s  comprised of 

two-dimensional wave propagat ing  i n  the f low d i r e c t i o n  and two-obliquely 

p ropaga t ing  p l ane  waves. met=' and S t u a r t 3  e s t a b l i s h e d  t h e  occurence of 

t r i a d  resonances f o r  c e r t a i n  n e u t r a l l y  l i n e a r  s t a b l e  waves. 

t h e  occurence of t h i s  t r i a d  resonance for c e r t a i n  u n s t a b l e  waves over a f l a t  

plate. 

equa t ions  of t h e  t r i a d  waves by relaxing Cra iks  assumption of p e r f e c t  

resonance. The resonance model of wave i n t e r a c t i o n  is  one of t h e  

expe r imen ta l ly  observed phenomena (e  .g., Kachanov e t  a l .  ', Kachanov and 

Levechenkol', S a r i c  and Thomas", S a r i c  e t  a1.12), i n  two-dimensional f lows 

t h a t  p l a y  an  impor t an t  r o l e  i n  the 3D secondary i n s t a b i l i t y  t h a t  break down 

i n t o  turbulence. 

Craik4-7 examined 

Lekoudis' de r ived  t h e  non l inea r  spa t ia l  and temporal e v o l u t i o n  

However, i n  3D boundary l a y e r s ,  as on a s w e p t  wing, the t r i a d  i s  

comprised of three r e s o n a n t l y  i n t e r a c t i n g  3D waves t h a t  may propagate i n  

d i f f e r e n t  d i r e c t i o n s .  Because 3D boundary l a y e r s  are u s u a l l y  r i c h  i n  

i n s t a b i l i t y  modes, one expec t s  t h e  possible e v o l u t i o n  of d i f f e r e n t  t r iads  with 

d i f f e r e n t  i n t e r a c t i n g ' m o d e s  t h a t  r e sona te .  Lekoudis13 confirmed t h e  e x i s t e n c e  

of  a t r iad  on a swept wing t h a t  c o n s i s t s  of three uns teady  c ross f low modes, 

b u t  t h e  i n t e r a c t i o n  c o e f f i c i e n t s  and the ampl i tudes  of the i n t e r a c t i n g  waves 

w e r e  never c a l c u l a t e d  i n  3D boundary-layer flows. 

It i s  known t h a t  t r a n s i t i o n  p r e d i c t i o n  methods used f o r  modern LFC t r a n s -  

n 
p o r t  depend p r i m a r i l y  on t h e  use of t h e  e c r i t e r i o n .  This method is based 

on ly  on t h e  exponen t i a l  growth of small  i n d i v i d u a l  d i s t u r b a n c e s  wi th in  a 

boundary l a y e r  accord ing  t o  l i n e a r  s t a b i l i t y  theory .  With t h e  i n t e r a c t i o n  of 

t h e  l i n e a r  modes of these d i s tu rbances  and t h e  p o s s i b i l i t y  of r a p i d  growth of 
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t h e i r  ampl i tudes ,  as is t h e  case f o r  Blas ius  boundary l a y e r s  14,15, the 

cr i ter ion is no longer  v a l i d  and a modified one is needed. 

en 

I n  t h i s  art icle,  we i n v e s t i g a t e  t h e  evo lu t ion  of  r e sonan t  t r i a d s  i n  3D 

boundary l a y e r s .  The t r i a d s  i n v e s t i g a t e d  are comprised of  d i f f e r e n t  

i n s t a b i l i t y  modes, s t a t i o n a r y  c ross f low (CF), t r a v e l i n g  c ross f low,  v e r t i c a l  

v o r t i c i t y  (W), and Tol lmien-Schl isht ing (TS) modes. In  s e c t i o n  I1 t h e  

non l inea r  a n a l y s i s  of t h e  t r i a d  resonant  i n t e r a c t i o n  is  developed. The mean 

f low used i n  t h e  c a l c u l a t i o n s  is the  boundary l a y e r  on a modern LFC t r a n s o n i c  

23O swept wing. In  our  a n a l y s i s  the  growth of t h e  boundary l a y e r  is  taken 

i n t o  account  assuming t h a t  it is of t he  same order  as t h e  non l inea r  e f f e c t s .  

Details of t h e  mean f low are given i n  s e c t i o n  111. Sec t ion  I V  d i s c u s s e s  t h e  

numerical  procedures .  Resu l t s  f o r  d i f f e r e n t  mode-mode i n t e r a c t i o n s  are given 

i n  s e c t i o n  v f o r  p a r a l l e l  f lows ,  while n o n p a r a l l e l  f l o w  e f f e c t s  are d i scussed  

39 

i n  s e c t i o n  V I .  Then w e  end wi th  concluding remarks. 

11. Nonlinear Analysis  

W e  cons ide r  t h e  non l inea r  i n t e r a c t i o n  of wave packe t s  i n  a 3D incompres- 

s i b l e  boundary l a y e r  on a swept wing. The flow f i e l d  i s  governed by the  non- 

dimensional  incompress ib le  Navier-Stokes equat ions .  The Car t e s i an  coord ina te  

system used has  t h e  x-axis i n  the  d i r e c t i o n  of t h e  normal chord,  t h e  z-axis  

a long  t h e  span,  and t h e  y-axis normal t o  t h e  su r face .  The Reynolds number 

R = UgL*/V; is based on a r e fe rence  l e n g t h  L* = (V;S*/U;)'/~, where s* i s  

is  the d i s t a n c e  a long  t h e  a i r f o i l  s u r f a c e  su r face ,  and v* is the  k inemat ic  

v i s c o s i t y  c o e f f i c i e n t  eva lua ted  a t  the  edge of the boundary l a y e r .  

e 

The mean f low is  assumed t o  be s l i g h t l y  n o n p a r a l l e l ,  wi th  E a small  

parameter c h a r a c t e r i z i n g  t h e  f low d ivergence ,  and i d e n t i f i e d  with 1/R. The 
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method of m u l t i p l e  scalesL6 is used t o  in t roduce  t h e  slow scales ( x L , z L , t l )  G 

(Ex,Ez,Et) t h a t  govern t h e  growth of t h e  boundary l a y e r ,  t he  modulation of t h e  

d i s tu rbance  ampli tude,  and t h e  change i n  t h e  e igenfunct ion .  While t h e  phase 

of  t h e  d i s tu rbance  changes over  t he  scales x, z ,  and t. 

To determine t h e  wave packe t  s o l u t i o n  of the  governing equa t ions ,  we 

assume t h a t  t h e  f low q u a n t i t i e s  possess  uniformly v a l i d  expansions i n  t h e  

form, 

A n 3 
2 

n= 1 
u = U ( X l , Y , Z l )  + 1 E U n ( X , X  1 , y , z , z l , t , t l )  + O ( E  1 

A 2 n  3 
E w n ( x , x l , y , z , z l , t , t l )  + O ( E  1 w = W ( X l ' Y , Z l )  + 

n= 1 

A 2 n  3 
P = P(Xl J 1 )  + 1 E Pn(X,Xl , y , z , z l  ,t,tl 1 + O ( E  ) 

n= 1 

( 1 )  

(2) 

( 3 )  

( 4 )  

Where U, V, W, and P are the  s t eady  mean-flow q u a n t i t i e s  and u,  v, w, and 

p are t h e  unsteady small disburbances.  To account  f o r  t h e  s imultaneous 

e f f e c t s  of the f low divergence and t h e  d i s tu rbance  n o n l i n e a r i t y ,  w e  assume 

t h a t  both e f f e c t s  can be expressed by t h e  same expansion parameter E.  

S u b s t i t u t i n g  equat ions  ( 1 )  - ( 4 )  i n t o  the  governing Navier-Stokes equa- 

t i o n s  a f t e r  t ransforming  t h e  t i m e  and space d e r i v a t i v e s ,  s u b t r a c t i n g  the  mean- 

f low terms, and equa t ing  t h e  c o e f f i c i e n t s  of l i k e  powers of  E,  w e  o b t a i n ,  

Order E: 

- 0  1 - + - + - - 1 
a w  au av 

Ll ( u ,  , v l  ,wl 1 = ax ay a Z  

1 

au aP1 -1 2 aU1 au l + u - + - v  + w -  ' + - - R  V u  = O  
au 

1 L2(u1 , v l  'P1 1 = - a t  ax ay 1 a 2  ax 

(5) 

(6) 
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-1 2 + R  V V  = O  
1 L (v rp 1 3 1 1  

where 

2 a 2  a 2  a 2  
ax  ay2 az 

+ - + -  2 v = -  2 

I 
I 1 

au a w  
L1(u  v w ) = - - -  - 2' 2' 2 ax, a Z ,  

1 

( 7 )  

( 8 )  

2 

1 
1 a U  

2 
-1 a u1 + 2R (-+ - axax 1 azazl 

au 1 aU 1 aUl  - r a x  __u +v- ay + T i  ] (10 )  aul au 
1 + w  -1 - ( u l  8x + v1 ay 

1 a vl  av a v  

1 a Z  

2 2 

1 L3(V2,P2) = - - - 2R-l(-+- az a Z  , 
awl awl avl avi av + w  - ) - [ v - + - v l  - ( u l  ax + v1 ay 1 az a Y  a Y  1 

( 1 1 )  

2 

1 1 a w  

a 2  az 

2 

+-  1 a w  aP1 a w  

a Z  1 az 1 1 

1 
aw 

1 
1 + - w - - -  + 2R-1 ( K  

a w  
L4(V2,W21P2) = - - -  

1 

1 ( 1 2 )  
1 aw a w  

ay Pi 
1 aw a w  

+ w  -1 - [----u +v-+ 1 
a w  

1 a w  

1 
- ('l ax + v1 ay 1 az ax, 1 

Here, t h e  l ead ing  o rde r  problem governs t h e  l i n e a r  wave i n  a paral le l  

I f low,  while  t h e  h igher  o rde r  problem i n c l u d e s  both  n o n p a r a l l e l  and non l inea r  

e f f e c t s .  
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2a. F i r s  t -o rde r  equa t ions  

Consider t h e  non l inea r  i n t e r a c t i o n  t h a t  may e x i s t  among t h r e e  wave 

.packets  cen te red  a t  t h e  f r equenc ie s  wl, w2, and w 3 .  Thus w e  express  t h e  

s o l u t i o n  of equa t ions  (5) - (8)  as a l i n e a r  combination of  t h r e e  i n t e r a c t i n g  

waves accord ing  t o ,  

where q ,m=1,...6 s t ands  f o r  u l ,au l /ay ,v l ,wl ,  awl/ay, and pl respec- l m  

t i v e l y  and 

n a e  - = - w  n=1,2,3 a t  n' ( 16 )  

The phase f u n c t i o n s  8, are assumed t o  be con t inuous ly  d i f f e r e n t i a b l e ,  that 

i s  

The an and Bn are t h e  complex wave numbers i n  the x and z d i r e c t i o n s  

g iven  by a = a + i a  and f3 - + i B  and w are t h e  complex 

f r e q u e n c i e s  given by w = w + i w  They s a t i s f y  t h e  resonance cond i t ions ,  

n n r  n i  n - 'nr n i  n 

n n r  n i  

( 1 8 )  t 0 - w  - w  = € U  3r  1r 2 r  

a - a  - a  = E U  (19 )  3r  lr 2 r  X 

6 



where t h e  de tuning  parameters u u and u [ a l l  O ( l ) ]  are in t roduced  t o  t‘ x z 

i n t roduced  t o  express  q u a n t i t a t i v e l y  t h e  nearness  of t h e  above resonance. 

S u b s t i t u t i n g  (13) - (16)  i n t o  equat ions  ( 5 ) - ( 8 ) ,  s e p a r a t i n g  c o e f f i c i e n t s  
i 0  

f o r  e , n=1,2,3, and w r i t i n g  t h e  r e s u l t  as s i x  f i r s t - o r d e r  systems of 

o r d i n a r y  d i f f e r e n t i a l  equa t ions ,  w e  o b t a i n ,  

s u b j e c t  t o  t h e  boundary c o n d i t i o n s  

where D = d/dy, and t h e  nonzero c o e f f i c i e n t s  of ( b  . )  are given i n  

Appendix A. 

mJ n 

2b. Second-order equa t ions  

In o r d e r  t o  determine t h e  cond i t ions  f o r  t h e  e l i m i n a t i o n  of s e c u l a r  terms 

i n  t h e  second-order equat ions  ( 9 ) - ( 1 2 ) ,  and hence determine t h e  ampli tudes 

an  i n  ( 1 3 ) ,  we seek a p a r t i c u l a r  s o l u t i o n  f o r  t h e  second-order equat ions  i n  

the form, 

a w  / a y  and p respec-  m=1,...6, s t ands  f o r  u2,au2/ay,v2,w2, 2 2’ q2m‘ 
where 

t i v e l y .  S u b s t i t u t i n g  (13) - (20)  and (24 )  i n t o  ( 9 ) - ( 1 2 )  and s e p a r a t i n g  t h e  

c o e f f i c i e n t s  of e , n=1,2,3, w e  o b t a i n  t h r e e  s e p a r a t e  systems of equa t ions ,  i o n  

where each can be w r i t t e n  as s i x  f i r s t - o r d e r  sets of equa t ions  i n  t h e  form, 

6 

j= l  
= Imn, m=1,...6 
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subject t o  the boundary c o n d i t i o n s ,  

*ln = *3n = *4n = 0 

JlinfJl3nt Jl4n 

a t y = O  

+ o  a s y + -  

( 2 6 )  

(27 )  

me c o e f f i c i e n t s  ( b  . )  are t h e  same as i n  equat ion  (211 ,  while  t h e  

inhomogeneous terms 

of equat ion  (131, an, B n ,  w 

i n c l u d e  a l l  n o n p a r a l l e l  and n o n l i n e a r  e f f e c t s .  

m 1  n 

'mn are f u n c t i o n s  of t h e  f i r s t - o r d e r  e i g e n s o l u t i o n s  

and t h e  mean-flow q u a n t i t i e s .  The terms 

Imn 

Imn 

Since  the homogeneous p a r t s  of e q u a t i o n  (25) are t h e  same a s  i n  equat ion  

(211, and s i n c e  t h e  l a t t e r  has  a n o n t r i v i a l  s o l u t i o n ,  t h e  inhomogeneous equa- 

t i o n  ( 2 5 )  has  a s o l u t i o n  i f ,  and o n l y  i f ,  and o n l y  i f ,  t h e  inhomogeneous p a r t s  

are or thogonal  t o  every  s o l u t i o n  of the cor responding  a d j o i n t  homogeneous 

problem; t h a t  is ,  

where <; are s o l u t i o n s  of t h e  a d j o i n t  problems, they  are, 

D S i n  - 1 ( b  . 1 S? = 0, m=1,...6 
m 1  n I n  j = l  

a t y = O  - c;n = 'in - r;, = 0 

s*2n,'*4n,S;n + 0 a s y + =  

- 
fo r  n=1,2,3, and b = -b m j  j m '  

( 29 )  

( 3 0 )  

( 3 1 )  

The s o l v a b i l i t y  c o n d i t i o n s  (28 )  g i v e  the fo l lowing  d i f f e r e n t i a l  equat ions  

f o r  t h e  e v o l u t i o n  of t h e  ampli tudes an i n  t i m e  and space,  

1 -r - aa aa. aa 
+ ~ h  a a e  = O  2 5 1 2 3  ' + ~ h  

h l l  at + h21 ax 31 1 41al + h  1 (32 )  

8 



2 aa -r 
2 + ~ h  a + ~ h  a a e  = O  2 aa aa2 

h12 at + h22 ax + h32 1 4 2 2  2 5 2 1 3  (33 )  

(34)  
-r3 + ~ h  a + ~ h  a a e  = O  aa3 aa3 aa3 

h13 at + h23 ax + h33 az 1 4 3 3  2 5 3 1 2  

- 
where h l n ,  h2n, h3n, h4,, hSn, and rn are given i n  Appendix B, and ( ) 

i n d i c a t e s  a complex conjugate  of ( 1 .  
- 

Equat ions (32) - (34)  account  f o r  t h e  combined e f f e c t  of  t h e  growth of t h e  

boundary l a y e r ,  and t h e  n o n l i n e a r  i n t e r a c t i o n s .  The parameters and €2 

are shown h e r e  ( c l  = €2 = E i n  the  a n a l y s i s )  on ly  t o  i n d i c a t e  terms due t o  

each e f f e c t .  If c2 << e l ,  t h e  nonl inear  i n t e r a c t i o n  can be neglec ted .  When 

El << €2,  t h e  n o n p a r a l l e l  e f f e c t  can be neglected.  It  i s  worth n o t i n g  t h a t  

wi th  t h i s  formula t ion  both nonl inear  and n o n p a r a l l e l  e f f e c t s  are independent 

of t h e  p a r t i c u l a r  d i s t u r b a n c e  q u a n t i t y  b e i n g  considered.  

S o l u t i o n  of equat ions  (32 ) - (34 )  for a genera l  i n i t i a l  c o n d i t i o n  is  n o t  a 

simple t a s k .  However, by assuming t h e  spa t ia l  modulation of a s i n g l e  

f requency d i s t u r b a n c e  on an i n f i n i t e  span wing, a s i t u a t i o n  closer to  

experiments  1 7 t L 8 ,  w e  can a l l o w  f o r  modulation only  i n  t h e  x-d i rec t ion ,  and 

e q u a t i o n s  (32) - (34)  can be s i m p l i f i e d  by 

u - u  - 0  = o , u t = o  

B3, - B,, - B2, = 0, uz = 0 

3 r  l r  2r 

I t  i s  convenient  t o  in t roduce  t h e  t ransformat ion  

A = E a  exp ( -  I anidx - Bniz) 

then  e q u a t i o n s  (32) - (34)  reduce t o  

n n ( 3 8 )  

d A  

dx l i  1 2 3  
1 

- =  ( G ~  - a ) A ~  + H A A ei+ 

9 

( 3 9 )  



- =  dA2 ( G ~  - a ) A  + H X A  e i $  
dx 2 i  2 2 1  3 

- = ( G 3 - a  dA3 ) A  + H A A e  - i$  
dx 3 i  3 3 1 2  

where 

(40)  

(41 1 

In  equa t ions  (381, Bni i s  a parameter and i s  made e q u a l  t o  z e r o  i n  equa t ions  

( 3 9 ) - ( 4 1 ) .  We no te  t h a t  f o r  t h e  case of a n  i n f i n i t e  span wing, i f  t h e  i n i t i a  

wave has Bi = 0, it w i l l  remain z e r o  downstream. 

I n  o r d e r  t h a t  t h e  i n t e r a c t i o n  c o e f f i c i e n t s  H and t h e  wave amplitudes 

are uniquely  de f ined ,  it is  necessa ry  t o  s p e c i f y  t h e  normal iza t ion  imposed 

n 

An 

on t h e  e i g e n s o l u t i o n s  

t h a t  t h e  maximum of t h e  r . m . s .  of <,,(<,, E u ) over  y i s  equa l  t o  one. 

Note t h a t  t h e  n o n p a r a l l e l  c o e f f i c i e n t s  

of the f i r s t - o r d e r  problem. This  is chosen such 'mn 

n 

do n o t  depend on t h e  normal iza t ion  Gn 

of 'mn o r  '&' 
To d e r i v e  real  equa t ions  f o r  the ampl i tudes  and phases ,  we l e t ,  

i An 1 *  
2 n  A n = - A  e 

i T  n 
Hn = Hn e , n=1,2,3 

S u b s t i t u t i n g  (45 ) - (47 )  i n t o  (39 ) - (41 )  and dropping  the *, w e  o b t a i n ,  

10 



1 ( G 2  cos x - a ) A  ++I A A cos (y + T~ + 0) dA2 - =  
dx 2 2 i  2 2 2 1 3  

( G ~  cos x - a ) A  + A A cos (-y + T3 - $ 1  dA3 - =  
dx 3 3 i  3 2 3 1 2  

s i n  (-y + T~ - $ 1  
d-i 
- =  (G3  s i n  x - G s i n  x - G s i n  x + [H - 
dx 3 2 2 1 1 3 2A3 

A1 A2 

s i n  (Y + T 2  
A1 A3 

2 2A2 - H  - 

where 

y = x3 - h2 - x1 

111. Mean Flow 

(491 

(50) 

( 5 1  1 

( 5 2 )  

The mean f low used i n  t h e s e  c a l c u l a t i o n s  is t h e  boundary l a y e r  wi th  

s u c t i o n  on a 23O s w e p t  i n f i n i t e  span wing. !Lhe a i r f o i l  s e c t i o n  (des igna ted  

SCLFC(1)-0513F) is s u p e r c r i t i c a l  with normal chord c = 6.44 f t .  This  wing 

was t h e  s u b j e c t  of e x t e n s i v e  experiments  designed t o  examine s u p e r c r i t i c a l  

laminar  f l o w  c o n t r o l  technology a t  t h e  Langley Research Center  l9 ' O .  

21,22 s t a b i l i t y  c a l c u l a t i o n s  for t h i s  wing have been given by El-Hady I 

Linear  

Mackz3, and Berry et al. 24 

Freestream c o n d i t i o n s  for t h e  p r e s e n t  c a l c u l a t i o n s  are Mach number = 0.82 

6 and a chord Reynolds number of 20 x 10 . The upper s u r f a c e  p r e s s u r e  coeffi- 

c i e n t  d i s t r i b u t i o n  is shown i n  Fig.  ( 1 )  t o g e t h e r  with t h e  s u c t i o n  parameter 

d i s t r i b u t i o n ,  and the d i s t r i b u t i o n  of t h e  boundary l a y e r  maximum c r o s s f l o w  

component /VNl maximum a long  t h e  chord. 

The three-dimensional boundary-layer s o l u t i o n  i s  c a l c u l a t e d  u s i n g  a 

boundary l a y e r  program t h a t  is  adapted from the code of Kaups and Cebeci" for  

laminar ,  compressible boundary l a y e r s  wi th  a d i a b a t i c  and w a l l  s u c t i o n  boundary 

c o n d i t i o n s .  The code assumes z e r o  p r e s s u r e  g r a d i e n t  a long  the wing genera tor .  

11 



IV. Numerical Procedures 

For n = 1 ,  2, and 3, t he  set  of e q u a t i o n s  (21 ) - (23 )  and t h e i r  a d j o i n t s  

y = ye, producing (29 ) - (31 )  can be so lved  a n a l y t i c a l l y  i n  t h e  f r ees t r eam a t  

t h r e e  l i n e a r l y  independent,  e x p o n e n t i a l l y  decaying s o l u t i o n s  with t h e  

c h a r a c t e r i s t i c  va lues  , 

A 2  = -[un 2 + Bn 2 + iR(un + WeBn - w n ) l  1 / 2  

A 3  = h2 

(54)  

(55) 

wi th  t h e  f r ees t r eam s o l u t i o n  as i n i t i a l  c o n d i t i o n ,  equa t ion  ( 2 1 )  i s  i n t e g r a t e d  

from y = 

based on t h e  Runge-Kutta-Fehlburg f i f t h - o r d e r  forumlas.  The s o l u t i o n  i s  

orthonormalized a t  a p r e s e l e c t e d  set of p o i n t s  u s i n g  a modified Gram-Schmidt 

procedure.  

s a t i s f y  the las t  w a l l  boundary cond i t ion .  The e i g e n s o l u t i o n s  a s s o c i a t e d  with 

the a d j o i n t  problem can be determined by i n t e g r a t i n g  equa t ions  (29 ) - (31 )  u s i n g  

t h e  same procedures and t h e  same p r e v i o u s l y  determined e igenvalues .  

26 t o  y = 0 a t  t h e  w a l l ,  u s i n g  a v a r i a b l e  s t e p - s i z e  a lgor i thm , 
'e 

A Newton-Raphson technique  i s  used t o  i t e r a t e  on t h e  e igenvalue  t o  

To e v a l u a t e  t h e  n o n p a r a l l e l  terms acmn/axl and dun/dxl,  f o r  n = 1 ,  2, 

and 3, we d i f f e r e n t i a t e  t h e  f i r s t - o r d e r  problem ( 2 1 )  w i th  respect t o  xl  and 

o b t a i n ,  

6 a ( b  . I  
G j n ,  m = 1 ,  ... 6 m 1  n 

6 a 'mn ) 

a x1 j= l  j =1 
D(- - (56) 

12 



The homogeneous parts of equat ion  (56)  have a n o n t r i v i a l  s o l u t i o n .  The i r  

e igenva lues  and a d j o i n t  are t h e  same as t h o s e  f o r  t h e  f i r s t - o r d e r  problem 

( 2 1 ) .  Then, by apply ing  t h e  s o l v a b i l i t y  c o n d i t i o n ,  w e  o b t a i n ,  

- =  - -  , n = 1 ,  2, 3 h6n da 

dxl ih2n 

n 
(59) 

a and Bn (see ‘nn, ‘in, n’ 
where h are given i n  quadra tu res  i n  t e r m s  of 

6n 

Appendix C ) .  Condition (59)  permits t h e  i n t e g r a t i o n  of equa t ions  (56)-(58) t o  

determine 

problem, b u t  f o r  nonhomogeneous sets of e q u a t i o n s .  

acmn/axl u s ing  the  same procedures  as those  f o r  the f i r s t - o r d e r  

Gn With a l l  terms i n  h and h known, t h e  n o n p a r a l l e l  c o e f f i c i e n t s  

are c a l c u l a t e d  from equat ion  (421, s e p a r a t e l y  f o r  each wave ( n  = 1 ,  2, and 3 ) .  

Whereas t h e  i n t e r a c t i o n  c o e f f i c i e n t s  Hn are c a l c u l a t e d  from equat ion  (43 )  

u s i n g  t h e  p a r a l l e l  r e s u l t s  f o r  t h e  t h r e e  waves a l t o g e t h e r .  

2n 4n 

The c a l c u l a t i o n s  are repea ted  a t  d i f f e r e n t  streamwise l o c a t i o n s  t o  

e v a l u a t e  Gn and Hn f o r  given waves of  f i x e d  p h y s i c a l  frequency f i n  Hz, 

and f i x e d  p h y s i c a l  spanwise wavelength X (nondimensionalized wi th  r e s p e c t  t o  

t h e  normal chord c )  t h a t  s a t i s f y  t h e  c o n d i t i o n s  (36 )  and ( 3 7 ) .  For d i f f e r e n t  

i n i t i a l  ampl i tudes  of the r e s p e c t i v e  waves, the ampl i tude  evo lu t ion  equa t ions  

(48 ) - (51 )  are then  i n t e g r a t e d  us ing  a fou r th -o rde r  v a r i a b l e  i n t e r v a l  Runge- 

Kutta method by Fehlberg . 

z 

27 

V. Nonlinear E f f e c t s  i n  Para l le l  Flows 

when t h e  amplitude of t h e  d i s t u r b a n c e ,  a l though  small ,  i s  s u f f i c i e n t l y  

l a r g e ,  n o n p a r a l l e l  e f f e c t s  are thought  t o  have no s u b s t a n t i a l  i n f luence .  

t h i s  s e c t i o n ,  we assume t h a t  c1  << c2 

neg lec t ed  . 

I n  

such  t h a t  n o n p a r a l l e l  e f f e c t s  a r e  

13 



5a. I n t e r a c t i o n  between t r a v e l i n g  CF modes 

F i r s t ,  we s tudy  a t r i a d  t h a t  i s  comprised of t r a v e l i n g  CF waves near t h e  

l e a d i n g  edge of the swept wing. The t r i a d  has  t h e  f r equenc ie s  f ,  = 100 Hz, 

f2 = 200 Hz, and f 3  = 300 Hz. The corresponding  spanwise wavelengths are 

A = 0.0006, 0.0006, and 0.0003, r e s p e c t i v e l y .  C a l c u l a t i o n s  s tar t  a t  R = 260 

(0.078% chord)  where t h e  t h r e e  waves are u n s t a b l e  i n  t h e  absence of t h e  

Z 

i n t e r a c t i o n .  The f r equenc ie s  and spanwise wavelengths s a t i s f y  t h e  r e sonan t  

c o n d i t i o n s  (36 )  and (37 )  a t  a l l  streamwise l o c a t i o n s .  

When t h e  i n i t i a l  amplitudes of t h e  t r i a d  waves are comparable i n  

magnitude, t h e  i n t e r a c t i o n  between t h e  waves is  found t o  be ve ry  weak ( n o t  

shown). It i s  a l s o  found t h a t  t h e  i n i t i a l  spectrums of t h e  t r i a d  ampl i tudes  

and phases p l a y  an important r o l e  i n  the  i n t e r a c t i o n  p rocess .  For example, 

Fig.  ( 2 )  shows t h e  modulation with R of bo th  A3 and t h e  phase ang le  y 

def ined  by equa t ion  ( 5 2 ) .  The i n i t i a l  ampl i tude  A 3 0  = 0.0001, and t h e  

i n i t i a l  phase ang le  yo = 0 ( a l l  c a l c u l a t i o n s  are f o r  yo = 0 u n l e s s  o t h e r -  

wise s t a t e d ) .  For (A,o  = A Z O )  < 0.0001, t h e  ampl i tude  A3 i s  h a r d l y  a f f e c t e d  

by t h e  i n t e r a c t i o n .  With t h e  i n c r e a s e  of A 1 0  and A z o ,  a s h a r p  i n c r e a s e  i n  

A3 occur s  s t a r t i n g  a t  an ear l ie r  streamwise l o c a t i o n .  F ig .  ( 3 )  shows t h e  

modulation of A3 f o r  t he  same c o n d i t i o n s  as i n  Fig.  ( 2 )  b u t  f o r  yo = TI. I n  

both  cases t h e  modulation of A, and A2 is  a lmost  una f fec t ed  by the  i n t e r -  

a c t i o n .  Fig.  ( 4 )  shows t h a t  t h e  modulation of A3 i s  a f f e c t e d  by i t s  i n i t i a l  

amplitude.  If A30 i s  l a r g e ,  A3 i s  h a r d l y  a f f e c t e d  by t h e  i n t e r a c t i o n ,  

u n t i l  later downstream a f t e r  t h e  ampl i tudes  Al and A 2  become l a r g e  enough. 

While f o r  small Ago,  t h e  e f f e c t  of t h e  i n t e r a c t i o n  shows up e a r l y  upstream 

wi th  a ve ry  s h a r p  inc rease .  

A s t r o n g  i n t e r a c t i o n  may a l s o  occur  and ampl i fy  A, o r  A 2  depending on 

the a p p r o p r i a t e  i n i t i a l  amplitude and phase spectrum. F ig .  ( 5 )  shows s t r o n g  

14 



modulation of A, when A1o i s  ve ry  s m a l l  compared t o  A20 and A30.  The 

same p i c t u r e  is  almost t r u e  f o r  t h e  modulation of  A 2  when A 2 0  i s  ve ry  

s m a l l  compared t o  A,o and A 3 0 .  I n  both  s i t u a t i o n s  A 3  undergoes weak 

v a r i a t i o n s  from i ts  l i n e a r  modulation ( n o t  shown). Fig. (6) g i v e s  t h e  depend- 

ence of  Al on t h e  i n i t i a l  amplitude A,o when A 2 0  = 0.0005, and A30 = 

0.002. 

F ig .  ( 7 )  shows t h e  v a r i a t i o n  wi th  R of t h e  i n t e r a c t i o n  c o e f f i c i e n t s  

Hn,  n = 1 ,  2, and 3 ,  given by equa t ion  ( 4 3 ) .  

i n g  t o  

I t  shows that  1 Hn 1 ,  correspond- 

f 3  = 300 Hz and Xz = 0.0003, i s  much h ighe r  than  those  f o r  f ,  and f 2 .  

Fig. (8) shows t h e  v a r i a t i o n  of t h e  de tun ing  parameter €uX with R. I t  

i n d i c a t e s  t h a t  p e r f e c t  t un ing  occurs  on ly  a t  one l o c a t i o n .  In  spi te  of t h a t ,  

p receding  r e s u l t s  show t h a t  a s t r o n g  i n t e r a c t i o n  con t inues  t o  e x i s t  even i f  

t h e  r e sonan t  cond i t ions  are n o t  tuned provided t h a t  t h e  i n i t i a l  amplitudes 

have t h e  a p p r o p r i a t e  spectrum. 

A s  we s e e - f r o m  previous  c a l c u l a t i o n s ,  t h e  t r i a d  used f o r  t h i s  s tudy  

e x h i b i t s  a s t r o n g  resonance t h a t  may ampl i fy  a superharmonic ( A j ) ,  o r  may 

ampl i fy  a subharmonic ( A l  o r  A 2 ) .  T h i s  i s  aga in  i l l u s t r a t e d  i n  Fig. ( 9 ) .  A t  

a s u f f i c i e n t  d i s t a n c e  downstream, t h e  domination of one o r  t h e  o t h e r  w i l l  

depend on t h e  spectrum of t h e  i n i t i a l  ampl i tudes  of t h e  i n t e r a c t i n g  waves. 

These r e s u l t s  may e x p l a i n  the anomalies found i n  t h e  c r o s s f l o w  obse rva t ions  of 

S a r i c  and Yeates . In sp i te  of t h e  1 - c m  space s t r e a k s  t h e y  v i s u a l l y  

observed, t h e i r  h o t  wire measurements i n  t h e  boundary l a y e r  showed a super- 

harmonic of 0.5-cm p e r i o d i c i t y  dominated d i s t u r b a n c e  growth. 

t h i s  anomalies u s ing  an approach t h a t  cons ide red  t h e  growth of t h e  super- 

harmonic as a secondary i n s t a b i l i t y  i n  t h e  presence  of f i n i t e  amplitude 

uns teady  c ross f low d i s tu rbance .  The t r i a d  resonance model p re sen ted  he re  

28 

Reed2’ exp la ined  
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predicts t h a t  a superharmonic (A = 0.0003) w i l l  amplify and i ts  amplitude 

r a t io  w i l l  e v e n t u a l l y  reach  three times o r  more t h e  amplitude of o t h e r  compo- 

nents  of t h e  t r i ad  (Az = 0.0006, Xz = 0.0006) when t h e  i n i t i a l  amplitude of 

t h e  superharmonic is very  small. The same model a lso p r e d i c t s  t h a t  a subhar- 

monic (Az = 0.0006) may dominate d i s t u r b a n c e  growth i f  i ts  i n t i a l  amplitude is  

small compared to  o t h e r  components of t h e  t r iad.  

Z 

5b. I n t e r a c t i o n  between t r a v e l i n s  CF and w modes 

I n  a three-dimensional boundary l a y e r ,  t h e  d i s t u r b a n c e  is n e c e s s a r i l y  

t h r e e  dimensional.  A t  t h e  l e a d i n g  edge r e g i o n  of a swept wing and i n  t h e  

d i r e c t i o n  of  c ross f low,  t h e r e  are r e a l l y  t w o  spectra to  be considered t o  t h e  

s o l u t i o n  of the  leading-order  e q u a t i o n s  ( 2 1 ) .  C r o s s f l o w  modes ( s t a t i o n a r y  or 

t r a v e l i n g )  are given by the e i g e n s o l u t i o n  of e q u a t i o n  ( 2 1 ) .  The same equa- 

t i o n s  a lso admit e i g e n s o l u t i o n s  wi th  v = 0 and p = 0, correspond p h y s i c a l l y  

t o  h o r i z o n t a l  motions which are called v e r t i c a l  v o r t i c i t y  eigenmodes. These 

eigenmodes, as i n  t h e  case of two-dimensional f lows , are always damped 

b u t  t h e  damping rate may be quite small so that  t h e  nonl inear  e f f e c t  could 

trigger l a r g e  i n s t a b i l i t i e s  

30-33 

3 2 , 3 3  

I n  our  c a l c u l a t i o n s ,  we w e r e  able t o  converge t o  a W mode i n  the 

c r o s s f l o w  d i r e c t i o n ,  t h a t  is  damped. 

Here, we s tudy  t h e  resonant  i n t e r a c t i o n  of a t r i a d  tha t  i s  comprised of  

t w o  t r a v e l i n g  CF modes ( f l  = 100 Hz, X 

and a W mode ( f 3  = 300 Hz, Xz = 0.0003). 

(2.1% c h o r d ) ,  where, i n  t h e  absence of t h e  i n t e r a c t i o n ,  t h e  CF modes are 

u n s t a b l e  while  t h e  W mode i s  damped. Again, t h e  f r e q u e n c i e s  and spanwise 

wavelengths s a t i s f y  t h e  r e s o n a n t  c o n d i t i o n s  ( 3 6 )  and ( 3 7 )  a t  a l l  stteamwise 

l o c a t i o n s .  

= 0.0006 and f 2  = 200 Hz, Xz = 0.0006) 
2 

C a l c u l a t i o n s  s t a r t  a t  R = 779 
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Fig. (10 )  shows that  a W mode wi th  A 3 0  = 0.0001 r e s o n a t e  with t w o  

t r a v e l i n g  CF modes and becomes s t r o n g l y  u n s t a b l e  i n  a s h o r t  d i s t a n c e  

downstream. Fig. ( 1 1 )  shows t h e  i n f l u e n c e  of A 3 0  on t h i s  i n s t a b i l i t y  when 

the CF mode i n i t i a l  ampl i tudes  A 1 0  = A 2 0  = 0.002. This s t r o n g  i n s t a b i l i t y  

may be due t o  a s t r o n g  i n t e r a c t i o n  c o e f f i c e n t  (cor responding  t o  t h e  W 

mode) compared to / H I  I and /H2 I, see Fig.  ( 1 2 ) .  This  s t r o n g  i n s t a b i l i t y  of 

t h e  W mode occurs  i n  spi te  of t h e  i m p e r f e c t  r e sonan t  cond i t ions  shown by t h e  

d i s t r i b u t i o n  of t h e  de tuning  parameter EU i n  Fig. ( 1 3 ) .  

( H 3 1  

X 

5c. I n t e r a c t i o n  between t r a v e l i n g  CF and s t a t i o n a r y  CF modes 

Here, we s tudy  t h e  r e sonan t  i n t e r a c t i o n  t h a t  is comprised of two t r a v e l -  

i n g  CF modes ( f 2  = 300 H z ,  A 

s t a t i o n a r y  CF mode ( f l  = 0, A z  = 0.0006) nea r  t h e  l e a d i n g  edge of t h e  swept 

wing. C a l c u l a t i o n s  start  a t  R = 260 (0.078% chord)  where t h e  t h r e e  waves are 

= 0.0006 and f 3  = 300 Hz, Xz = 0.0003) and a 
Z 

u n s t a b l e  i n  the absence of t h e  i n t e r a c t i o n .  The f r equenc ie s  and spanwise 

wavelengths s a t i s f y  t h e  r e sonan t  c o n d i t i o n s  (36)  and (37 )  a t  a l l  streamwise 

l o c a t i o n s .  

Fig. ( 1 4 )  shows the  e f f e c t  o f  t h e  s t a t i o n a r y  CF vo r t ex  wi th  i n i t i a l  

amplitude A1O = 0.005 on t r a v e l i n g  CF modes A 2  and A3.  Since  a l l  waves 

are u n s t a b l e  i n  t h e  range of Reynolds number cons ide red ,  t h e  i n t e r a c t i o n  

p rocess  seems t o  accelerate t h e  growth of A2 and A 3  compared t o  t h e i r  

l i n e a r  growth. The de tun ing  parameter EU d i s t r i b u t i o n  is g iven  i n  Fig.  

( 1 5 ) .  Fig.  (16 )  g i v e s  t h e  e f f e c t  o f  t h e  i n i t i a l  ampl i tude  of t h e  s t a t i o n a r y  

v o r t e x  on t h e  modulation of A2 and A 3 .  

X 

5d. I n t e r a c t i o n  between TS and s t a t i o n a r y  CF modes 

This  t ype  of i n t e r a c t i o n  i s  a major unanswered q u e s t i o n  concern ing  

swept-wing flows. Some type  of i n t e r a c t i o n  between a c r o s s f l o w  vor t ex  and 
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ampl i fy ing  TS mode is  thought  to  cause premature t r a n s i t i o n  on a swept wing. 

Saric and Reed34 suggested t h a t  the anomaly behavior  of t r a n s i t i o n  i n  t h e  

e a r l y  LFC work of Bacon e t  a1.35 when sound i s  in t roduced  i n  the  presence of 

c ros s f low v o r t i c e s  can be due t o  t h i s  i n t e r a c t i o n  phenomenon. Also, t h e  

exper imenta l  work of 

i n f i n i t e  swept wing, observed uns t ead iness  a t  t r a n s i t i o n  which might a l s o  be  

due t o  t h i s  i n t e r a c t i o n  phenomenon. 

model, showed t h a t  CF v o r t i c e s  could e x c i t e  TS modes i n  t h e  three-dimensional 

boundary l a y e r  on the  X-21 wing, producing a double exponen t i a l  growth of t h e  

TS mode. 

on yawed c y l i n d e r s  and of Michel e t  al.37 on an 

Reed4', u s i n g  a paramet r ic  resonance 

Here, we s tudy  one of these p o s s i b l e  i n t e r a c t i o n s .  In  t h e  absence of the 

i n t e r a c t i o n ,  a c ros s f low vor t ex  ( f l  = 0 and X = 0.003) starts t o  amplify 

n e a r l y  a t  R = 706 (1.6% c h o r d ) ,  then expe r i ences  a ve ry  slow growth f o r  a 

long  d i s t a n c e  downstream, u n t i l  it d i e s  approximately a t  R = 1663 (13% 

chord ) .  

f 3  = 20 KHZ, 

around R = 1150 (5.8% chord ) .  The f r equenc ie s  and spanwise wavelengths of  

t h e  t r i a d  s a t i s f y  t h e  r e sonan t  cond i t ions  ( 3 6 )  and ( 3 7 )  a t  a l l  streamwise 

l o c a t i o n s .  

2 

Two TS modes having t h e  same frequency ( f 2  = 20 KHz, X z  = 0.012 and 

= 0.0024) w i l l  amplify s h o r t l y  a f t e r  R = 706 and both decay 
AZ 

For d i f f e r e n t  va lues  of t h e  i n i t i a l  ampli tude of t h e  c ros s f low vor tex ,  

Fig.  (17)  shows l a r g e  a m p l i f i c a t i o n  of t h e  TS modes A 2  and A3 due t o  t h e  

i n t e r a c t i o n ,  when A 2 0  and A 3 0  are small ( A 2 0  = A 3 0  = 0.0001). The f i g u r e  

a l s o  shows a r educ t ion  i n  t h e  vo r t ex  ampl i tude  due t o  t h e  i n t e r a c t i o n .  Higher 

va lues  of t he  i n i t i a l  TS ampli tudes weaken t h e  i n t e r a c t i o n  as shown i n  Fig. 

(18)  f o r  a CF vo r t ex  i n i t i a l  ampli tude A 1 0  = 0.1. 
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Fig. (19 )  shows the change i n  t h e  i n t e r a c t i o n  c o e f f i c i e n t s  with R, where 

(H3 I and (H2 1 (cor responding  t o  TS modes) are h ighe r  than 1 ~ ~ 1 .  Fig. (20 )  

shows t h e  d i s t r i b u t i o n  of the de tun ing  parameter €crX with R. 

The e f f e c t  of the i n i t i a l  va lue  of the phase a n g l e  yo is given i n  Fig. 

(21)  f o r  A 1 0  = 0.1, A 2 0  = A30 = 0,0001. The anomaly behavior  of  A3 a t  t h e  

beginning of t h e  i n t e r a c t i o n  is due to  d i f f e r e n t  va lues  of yo. Fig. (22 )  

shows how y r eaches  t h e  same va lue  a t  some d i s t a n c e  downstream i n  spite of 

d i f f e r e n t  i n i t i a l  va lues  yo. 

V I .  Nonpara l l e l  Flow E f f e c t s  

When = €2, nonpara l l e l i sm of t h e  mean flow comes i n t o  p l ay  s i g n i f i -  

c a n t l y  i n  the non l inea r  amplitude modulation. However, t h e  n o n p a r a l l e l  terms 

i n  equa t ions  ( 4 8 ) - ( 5 1 )  t u r n  o u t  to  be most impor t an t  as the d i s tu rbance  f i r s t  

grows and t h i s ,  i n  t u r n ,  c o n t r o l s  what happens subsequen t ly  as t h e  amplitude 

of t h e  d i s t u r b a n c e  i n c r e a s e s .  Only the i n t e r a c t i o n  between TS and s t a t i o n a r y  

CF modes is  i n v e s t i g a t e d  i n  t h i s  s e c t i o n .  

Fig. (23) shows t h e  l i n e a r  paral le l  and n o n p a r a l l e l  amplitude modulations 

of t h e  same i n s t a b i l i t y  modes g iven  i n  s e c t i o n  5d. Fig.  (24)  shows t h e  

non l inea r  modulation of the  ampl i tudes  wi th  the nonpara l l e l i sm of the mean 

flow inc luded  f o r  v a r i o u s  i n i t i a l  ampl i tudes  of  the  i n t e r a c t i n g  modes. This 

f i g u r e  i n d i c a t e s  t h a t  du r ing  t h e  i n i t i a l  growth or decay of the amplitude,  i ts 

modulation fo l lows  e x a c t l y  t h e  n o n p a r a l l e l  development u n t i l  the ampl i tudes  

are l a r g e  enough t o  i n t e r a c t  n o n l i n e a r l y .  

19 



VII. Concluding Remarks 

1. The preceding c a l c u l a t i o n s  show t h a t  the development of many t r i a d s ,  

whose components can, i n  p r i n c i p l e ,  t a k e  part i n  s e v e r a l  resonant  i n t e r a c t i o n s  

a t  once, occurs  i n  three-dimensional flows of boundary-layer type. 

2. An important  role i n  t h e  n o n l i n e a r  process is played by the i n i t i a l  

spectrum of ampli tude and phases of t h e  t r iad  components. 

3. Due to  t h e  i n t e r a c t i o n  of d i f f e r e n t  i n s t a b i l i t y  modes, even i f  they 

are n o t  s t r o n g l y  ampl i f ied ,  t h e  c l a s s i f i c a t i o n  concept  suggested by 

P f e n ~ ~ i n g e r ~ ~  f o r  t h e  s t a b i l i t y  problem i n t o  independent  modes i s  no longer  

v a l i d .  

4. Nonparal le l  f l o w  effects con t ro l  the i n i t i a l  development of the 

d i s t u r b a n c e  t r i a d  components w h i l e  t he  d i s t u r b a n c e  ampli tude is s u f f i c i e n t l y  

s m a l l .  As the ampli tudes i n c r e a s e ,  n o n l i n e a r  effects  c o n t r o l  their subsequent 

spa t ia l  development. 

5. The above a n a l y s i s  becomes i n c o r r e c t  wi th  t h e  i n c r e a s e  of t h e  

amp 1 i tude  s 

l a y e r s  i s  connected to  t h e  r e s o n a n t  mechanism, and may be explained on the  

basis of t h e  r e s u l t s .  

An, b u t  t h e  n a t u r e  of a set of phenomena i n  t h e  3D boundary 
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