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I. INTROWCTION 

Objectives 

This  p r o j e c t  was set  t o  examine the  e v o l u t i o n  of  damage d e n s i t y  and 

a c t i v e  zone of  a c rack  l a y e r  (CL) under d i f f e r e n t  f a t i g u e  load ing  h i s t o r i e s  i n  

a model material. The effect of damage on the  near  crack t i p  stress f i e l d  was 

s t u d i e d  by employing a newly developed technique of semi-empirical stress 

a n a l y s i s .  

Achievements 

- On t h e  basis of t h e  observed damage growth, we tested t h e  basic hypo thes i s  

of t h e  c rack  l a y e r  theory ,  i .e . ,  a s e l f - s i m i l a r i t y  of  damage d i s t r i b u t i o n  i n  

process  of  crack l a y e r  propagation. 

- A new semi-empirical c rack  t i p  stress a n a l y s i s ,  based on experimental  meas- 

urements of  t h e  d i s c o n t i n u i t y  d e n s i t y  and t h e  double l a y e r  p o t e n t i a l  

t echnique ,  h a s  been developed as a s o l u t i o n  of  crack-damage i n t e r a c t i o n  

problem. Evalua t ion  of t h e  stress i n t e n s i t y  f a c t o r  i l l u s t r a t e s  t h e  method- 

ology.  This i l lustrative example suggests an  a l t e r n a t i v e  t o  t h e  

Dugdale-Barenblatt model. 

- The first s t e p  i n  cons t ruc t ion  o f  t h e  CL c o n s t i t u t i v e  r e l a t i o n s h i p  has been 

made. 

Analys is  of t he  experimental  results showed t h a t  Arrhenius  type  c o n s t i t u t i v e  

r e l a t i o n s h i p  describes very  well t h e  expansion of t he  a c t i v e  zone. 

Jn three consecut ive  parts we describe our  f ind ings .  Th i s  work i s  being 

prepared f o r  pub l i ca t ion :  
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(a)  J .  B o t s i s  and B .  Kunin, 'On Se l f - s imi lar i ty  of Crack Layer,'  Intern. J .  

Fracture, to  appear. 

( b )  A .  Chudnovsky and M. Ben Onenzdon, 'Semi-Empirical Crack T i p  Analys is , '  

Intern, J .  Fracture, to appear. 
I 
I ( C )  J. Botsis and A .  Chudnovsky, 'On the  Expansion of Active Zone of a Crack 

Layer,'  to  be published. 

a. 

L-J 
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I. DAUAGE ANALYSIS OF A RECTILINEAR CRACK LAYER 

Early results of i n v e s t i g a t i o n s  i n  t h i s  program showed t h a t  f r a c t u r e  pro- 

pagates as a crack surrounded by a l a y e r  of damage, namely, a CL. A well 

developed CL i n  ou r  model material i s  shown i n  Fig.  l a .  

The s e l f - s i m i l a r i t y  hypothesis  states t h a t  t h e  va lue  of t h e  damage den- 

s i t y  p a t  a po in t  1~ of  t h e  a c t i v e  zone a t  a time t co inc ides  w i t h  t h a t  

a t  the corresponding poin t  i n  t h e  i n i t i a l  ( t  = 0 )  c o n f i g u r a t i o n  of  t h e  a c t i v e  

zone, t h e  correspondence being given by a time-dependent a f f i n e  t r ans fo rma t ion  

of the  space v a r i a b l e s  

D (1.1) 

where  p t (x)  is t h e  va lue  of the damage parameter a t  t h e  po in t  x a t  t h e  

time t, po = pt(t ,O, A t  i s  a time-dependent 2x2 mat r ix  f o r  a plane problem 

being t h e  i d e n t i t y  matrix) , and is  t h e  p o s i t i o n  of t h e  c rack  t i p  

a t  t he  time t (Ltl t=O = 0 ) .  Note t h a t ,  a s  any ma t r ix ,  A t  can be uniquely 

decomposed as a product of t h ree  time-dependent matrices: a s c a l a r  ma t r ix  

- - 

&t 

(expans ion  of t h e  a c t i v e  zone) , a symmetric p o s i t i v e  d e f i n i t e  ma t r ix  whose 

de te rminant  e q u a l s  one ( d i s t o r t i o n  of t h e  a c t i v e  zone ) ,  and an  or thogonal  

m a t r i x  ( r o t a t i o n  of t he  a c t i v e  zone). The above formula t ion  of 'self-similar- 

i t y '  is  contained i n  lI.11 i n  i t s  infinitesimal form. 

The requirement  (1) has two major imp l i ca t ions .  i) It reduces  t h e  evo- 

l u t i o n  of the  ,function p(x)  t o  t h e  e v o l u t i o n  of  s i x  scalar parameters: fou r  

components of  t h e  ma t r ix  A t  and two components of  t h e  v e c t o r  i t .  ii) It 

allows t o  expres s  t h e  energy r e l ease  rates a s s o c i a t e d  w i t h  t h e  t r a n s l a t i o n  

- 

r o t a t i o n ,  and expansion of  t h e  a c t i v e  zone ( t h e  ' d r i v i n g  f o r c e s '  i n  t he  termi- 

nology of I I .11)  i n  t he  form of t h e  well-known J ,  L a n  M i n t e g r a l s ,  
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r e s p e c t i v e l y  l I . 41 .  The corresponding energy release rate f o r  a c t i v e  zone 

d i s t o r t i o n  has  a similar i n t e g r a l  r e p r e s e n t a t i o n  [I .1,21 

A complete examination of  t h e  s e l f - s i m i l a r i t y  hypo thes i s  would require 

comparison of damage d i s t r i b u t i o n  w i t h i n  t h e  a c t i v e  zone a t  d i f f e r e n t  

i n s t a n c e s  of i t s  evo lu t ion .  However, such complete data i s  not  a v a i l a b l e  a t  

p re sen t .  Instead , a v a i l a b l e  i s  damage d i s t r i b u t i o n  w i t h i n  a well developed 

CL. 

Notice t h a t ,  a t  any i n s t a n c e  t ,  t h e  t r a i l i n g  edge i s  t h e  only  p o r t i o n  

of t h e  a c t i v e  zone a long  which t h e  damage parameter w i l l  remain una l t e red  as 

t n e  CL cont inues  to  evolve.  

For t h i s  reason we examine t h e  i m p l i c a t i o n s  of t h e  s e l f - s i m i l a r i t y  

hypo thes i s  f o r  t h e  e v o l u t i o n  of  damage d i s t r i b u t i o n  a long  t h e  t r a i l i n g  edge. 

The l a t t e r  i s  approximated by a straight segment perpendicular  t o  t he  crack 

pa th .  

Due t o  t h e  symmetry of  t h e  loading-specimen geometry and t h e  homogeneity 

o f  t h e  material, ( a )  t h e  c rack  fo l lows  t h e  straight path a long  a long  x l -ax is ,  

(b) there i s  no r o t a t i o n  of t he  a c t i v e  zone, hence is  a symmetric ma t r ix ,  

( c )  t h e  p r inc ipa l  axes  of At co inc ide  w i t h  t h e  coord ina te  axes  XI, x2 

(F ig .  1.1). Thus a t  a time t t h e  p o s i t i o n  i t  of t h e  crack t i p ,  t h e  gen- 

e r ic  Poin t  x of t h e  trailing edge and t h e  ma t r ix  A t  have t h e  form 

At 

- 

Taking (1 .2)  i n t o  account ,  equa t ion  (1.1) f o r  t he  p o i n t s  of  t he  t r a i l i n g  edge 

reduces t o  

(1.3) 
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Fig. 1.1 (a) General view of a CL in polystyrene. (b) Higher magni- 
fication of the boxed area B after thinning. 

I . .  . .  Ma Cmma 

I . , . .  Pfmm?/mm31 
0 2 4 0 0 4 8 0 0 -  

0 30 6 0 .  

crack TIP 

Fig. 1.2 Histograms of craze distribution for eight cross sections 
within the inert zone of a CL. 
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Equat ion ( 1 . 3 )  i m p l i e s  t h a t ,  f o r  any two p o s i t i o n s  of the  t r a i l i n g  edge, 

t h e  corresponding a long- the - t r a i l i ng  edge damage d i s t r i b u t i o n s  are related by 

s c a l i n g  ( i n  x2-direct ion) .  

This r e s t r i c t e d  form of t h e  self-similarity hypo thes i s  was tested u s i n g  

data on c r a z i n g  d i s t r i b u t i o n  i n  a CL grcwn under f a t i g u e  i n  polys tyrene  load-  

ing KI.61. Q u a n t i t a t i v e  damage a n a l y s i s  was carried out  on a thinned specimen 

employing o p t i c a l  microscopy and p r i n c i p l e s  of  q u a n t i t a t i v e  s t e reo logy  [ I .  51 . 
A micrograph of a typ ica l  p o r t i o n  of t h e  CL i s  shown i n  Fig.  1.1b. Details on 

t h e  experimental  procedures can be found i n  r I . 6 1 .  

Figure  I .2 r ep resen t s  t h e  his tograms of  c raze  d i s t r i b u t i o n  i n  v e r t i c a l  

c r o s s  s e c t i o n s  a t  e i g h t  l o c a t i o n s  a long  t h e  crack path.  As a r e s u l t  of t h e  

p re sen t  symmetry, the odd c e n t r a l  moments of  damage d i s t r i b u t i o n s  i n  t h e  ver-  

t i ca l  c r o s s  s e c t i o n s  are n e g l i g i b l y  small. As s i m p l e s t  i n d i c a t o r s  of whether 

t h e  shape of t h e  c raze  d i s t r i b u t i o n  s t a y s  t h e  same U D  t o  a uniform d i l a t k n  

from s e c t i o n  t o  sec t ion ,  w e  take t h e  fo l lowing  two: a )  t h e  r a t i o  of t h e  t o t a l  

amount of c r a z e s  fo r  a c r o s s  s e c t i o n  t o  s i x  times t h e  s t anda rd  d e v i a t i o n  of 

t h e  damage d i s t r i b u t i o n  f o r  t h e  same c r o s s  s e c t i o n  ( t h i s  is. f o r  practical  

purposes ,  t h e  average damage d e n s i t y  i n  t h e  c r o s s  s e c t i o n ) ;  b)  t h e  r a t i o  of 

t h e  va r i ance  of the  c ross -sec t iona l  damage d i s t r i b u t i o n  t o  t h e  square r o o t  of 

i t s  f o u r t h  c e n t r a l  moment. Both r a t i o s  are independent  of s c a l i n g  and t h u s  

should remain cons tan t ,  i f  'self-similari ty ' holds .  

Figure 1 . 3  ( 1 . 4 )  r e p r e s e n t s  t h e  va lues  of the first (second)  of  t h e  above 

r a t i o s  for  t h e  eight aforementioned s e c t i o n s .  From t h e  data i n  F igs .  1 . 3  and 

1 . 4 ,  we conclude t h a t  both r a t i o s  s t a y  cons t an t  t o  w i t h i n  experimental  e r r o r .  
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Fig .  1 . 3  For each of  t h e  e igh t  c r o s s - s e c t i o n a l  c r a z e  d i s t r i b u t i o n s  
from Fig .  1 . 2 ,  the ' average  c raze  d e n s i t y '  i s  shown; h e r e  
C is  t h e  t o t a l  number of  c r a z e s  i n  a c r o s s  s e c t i o n ,  6 
is  t h e  s t anda rd  d e v i a t i o n  o f  t h e  c r a z e  d i s t r i b u t i o n  i n  t h e  
same c r o s s  sec t ion .  
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Fig .  1 . 4  For each of t h e  d i s t r i b u t i o n s  (F ig .  I . 2 ) ,  t h e  r a t i o  o f  i t s  
va r i ance  1-12 t o  t h e  square  r o o t  o f  i t s  f o u r t h  c e n t r a l  
iiionieiit v'& i s  shown. 
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11. SElU-EXPERIMENTAL STRBSS AMALYSIS 

1. Introduction 

Determinat ion of  near  and f a r  f i e l d s  f o r  a crack surrounded by an  a r r a y  

of  microcracks is a key problem f o r  modelling o f  crack propagat ion  and s t ab i l -  

i t y .  We approach t h i s  problem i n  two steps:  a t  first a m u l t i p l e  c rack  

i n t e r a c t i o n  is c h a r a c t e r i z e d  experimental ly  i n  terms of Crack Opening 

Displacements ( C O D s ) .  Then, as a second s t ep ,  we r e c o n s t r u c t  t he  displace- 

ment, s t r a i n  and stress f i e l d s  by a n a l y t i c a l  means employing t h e  results of 

t h e  first s t e p .  

The problem of m u l t i p l e  crack i n t e r a c t i o n  h a s  been r e c e n t l y  addressed by 

v a r i o u s  au tho r s  ( a  b r i e f  review can be found i n  [II.1-31). This problem can 

be expressed fo rma l ly  as a system of  s i n g u l a r  i n t e g r a l  e q u a t i o n s  w i t h  r e s p e c t  

t o  unknown CODs. These equat ions  r e p r e s e n t  t h e  boundary c o n d i t i o n s  on t h e  

s u r f a c e s  of t he  cracks. Construct ive s o l u t i o n s  of  the problem have been fo r -  

mulated f o r  j u s t  a few types  of crack conf igu ra t ions .  I n  g e n e r a l ,  fo r  a 

random conf igu ra t ion  o f  a large number of microcracks t h e  s o l u t i o n  i m p l i e s  

extremely t ed ious  and time-consuming numerical procedure 111.4-61. 

I n  t h i s  s e c t i o n ,  w e  employ experimental ly  observed COD'S as t h e  s o l u t i o n  

of t h e  m u l t i p l e  c r ack  i n t e r a c t i o n  problem. Then t h e  n e a r  and f a r  f i e l d s  w i l l  

be r econs t ruc t ed  by means o f  t h e  double l a y e r  p o t e n t i a l  technique.  The foun- 

d a t i o n  of t h e  a n a l y s i s  is ou t l ined  i n  t h e  second s e c t i o n  and t h e  e v a l u a t i o n  of 

a n  e f f e c t i v e  Stress I n t e n s i t y  Factor  (SIF) reflecting crack-microcrack i n t e r -  

a c t i o n  is presented i n  t he  t h i r d  s e c t i o n  as a n  i l l u s t r a t i v e  example. 
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2. Formulation of a S e r i - B m D l r i w l  A n a l ~ s l s  

Let us  consider  a microcrack of l eng th  2R a t  a d i s t a n c e  5 from t h e  

main crack t i p  (Fig.  11.1). I n  t h i s  work, we assume plane stress; t h e  case of 
c 

Fig. 11.1 A single microcrack near a main crack, illustrating the 
coordinate system employed. 

plane s t r a i n  can be treated s i m i l a r l y .  The microcrack is c h a r a c t e r i z e d  as a 

d i s c o n t i n u i t y  h e ) ,  i .e.,  COD (double  layer p o t e n t i a l ) .  A s  a result, i t  

induces  a n  a d d i t i o n a l  opening displacement  on the  main crack. Adopting t h e  

.I..) 

symbols of t h e  previous work of Chudnovsky, e t  a l .  [II .6-81, w e  e x p r e s s  t he  

(11.1) 

where 6) is t h e  microcrack l i n e  (surface i n  3-D) and ! ( $ , E )  is t h e  second 

Green 's  t e n s o r  which i s  def ined  as t h e  displacement  response  a t  t h e  p o i n t  x 

due t o  a u n i t  d i s c o n t i n u i t y  a t  t h e  po in t  of  d i s c o n t i n u i t y  f (Fig.  11.1). 

For example, I n  plane stress, t h e  second Green 's  t e n s o r  f o r  an  infinite Plane 

m 

m 

is g iven  by (see, e.g., [I.8]) 

(11.2) 
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where 35 is t h e  u n i t  normal vector t o  t h e  l i n e  ( s u r f a c e )  across which t h e  

d i s c o n t i n u i t y  t a k e s  p l ace ,  v i s  Poisson ' s  ra t io ,  I is  t h e  u n i t  second rank 

t e n s o r  and R is  t h e  p o s i t i o n  vec to r ,  i .e.,  5 = g-5 (F ig .  11.1). 

The d isp lacement  &A a t  a n  a r b i t r a r y  p o i n t  2 caused by a Microcrack 

Array (MA)  is t h e  sum of t h e  displacements  genera ted  by each microcrack. i.e., 

(11.3) 

where N is  t h e  t o t a l  number of microcracks i n  t h e  a r r a y .  If t h e  s ize  of t h e  

microcracks  is  small i n  comparison wi th  t h e  domain of t h e  a r r a y  and t h e  number 

N of microcracks i s  s u f f i c i e n t l y  large, t h e  summation i n  Eq. (11.3) can  be 

s u b s t i t u t e d  by i n t e g r a t i o n  of an a p p r o p r i a t e l y  in t roduced  microcrack d e n s i t y  

o v e r  t h e  a r r a y  domain. L e t  us in t roduce  a mesh w i t h i n  t h e  domain (F ig .  I I . 2a )  

and cons ide r  a t y p i c a l  squa re  (with a n  area AaS = AclaArzS) which c o n t a i n s  

N a p  microcracks  (F ig .  I I . 2 b ) .  Then t h e  displacement  vector due t o  t h e  MA c a n  

be w r i t t e n  as 

Fig .  11.2a Schematic r e p r e s e n t a t i o n  o f  t h e  Microcrack Array ( M A )  sur rounding  
t h e  main crack and t h e  s u b d i v i s i o n  of t h e  domain i n t o  a rec t i l i -  
nea r  mesh. 

F ig .  I I .2b  A t y p i c a l  squa re  for  t h e  de t e rmina t ion  of microcrack opening 
density. 
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where N 1  and N2 are  t h e  numbers of rows and columns i n  t h e  mesh, respec-  

t i v e l y .  For  infinitesimal squares ,  I 6-XI is much larger t h a n  t h e  maximum of 

I A e l ,  t hen  2 ( t , x )  c -  can be approximated by @(tla, 6 2 ~ .  <g>ap, J), i n  which 

i s  € l a  and € 2 ~  are t h e  coord ina te s  o f  t h e  center of t h e  squa re  and 

an average o r i e n t a t i o n  of t h e  microcracks w i t h i n  t h e  squa re  (Fig.  11.2b). 

Then us ing  t h e  mean value theorem, Eq. (11.4) can be rewritten as  

0 0 

0 0 

where t h e  vector E r e p r e s e n t s  t h e  microcrack opening dens i ty  

(11.6)  

Th i s  can be measured d i r e c t l y  as  t h e  ra t io  of t h e  area of t h e  opened c racks  

w i t h i n  a squa re  (shadowed area i n  Fig.  11.2b) and t h e  area of t h e  square.  The 

sum i n  Eq. (11.5) becomes an integral  over  t h e  entire domain of t h e  MA af ter  

an  obvious l i m i t i n g  procedure ( I A t l  -+0, N +-I:  

(11.7) 

where VA r ep resen t s  t h e  volume of t h e  MA domain. The corresponding stress 

f i e l d  U A ( X )  induced by t h e  microcracks a r r a y  i n t e r a c t i n g  wi th  t h e  main c rack  

is presented as  

( 11.8) 
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ORIGINAL PAGE IS 
OF POOR QUALITY 

where Jx is the  stress o p e r a t o r  which t ransforms the  displacement  f i e l d  U k  

i n t o  stress aij 

'a 
Here p and X are Lame's cons tan ts ,  6i.j is t h e  Kronecker 's  delta ( i , j  = 

1 ,2 )  and k = 1,2,3.  The s u b s c r i p t  x i n  (11.8) i n d i c a t e s  t h a t  t he  d i f f e r e n -  

t i a t i o n  i n  (11.9) is t o  be performed w i t h  respect t o  x. 

3. An Illustrative Examvle: Evaluation of the SIF' 

I n  t h i s  s e c t i o n  w e  e v a l u a t e  the  S I F  a t  t h e  crack t i p  caused by combina- 

t i o n  of  t h e  e x t e r n a l l y  appl ied  stress a, and t h e  MA induced stress GA. This 

particular example is suggested and c lose ly  related t o  t h e  experimental  obser- 

v a t i o n  of  a n  array o f  crazes preceding and surrounding f a t i g u e  crack i n  

po lys ty rene  (Fig.  11.3) 111.93. 

F ig .  11.3 An o p t i c a l  micrograph d i sp lay ing  t h e  Crazed Zone (CZ) surrounding 
t h e  crack t i p  i n  PS. 

Choosing a C a r t e s i a n  coord ina te  system w i t h  the  o r i g i n  a t  t h e  crack t i p  

(F ig .  11.11, one can express t h e  SIF as fo l lows  

(11.10) 
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Here L is t h e  length of t h e  main c rack;  G(xl) is t h e  Green‘s f u n c t i o n  f o r  

t h e  S I F  due t o  a d i p o l e  u n i t  force app l i ed  a t  xl. I n  case of  a crack i n  a 

s i n g l e  edge notch (SEN) specimen under mode I loading, G(x1) is given  i n  

[11-101- The term p(xl)  is t he  t r a c t i o n  a t  t h e  l i n e  of t h e  main crack 

caused by t h e  external load  i n  combination w i t h  t he  MA i n t e r a c t i n g  w i t h  t h e  

crack, i .e. ,  

(11.11) 

where n is t h e  u n i t  normal vec to r  t o  t he  main crack face. Thus t h e  t o t a l  

( e f f e c t i v e )  S I F  is n a t u r a l l y  decomposed i n t o  a sum of  t h e  convent ional  S IF  KO 

due t o  t h e  e x t e r n a l l y  app l i ed  load  and the  S I F  KA due t o  t h e  MA, i .e.,  

Keff  = KO + KA 

where 

P O  

(11.12) 

( 11.13) 

-QA is t h e  stress due t o  t h e  e n t i r e  MA expressed  by Eq. (11.8). 

is then  g iven  by 

The S I F  KA 

(11.14) 

c c(g)  is t h e  microcrack opening d e n s i t y  de f ined  by Eq. (11.6) and F ( t , n (5 ) ,x1 )  

is T X [ @ ( ~ ) D < ~ t ) D x l n ,  a t  x2 = 0. 

I n  t h e  case considered,  i .e.,  t h e  crazes are parallel t o  the main crack, 

‘zt) is t h e  uni t  v e c t o r  perpendicular  t o  t h e  main crack f o r  a l l  P o i n t s  

( t l D f 2 ) .  Then the f u n c t i o n  F ( t , < % > , x l )  i n  Eq. (11.14) can  be w r i t t e n  as 

(see Appendix) 
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t I I . 35 )  

.n 
', 

where E and V are Young's modulus and Poisson ' s  r a t i o ,  r e s p e c t i v e l y .  I n  

a d d i t i o n ,  we assume t h a t  t he  MA s i z e  a t  t h e  v i c i n i t y  of  t h e  main crack t i p  i s  

small w i t h  respect t o  t he  main crack length  as well as w i t h  t h e  d i s t a n c e s  from 

t h e  specimen edges. Hence t h e  second Green 's  t e n s o r  f o r  a n  infinite plane 

(Eq. (11.2)) can  be employed to  approximate t h e  second Green ' s  t e n s o r  f o r  t h e  

considered boundary va lue  problem. 

It is  u s e f u l  t o  In t roduce  the Green 's  f u n c t i o n  GSIF f o r  t h e  S I F  due t o  a 

u n i t  d i s c o n t i n u i t y  a t  t h e  Poin t  ( t l , t 2 )  normal to  a l i n e  parallel t o  t h e  main 

crack.  U s i n g  Eqs. (11.34) and (11.15) and d imens ionless  coord ina te s  x i ,  

and €4 r e p r e s e n t i n g  x1, 51 and e2 normalized by t h e  crack l e n g t h  L ,  

r e s p e c t i v e l y ,  we o b t a i n  

Depending on t h e  l o c a t i o n  of the  d i s c o n t i n u i t y  ( t 1 . t ~ )  GSIF can  be p o s i t i v e  

or negat ive .  A p o s i t i v e  GSIF r e f l e c t s  a n  amplifying effect of  t h e  d iscont inu-  

i t y ,  w h i l e  a negat ive  GSIF i n d i c a t e s  sh i e ld ing .  A p l o t  of t h e  con tour s  of 

equal va lues  of t h e  The con- 

t o u r s  are c a l c u l a t e d  us ing  a numerical i n t e g r a t i o n  of Eq. (16)  f o r  L/B = 0.5. 

We no te  t h a t  t h i s  p l o t  i s  very  similar t o  t he  one obta ined  by Shiue and Lee 

lII.31 u s i n g  t h e  energy method f o r  t h e  case of  a normal s t r a i n  d i s l o c a t i o n  

d ipo le .  Rose rII .21 and Rubinstein [ I I . l l I  a l s o  r epor t ed  similar results. 

The effect of a microcrack i s  symmetric w i t h  respect t o  t h e  crack l i n e .  The 

border  l i n e  between t h e  ampl i f i ca t ion  and s h i e l d i n g  is a curve  which 

GSIF near  the crack t i p  is shown i n  Fig.  11.4. 
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approaches t h e  o r i g i n  a t  a n  angle of about  6 9 0 .  Apparently,  t h e  a m p l i f i c a t i o n  

Fig. 11.4 Contours of equal level of Green's function GSIF for the slF KA 
due to a unit discontinuity, normalized by lo5 Em/b,w. 
6;  are the coordinates of the discontinuity, normalized by the 
length of the crack L. Here L/B = 0.5. 

and 

zone f o r  mode I loading i s  l o c a t e d  ahead of t h e  c rack  t i p .  

, I n  t h e  considered case of a n  a r r a y  of h o r i z o n t a l  crazes rII.91 t h e  only  

detectable non-zero component of t h e  v e c t o r  of  craze opening d e n s i t y  is 

t h e  v e r t i c a l  component c 2 ( c )  which is a product of craze opening b2(5)  

and t h e  c raze  dens i ty  p ( r ) .  The l a t t e r  i s  t h e  t o t a l  l e n g t h  of t h e  craze mid- 

d l e l i n e  p e r  u n i t  area. This parameter h a s  been s t u d i e d  by B o t s l s ,  e t  a l . ,  by 

means of  o p t i c a l  microscopy l I I . 91 .  An example of equal  craze d e n s i t y  con- 

~ ( d )  
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t o u r s  t aken  from 111.91 i s  shown i n  F ig .  11.5. Using these data we employ an  

exponent ia l - type approximation of t h e  craze d i s t r i b u t i o n  

( e’akllfkER 
(11.17) 

E 0.1 

5 
f 

0 

0 
N 

{ 4 . 1  

Fig .  1 1 . 5  Contours of equal craze density in mm 2 3  /nun [II.9] f o r  c r ack  length 
L = 1.9 mm. 

where k a  and w are the l eng th  and t h e  wid th  of the  c r a z i n g  zone (CZ)  ahead 

of t h e  crack t i p ,  r e spec t ive ly .  po is t h e  maximum c raze  d e n s i t y  a t  t h e  crack 

t i p  estimated as 1400 mm2/mm3 and is t h e  average of  t h e  c r a z e  openings bo 

c o e f f i c i e n t s  akk  a r e  eva lua ted  from the  craze d e n s i t y  measure- 

and found t o  be 

The o v e r a l l  effect of t h e  CZ can be r e a d i l y  eva lua ted  employing GSIF of 

Eq. (11.16) and t h e  measured craze  opening d e n s i t y  ~ ( 5 )  approximated by Eq. 

(11.17) 

rrr 
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(11.18) 

I n  t h e  example considered,  t h e  fo l lowing  parameters are taken from 

111.91: crack length  = 1.9 mm i n  a SEN specimen of 20 mm width ,  Young's modu- 

lus E = 2.2 GPa, Poisson 's  r a t i o  v = 0.3, and t h e  a p p l i e d  stress a, is  equal 

t o  16 MPa. I n  t h i s  case KO = 1,378 kN/m3l2 and KA is  found t o  be 

- 1 1 2 8 ~ 1 0 ~  bo k N / ~ n ~ / ~ ,  i n  which bo s t a n d s  f o r  a n  average c r a z e  opening i n  m 

upon l o a d  app l i ca t ion .  S ince  t h e  l a t t e r  was not  measured, we use i t  as a n  

a d j u s t a b l e  parameter. Apparently,  t h e  t o t a l  SIF Kef f  v an i shes  when bo = 

1.22~10'~ m. The va lue  of 1 t o  2 ~ 1 0 - ~  m f o r  craze openings under load seems 

q u i t e  r ea l i s t i c ,  t h u s  suggesting a n  a l t e r n a t i v e  t o  t h e  well-known 

Dugdale-Barenblatt p ropos i t i on  [II .12,131, i.e., Keff = 0 due t o  craze zone 

surrounding t h e  crack. 

5. Conclusion 

The proposed crack t i p  analysis i s  e s s e n t i a l l y  based on experimental  

measurements of t h e  d i s c o n t i n u i t i e s  and /o r  a d i s c o n t i n u i t y  dens i ty .  Then 

parameters such as S I F ,  energy momentum t e n s o r  and energy release rates can be 

eva lua ted  by straightforward c a l c u l a t i o n s  based on t h e  double l a y e r  p o t e n t i a l  

technique.  

The semi-empirical method can  be a l s o  employed for  stress a n a l y s i s  of  

crack damage i n t e r a c t i o n  i n  non-polymeric (non-transparent  1 materials. With 

t h i s  i n  mind, var ious  polymers and t h e i r  b lends  may be selected t o  s e r v e  two 

purposes:  a )  mimicking br i t t l e  as well as d u c t i l e  response t o  stress concen- 

t r a t i o n  a t  t h e  crack t i p  and and b )  t o  a l low a n  obse rva t ion  and measurements 

of  t h e  d i s c o n t i n u i t y .  
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APPENDIX 

The displacement genera ted  by a microcrack i s  

I n  case of a n  ho r i zon ta l  microcrack bl(t) = 0 and therefore 

For plane stress, t h e  s t ress -d isp lacement  r e l a t i o n  is g iven  by 

Therefore ,  t h e  stress o p e r a t o r  app l i ed  t o  t h e  second Green’s  t e n s o r  @ ( & , X I  

g i v e s  

E 
T x [ @ ( t , x ) l  = [@22,2(5,X,) + VQ12,J(€,X)I L I u  

( 1-v2) u u u  

From Eq. ( 2 )  i n  t h e  t e x t ,  we write t h e  second Green’s t e n s o r  as 

where 

r e s p e c t  t o  x1 and t o  x2 g i v e s  

R1 = tl - xl, R2 = t 2  - x2 and R2 = R1 2 + R2 2 The d e r i v a t i v e s  w i t h  
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Therefore, Eq. (A41 becomes, for x2 = 0, as 

.. 

-* 
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111. EXPbAsIOIi OF THE ACTIVE ZOBE 

The requirement of  s e l f - s i m i l a r i t y  hypo thes i s  (Part I) has  two implica-  

t i o n s :  (1) the e v o l u t i o n  of t h e  a c t i v e  zone can  be approximated by f o u r  

e lementary moments, namely, t r a n s l a t i o n  and r o t a t i o n  as a r i g i d  body, expan- 

s i o n  and d i s t o r t i o n .  (11) It allows t o  e x p r e s s  t h e  a c t i v e  parts of  t h e  

corresponding d r iv ing  f o r c e s  i n  t h e  form of t h e  J ,  L, M and N i i s  i n t e g r a l s ,  

r e s p e c t i v e l y  [III .11.  

Crack propagation which co inc ides  w i t h  t h e  t r a n s l a t i o n  of  t he  a c t i v e  zone 

I s  a r e l a t i v e l y  f a s t  process .  The CL theory  d e r i v e s  t h e  k i n e t i c  equa t ion  f o r  

a c t i v e  zone t r a n s l a t i o n  by employing t h e  p r i n c i p l e  of m i n i m u m  en t ropy  produc- 

t i o n  [ I I I . 1 ,21 .  On t h e  o t h e r  hand, a c t i v e  zone deformation and r o t a t i o n  

r e s u l t  from slow processes of damage growth. 

On the  basis of experimental  obse rva t ions ,  va r ious  p r o p o s i t i o n s  can  be 

made w i t h  respec t  t o  t h e  c o n s t i t u t i v e  equa t ions  f o r  expansion,  d i s t o r t i o n  and 

r o t a t i o n  of t he  a c t i v e  zone. Herein we c o n c e n t r a t e  on t h e  expansion of t h e  

a c t i v e  zone only.  

I n  t h i s  respect we have examined two cand ida te s  f o r  c o n s t i t u t i v e  rela- 

t i o n s ;  Onsanger's t y p e  l i n e a r  r e l a t i o n  

e = LXexp 

and Arrhenius  type exponent ia l  r e l a t i o n  

e = C1 exp [-C2XeXpl 

(111.1)  

(111.2) 

between t h e  r a t e  of expansion e, and t h e  corresponding f o r c e  XeXp. The 

c o e f f i c i e n t s  L [ s e c * J o ~ l e s - ~ l  ( E q .  ( III . l)) ,  Cl[sec] and C2[Joules-l] (Eq. 

(111 .2 ) )  are obtained from l i n e a r  r e g r e s s i o n  ana lys i s .  
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Under t h e  assumption of homogeneous deformation w i t h i n  t h e  a c t i v e  zone, 

t h e  rate o f  expansion w i t h  t h e  crack t i p  as t h e  o r i g i n  i s  

6 = ?( 2 w + ") Ra 

where w and Ra are t h e  wid th  and l e n g t h  of the a c t i v e  zone, r e s p e c t i v e l y  

(F ig .  1.1). The f o r c e  Xexp i s  expressed as t h e  d i f f e r e n c e  between a c t i v e  

and r e s i s t i v e  parts, 1.e.. 

'exp = M - yRo 

Here M is  the energy re1 ase rate due t 

(111.3) 

ns ion  of  t h e  a c t i v e  zone, 7 

is the  specif ic  en tha lpy  of damage and Ro is t h e  r e s i s t a n c e  moment of t h e  

a c t i v e  zone a s soo ia t ed  w i t h  t h e  expansion. Both M and Ro are approximated 

as 

(111.4) - 1  M = -  aJIRa 

LI 

Ro = <po>A (111.5) 

where J1 is t h e  energy release rate due t o  t r a n s l a t i o n  of  t h e  a c t i v e  zone. 

Ea is t h e  length of t h e  a c t i v e  zone and a is a d imens ionless  c o e f f i c i e n t  

<po> is the average damage d e n s i t y  w i t h i n  t h e  a c t i v e  zone and wi th  0 < a I 1. 

A i t s  area. 

Analysis  of CL s t a b i l i t y  has shown t h a t  t h e  c r i t i c a l  energy release rate 

Ale, can be expressed as  t h e  product of t h e  specific en tha lpy  of damage y*. 

and t h e  r e s i s t a n c e  moment a t  c r i t i ca l  propagat ion,  namely, Alc = y*Rlc. This 

process  is a man i fe s t a t ion  of mainly new damage nuclea t ion .  Thus y* i s  

directed related t o  t h e  corresponding specific energy (i.e., energy of  nuclea- 

t i o n  of new damage). On the  o t h e r  hand. y which appears i n  Eq. (111.3) 
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corresponds main ly  t o  t h e  energy of r e l a t i v e  slow process which fol lows t h e  

nuc lea t ion .  Furthermore,  i t  is  w e l l  recognized t h a t  t h e  d i f f e r e n c e  between 

the  energy of new phase nuc lea t ion  and t h e  energy o f  phase growth is e s s e n t i a l  

1111.31. Accordingly, i t  i s  expected t h a t  y* is  s i g n i f i c a n t l y  greater than  

Y e  

For ou r  model material, y* has  been found t o  be of t h e  order of  30 J / m 2  

1111.41. An experimental  method t o  e v a l u a t e  y is being developed. To com- 

pare t h e  two cand ida te s  ( E q s .  (111.1) and (111.2)) f o r  c o n s t i t u t i v e  equa t ions  

fo r  a c t i v e  zone expansion, w e  take y t o  be 10% of y*. 

F r a c t u r e  propagat ion k i n e t i c s  are observed under two d i f f e r e n t  f a t i g u e  

load h i s t o r i e s .  Whereas t h e  frequency and load  r a t i o  were t h e  same, t h e  l e v e l  

of mean stress i s  16.0 MPa and 10.7 MPa, r e s p e c t i v e l y .  

Analysis  of  t h e  experimental  r e s u l t s  accord ing  t o  Onsanger r e l a t i o n s h i p  

(Eq. (111.1)) resulted i n  two d i f f e r e n t  v a l u e s  of  t h e  k i n e t i c  c o e f f i c i e n t  L ,  

namely, L = 0.98~10-2 sec. jou les -1  f o r  t h e  first experiment and L = 

0 . 6 8 ~ 1 0 ’ ~  sec- joules-1 f o r  t he  second experiment.  I n  a d d i t i o n ,  i n  both case3 

t h e  c o e f f i c i e n t  of c o r r e l a t i o n  i n  t h e  l i n e a r  r e g r e s s i o n  a n a l y s i s ,  i n  t h e  6, 

Xexp p lane ,  was low, regardless of t h e  va lue  of  t h e  parameter a. 

This suggests t h a t  s i m p l e  Onsanger r e l a t i o n s h i p  is no t  adequate .  

The s o l i d  l i n e s  i n  Fig.  111.1 represent t h e  right-hand side of (111.2) .  

The data p o i n t s  are measurements o f  t he  rate o f  expansion of t h e  a c t i v e  zone. 

The c o r r e l a t i o n  c o e f f i c i e n t  f o r  both set of data was o f  t h e  o r d e r  of 0 .9  and 

t h e  pre-exponent parameter was 1.12x10-3 sec and 0 . 3 4 ~ 1 0 - ~  sec, respec- 

t i v e l y .  On t h e  o t h e r  hand, t h e  c o e f f i c i e n t  C2 was found t o  be t h e  Same f o r  

both experiments  regardless of t h e  parameter a. If a n  Arrhenius  type  cons t i -  

t u t i v e  r e l a t i o n s h i p  was t o  describe t h e  expansion rate, C 2  should be t h e  

same i n  t h i s  case s i n c e  both experiments  were performed under d i f f e r e n t  load  

C1 
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l e v e l s  and the  same temperature.  This is very  strong evidence  t h a t  Eq. 

(111.2) could be adopted t o  describe t h e  expansion rate o f  t h e  a c t i v e  zone. 

I n  order, however, t o  unquestionably assess t h e  a p p l i c a b i l i t y  o f  a n  Arrhenius  

type  k i n e t i c  equat ion  for  a c t i v e  zone expansion,  experiments  w i t h  d i f f e r e n t  

l oad ing  rates and temperatures should be a v a i l a b l e .  

- 6 t f  

r 

u=Q2Hz 
UG 16.0MPa 

0 Um=10.7Mh 

-81 1 1 I I 

IO 12x16~ 0 2 4 6 8 
M -VR,, J a ~ l e s  

Fig. 111.1 Rate of  expansion as a f u n c t i o n  of t h e  expansional  thermodynamic 
f o r c e  f o r  two l e v e l s  of  mean stress. Note t h a t  t h e  l i n e s  are 
parallel. 
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