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SUMMARY 

A l i n e a r  f i n i t e  s t r i p  p l a t e  e lement  based on M i n d l i n I R e i s s n e r  p l a t e  t h e o r y  
i s  developed. The a n a l y s i s  i s  s u i t a b l e  f o r  b o t h  t h i n  and t h i c k  p l a t e s .  I n  t h e  
f o r m u l a t i o n  new t r a n s v e r s e  shear s t r a i n s  a r e  i n t r o d u c e d  and assumed c o n s t a n t  i n  
each two-node l i n e a r  s t r i p .  The e lement  s t i f f n e s s  m a t r i x  i s  e x p l i c i t l y  formu- 
l a t e d  f o r  e f f i c i e n t  computa t ion  and computer imp lementa t ion .  Numerical  r e s u l t s  
showing t h e  e f f i c i e n c y  and p r e d i c t i v e  c a p a b i l i t y  o f  t h e  e lement  for  t h e  ana ly -  
s i s  o f  p l a t e s  a r e  p r e s e n t e d  f o r  d i f f e r e n t  s u p p o r t  and l o a d i n g  c o n d i t i o n s  and a  
wide range o f  t h i c k n e s s e s .  No s i g n  o f  shear l o c k i n g  phenomenon was observed 
w i t h  t h e  newly  deve loped e lement .  

1. INTRODUCTION 

The f i n i t e  s t r i p  method, a  comb ina t ion  o f  f i n i t e  e lement  and F o u r i e r -  
s e r i e s  expansion,  has i m p o r t a n t  advantages f o r  t h e  a n a l y s i s  o f  a  wide range o f  
p l a t e  problems. The f i r s t  f i n i t e  s t r i p  bend ing e lement  was developed f o l l o w i n g  
c l a s s i c a l  K i r c h h o f f  t h i n  p l a t e  t h e o r y  ( r e f s .  1  and 2). T h i s  f o r m u l a t i o n  i s  
v e r y  r e l i a b l e  fo r  t h i n  p l a t e  a n a l y s i s  b u t  l a c k  t h e  a b i l i t y  to  account  f o r  shear 
de fo rmat ion  which can be i m p o r t a n t  when a  p l a t e  becomes t h i c k .  I n  a d d i t i o n ,  
d i sp lacement  based f i n i t e  e lement  imp lementa t ion  o f  K i r c h h o f f  p l a t e  t h e o r y  
r e q u i r e s  C 1 - c o n t i n u i t y  ( r e f .  17, p .  172); t h i s  l eads  t o  h i g h  o r d e r  o r  noncon- 
f o r m i n g  e lements  which i s  g e n e r a l l y  u n d e s i r a b l e .  

Another  t h e o r y ,  t h a t  has been s u b j e c t  o f  most r e c e n t  r e s e a r c h  i n  f i n i t e  
p l a t e  e lements ,  i s  t h e  M i n d l i n I R e i s s n e r  t h e o r y  ( r e f s .  3  and 4 ) .  I n  t h e  M i n d l i n  
t h e o r y ,  t r a n s v e r s e  shear d e f o r m a t i o n  i s  i n c l u d e d .  T h e r e f o r e  M i n d l i n  p l a t e  
t h e o r y  i s  a p p l i c a b l e  to  mode l ing  o f  c l a s s i c a l  t h i n  p l a t e s  as w e l l  as modera te l y  
t h i c k ,  sandwich and composi te p l a t e s  ( r e f s .  5 t o  8 ) .  The b a s i c  assumpt ion i s  
t h a t  a  s t r a i g h t  l i n e  o r i g i n a l l y  normal to  t h e  m i d d l e  s u r f a c e  o f  t h e  p l a t e  
remains s t r a i g h t  b u t  n o t  necessary  normal t o  t h e  m i d d l e  s u r f a c e  d u r i n g  deforma- 
t i o n .  The v e r t i c a l  d i sp lacement  i s  assumed n o t  t o  v a r y  t h r o u g h  t h e  p l a t e  
t h i c k n e s s .  Consequent ly ,  r o t a t i o n s  a r e  t r e a t e d  as independent  v a r i a b l e s .  The 
f i n i t e  e lement  i m p l e m e n t a t i o n  r e q u i r e s  o n l y  C o - c o n t i n u i t y  ( r e f .  17, p. 172).  

*Work funded under  Space A c t  Agreement C99066G. 



Despite its mathematical elegance, overstiff numerical results are obtained 
when using linear and quadratic elements for the analysis of thin plates. This 
problem is very common and often refers to as a "shear locking" phenomenon. 

Several techniques have been proposed to remove the shear locking effect 
(refs. 9 and 10). However in the literature of finite strip, only two tech- 
niques are widely used. First, the use of "reduced integration" schemes for 
evaluation of the transverse shear components of the- element stiffness matrix 
is applied by Mawenya and Davies (ref. 6) for three-node quadratic Mindlin 
strip element. Benson and Hinton (ref. 1 1 )  used the same technique but 
extended the analysis to vibration and stability problems. The second tech- 
nique is the uses of polynomials of sufficiently high order to approximate the 
displacements. Onate and Suarez (ref. 12) used both techniques and compared 
the linear, quadratic, and cubic Mindlin strip elements using full, selective, 
and reduced integrations. Their conclusion is the two-node linear element with 
selective/reduced integration for the simplest and most efficient finite strip 
element. This agreed very well with the results of Hinton and Zienkiewicz 
(ref. 1 3 ) .  

A new, simple two-node linear finite strip plate bending element for the 
analysis of very thin to thick structures is presented here. The essential 
ingredient of this new element lies in an assumed strain distribution technique 
introduced by McNeal (ref. 14) and Dvorkin (ref. 15) for developing finite ele- 
ment plate and shell elements. A new transverse shear strain is proposed and 
then constrained to equal the conventional transverse shear strain at selected 
points. 

In section 2, the standard Mindlin finite strip plate bending element for- 
mulation is presented. The new formulation is given in section 3. Particular 
attention is focussed on points of evaluation for transverse shear strain. In 
addition to the theoretical development, numerical results for different sup- 
ports and loading conditions and a wide range of thickness are illustrated to 
assess the convergence and accuracy of the element are given in section 4. 

NOMENCLATURE 

A cross sectional of plate 

strain displacement matrix for bending at node i for the kth 
harmonic term 

strain displacement matrix for shear at node i for the kth 
s harmonic term 

E Young' s Modul us 

k shear correction factor 

Ni shape function for node i 

q transverse loading per unit area 

{R;) externally applied load vector at node i for the kth harmonic 
term 



r n a t u r a l  coo rd i na te  v a r i a b l e  

t th i ckness  o f  p l a t e  

{u:) nodal  d isp lacement  v e c t o r  a t  node i f o r  t h e  Qth harmonic term 

w t r ansve rse  d i  sp l  acement 

Q 
'i nodal d isp lacement  a t  node i f o r  Q harmonic te rm 

Px s e c t i o n  r o t a t i o n  i n  x - d i r e c t i o n  

BY s e c t i o n  r o t a t i o n  i n  y - d i r e c t i o n  

yxz, yyz t ransverse  shear s t r a i n s  

Eb bending s t r a i n  

E s t ransverse  shear s t r a i n  

11 
nodal r o t a t i o n  i n  x - d i r e c t i o n  a t  node i f o r  t h e  Qth harmonic 
te rm 

Q 

'Y 
nodal r o t a t i o n  i n  y - d i r e c t i o n  a t  node i f o r  t h e  Qth harmonic 
term 

IC v e c t o r  o f  cu r va tu re  

Ob bending s t r e s s  

US shear s t r e s s  

v Po isson 's  r a t i o  

r t o t a l  p o t e n t i a l  energy 

2.  FORMULATION OF MINDLIN/REISSNER STRIP ELEMENT 

The f i n i t e  s t r i p  method o f f e r s  an a l t e r n a t i v e  t o  t he  s tandard  f i n i t e  e l e -  
ment method which uses po lynomia l  f u n c t i o n s  i n  bo th  x- and y - d i r e c t i o n s .  
The combinat ion o f  po lynomia l  and harmonic f u n c t i o n s  s a t i s f y  a p r i o r i  t he  
boundary c o n d i t i o n s  a t  t he  end o f  t he  s t r i p s  and have t he  advantage o f  g r e a t l y  
reduc ing  t he  number o f  equa t ions  t o  be so lved  f o r  s t a t i c  a n a l y s i s .  For  each 
type o f  supported c o n d i t i o n  a t  t h e  s t r i p  ends, t h e  necessary harmonic f u n c t i o n  
i s  d i f f e r e n t .  I n  t h i s  paper o n l y  s imp ly  supported c o n d i t i o n s  a r e  cons idered.  

Consider a  t y p i c a l  f i n i t e  s t r i p  p l a t e  element,  whose mid-sur face l i e s  i n  
the  x-y p lane ,  w i t h  t h i c kness  t, l o n g i t u d i n a l  w i d t h  b, s t r i p  w i d t h  a, as 
shown i n  f i g u r e  1. The z -ax is  i s  normal t o  t he  p l a t e  mid-sur face and t h e  
p l a t e  i s  assumed t o  be loaded by a  p ressure  q.  The s i g n  conven t ions  f o r  pos i -  
t i v e  d i r e c t i o n  o f  t he  independent v a r i a b l e s  a re  i l l u s t r a t e d  i n  f i g u r e  1. 

For a  two-node l i n e a r  s t r i p  element, bo th  t h e  t r ansve rse  d isp lacement  w 
and t h e  s e c t i o n  r o t a t i o n s  Dx and Py w i t h i n  an element a re  i n t e r p o l a t e d  i n  



as terms o f  nodal d isp lacements  w! and nodal r o t a t i o n s  8, , 
i 'Y 

r i s  t he  n a t u r a l  coo rd i na te  i n  x - d i r e c t i o n  

and 

By us i ng  equa t ion  ( 1 )  s imp l y  suppor ted boundary c o n d i t i o n s  a re  au tomat i -  
c a l l y  s a t i s f i e d  a t  y = 0 and b, 

Bending and shear s t r a i n s  a re  i n t r oduced  sepa ra te l y  as f o l l o w :  

Bending S t r a i n s  ( l i n e a r  th rough  t he  t h i ckness )  

where 



and [B!] i s  t h e  s t ra in -d isp lacement  m a t r i x  f o r  bending a t  node i f o r  t he  

Qth harmonic term which can be w r i t t e n  as 

Q and {Ui) i s  the  nodal d isp lacement  v e c t o r  as 

Transverse Shear S t r a i n s  ( cons tan t  th rough  t h e  t h i ckness )  

where [B:] i s  t he  s t ra in -d isp lacement  m a t r i x  f o r  shear a t  node i f o r  t h e  

Q" "  harmonic term which can be w r i t t e n  as 

.- aNi 

K s~ 

QnN CQ 

b - 
The s t a t e  o f  s t r e s s  i n  t h e  p l a t e  corresponds t o  a  p lane  s t r e s s  assumption. 

Cons ider ing  an i s o t r o p i c  1 i n e a r  e l a s t i c  m a t e r i a l ,  t h e  s t r e s s - s t r a i n  r e l a t i o n s  
a re  : 



where E i s  Young's modulus and v i s  P o i s s o n ' s  r a t i o .  

The t o t a l  p o t e n t i a l  energy can be o b t a i n e d  as ( r e f .  17) 

where 

t i s  t h e  t h i c k n e s s  o f  p l a t e  

A i s  t h e  c r o s s - s e c t i o n a l  a r e a  o f  p l a t e  

q  i s  t r a n s v e r s e  l o a d i n g  p e r  u n i t  a r e a  

k i s  shear c o r r e c t i o n  f a c t o r  t o  account  f o r  n o n u n i f o r m i t y  o f  t h e  t r a n s v e r s e  
shear s t r e s s e s  th rough  t h e  p l a t e  t h i c k n e s s  ( u s u a l l y  s e t  equa l  t o  5/61 

S u b s t i t u t i n g  e q u a t i o n  (1 )  and equa t ions  (4 )  t o  (7 )  i n t o  e q u a t i o n  (81, t h e  t o t a l  
p o t e n t i a l  energy can be r e w r i t t e n  as 

where 

E t k  1  0 

D s = 2 ( l + v )  [o 

The loads  a r e  a l s o  r e s o l v e d  i n t o  a  s i n e  s e r i e s  i n  t h e  y - d i r e c t i o n  s i m i l a r  
to  t h e  d i sp lacement  e x p r e s s i o n  such t h a t  



(1 la) 

where for a distributed load per unit area from y = c to y = d 

The strip equilibrium equations are obtained by imposing the stationary 
condition on n,  where w, B,, and By are independent variables. Using the 
orthogonality properties of the harmonlc series (ref. 8) as 

where 

for a single strip with node i and j 

for node i under distributed load 

a (Ri} = P sin (7) 
for node i under a concentrated load P at y = c 



The t o t a l  r e s u l t i n g  s t i f f n e s s  m a t r i x  i s  

where 

[Kg] i s  the  g l oba l  s t i f f n e s s  m a t r i x  f o r  the  eth harmonic te rm 

{uQ} i s  t he  g l oba l  nodal d isp lacement  v e c t o r  f o r  t he  eth harmonic term 

and 

{R'} i s  t he  g l oba l  e x t e r n a l l y  a p p l i e d  l oad  v e c t o r  f o r  t he  ath harmonic term 

Equat ion (12) r e f l e c t s  the  uncoup l ing  o f  t he  s t i f f n e s s  m a t r i x  t h a t  l eads  
t o  independent se ts  o f  e q u i l i b r i u m  equa t ions  f o r  each harmonic term. Th i s  f a c t  
can be taken advantage i n  s imp ly  supported case. That i s ,  f o r  o t h e r  boundary 
c o n d i t i o n s ,  t he  d i f f e r e n t  harmonic terms may n o t  always uncouple and a  f u l l  
s t i f f n e s s  m a t r i x  may have t o  be eva lua ted .  

3. ASSUMED STRAIN DISTRIBUTIONS 

The f i n i t e  s t r i p  f o r m u l a t i o n  presented i n  t he  p rev ious  s e c t i o n  has some 
drawback. The element l o c k s  when t he  t h i ckness  i s  ve r y  t h i n  u s i n g  two-po in t  
Gauss quadrature i n t e g r a t i o n  f o r  bo th  bending and shear s t i f f n e s s .  Th i s  i s  due 
t o  t he  f a c t  t h a t  t he  shear s t i f f n e s s  terms a re  overwhelming t h e  bending s t i f f -  
ness terms and t h i s  leads t o  an o v e r s t i f f  e lement even though a  v e r y  f i n e  mesh 
i s  used. I n  t he  p a s t  t h i s  excess ive s t i f f n e s s  may be a t t r i b u t e d  t o  "spur ious  
shear" e f f e c t s  which were suppressed by r educ ing  t h e  o r d e r  o f  t he  i n t e g r a t i o n  
r u l e  ( r e f .  9 ) .  To c i rcumvent  t h i s  l o c k i n g  phenomenon even though s e l e c t i v e  
and reduced i n t e g r a t i o n  i s  a  w e l l - e s t a b l i s h e d  approach, an assumed s t r a i n  d i s -  
t r i b u t i o n  technique ( r e f s .  14 and 15) i s  employed here.  

For each s t r i p  element,  i n s t e a d  o f  u s i n g  equa t ion  (51, new t r ansve rse  
shear s t r a i n s  a re  i n t r oduced  as 

where y!Z and u:, are  t he  t r ansve rse  shear s t r a i n s  eva lua ted  a t  p o i n t s  A 



and C w i t h  r = 0, y  = b14, and y  = 3b14 r e s p e c t i v e l y  (see f i g .  2)  us i ng  
equa t ion  (5) as 

A C w i t h  SQ = sin(3Qn14). SQ = s in (Qn l4 ) ,  and J = a12, and y B a re  a l s o  yz ' Yyz 
the  t ransverse  shear s t r a i n s  eva lua ted  a t  p o i n t s  B and C w i t h  r a t  Gauss 
p o i n t s  and y  = b l 4 ,  r e s p e c t i v e l y  (see f i g .  2 )  u s i n g  equa t ion  ( 5 )  as 

B D w i t h  CQ = Ck = cos(Qnl4) .  

Hence, equa t ion  (17) can be r e w r i t t e n  w i t h  t he  new shea r - s t r a i n  d i sp l ace -  
ment m a t r i x  as 

where 

and 



Not i ce  t h a t  t he  assumed shear s t r a i n s  a re  cons tan t  th roughou t  t he  cross-  
sec t ions  and cons t ra i ned  t o  equal  t h e  shear s t r a i n s  o f  equa t ion  ( 5 )  a t  se l ec ted  
p o i n t s .  The cho ice  o f  these p o i n t s  i s  o f  paramount importance i n  e v a l u a t i n g  t he  
p r e d i c t i v e  c a p a b i l i t y  of t he  element even though t h e  assumed s t r a i n  d i s t r i b u -  
t i o n s  i n  equa t i on  (17) a r e  t he  i n t e g r a l  p a r t  o f  t he  o v e r a l l  performance. Wi th  
t he  shear s t r a i n  d isp lacement  m a t r i x  o f  equa t ion  (20b) r e p l a c i n g  equa t i on  (5b) 
the  element s t i f f n e s s  m a t r i x  i s  formed e x p l i c i t l y  as shown i n  f i g u r e  3 u s i n g  
exac t  o rde r  o f  i n t e g r a t i o n .  

4. EVALUATION OF THE NEW FINITE STRIP ELEMENT 

The new f i n i t e  s t r i p  element has been implemented i n t o  the  f i n i t e  element 
computer program FEAP ( r e f .  18) w i t h  r e l a t i v e  ease. The subrou t ines  w r i t t e n  
i n  FORTRAN 77 f o r  the  f o r m u l a t i o n  o f  t h e  element s t i f f n e s s  m a t r i x  c o n s i s t s  o f  
approx imate ly  200 l i n e s .  A l l  t h e  r e s u l t s  presented i n  t h i s  paper were ob ta i ned  
us i ng  double p r e c i s i o n  a r i t h m e t i c  on an IBM/PC-AT. 

Numerical problems have been t e s t e d  i n  t h i s  s e c t i o n  t o  show t h e  perform- 
ance o f  t he  new element.  The r e s u l t s  a re  presented f o r  d i f f e r e n t  aspects :  
mesh s i z e  and harmonic te rm convergence c h a r a c t e r i s t i c s ,  shear l o c k i n g  phenome- 
non as the  th ickness  decreases, and shear f o r c e  and bending moment p r e d i c t i o n .  
Exact o rde r  o f  numer ica l  i n t e g r a t i o n  i s  employed. Spur ious z e r o  energy mode 
e f f e c t  ( r e f .  17) were n o t  observed f o r  t h e  problems t e s t e d  and t he  boundary 
c o n d i t i o n s  s p e c i f i e d .  Some o f  these r e s u l t s  a re  compared w i t h  t h e  a n a l y t i c a l  
r e s u l t s  ob ta i ned  by o t h e r  i n v e s t i g a t o r s  ( r e f s .  19 and 20) .  

Shear Lock ing  I n v e s t i g a t i o n  

Us ing e i g h t  s t r i p  elements w i t h  f o u r  nonzero harmonic terms and v = 0.3, 
a  s imp ly  supported square p l a t e  under two l o a d i n g  c o n d i t i o n s :  u n i f o r m  and con- 
c e n t r a t e d  loads,  i s  i n v e s t i g a t e d  w i t h  a  wide range o f  span / th ickness  r a t i o  
f r om  5 t o  105. The d e f l e c t i o n  a t  t h e  cen te r  and q u a r t e r  o f  t he  p l a t e  a re  p l o t -  
t e d  f o r  bo th  t h e  f u l l  and reduced i n t e g r a t i o n s  o f  t h e  t roublesome t r ansve rse  
shear s t r a i n  element, i n  f i g u r e  4 ( u n i f o r m  l oad  case) and i n  f i g u r e  5  (concen- 
t r a t e d  l oad  case).  Shear l o c k i n g  was n o t  de tec ted  f o r  t h e  e n t i r e  range o f  
aspect  r a t i o s  f o r  the  new element and reduced i n t e g r a t i o n  element.  I f  t h e  e l e -  
ment was t o  e x h i b i t  shear l o c k i n g  as seen i n  t he  case o f  f u l l  i n t e g r a t i o n  o f  
troublesome t ransverse  shear s t r a i n ,  t h e  d isp lacements  would be s i g n i f i c a n t l y  
l e s s  and l e s s  as the  t h i ckness  decreased, due t o  o v e r l y  s t i f f  e lement behav io r .  
Note t h a t  f o r  t he  u n i f o r m  l oad  case t h e  even harmonic terms a re  always z e r o  as 
w e l l  as f o r  t h e  c e n t r a l  concen t ra ted  l oad  case. If however, t he  concen t ra ted  
l oad  was n o t  l oca ted  a t  t he  cen te r ,  a l l  t he  harmonic terms must be i nc l uded .  

Convergence o f  Mesh S ize  and Harmonic Term 

To assess t h e  convergence c h a r a c t e r i s t i c s  o f  t he  new element,  a  s imp l y  
supported, u n i f o r m l y  loaded, square p l a t e  w i t h  t / b  r a t i o  equal t o  0.01 and 
v = 0.3 i s  cons idered.  For mesh convergence, t he  c e n t r a l  d e f l e c t i o n s ,  c e n t r a l  
bending moments i n  bo th  t h e  x- and y - d i r e c t i o n s  a r e  t a b u l a t e d  i n  t a b l e  I f o r  
f o u r  d i f f e r e n t  meshes as w e l l  as t he  exac t  s o l u t i o n  ( r e f .  19).  Bending moments 
shown a re  l i n e a r l y  e x t r a p o l a t e d  f r om t h e  Gauss p o i n t s  t o  t he  node. A l s o  i n  t h e  
t a b l e ,  t he  number o f  degrees o f  f reedom f o r  each mesh i s  shown. Th i s  g i v e s  a  



more r e a l i s t i c  v iew of t he  computat iona l  c o s t .  Graph ica l  r e p r e s e n t a t i o n  i s  
shown i n  f i g u r e  6 by p l o t t i n g  percentage of e r r o r  o f  the c e n t r a l  d e f l e c t i o n s  
and c e n t r a l  bending moment i n  t h e  x - d i r e c t i o n  w i t h  mesh s i z e .  Good s o l u t i o n s  
a re  reached w i t h  o n l y  fou r  s t r i p s  and s i n g l e  harmonic te rm f o r  b o t h  d i sp l ace -  
ment and moment. The c e n t r a l  d e f l e c t i o n  and bending moment f o r  a  four-node 
p l a t e  f i n i t e  element ( r e f .  15) a re  a l s o  p l o t t e d  i n  f i g u r e  6 f o r  comparison pur -  
poses. Th is  shows how r a p i d  t h e  r a t e  o f  convergence i s  w i t h  no s i g n  o f  shear 
l o c k i  ng. 

For t he  convergence of  harmonic term, e i g h t  s t r i p  element mesh i s  used 
and the  numer ica l  r e s u l t s  a re  t a b u l a t e d  i n  t a b l e  I 1  w i t h  f o u r  nonzero harmonic 
terms. F a i r l y  good convergence i s  aga in  ob ta ined .  E r r o r s  a re  l e s s  than  
0 .4  pe rcen t  when the  t h i r d  nonzero harmonic te rm i s  s p e c i f i e d  f o r  b o t h  quan t i -  
t i e s  (see f i g .  7 ) .  However t he  number o f  nonzero harmonic terms r e q u i r e d  f o r  
t he  a n a l y s i s  o f  more compl i ca ted  problems may be inc reased .  Note t h a t  t h i s  
element i s  a  low-order two-node s t r i p .  Numerical computat ion i s  minimum b u t  
convergence r a t e  i s  r e l a t i v e l y  h i gh .  

P r e d i c t i o n s  o f  Shear Force and Bending Moment 

For low-order element t he  s tandard f i n i t e  s t r i p  f o r m u l a t i o n  based on 
M ind l i n IRe i ssne r  p l a t e  t heo ry  i s  w e l l  recogn ized  to p r e d i c t  accu ra te  d i sp l ace -  
ments and f a i r l y  good bending moments when t he  s e l e c t i v e  and reduced i n t e g r a -  
t i o n  techn ique  o r  h igh-o rder  element i s  used ( r e f .  12). However, t h e  shear 
f o r c e  p r e d i c t i o n s  a re  poor  (see f i g s .  8 t o  12) and h a r d l y  found  i n  t he  f i n i t e  
s t r i p  l i t e r a t u r e  even though t hey  can be impo r tan t  i n  des ign ing  s t r u c t u r e s  such 
as b r i dges  and s labs .  There fo re ,  t he  shear f o r c e  p r e d i c t i v e  c a p a b i l i t y  o f  t h i s  
new f i n i t e  s t r i p  element i s  s t u d i e d  and p resen ted  here .  Due t o  t h e  l i m i t e d  
ava i  l a b i  1  i t y  o f  a n a l y t i c a l  s o l u t i o n s ,  o n l y  f o u r  cases f o r  shear f o r c e s  and one 
case f o r  bending moment a re  compared. 

The u n i f o r m l y  loaded square p l a t e s  i n v o l v i n g  a v a r i e t y  o f  suppor t  condi -  
t i o n s  i n  t h e  x - d i r e c t i o n  a re  i n v e s t i g a t e d .  I n  o r d e r  t o  cap tu re  t h e  s teep gra- 
d i e n t  o f  t h e  dependent v a r i a b l e s  near a  p l a t e  edge, a  r a t h e r  f i n e  mesh i s  
modeled i n  t h e  a n a l y s i s  w i t h  t h e  new s t r i p  element.  The r e s u l t s  f o r  v a r i a -  
t i o n s  o f  shear f o r c e s  and bending moments across t h e  m id -p l a te  i n  t he  v a r i o u s  
cases a re  p l o t t e d  w i t h  a n a l y t i c a l  s o l u t i o n s  by Kant  and H in ton  ( r e f .  20) i n  
f i g u r e s  8 t o  12. These a n a l y t i c a l  s o l u t i o n s  based on M i n d l i n  p l a t e  t h e o r y  
assume the  t ransverse  d isp lacement  and s e c t i o n a l  r o t a t i o n s  s i m i l a r  t o  s tandard 
f i n i t e  s t r i p  element. The system o f  d i f f e r e n t i a l  equa t ions  i s  used and then 
n u m e r i c a l l y  i n t e g r a t e d  u s i n g  t h e  so -ca l l ed  "segmentat ion method." The au thors  
i n  t h a t  paper c la imed t h a t  t he  a n a l y t i c a l  r e s u l t s  compared f a v o r a b l y  w e l l  w i t h  
the  f i n i t e  s t r i p  method. 

The r e s u l t s  o f  shear f o r c e  and bending moment shown i n  f i g u r e s  8 t o  12 
a long  w i t h  t h e  p e r t i n e n t  da ta  and boundary c o n d i t i o n s  a re  i n  good agreement 
near the  cen te r  o f  t h e  p l a t e s .  I n  t h e  r eg ions  away f r om t h e  cen te r ,  t h e  d i f -  
ferences s t a r t  t o  magn i fy  and a re  approx imate ly  average a t  15 pe rcen t  near  t h e  
edge o f  m id -p la te .  However, t he  curves f o r  bo th  s o l u t i o n s  seem t o  f o l l o w  t h e  
same p a t t e r n .  Note t h a t  o u r  element i s  o n l y  a  s imp le ,  two-node l i n e a r  element 
and i t s  p r e d i c t i v e  c a p a b i l i t i e s  (see f i g s .  8 t o  12) a re  shown t o  exceed p r e v i -  
o u s l y  developed elements.  



5. CONCLUDING REMARKS 

A  two-node l i n e a r  f i n i t e  s t r i p  e lement  based on M i n d l i n I R e i s s n e r  p l a t e  
t h e o r y  i s  p resen ted  f o r  s t a t i c  a n a l y s i s  of  p l a t e s .  A new shear s t r a i n  d i s t r i -  
b u t i o n  i s  assumed and connected t o  t h e  s tandard  shear s t r a i n s  a t  s e l e c t e d  
p o i n t s .  These p o i n t s  a r e  chosen t o  remove shear l o c k i n g  phenomenon w i t h o u t  t h e  
need f o r  " reduced i n t e g r a t i o n "  techn ique .  Due t o  t h e  u n c o u p l i n g  n a t u r e  o f  t h e  
f i n i t e  s t r i p  method, t h e  e lement  s t i f f n e s s  m a t r i x  can be e x p l i c i t l y  f o r m u l a t e d  
f o r  e f f i c i e n t  computat ion and computer imp lementa t ion .  

Severa l  numer ica l  s t u d i e s  were per formed t o  assess t h e  numer i ca l  pe r fo rm-  
ance o f  t h e  a forement ioned f i n i t e  s t r i p  e lement .  Based on t h e  r e s u l t s  
o b t a i n e d ,  t h e  f o l l o w i n g  c h a r a c t e r i s t i c s  o f  t h e  e lement  can be s t a t e d :  

1. Simple,  r e l i a b l e ,  and e f f i c i e n t  i n  computat ions 

2. Good convergence c h a r a c t e r i s t i c s  b o t h  i n  mesh s i z e  and harmonic  t e r m  

3. No shear l o c k i n g  e f f e c t  f o r  v e r y  t h i n  s i t u a t i o n s  

4. F a i r l y  a c c u r a t e  moment and shear f o r c e  p r e d i c t i o n s  

5. A p p l i c a b l e  t o  b o t h  t h i n  and t h i c k  s t r u c t u r e s  
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TABLE I. - CONVERGENCE STUDY OF MESH SIZE FOR A SIMPLY 
SUPPORTED SQUARE PLATE UNDER UNIFORM LOAD 

WITH FOUR NONZERO HARMONIC TERMS 
[ b / t  = 100 and v = 0.3.1 

Nil o f  No. o f  
D0F 1 s t r i p s  

Central  Central  bending momentsa 
d i  spl  W( acement qb/D) . 1-1 Mx(qb) 

TABLE 11. - CONVERGENCE STUDY OF HARMONIC TERMS FOR A 
SIMPLY SUPPORTED SQUARE PLATE UNDER UNIFORM LOAD 

[b / t  = 100 and v = 0.3.1 

Exact 0.00406 

a ~ i n e a r l  ex t rapo la ted from the Gauss po in ts .  

0.0479 

~ = 1  
Q = 3  
Q = 5  
Q = 7  

Sum 

Exact 

0.0479 

aLi  near1 y ex t rapo la ted from the Gauss po in ts .  

-0.004101 
.000051 

-. 000004 
.000001 

-. 004054 
-0.00406 

-0.04930 
.00158 

-. 00032 
.00011 

-. 04794 
-0.0479 

-0.05162 
,0046 1 

-.00103 
.00038 

-. 04766 
-0.0479 



2 

FIGURE 1. - VIEW OF SINGLE STRIP ELEMENT AND NOTA- 
TIONS USED. 

FIGURE 2. - SELECTED POINTS FOR ASSUMED SHEAR STRAINS I N  
EACH ELEMENT. ONE STRIP ELEMENT WITH x = a, AND 
Y = b. 

SYNNETR I C  

~t~ Dl = - D2 . r t 3 v  c=c0s2 f$ )  F = E  D ~ =  ~t~ D 4 =  E t k  
12(1 -v2)  12(1 - v2 )  b 24(1 + V )  2(1  + V )  

E = YOUNG'S MODULUS V = POISSON'S RATIO 

FIGURE 3. - ELEMENT STIFFNESS OF NEW STRIP ELEMENT FOR ITH NONZERO HARMONIC TERM. 



NEW F I N I T E  STRIP ELEMENT 
---a- - - FULL-INTEGRATION F I N I T E  STRIP ELEMENT 
--C)-- REDUCED INTEGRATION F I N I T E  STRIP ELEMENT 

FIGURE 4. - SPANAHICKNESS RATIO STUDY 
WITH FOUR NONZERO HARMONIC TERMS. 

0 1 2 3 4 5  
LOGlO b / t  

OF SIMPLY SUPPORTED SQUARE PLATE UNDER UNIFORM LOAD 

- NEW F I N I T E  STRIP ELEMENT 
---A--- FULL-INTEGRATION F I N I T E  STRIP ELEMENT - REDUCED INTEGRATION F I N I T E  STRIP ELEMENT 

FIGURE 5. - SPAN/THICKNESS RATIO STUDY OF SIMPLY SUPPORTED SQUARE PLATE UNDER CONCENTRATED 
LOAD WITH FOUR NONZERO HARMONIC TERMS. 
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-&- CENTRAL 

45 [ 7 --+-- CENTRAL 

\ --Q- CENTRAL 
4 0  

OF NEW F I N I T E  STRIP ELEMENT 
OF NEW F I N I T E  STRIP ELEMENT 

OF FOUR NODE PLATE F.E. (REF. IS) 
OF FOUR NODE PLATE F.E. (REF. 15)  

4 
\ 8 STRIP ELEMENTS 

NUMBER OF DEGREES OF FREEDOM NUMBER OF NONZERO HARMONIC TERMS 

FIGURE 6. - MESH CONVERGENCE STUDY FOR FIGURE 7. - CONVERGENCE STUDY WITH N U M R  
SIMPLY SUPPORT SQUARE PLATE UNDER OF NONZERO HARMONIC TERMS FOR S I R L Y  
UNIFORM LOAD (V = 0.3)  WITH ONE HAR- SUPPORT SQUARE PLATE UNDER UNIFORM LOAD 
MONIC TERM. (V = 0.3). 

FIGURE 8. - VARIATION OF SHEAR FORCE FIGURE 9. - VARIATION OF SHEAR FORCE 
Qxz ALONG Y/b = 0 .5  FOR SQUARE Qxz ALONG Y /b  = 0.5  FOR SQUARE 
PLATE UNDER UNIFORM LOAD WITH FOUR PLATE UNDER UNIFORM LOAD WITH FOUR 
NONZERO HARMONIC TERMS. NONZERO HARMONIC TERMS. 



NEW F I N I T E  STRIP ELEMENT 

1 .0  - ANALYTICAL (KANT AND HINTON) 4 0  ---- - ANALYTICAL (KIRCHHOFF) 
-+- TWO-NODE REDUCED INTEGRATION 

ELEMENT (REF. 13)  
.8 

.6 

n 

.4 
X CI 

. 2  
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-0.2 
0 1 2  3 4 5 

x / b  x /b  

FIGURE 10. - VARIATION OF SHEAR FORCE FIGURE 11. - VARIATION OF SHEAR FORCE 
Qxz ALONG y / b  = 0.5 FOR SQUARE Qxz ALONG y / b  = 0 .5  FOR SQUARE 
PLATE UNDER UNIFORM LOAD WITH FOUR PLATE UNDER UNIFORM LOAD WITH FOUR 
NONZERO HARMONIC TERMS. NONZERO HARMONIC TERMS. 

A NEW F I N I T E  STRIP ELEMENT 

i V TWO-NODE REDUCED INTEGRA- 
TION ELEMENT (REF. 13)  

0 TWO-NODE FULL INTEGRATION 
ELEMENT (REF. 13)  - KIRCHHOFF PLATE SOLUTION 

FIGURE 12. - VARIATION OF MOMENT MX ALONG 
y / b  = 0 .5  FOR SIMPLY SUPPORTED SQUARE PLATE 
UNDER UNIFORM LOAD WITH FOUR NONZERO HAR- 
MONIC TERMS ( V  = 0.3) .  
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