View metadata, citation and similar papers at core.ac.uk

=
brought to you by .{ CORE

provided by NASA Technical Reports Server

NASA Contractor Report 181675
ICASE REPORT NO. 388-37

|
|
|

NASA-CR-181675
| 19880016764

ICASE

NON-OSCILLATORY SPECTRAL FOURIER METHODS
FOR SHOCK WAVE CALCULATIONS

Wei Cai
David Gottlieb
Chi-Wang Shu

LIGRAKY CUFY

JuL 2 2 1988

RCH CENTER
LANGLEY RESE R

A HAMPTON, VIRGINIA

Contract No. NAS1-18107

June 1988

INSTITUTE FOR COMPUTER APPLICATIONS IN SCIENCE AND ENGINEERING
NASA Langley Research Center, Hampton, Virginia 23665

Operated by the Universities Space Research Association

NASA

National Aeronautics and
Space Administration

Langley Research Center
Hampton, Virginia 23665

I


https://core.ac.uk/display/42831895?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

NON-OSCILLATORY SPECTRAL FOURIER METHODS
FOR SHOCK WAVE CALCULATIONS

Wei Cai, David Gottlieb, and Chi-Wang Shu
Division of Applied Mathematics
Brown University

Providence, RI 02912

ABSTRACT
In this paper, we present a non-oscillatory spectral Fourier method for the solution
of hyberbolic partial differential equations. The method is based on adding a nonsmooth
function to the trigonometric polynomials which are the usual basis functions for the
Fourier method. The high accuracy away from the shock is enhanced by using filters.
Numerical results confirm that no oscillations develop in the solution. Also, the accuracy
of the spectral solution of the inviscid Burgers equation is shown to be higher than a fixed

order..
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1. INTRODUCTION

In this paper, we discuss shock capturing techniques using spectral methods. In par-
ticular, we would like to present a nonoscillatory version of the spectral Fourier method
when applied to a nonlinear hyperbolic equation. The main difficulty in applying spec-
tral methods to discontinuous problems is of course the Gibbs phenomenon. In fact, this
problem exists even in the approximation level. It is well-known that if a discontinuous
function f(z) is approximated by its finite Fourier series Py f

N
Pyf= 3, he™, (1.1a)

k=-N
N 1 o= .
fe= 5= fo f(z)e *edx, (1.18)
then the order of convergence of Pyf to f is only O(#) for each fixed point. Moreover,
Py f has oscillations of order 1 in a neighborhood of O(—]},-) of the discontinuity.

In the applications, we usually have piecewise C* functions, and in this paper we will
consider only those functions. It is known that it is possible to improve the accuracy of the
approximation away from the shocks. There are currently two methods (see [7]) that are
being used. The first amounts to modifying the Fourier coefficients by multiplying them
by a decreasing function o(k). Some of the commonly used filters are

o = e T [k > ko
(1.2)
O — 1 |k| < ko.

" The second method [1] is based on convoluting the approximation with an appropriate C*
function ¢(z,y) such that

| Py fx(z,y) ~ f(y)- (1.3)
While both (1.2) and (1.3) are effective away from the discontinuity, they do not eliminate
the Gibbs phenomenon in the neighborhood of the shock. This is very important for the
stability of the spectral method when applied to i)a.rtial differential equations. In fact in
Section 2 we show that the total variation of Py f grows like log N. It is easily shown that

this is the case also for the filters in (1.2).



In Section 2, we show that by adding a sawtooth function to the basis functions e***
one can control the Gibbs phenomenon. This in conjunction with the filters (1.2)-(1.3)
yields a high order nonoscillatory approximation to a piecewise C*® function. In Theorem
2, we prove that the total variation of the new approximation converges to that of the
approximated function. We also prove that the convergence for the new approximation in
L! norm is one order higher.

Many modern nonlinear schemes for the solution of the conservation equation
us+ f(u), =0 (1.4)

are based on two distinct steps, namely reconstruction and time marching. We use the cell
averaging formulation to rewrite (1.4) as

Tt g (1 (u) =1 (113)) =0 09

where
itk

i~}

1
Az =z.,1—z, 1U-=—/ udz
J it3 =3 ij z

f(uj-{-%-) = f(u(zr}-%))

The first step, then, is to reconstruct the function u(z) from u(z). It is here that we
use the nonoscillatory technique developed in Section 2. For the second step, the time
marching, we use the third order Runge-Kutta scheme developed in [12]. We try to avoid
any modification technique (like the application of limiters) in order to avoid deterioration
of the overall accuracy.

We demonstrate in the last section that the procedure applied to several model problems
yields indeed nonoscillatory results with an order of accuracy which is higher than algebraic

away from the discontinuity.

2. NON-OSCILLATORY APPROXIMATION
In this section, we suggest a method to reconstruct a nonoscillatory approximation to a

piecewise C* periodic function from its first N Fourier coefficients. The approximation is



nonoscillatory in the sense that the total variation of the approximation converges to the
total variation of the approximated function. Moreover, the approximation convergences
in the maximum norm outside a small interval around the point of discontinuity. Applying
the filters (1.2)-(1.3) will increase the order of convergence away from the discontinuity,
thus providing a nonoscillatory spectral approximation.

For simplicity, assume that u(z), 0 < £ <27 is a periodic piecewise C*® function with
only one point of discontinuity at z, and denote by [u] the value of the jump of u(z) at z,,
namely

[u] —_ u(zj)z—;ru(z:) . (2.1)

We assume also that the first 2N+1 Fourier coefficients i, of u(z) are known

NS T —itz
ut_%-/o u(z)e**dz, N<(EeLN. (2.2)

The objective is to construct a non-oscillatory spectrally accurate approximation to u(z)
from the i,’s. We start by noting that the Fourier coefficients i,’s contain information

about the shock position z, and the magnitude [u] of the shock. In fact we can state

Lemma 1: Let u(z) be a periodic piecewise C*® function with one point of discontinuity

z,, then for |£| > 1 and for anyn > 0

nzl 1. (k) 27 [y(n)
g = et S B = [ (] piee
dy=e 2 G to- ) (ie)"e dz. (2.3)
Proof: Since
L 1 i —itz ;1 /" itz 1 [ itz
g = 27r/0 u(z)e d:c—z—ﬂ_ , u(z)e d:c+27r .. u(z)e %dz

we can integrate by parts to get

fy = e-eu,u(z:) —u(z;) + 1 /2" u'(z)e~ dz
0

271l or il

the rest is obtained by induction. This completes the proof.



As an example, consider the sawtooth function F(z,z,,A) defined by

-z z <z,

2T —z > 1T, (2.5)

F(z,z.,A) = A{

Note that the jump of the function — [F] - is A and all the derivatives are continuous
[‘;—:@] = 0 for £ > 1. That means that the expansion (2.3) can be terminated after the first

term, yielding the following results for f; — the Fourier coefficients of F(z,z,, A)

N e—ik:,
fk(xs,A) =A % lk| >1
t (2.6)
Fo(zs, 4) = A(r — =,).
This example suggests that we can rewrite (2.3) as
n=1 1. (k) 27 1 (1) () p =itz
~ r —ilz [u ] 1 / u (:z:)e d />
= ’ —_—t — ———dz, 1. 2.7
Ue fl(xsa[u']) +e fi_:l (Z.E)H'l or Jo (zZ)" T | | = ( )
The order 1 oscillations in approximating u(z) by its finite Fourier sum
N -
Pyu= ) e (2.8)
t=—N
are caused by the slow convergence of
N .Y -
Fn(z,zo [u]) = 3 fe(zs,[u])e™® (2.9)
t=—N

to the sawtooth function F(z, z,,[u|). Therefore, those oscillations can be eliminated by
adding a sawtooth function to the basis of the space to which u(z) is projected. To be

specific, we seek an expansion of the form

. A ..
on(z) = D a?®+ ), e e (2.10)
<N >t

to approximate u(z). The 2N + 3 unknowns a,(|¢| < N), A and y are determined by the

orthogonality condition
2x .
/ (w—vn)e ™ dz =0  |k|<N+2. (2.11)
0
The system of equations (2.11) leads to the following conditions:

ap = ﬁg |£| S N (2.12)



(where #%, are the usual Fourier coefficients of u(z), see (2.2)) and

A
N +1)

A
i(N + 2)

Solving (2.13) for A and y one gets

—i(N+1)y _ =
e )"—uN+1

—i(N+2)y _ A
e~ )u_uN_'_z'

(N +1)inyq
(N + 2)itNy2

W

| 4] = (N + 1)|Ensa-

The sign of A is determined by (2.13).

(2.13a)

(2150

(2.14a)

(2.14b)

Note that in the expansion presented in (2.10) the second sum starts at |{| = N + 1.

This is due to the fact that we make the additional basis function F(z,y, A) orthogonal to

e'*2, thus we use F(z,y, A) — Fy(z,y, A) in the expansion (2.10). The pfocedure described

in (2.14) is second order accurate in the location and jump of the shock. In fact, we can

state

Theorem 1: Let u(z) be a piecewise C® function with one discontinuity at z,. Let y

and A be defined in (2.14) then
ly —z,| =0 (Flf)
4[] =0 (5)
Proof: From (2.3) we get

giv = (V41w

e f(N+1)ze [[“] + g T O (FV%T")]

!

(W 2)ewez — e ]+ gl + 0 (o)

= &=[1+0(&)).

By the same token

[V

4] = (N + 1)|dnea| = [{[u] - (N[:ll)z} + (N[u_.*_] 1)

= |[u]i[t + O(

(2.15)

)}



It should be noted that a better approximation to the shock location z, and its magnitude
[u] can be obtained if we add to the basis functions a function of the form
) [i 4 —B—] e (2.16)
isw L1 (v€)?
and extend (2.11) to |k| < N + 3. In practice, however, (2.10) is enough to get a nonoscil-
latory scheme.
In order to demonstrate that the procedure described in (2.10), (2.12), and (2.14) is
indeed nonoscillatory we recall the definition of the total variation of a function.
Definition: The total variation of u over [0,27] — TV |[u] — is defined as
n
TV[u] = sup Y |u(z;) — u(zi-1)| (2.17)
i=1
where 0 < 29 < 71 < -+ < z, < 27 is a partition of [0,27]. The supremum is taken over
all partitions.

It is clear that if u'(z)eL! then

TV[u] = /0 " lw'(8)|de. (2.18)

If we approximate the function u(z) by its finite Fourier series Pyu defined in (2.8), then
it is well-known that the total variation of Pyu need not approximate that of u. In fact,

we can state

Lemma 2: Let the sawtooth function F(z,0,1) and its N Fourier series Fn(z,0,1) be

defined by (2.5) and (2.9), then
TV|F] = 4 (2.19)

TV [Fy] = O(log N). (2.20)

Proof: Equation (2.19) follows directly from the definition of total variation. As for



(2.20) we note that

TV(Fu(z,0,1)] = [ Bl (2,0,1)|dz = [ IS elds

t=-N
F#0

2x sin(N 1
= /; |%njzi"lldz (2.21)
2

2r sin{ N 1
= [ D o),
0 Slni.'l:

The first term on the right hand side of (2.21) is the Lebesgue constant. It is known
([18], p. 67) that it grows like (log N). Hence (2.20). We can therefore conclude that
TV (Pnu) does not converge to TV [u]. This reflects the existence of large oscillations in
the neighborhood of the discdntinuities.

The situation is different for vy defined in (2.10). In fact, we can state

Theorem 2: Let u(z) be a piecewise C® periodic function with one point of disconti-

nuity z,, and a jump of [u]. Let A and y be such that

Iy - msl = A1
(2.22)
|4 — [u]| = As.
Let vy be defined in (2.10), then
log N
TV[vn] < TV([u] + Lo T + LiAyNlog N + L;Azlog N (2.23)
”‘UN - UHLI S CologN + CIAI IOgN + CzAg. (224)

N2
We present the proof in a series of Lemmas in order to clarify the role of each one of the

terms on the right hand sides of (2.23) and (2.24).

Lemma 3: Let Fy(z,a,1) and Fy(z,8,1) be defined by (2.6)-(2.9) and A = a—f > 0.
Then if A < #:
TV |Fn(z,a,1) — Fy(z,8,1)] = O(AN log N) (2.25)

||Fn(z, &,1) — Fn(z,8,1)||z2 = O(Alog N). (2.26)

7



Proof: Since Fy(z,@,1), Fy(z, 8,1) are trigonometrical polynomials they are C*® func-

tions. Therefore,

TV[Fy(z,01) - Fu(z, 5,1)] = [ "\ FL (1) — Bl (z, 8,1)|dz

2x
— i(z—a) _ it{z—p)
A | Z [C € ”dz (2.27)

l4sN

w X at+B, . ,a=p
= 4/; |tz=:1s1n£(z— > ) sin £——|dz.

Upon defining o, = sin £23£, we can rewrite (2.27) as

2r N
TV [Fy(z,,1) — Fy(z, 8,1)] = 4 /0 IS oesin £€|dé (2.28)
=1
we note that o, are positive and monotone in ¢, 0,-1 — 0, < 0. Define now
t
By(&) =) _sink¢ (2.29)
k=0
to get
N N :
Z atsinKE = ZO‘[(B((&) - Bg_]_(f))
t=1 =1
(2.30)
N
=  (0¢-1 — 0¢)Be-1+ onBy.
=1
Therefore,

2r N 2x N 2x
[T 1 oesinteldg <ow [ 1Bu(€)lde + Y (0 = oe-1) / IBea(€)|d6. (2.31)
0 =1 0 =1 0

Denote now by u

2r
p=max | [Be(£)ld€ (2.32)
from (2.28) and (2.31)
TV |Fn(z,a,1) — Fn(z,8,1)] < 8uon. (2.33)

In order to estimate u, we first note that

(e+1)¢ . sin%{.
2 sing-

Bg(f) = sin (2.34)



Therefore,

/0 |Bo(£)]d¢ < / |sm ds e. (2.35)

But p, is exactly the Lebesgue constant, therefore,
pe = O(fnt). (2.36)
Since oy < NA, we get
TV|Fn(z,a,1) — Fy(z,8,1)] = O(ANlog N).

To obtain (2.26), we follow the same arguments as above. Similar to (2.27) and (2.28)

we have
2x 2r N
[ 1Pz, 0,1) - Fn(z,8,1)|dz < 274 + 4 /0 IS &e cos £€|de (2.37)
0 =1
where 0, = 4,1 < £ N. &'ls are positive and monotone in £, 0, — 0,—; < 0. If we define

- ‘ (£+1)¢ sin %5-
B,(¢) = ;coskf = cos o — e (2.38)
Then similar to (2.33) we have
2x
[ 1Ew(@,0,1) - Fu(2,8,1)|do < 27 + 861 (2.39)
0

where p is defined in (2.32) with B, replaced by B, of (2.38). Notice that (2.35) also holds
for By(z) and |6;] < A. (2.26) now follows from (2.35),(2.37), and(2.39).

Lemma 4: Let Fy(z,a,A) and Fy(z,(,B) be defined in (2.6)-(2.9). Denote

e — 8| = Ay, |A— B| = A,. (2.40)

Then
TV|Fn(z,c,A) — Fy(z,8, B)] < K1A1Nlog N + K2Aplog N (2.41)
”FN(I:, «, A) - FN(QJ, ﬂ, B)”Ll S CIAI lOgN + CzAz (2.42)

9



for K,, K,, C;, C, tndependent of N.

Proof:

TV|Fn(z,a,A) — Fy(z,8,B)] < TV|[Fy(z,a,A) — Fx(z, 5, A)]
(2.43)
+ TV[FN(:E,,B,A) —FN(:B, ,B,B)]

The first term in the right hand side of (2.37) is bounded by (2.25), the second term

N git(z—A)
TV[Fy(z,B,A) — Fx(z,8,B)] = TV[(A-B) }_ =
o

2r N 2.44
< =B [Ty ey P4

{=—N

&0
S KzAg log N.

Similarly we have

||FN(x,a1A) - FN(:E’ﬂ)B)”Ll S ||FN(z’a’A) - FN(z’ﬂ,A)”Ll + ”FN(z:ﬂ,A)

—Fy(z,8,B)||1r = ||Fn(z, @, A) — Fn(z,8, A)||1r + |A — Bl ||Fn(z,8,1)||z:.  (2.45)

The first term on the right side of (2.45) is bounded by (2.26). The second term
|A - BI ”FN(:E,,B, 1)”[,1 = A2||FN(a:,ﬂ, l)HLl S CzAz (2.46)
(2.42) follows from (2.45), (2.46), so the Lemma is proven.

Lemma 5: Let S(z,a,A) and Sy(z, @, A) be defined by

A 4 o Gil(z-a)

Swed) = 42 T
(2.47)

) . N i(z—a)

Su(@m o) = 42, T

Then
log N

TV|[S(z,a, A) — Sy(z,a, A)] < K3 i (2.48)

10



-

log N

|IS(z, @, A) — Sn(z, @, A)||12 < Ka—rs (2.49)
for K3, K4 independent of N.
Proof: It is clear that
2x
TV(S(z, o, A) — Sy(z, 0, 4)) = / |F(z, ¢, A) — Fy(z, o, A)|dz
0
the estimates (2.48)-(2.49) follow from [13, p. 185].
We are ready now to prove Theorem 2.
Proof of Theorem 2: First we prove (2.23). In view of (2.3), we can write
u = F(z,z,,[u]) + S(z, z,, [t']) + g(z) (2.50)
and therefore
Pyu = Fy(z, z,, [u]) + Sn (2, 2., [¢']) + Pyng(z) (2.51)
we can also rewrite (2.10) as
uvn(z) = Pyu + F(z,y, A) — Fy(z,y, A) (2.52)
hence
'UN(x) = FN(IC,IB,, [u]) + SN(z’ Ly, [u']) + PNg(x) + F(:B, Y, A) - FN(za yaA)
or
un(z) = [Fn(z,%,,[u]) ~ Fn(z,y, A)] + [F(z,9,[u]) + S(z, 9, [v]) + 9(z — y + z,)!
+ [Sn(z,20 [v]) — S(2, 9, [uw])] + [Prg(2) — g9(z — y + 2,)]
+ [F(z,y,4) — F(=z,y,[u])].
(2.53)
The second term on the right hand side is just the original function u shifted
F(z,y,[u]) + S(z,y,[v']) + 9(z —y + z,) = u(z — y + z,) (2.54)

11



also from (2.48)

TV[Sn(z, s, [w]) — S(z,y,[w])] < TV[Swn(z,z,,[u]) — Sn(z,y,[vw])]

ey (2:55)
+ TV[Sn(z,y, [v]) - Sz v, [w])] < K=
and finally since g(z) is smooth enough
K

TV([Pyg—g(z—y+z,)] < ¥ (2.56)

Therefore from (2.53) and Lemma 4 and Lemma 5

log N

TV(vn(z)] < TV[u| + Lo N + LiAiNlog N + L,A,log N. (2.57)

Next we prove (2.24) following the same argument above. From (2.50),(2.51), and

(2.52)
un(z) —u(z) = [Fn(z,%s,[u]) — Fa(z,y, 4)] + [Sn(z, 2., [u']) — S(z, zs, [“"])]
(2.58)
+ [F(z,y,4) — F(z,z,, [u])] + [Prng(z) — 9(2)].

The first term will be bounded by (2.42), the second term by (2.49), the third term
2% -
/0 |F(z,y, A) — F(z, 2., [u])|dz < C1A1 + CaAs. (2.59)
Now since g(x) is smooth enough, we have
1
1Prvg = gllz2 = O(57)- (2.60)

Therefore from Lemma 4 , Lemma 5 and (2.59)-(2.60)

log N
N2

|low — ul[z2 < Co + C1l;log N + C2Ag,
and the pfoof is completed.
Corollary: The method suggested in (2.15) yields

14~ [u]] = O(55) and Iy 7| = O(3p5)

12



and therefore

log N
N

logV
Nz~

TVjoy] <TV[u|+ K (2.61)

llow = || < C (2.62)

Thus, the total variation of vy converges to that of u. vy converges to « in L! norm one
order higer than Pyu for which the rate of its convergence in L* is O('%X). The method,
therefore, yields a reconstruction technique which is total variation bounded.

We conclude this section by pointing out that a similar result for collocation method
and/or for Chebyshev expansions can be developed, along the same lines. Computationally,
we observe similar results for Galerkin and collocation methods (see Section 4). In practice,

collocation is used more often than Galerkin, especially when solving a nonlinear PDE

(Section 3).

3. NON-OSCILLATORY SPECTRAL SCHEMES

In this section, we apply the techniques discussed in Section 2 to solve the PDE (1.4):

us+ f(u). =0 (3.1a)
u(z,0) = u’(z). (3.18)

If the cell average of u is defined by
7(z,t) = o= / C (g, de, (3.2)

then (3.1) can be rewritten as

aat—(-'v, t) + i [f( ( %,t) f( ( ;,t))] =0 (3.30)
(z,0) = T°(z). (3.30)

Hence a semi-discrete conservative scheme

N|l-
&._.)
w]»—
L _—

_ . 1 -
% = L@ = - (fs (3.4)

13



will be of high order if the numerical flux _;'j +1 approximates f(u(z;+ 4Z2,t)) to high order.
This is the approach used in the MUSCL type semi-discrete finite difference TVD and
ENO schemes [10],[4]. Notice that (3.4) is a scheme for the cell averages w;. However,
in evaluating f‘j +1 which should approximate f(u(z; + %—’,t)), we also need accurate
point values u;,1 = u(z; + 42,t). For finite difference schemes, the reconstruction from
cell averages to point values is a major issue and causes difficulties, especially in several
space dimensions [4],[5]. For spectral methods, this is very simple because T is just the

convolution of u with the characteristic function of (z;_ L Tipl ). To be precise, if

u(z) = Y, a,e® (3.5)
t=—N

(we have suppressed the time variable t), then

N
7(z) = z ae’® ' (3.6)
=—N
with
in(faz
= Oy, O¢= %—) for 0 < |£| <N, 0p=1. (37)

2

Notice that for collocation or Galerkin with Az = 2%, we have |%%| < Z for |¢| < N, hence
% < 0y < 1. The division or multiplication by o, thus causes no stability difficulty. We

point out that o, resembles the Lanczos filter [8], which in our notations is ﬂa‘é—"l, and
approaches zero when |¢| — N.
The easy transform between u and % is also valid in several space dimensions and for

other spectral expansions (e.g., Chebyshev expansions). We omit the details.

We now state our scheme as (3.4) with
Tivs = flon(z11:1)) (3.8)

where vy is defined by (2.10). We obtain the Fourier coefficients @, of @ from {%;} by
collocation, and obtain a, of u needed in (2.10) by (3.7). The main difference between the
conventional spectral method and the current approach is that we use the non-oscillatory

reconstruction vy instead of the oscillatory Pyu in (3.8).

14



L D

The scheme, as it stands, can only treat a solution of not more than one discontinuity.
However, it can be easily generalized.

We remark that if u is smooth, (2.10) keeps spectral accuracy because A determined
by (2.14) will be spectrally small.

To discretize (3.4) in time we use the high order TVD Runge-Kutta methods in [12]:

i-1
o) = ) [agu® + BuAtL(@®))], i=1,--,r
k=0 (39)

"

~—

u—(O

, Tl = grtl,

In Section 4, we use a third order scheme r = 3 with a0 = B0 = 1, az = %, B2 =

0, ag; = P = %, agy = %, Bso = 31 = P31 =0, azg; = P32 = % We use a small At so
that the temporal error can be neglected. These methods are TVD (or TVB) if the Euler
forward version of (3.4).is TVD (or TVB). In light of (2.61), we expect the total variation
of (3.4)-(3.8)-(3.9) to grow at most at the rate of O(¢nN). In practice we observe stable
results (Section 4).

As in the finite difference case [10] [11], we may also apply limiters to obtain provable

TVB schemes while still keeping spectral accuracy. Let
Uj = UL — Uy, Ujp1 = Tj41 — Uil (3.10)

where u;,1 = vn(z;,1,t) in (3.8). We limit the increments by

=(mod)

(mod) _ m(ﬁ,-, A+-1Tj, A_T[j), Uiy = m(%l,,-ﬂ, A+Ej, A_Uj) (311)

U;

where m is the minmod function with TVB correction;:

as, if |a;| < MAz?
m(ay,-++,a;) = { s-mincick |a;|, if |a;] > MAz? and sign(a;) = sVi (3.12)
0, otherwise

Here M, is the maximum

with M = 2M, or M = M; = £(3+ 10M;) M, - Az=+|Afz2

;| +la-gy

of |u2,| in some region around the smooth critical points of u°(z). See [11], [2].
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The flux (3.8) is modified to

. ~(mod) z (mod) )

j+-;- = h(UJ + ‘U,J- s Ujpl — uj+1 (3.13)

where h is any monotone flux [3]. We then have the following Lemma.

Lemma 6: Scheme (3.9)-(5.13) is TVB and formally spectrally accurate in space (i.e.,
the spatial local truncation error in smooth region s spectrally small), if the filtering (1.3)

1s used.

Proof: The proof for TVB can be found in [10], [11]. By [1], the local truncation error

is spectrally small in smooth regions if the limiter (3.11) returns the first argument. The
proof that (3.11) always returns the first argument in smooth regions, including at critical

points, can be found in [2].

We remark that the scheme (3.4)-(3.8)-(3.9), with or without the TVB limiting (3.11),
yields almost identical results in our numerical examples (Section 4). This indicates the
good stability property of the scheme (3.4)-(3.8)-(3.9). We also remark that (3.13) yields
a TVB scheme regardless of the underlying method (3.4). However, accuracy in smooth
regions may be lost if the underlying method (3.4) is globally oscillatory, because the

limiters (3.11) may be enacted in smooth regions to counter-balance these spurious oscil-

lations. Numerical examples in Section 4 verify these remarks. In [9], McDonald also used
some limiters to obtain a TVD spectral scheme. However, the accuracy in smooth regions

is questionable due to the above remarks.

4. NUMERICAL RESULTS
We use several numerical examples to illustrate the methods introduced in the previous

sections.
Example 1: We use the approximation (2.10)-(2.12)-(2.14) on the following function

inZ <z<0.
u(z)={sm2, 0<z<09 (4-1)

—sin%, 0.9<z<2m.
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Notice that [u(¥)] # 0 for all £ > 0. Both Galerkin and collocation methods are tested.
Exponential filters (1.2) with m = 4, ko = 0 is used.

In Table 1, we list the errors of the shock location and shock strength determined by
(2.14). Notice that the second order accuracy (2.15) is verified.

Figure 1 displays the numerical solution of Galerkin approximation (2.10)-(2.12)-(2.14)
with N = 64. Figure 2 is the error of the approximation on a logarithm scale. We have
found the same kind of results for collocation approximation. In Table 2, we list the L!
error and numerical order in smooth region (in this case, we define the smooth region to
be 0.8 away from discontinuity). We can see Galerkin and collocation have the same order
of accuracy. There is no O(1) error near the discontinuity, overall we achieve O(“’—ﬁ,’l) for

L! convergence, verifying (2.62). For comparison, we refer the reader to [7].

Example 2: We apply (2.10)-(2.12)-(2.14) on a discontinuous function which is the
steady state solution of an astrophysics problem [6]. Figure 3 is vy in (2.10) with N = 32.
For comparison, Figure 4 is the usual Galerkin approximation Pyu with N = 32. The

improvement is apparent.

Example 3: We solve the Burgers’ equation

u+ (%), =0
' _ (4.2)
u(z,0) = 0.3+ 0.7sinz
using scheme (3.4)-(3.8)-(3.9) and (3.4)-(3.9)-(3.13). We find the shock location and
strength with (2.14). In practice, we do not use the last part of the Fourier modes of
the numerical solutions in (2.14). In our computation, we find that the coefficients of
modes in the range of VN ~ N ¢ give us the best results in shock location and strength.
It can be proven that in this range of modes (2.14) will not fail in the presence of possible
transition points in the numerical solutions. The errors of (3.4)-(3.8)-(3.9) in smooth re-

gions (1.6 away from shock when it appears), at ¢ = 0.8 (before shock), t = 1.42 (when the

shock just develops), and ¢ = 2.00 (after shock) are listed in Table 3. The numerical solu-
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tions are displayed in Figures 5-6. The error at ¢t = 2.00, in logarithm scale, is displayed
in Figure 7.

We seem to observe higher than algebraic order in smooth regioﬂs both before and after
the shock develops. This might be the first time super-algebraic accuracy is observed in
a shock capturing spectral scheme solving a nonlinear PDE with shocks. The usual O(1)
Gibbs oscillation near the shock is also absent in all of our calculations. We also notice that
the TVB limiter (3.11) does not change the numerical results significantly in the smooth
region (see Table 4). Actually, we observe the same order of accuracy in the smooth region,
comparing Table 4 with Table 3. This indicates that the scheme (3.4)-(3.8)-(3.9) is by itself
very stable.

Finally, we run the usual spectral scheme (i.e., with vy in (3:8) replaced by Pyu) with
the TVB limiter (3.11). The errors in smooth regions (1.6 away from shock) are listed in
Table 5 (compare with Table 4). Clearly, we only get first order in smooth regions after
the shock develops. This indicates that TVB limiting can make a scheme stable but may

not preserve the accuracy.

Example 4: 2-D Steady State. We solve a 2-dimensional scalar conservation law

U + ("72'): +uy, =0 (z,y)€[0,27] x [-1,1]
u(z,0,t) = sinz (4.3)
u(0,y,t) = u(2m,y,t) ye[-1,1], t>0.

We know that (4.3) has a steady state solution e (,¥). %oo(z,y) actually will be the
solution to (4.2) if we replace y by t and set u(z,0) = sinz in (4.2).

As mentioned in Section 3, (3.4)-(3.8)-(3.9) can be extended to 2-dimensional cases, we
can use either Fourief or Chebyshev method in each of the spatial directions. To solve for
the steady state of (4.3), we use Fourier method in x-direction and Chebyshev method in
y-direction. The criteria we set for the steady state is that the relative L' residue between
two consecutive time stage to be less than 1078, i.e.,

n+1

lu™t — w1

<1078, (4.4)

[Jwn e
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Figure 8 displays the profile of the steady state at y = 0.38 and y = 1.00. The solid line is
the exact solution and the plus signs are the numerical one. 32 points in the x-direction
and 8 points in the y-direction are used. Figure 8 is the contour plot for the numerical

steady state solution.
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Table 1. Errors of shock location and strength, Example 1.

Galerkin Collocation
Location Strength Location Strength
N Error | Order | Error | Order | Error | Order | Error - | Order
8 | 0.15(0) 0.12(-1) 0.36(0) 0.20(-1)
16 |0.24(-1) | 2.6 |022(-2) | 2.4 |-021(0) | 08 [o0.12(-1)| 0.7
32 |0.49(-2) | 2.3 [0.48(-3) | 2.2 |-0.14(-1)| 3.8 |0.38(-2) | L7
64 |0.11(-2) [ 2.1 [o011(-3) | 2.1 [-032(-2)| 22 [o011(-2)| 1.8
128 | 0.26(-3) [ 2.1 [0.27(-4) | 2.1 [-0.77(-3) | 2.0 [0.28(-3) | 1.9

Table 2. L! Error in Region I = {z¢[0,27], |z — z,| > 0.8} and Region II = (0,27}, Example 1.

Galerkin Collocation
Region I Region II Region I Region II
N Error | Order | Error | Order | Error | Order | Error | Order
8 |0.32(-1) 0.14(0) 0.23(-1) 0.31(-1)
16 | 0.32(-2) | 3.30 |0.75(-2) | 4.27 |-0.21(-2) | 3.46 | 0.61(-2) [ 2.34
32 | 0.24(-3) | 3.75 |0.17(-2) | 2.11 | 0.23(-3) | 3.20 |0.17(-2) | 1.79
64 | 0.51(-5) | 5.55 |0.39(-3) | 2.14 | 0.54(-5) | 5.40 | 0.49(-3) | 1.86
128 | 0.12(-7) | 8.67 | 0.96(-4) | 2.04 | 0.12(-7) | 8.82 | 0.13(-3) | 1.92

Table 3. Errors in smooth region for (4.2). At t = 0.8, the smooth region is [0,27]. At

t = 1.42, 2.0, the smooth region is 1.6 away from the shock.

t=0.8 t=1.42 t=2.0
N [ LT Error | Order | L! Error | Order | L! Error | Order
16
0.94(-2) 0.39(-2) 0.44(-2)
32 3.57 1.66 1.40
0.79(-3) 0.13(-2) 0.16(-2)
64 5.00 * 5.17 5.28
0.25(-4) 0.35(-4) 0.42(-4)
128 7.58 7.711 6.58
0.13(-6) 0.16(-6) 0.44(-6)
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Table 4. Errors in smooth regions for (4.2) of new spectral scheme with TVB limiting

(3.11). For both t = 1.42 and 2.0, the L! errors are taken in the region of 1.6 away from

the shock.

Table 5. Errors in smooth regions for (4.2) of the usual spectral scheme with TVB limiting

(3.11). For both ¢t = 1.42 and 2.0, the L! errors are taken in the region of 1.6 away from

the shock.

t=1.42 t=2.0
N | L! Error | Order | L! Error | Order
16
0.64(-2) 0.63(-2)
32 1.90 1.67
0.17(-2) 0.20(-2)
64 5.55 5.29
0.36(-4) 0.50(-4)
128 7.15 AT
0.17(-6) 0.36(-6)

t=1.42 t=2.0
N | L* Error | Order | L* Error | Order
16
0.25(-1) 0.16(-1)
32 0.98 *
0.98(-2) 0.17(-1)
64 1.50 1.17
0.34(-2) 0.79(-2)
128 0.84 0.76
0.19(-2) 0.47(-2)
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Fig. 1: Example 1, Galerkin approximation, solid line - exact solution, plus - numerical

solution, N = 64.
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Fig. 3: Galerkin approximation of (2.11) with N = 32 for the steady solution of the

astrophysics problem (6]
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Fig. 4: Usual Galerkin approximation for the steady solution of the astrophysics prob-
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Fig. 5: Example 3, Inviscid Burgers’ equation with initial data u(z,0) = 0.3 + 0.7 *

sin(z), time ¢t = 2.0, N = 64. solid line is the exact solution, plus - numerical solution.

Fig. 6: Example 3, Same as Fig. 5, except time ¢ = 4.0.
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Fig. 7: Example 3, Inviscid Burgers’ equation, u(z,0) = 0.3 + 0.7 * sin(z). Errors of

numericgl solutions at time ¢ = 2.00 in the logarithm scale for N = 16,32, 64,128.
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Fig. 8: Example 4, Steady state solution at (a) y = 0.38 (b) y = 1.0, solid lines are the

exact solution, plus - numerical solution.
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Fig. 9: Example 4, Contour plot of the steady solution.
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