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ABSTRACT 

An e x p l i c i t  form f o r  a s t a t i o n a r y  d i l a t i o n  f o r  p e r i o d i c a l l y  c o r r e l a t e d  
random processes  is obta ined .  
f o r  a p e r i o d i c a l l y  c o r r e l a t e d  process t o  be  non-de terminis t ic ,  pu re ly  non- 
deterministic,minimal,and t o  have a p o s i t i v e  a n g l e  between i ts  p a s t  and 
f u t u r e .  
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1. INTRODUCTION. S t a t i o n a r y  s t lochast ic  processes  have been ex tens ive ly  

s t u d i e d  and t h e  p r e d i c t i o n  theory  of such processes  is  w e l l  developed and 

more o r  l ess  complete. 

cesses, t h e  theory  of nons t a t iona ry  processes  needs more i n v e s t i g a t i o n .  A 

wide c l a s s  of nons t a t iona ry  processes  is t h a t  of harmonizable processes  

Although many f a c t s  are known f o r  nons t a t iona ry  pro- 

which were in t roduced  by 

CramerC31. Rozanov E4 1, 

C17 1. A sequence X , n 

- i ts  c o r r e l a t i o n  func t ion  

n 

(1)  b'(n ,m) 

Loeve c151 and s t u d i e d  by several au tho r s  such as 

Abreu c11, Nieme C191, C203 and Miamee and S a l e h i  

E Z i n 5  Hi lbe r t  space  H i s  c a l l e d  Harmonizable - i f  

x(n,m) = (Xn,)in) can b e  expressed as 
- 

J o  J o  

where F is a complex-valued measure of bounded v a r i a t i o n  on t h e  squa re  

C0,27rl x C0,2aI. 

- -- -c_ 

Harmonizalbe processes  are n a t u r a l  g e n e r a l i z a t i o n s  of sta- 

t innary prncesses. 111 fact, i f  the aass nf the m-easure F i s  concentrated nn 

t h e  d iagonal  of t h a t  square ,  a harmonizable process  reduces t o  a s t a t i o n -  

a r y  one-  Never the less ,  since t h e  c l a s s  of harmonizable processes  i s  s o  

broad, u n l i k e  t h e  case of s t a t i o n a r y  p rocesses ,  t h e i r  s t u d i e s  are no t  as 
> 

conclusive.  Another class of nons ta t ionary  s t o c h a s t i c  processes  is t h a t  of 

p e r i o d i c a l l y  c o r r e l a t e d  processes:  A sequence X 

c a l l e d  p e r i o d i c a l l y  c o r r e l a t e d  wi th  per iod T i f  y(n,m) = %(n + T,  m + T ) ,  

f o r  a l l  m,n E Z ,  where \d(n,m) = (X ,X ) is t h e  c o r r e l a t i o n  f u n c t i o n  of X . 
P e r i o d i c a l l y  c o r r e l a t e d  processes  have been r e c e n t l y  s t u d i e d  by several 

i n  a H i l b e r t  space  H n-- 

---- c 

n - n m  -- 

a u t h o r s  inc lud ing  Gradyshev C6], C71 who gave t h e  f i r s t  mathematical  treatment 

of t h e s e  processes ,  Pourahmadi and Sa leh i  C 231, Ogura C 2 U ,  Pagano E2 1, 

Hurd C111, C121, C131, and Miamee and S a l e h i  D 8 l .  Such processes  have many 

a p p l i c a t i o n s  121,  C51, C81. 

For a p e r i o d i c a l l y  c o r r e l a t e d  process  X t h e  behavior  of i t s  s p e c t r a l  n '  



d i s t r i b u t i o n  is  q u i t e  clear now. In  f a c t ,  (cf .  [SI), i ts  

s p e c t r a l  d i s t r i b u t i o n  F i n  (1) is, i n  t h i s  case, concent ra ted  on 2T-1 equi-  

d i s t a n t  s t r a i g h t  l i n e  segments p a r a l l e l  t o  the m a i n  d iagonal  of t h e  squa re  

C0,21~l, 5 C0,2aI. For harmonizable processes ,  a n  h a o p t a n t  f a c t  which w a s  

f i r s t  observed by Abreu i n  [ I ]  is  the  fo l lowing  theorem: 

z a b l e  p r o c e s s  X i n  g H i l b e r t  space H ,  t h e r e  e x i s t s  a larger H i l b e r t  space 

Given any harmoni- 

n -  - 
K ZH and a s t a t i o n a r y  process  X i n  K such t h a t  -n- -- -- 

X = P X , f o r  a l l  n E Z ,  n 

- where P -- is t h e  or thogonal  p r o j e c t i o n  of K on to  H. Any such s t a t i o n a r y  process  

X is  c a l l e d  a s t a t i o n a r y  d i l a t i o n  f o r  X . Abreu i n  C11 g i v e s  t h e  s p e c t r a l  
71 n 

measure of one of t h e s e  s t a t i o n a r y  d i l a t i o n s .  However, t h a t  does no t  g i v e  

a c l e a r  p i c t u r e  of what t h e  connection between X and its s t a t i o n a r y  d i l a t i o n  

X is, thus  i t  would be  u s e f u l  i f  one could o b t a i n  an e x p l i c i z  form f o r  a n 

s t a t i o n a r y  d i l a t i o n  X i n  terms of X which would g i v e  a clear understanding of 

Y 
3 

n 

* -  

3 l  n 
5:: Ssth  t h e  t ine  and s p e c t r a l  domain: 

I n  t h i s  n o t e ,  w e  g i v e  a complete answer t o  t h i s  ques t ion  f o r  p e r i o d i c a l l y  

c o r r e l a t e d  processes  by g iv ing  an e x p l i c i t  c losed  form f o r  a s t a t i o n a r y  d i l a -  

t i o n  process  X f o r  xn. This  w i l l  express  X i n  t e r m s  of t h e  o r i g i n a l  

process  X i n  t h e  time domain (Theorem 2.1) as w e l l  as i n  t h e  s p e c t r a l  domain 

(Theorem 2.3).  

i n  s e c t i o n  2 t o  o b t a i n  spectral condi t ions  f o r  a harmonizable process  t o  b e  

nonde te rmin i s t i c ,  pu re ly  nondeterminis t ic ,  minima1,and i n t e r p o l a b l e .  I n  

-n -Il 

n 

I n  s e c t i o n  3, w e  use  t h e s e  c r u i c i a l  r ep resen ta t ions ,  e s t a b l i s h e d  

I 

s e c t i o n  4 ,  w e  o b t a i n  s p e c t r a l  condi t ions  f o r  a harmonizable process  t o  have a 

p o s i t i v e  ang le  between i ts  past-present and f u t u r e .  

2. EXPLICIT FORM OF A STATIONARY DILATION FOR PERIODICALLY CORRELATED PROCESSES. 

I n  t h i s  s e c t i o n ,  a f t e r  introducing some pre l iminary  r e s u l t s  concerning 

p e r i o d i c a l l y  c o r r e l a t e d  processes ,  we g i v e  a c losed  form express ion  f o r  a 



3 

s t a t i o n a r y  d i l a t i o n  process  X 

X . This  expres s ion  g i v e s  X i n  terms of X i n  t h e  time domain (Theorem 2.1). 

Then w e  f i n d  t h e  spectral  measure of X 

s i o n  f o r  t h i s  s t a t i o n a r y  d i l a t i o n  i n  t h e  spectral domain (Theorem 2.3). 

f o r  a g iven  p e r i o d i c a l l y  c o r r e l a t e d  p rocess  n 

n -n n 
and thereby  g i v e  a n  e x p l i c i t  expres- 

71' 

L e t  X be a p e r i o d i c a l l y  c o r r e l a t e d  p rocess  wi th  per iod  T. Then f o r  n 
each T ,  t h e  f u n c t i o n  R(n,.r) de f ined  by 

R(n,T) = Y b . +  ~ , n )  = Cxn + T,xn> 
is p e r i o d i c  i n  n w i t h  pe r iod  T. Since R(n,T) is p e r i o d i c  i n  n ,  one can write 

T- 1 
R(n,-r) = C 

k= 0 

For convenience,  w e  extend t h e  d e f i n i t i o n  of t h e s e  %(T), k=O, 1, 2 ,  ..., T-1, 
t o  a l l  i n t e g e r s  by \(T) = 

r e p r e s e n t a t i o n  of t h e  form 

(T). It is  shown C61 t h a t  each %(T) h a s  a %+T 

./ 2 r  

( 3 )  

where each F (.) is a complex valued measure on LO, 2x1. It i s  a l s o  shown 

i n  C6l t h a t  

k 

dF(e,Y) 
-i (n +..r)B + i n l  

(4 1 R(n,T) = - 
2 41T 

o r  

( 5 )  

where t h e  s p e c t r a l  measure F ( . , . )  is given by 

and B - a I s  the  s e t  of all b - a with b e B. This  shows 



I .  

4 

t h a t  p e r i o d i c a l l y  c o r r e l a t e d  Processes  do s a t i s f v  (1) w i t h  a spectral measure 

which is  concent ra ted  on 2T - 1 straicrht  l i n e  segments.  8 - Y = 2ak/T, 

k = -T + 1, ..., T - 1 contained i n  the  squa re  C0,21~1 x C0,2nl. 

Representa t ions  (5) and (6), which are of t h e  form (l), i n  p a r t i c u l a r  
I 

show t h a t  any p e r i o d i c a l l y  c o r r e l a t e d  process  X 

by Abreu’s r e s u l t  

i s  harmonizable and hence, n 

mentioned i n  s e c t i o n  1 ,  has  a s t a t i o n a r y  d i l a t i o n .  The 

next  theorem g i v e s  our  e x p l i c i t  form f a r  one such d i l a t i o n  which i s  probably 

t h e  most n a t u r a l  one i n  t h i s  case. Bu t  f i r s t ,  w e  i n t r o d u c e  t h e  d i r e c t  sum 

H of T cop ie s  of H. H c o n s i s t s  of a l l  v e c t o r s  5 = (X , X , ..., X ) w i t h  T T 1 2  T 

i X E H ,  i = 1, 2 ,  ..., n. We endow HT w i t h  t h e  Euc l id i an  inne r  product .  For 

1 2  T 1 2  T - X = (X , X , .. . , X ) and - Y = (Y , Y , . . . , Y ) i n  HT, w e  d e f i n e  t h e i r  i nne r  

product ((X, - -  Y ) )  t a  be 

2.1 THEOREM. L e t  t h e  sequence X i n  t h e  H i l b e r t  space  H be a p e r i o d i c a l l y  

c o r r e l a t e d  process  wi th  per iod  T. Then t h e  p r m e s s  X = (Xn, . . , ,  Xn + 1) i n  

K = H i s  s t a t i o n a r y  and 

n 

-n 
T 

x n = P x  n’ 

where p is t h e  p r o j e c t i o n  of K onto its f i r s t  coo rd ina te  (which is  c e r t a i n l y  

a n  or thogonal  p r o j e c t i o n ) .  

Proof .  To see t h a t  X i s  s t a t i o n a r y ,  w e  w r i t e  n 

T- 1 us, = c ‘xn+j 7 xm+j) 
j =O 

Since  X is p e r i o d i c a l l y  c o r r e l a t e d  with Period T,  w e  have (X X ) = n m’ n 

) s o  w e  can write (‘m+T’ ‘n+T 
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The rest of t h e  theorem is clear. 

I n  p a r t i c u l a r ,  t h i s  theorem shows t h a t  g iven  any p e r i o d i c a l l y  c o r r e l a t e d  

process  X w i t h  per iod  T and va lues  i n  H,  then  X = (Xn, .,.,Xn+T-l ) is  a 
n 11 

s t a t i o n a r y  d i l a t i o n  f o r  i t  which takes  va lues  i n  K = H T . 
2.2 REMARK. 

t h e  f a c t  t h a t  X 

One can e a s i l y  see that t h e  s t a t i o n a r i t y  of X is equ iva len t  t o  
-Il 

is  p e r i o d i c a l l y  c o r r e l a t e d .  n 

The next  Theorem which g i v e s  the  s p e c t r a l  measure of t h i s  p a r t i c u l a t  sta- 

t i o n a r y  d i l a t i o n  of X is c r u c i a l  fo r  any s p e c t r a l  a n a l y s i s  of our  process  X 
n n 

v i a  i ts  s t a t i o n a r y  d i l a t i o n .  

2.3 THEOREM. 

is i ts  s t a t i o n a r y  d i l a t i o n  as introduced i n  Theorem 2.1, t hen  t h e  s p e c t r a l  

I f  X is a p e r i o d i c a l l y  c o r r e l a t e d  process  w i t h p e r i o d  T and X 
n 

measure of X is T t i m e s  dF (A) ( c f .  (3 )where  F is  t h e  d iagonal  p a r t  of t h e  

measure dF of X ) ,  

PROOF. Using (2)  and (3) we can write 

7. 0 0 

n 

T- 1 T- 1 

T-1 T-1 
1 2 v i k j  

c %<n> exp( T .  = C  
j = O  k=O 

But one can e a s i l y  check t h a t  
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i f  k=O 
27rik' T- 1 

E expc  ~ = 
A j =O o the rwise .  (0 

Taking t h i s  i n t o  cons ide ra t ion ,  w e  can con t inue  t o . w r i t e  

' 0  

which completes  t h e  proof.  

3. MINIMALITY, INTERPOLABILITY, DETERMINISM AND PURELY L.ONDETERMINIS1 

I n  t h i s  s e c t i o n ,  w e  e s t a b l i s h  spectral c o n d i t i o n s  f o r  a p e r i o d i c a l l y  

c o r r e l a t e d  process  t o  beminimal ,  i n t e r p o l a b l e ,  d e t e r m i n i s t i c , o r  pu re ly  

nonde te rmin i s t i c .  

Given any process  X 

ST {j;k : k E z), H (2) = SP CX 

SP (5 : k f n}. 

(not  n e c e s s a r i l y  s t a t i o n a r y ) ,  w e  d e f i n e  H = 
n X 

- - 
k 5 n) .  H (-m) = gHx(n) and H'(n) = 

X k '  x x 
- 

The process  X is  c a l l e d  d e t e r m i n i s t i c  i f  B (--) = Hx(n) n X 

and -ur&-* --- ntnrrnin f o r  a l l  n ,  minimal i f  H'(n) f Hx(+m) f o r  some n E: Z ,  y ALu&.drC----- . -  

X 

i s t i c  i f  Hx(-m) = 0. 

3.1.THEOREM. Suppose t h e  p e r i o d i c a l l y  c o r r e l a t e d  process  w i t h  pe r iod  T is  

pure ly  nonde te rmin i s t i c .  Then F m u s t  b e  a .c .y ; f th  respect t o  Lebesque,measure ' 0  ..*. 

0' 

-n n 

where f is t h e  d e n s i t y  of F 

PROOF. L e t  X be t h e  s t a t i o n a r y  d i l a t i o n  of X g iven  i n  Theorem 2.1. Then 

i t  i s  no t  hard t o  see t h a t  

0 

Hx(n) 2 H (n) @ .. @Hx(n+T-l), f o r  all n E Z.  - X 

From t h i s  one immediately g e t s  

Hx ( -0) 5 Hx(--j @ - . . 0 Hx (-a). 

Since  Xn is  assumed t o  be pure ly  nondeterminis t ic  and Hx(-m) = O s  W e  conclude 
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t h a t  Hx(-m) = 0,  which means X 

fo l lows  from a w e l l  known r e s u l t  f o r  s t a t i o n a r y  processes  C41 1 1 4 1  which s a y s  

is purely nonde te rmin i s t i c .  Now t h e  .theorem -n - 

t h a t  o u r  s t a t i o n a r y  process  & is purely nonde te rmin i s t i c  if and only  i f  i t s  

s p e c t r a l  measure ( see  Theorem 2 . 3 )  TF i s  a.c. and i t s  s p e c t r a l  measure Tf 0 0 
/2a 

s a t i s f i e s  log(Tfo(A))dh > -00, which is t h e  same as saying  FC) i n  a.c. 
/2a 

l o g  f o  > -a. 
and i o  
3.2 THEOREM. L e t  X be a p e r i o d i c a l l y  c o r r e l a t e d  pro,cess wi th  pe r iod  T. For 

X t o  b e  d e t e r m i n i s t i c ,  i t  s u f f i c e s  to  have n 

- dFO 
dX 
of F 

PROOF. I f  ca 1% - de dX = -m, t hen  io l o g  ( T::O) dh = -00 ,  This  

toge the r  w i t h  Theorem 2.3 and t h e  w e l l  known c h a r a c t e r i z a t i o n  of d e t e r m i n i s t i c  

n 
dFO 

l o g  J: dh 
-- dh = -OD, where 

denotes  t h e  Radon-Nykodixm d e r i v a t i v e  of t h e  a b s o l u t e l y  cont inuous p a r t  

2a 0’ 
dFO 

s t a t i o n a r y  processes  C41,’C141 i m p l i e s  t h a t  t h e  s t a t i o n a r y  d i l a t i o n  X 

is deterministic. But s i n c e  X = P&$ one  can e a s i l y  see t h a t  t h i s  

f o r c e s  X t o  be d e t e r m i n i s t i c .  

of X 
-Ti n 

n 

n 

The above proof is  sinilar t o  t h a t  of a corresponding p r o p o s i t i o n  i n  11J 

regard ing  harmonizable processes .  

P roof s  of t h e  fo l lowing  two theorems are similar t o  those  of Theorems 

3.1 and 3.2 above.In f a c t ,  they  fol low from Theorems 2.1 and 2 . 3  by r e c a l l i n g  

t h e  corresponding w e l l  knowns r e s u l t s  f o r  s t a t i o n a r y  processes  (cf. [ 4 ] ,  [14] ,  

C251 i n  e x a c t l y  t h e  same way. Hence we omit t h e  proofs ,  

3.2 THEOREM. 

Then F 

L e t  X be a p e r i o d i c a l l y  c o r r e l a t e d  process  which i s  minimal. n 

is a.c .  and i t s  d e n s i t y  fo(X) is  a , e .  i n v e r t i b l e  wi th  0 

3 . 4  THEOREM. The p e r i o d i c a l l y  c o r r e l a t e d  process  X is i n t e r p o l a b l e  i f  n 
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dh 

f o r  every non-zero t r igonomet r i c  polynomial P. 

4 .  POSITIVITY OF THE ANGLE BETWEEN PAST-PRESENT AND FUTURE, I n  t h i s  s e c t i o n ,  

w e  s tudy  t h e  a n g l e  between pas t -presea t  and f u t u r e  f o r  a p e r i o d i c a l l y  

c o r r e l a t e d  process  and, us ing  ou r  resul ts  of s e c t i o n  2 ,  we g e t  some necessary  

s p e c t r a l  cond i t ions  f o r  t h i s  a n g l e  t o  be p o s i t i v e .  The p o s i t i v i t y  of t h i s  

a n g l e  is c l o s e l y  t i e d  w i t h  t h e  set {X 1 forming a Shoulder  b a s i s  f o r  i t s  

t ime domain H (+) . (For  t h i s  and o the r  a p p l i c a t i o n s  of t h i s  concept one can 
n 

X 

see c93, [ l o 3  and C16J). 

For  a g iven  p rocess  Xn, be s ides  t h e  subspaces w e  in t roduced  a t  t h e  
- 

beginning of s e c t i o n  3, w e  need t o  de f ine  F(n)  = S P { s :  n < k}. 

of t h e  ang le  between two spaces  M and N . ( i n  a H i l b e r t  space)  i t  is  customary 

As a measure 

t o  cons ider  t h e  q u a n t i t y  (cf .C9I)  

: x E Pi, Y E N. P(M,N) = Sup j (X,Y) 1. 
XI  I '  I lyl I X , Y . # O .  

It is  c l e a r  t h a t  P(M, N) 5 1 and i f  i t  is _ s t r i c t l y  l ess  than  1, i t  is s a i d  

t h a t  t h e  a n g l e  between M and N is  pos i t i ve .  I f ,  i n  p a r t i c u l a r ,  M is taken  t o  

be H (n)  and N is taken t o  be F (n ) ,  then w e  s a y  t h a t  t h e  a n g l e  between pas t -  

p re sen t  and f u t u r e  of  X a t  rime n is p o s i t i v e  i f p  (n) = p(Hx(n), Fx(n)) < 1. 

I f  X 

p e r i o d i c a l l y  c o r r e l a t e d  wi th  per iod  T,  t hen  p(n> is p e r i o d i c  w i t h  pe r iod  T. 

The s t a t i o n a r y  process  Xn is  s a i d  t o  have a p o s i t i v e  a n g l e  between i t s  p a s t  

and f u t u r e  i f  p(n) < 1 f o r  soae  and hence every  n. A p e r i o d i c a l l y  c o r r e l a t e d  

X X 

n X 

is s t a t i o n a r y ,  t hen  p(n) I s  a cons tan t  f u n c t i o n  of n ,  and i f  Xn is 
n 

process  X 

every n = 0,1,. . .T-1 and hence every n. 

and f u t u r e  is some kind of r e g u l a r i t y  which is  s t r o n g e r  than  t h e  ones o f t e n  

has  a p o s i t i v e  a n g l e  between i t s  p a s t  and f u t u r e  i f  p (n)  < 1 f o r  
n 

P o s i t i v i t y  of the a n g l e  between p a s t  

used i n  p r e d i c t i o n  theory ,  namely nondeterminism, pu re ly  nondeterminism, 

minimal i ty ,  e t c .  ( c f .  E91 and C/6 I ) .  
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The f o l l o v i n g  theorem connects  t he  p o s i t i v i t y  of a p e r i o d i c a l l y  c o r r e l a t e d  

process  X wi th  i t s  s t a t i o n a r y  d i l a t i o n  X introduced i n  Theorem 2.1. 

4 . 1  THEOREM. 
n -n 

L e t  X be  a p e r i o d i c a l l y  c o r r e l a t e d  process whose ang le  between n 

p a s t  and f u t u r e  is  p o s i t i v e .  Then, t he  ang le  between p a s t  and 

f u t u r e  of i t s  s t a t i o n a r y  d i l a t i o n  X 

PROOF. 

given i n  Theorem 2.1 is also p o s i t i v e .  
-n 

Take a f i n i t e  l i n e a r  combination cx = C a& i n  H (0) and another  one 
X k* 0 - - 

B = C b.X. i n  F (1). Then w e  can write 
X J-J - j.9 

T- 1 

C ( C  a k%+i’ . fo  b jXj+ i ) I  
i=O k50 3- 

T- 1 

T- 1 

where p = max (px ( i ) :  i=G,1,2,  ..., T-11. We can f u r t h e r  w r i t e  
2 %  X T- 1 2 $ T-1 

I ( (a,B)) I  I P x  ( C I C aks+il 1 ( C I c bjXj+il 1, 
i = O  k<O i = O  j i l  - 

So w e  have 

. Now s i n c e  w e  have assumed t h a t  p < 1, w e  conclude 
x 5 px X 

which i m p l i e s  t h a t  p 

t h a t  px < 1 ,  which completes t h e  proof.  
- 

- 
From t h e  w e l l  known c h a r a c t e r i z a t i o n s  f o r  p o s i t i v i t y  of t h e  angle  f o r  

s t a t i o n a r y  processes  [ lo] ,  [9] ,  it fol lows t h a t  the process  X has a p o s i t i v e  

ang le  i f  and only i f  Fo is  a . c .  wi th  a d e n s i t y  f 

Muckenhoupt condi t ion  [ l o ]  

which e i t h e r  satisfies t h e  
0 



where sup is taken over  a l l  intervals I c [O,2rl, o r  is of t h e  Hslson 

-Szego type  C91 
- 

UtG 
f = e  , 0 

where u is a bounded real f u n c t i o n  and 

v which is bounded and satisfies t h e  cond i t ion  I I v I I 
P u t t i n g  t h e  f a c t s  j u s t  mentioned along wi th  our  Theorem 4 . 1 ,  w e  g e t  t h e  fol lowing.  

L . 2  THEOREM. L e t  X be  a p e r i o d i c a l l y  c o r r e l a t e d  process .  For X t o  have a 

is t h e  conjugate  of a real f u n c t i o n  

n < - 
OD 2 .  - 

n 11 
I 1  

p o s i t i v e  ang le  between its east und f u t u r e , . j ; t  j ,s .necessary t h a t  

Fo be a .c .  and f 
- 

s a t i s f i e s  e i t h e r  t he  Muckenhoupt cond i t ion  (7) o r  i s . o f  0 

Hefson-Szegi type  ( 8 ) .  
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