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LOCAL-GLOBAL ANALYSIS OF CRACK GROWTH I N  CONTINUOUSLY REINFORCED CERAMIC M A T R I X  COMPOSITES 

R o b e r t o  B a l l a r i n i  and Shamim Ahmed 
Department o f  C i v i l  E n g i n e e r i n g  
Case Western Reserve U n i v e r s i t y  

C l e v e l a n d ,  O h i o  44106 

ABSTRACT 

T h i s  paper d e s c r i b e s  t h e  development o f  a mathe- 
m a t i c a l  model for  p r e d i c t i n g  t h e  s t r e n g t h  and m i c r o -  
mechan ica l  f a i l u r e  c h a r a c t e r i s t i c s  o f  c o n t i n u o u s l y  
r e i n f o r c e d  ceramic  m a t r i x  c o m p o s i t e s .  The l o c a l - g l o b a l  
a n a l y s i s  models t h e  v i c i n i t y  o f  a p r o p a g a t i n g  c r a c k  t i p  
as a l o c a l  he terogeneous r e g i o n  (LHR) c o n s i s t i n g  o f  

cr) s p r i n g - l i k e  r e p r e s e n t a t i o n  o f  t h e  m a t r i x ,  f i b e r s  and 
e i n t e r f a c e s .  T h i s  r e g i o n  i s  embedded i n  an a n i s o t r o p i c  
A c o n t i n u u m  ( r e p r e s e n t i n g  t h e  b u l k  c o m p o s i t e )  wh ich  i s  

modeled by  c o n v e n t i o n a l  f i n i t e  e l e m e n t s .  
P a r a m e t r i c  s t u d i e s  a r e  conducted  t o  i n v e s t i g a t e  

t h e  e f f e c t s  o f  LHR s i z e ,  component p r o p e r t i e s ,  i n t e r -  
f a c e  c o n d i t i o n s ,  e t c .  on t h e  s t r e n g t h  and sequence o f  
t h e  f a i l u r e  p rocesses  i n  t h e  u n i d i r e c t i o n a l  compos i te  

h 

L n  

system. The. r e s u l t s  a r e  compared w i t h  those 
by t h e  models deve loped by M a r s h a l l  e t  a l .  ( 
by Bud iansky  e t  a l .  ( 1 9 8 6 ) .  

INTRODUCTION 

The f a i l u r e  c h a r a c t e r i s t i c s  o f  f i b e r  r e  

p r e d i c t e d  
985) and 

n f o r c e d  
compos i tes  a r e  d i c t a t e d  by v a r i o u s  m i c r o m e c h a n i c a l  
f a i l u r e  p rocesses  such as m a t r i x  m i c r o c r a c k i n g ,  s l i p -  
p i n g  between m a t r i x  and f i b e r s ,  d e l a m i n a t i o n  and f i b e r  
b r e a k a g e .  T h i s  paper p r e s e n t s  a l o c a l - g l o b a l  model ( i t  
combines m i c r o m e c h a n i c a l  and macromechanical  a n a l y s e s )  
w h i c h  c o n s i d e r s  t h e  v i c i n i t y  o f  a c r a c k  t i p  a " p r o c e s s  
zone" c a p a b l e  o f  m o d e l i n g  such phenomena. O f  s p e c i a l  
i n t e r e s t  t o  o u r  s t u d y  a r e  q u a n t i t i e s  such as c r i t i c a l  
m a t r i x  c r a c k i n g  s t r e s s e s ,  s i n c e  such damage l e a d s  t o  
o x i d a t i o n  and e v e n t u a l l y  t o  f i b e r  d e g r a d a t i o n ,  and i s  
t h e r e f o r e  used as an i m p o r t a n t  c r i t e r i a  i n  d e s i g n .  
Also o f  i n t e r e s t  i s  t h e  g l o b a l  response o f  t h e  sys tem 
t o  e x t e r n a l  l o a d s  ( a x i a l  P-S c u r v e s )  and t h e  u l t i m a t e  
l o a d  t h a t  t h e  compos i te  can s u s t a i n .  

p r e s e n t  mode l ,  a c o m p a r a t i v e  r e v i e w  o f  e x i s t i n g  models 
for  f r a c t u r e  mechanics o f  b r i t t l e  m a t r i x  compos i tes  (BMC) 
i s  w a r r a n t e d .  The most quoted  models a r e  t h o s e  deve loped 
by  Aves ton  e t  a l .  ( 1 9 7 1 ) ,  M a r s h a l l  e t  a l .  (1985)  and 
Bud iansky  e t  a l .  ( 1 9 8 6 ) .  The f o l l o w i n g  a r e  some o f  t h e  
k e y  concepts  u n d e r l i n e d  i n  t h e s e  models w h i c h  we s h a l l  
seek t o  s t u d y  or v a l i d a t e  t h r o u g h  o u r  model.  

B e f o r e  p r e s e n t i n g  a d e t a i l e d  d e s c r i p t i o n  o f  t h e  

M a r s h a l l  e t  a l .  (1985)  have deve loped a model 
wh ich  can be used t o  p r e d i c t  t h e  s t r e s s  a t  wh ich  a 
m a t r i x  c r a c k  p r o p a g a t e s  a c r o s s  t h e  specimen. T h i s  
s t r e s s  w i l l ,  h e n c e f o r t h ,  be c a l l e d  t h e  c r i t i c a l  m a t r i x  
c r a c k i n g  s t r e s s ,  Omat. I n  t h e i r  a n a l y s i s ,  a f r i c t i o n a l  
bond between f i b e r s  and m a t r i x  was assumed whereby 
s l i p p i n g  t a k e s  p l a c e  when t h e  i n t e r f a c e  shear  s t r e s s  
reaches  a c r i t i c a l  v a l u e .  U s i n g  a s t r e s s  i n t e n s i t y  
f a c t o r  approach,  t h e y  have shown t h a t  a d i s t i n c t i o n  
needs t o  be made between s h o r t  and l o n g  c r a c k s .  S h o r t  
c r a c k s  a r e  t h o s e  f o r  w h i c h  t h e  e n t i r e  c r a c k  l e n g t h  con- 
t r i b u t e s  t o  t h e  s t r e s s  i n t e n s i t y  f a c t o r  as a r e s u l t  o f  
f i b e r  b r i d g i n g ,  and t h e r e f o r e  p r o p a g a t e  a t  a s t r e s s  
wh ich  depends on  t h e  c r a c k  l e n g t h .  Long c r a c k s  e x p e r i -  
ence a c r a c k  mouth d i s p l a c e m e n t  wh ich  a s y m p t o t i c a l l y  
approaches a c o n s t a n t  v a l u e  uo. T h i s  l i m i t i n g  d i s -  
p lacement  i s  r e a c h e d  a t  a d i s t a n c e  c o  from t h e  c r a c k  
t i p .  For such c r a c k s ,  Omat i s  independent  o f  t h e  
c r a c k  l e n g t h ,  s i n c e  t h e  c o n t r i b u t i o n  t o  t h e  s t r e s s  
i n t e n s i t y  f a c t o r  from t h e  f i b e r s  i s  l i m i t e d  t o  t h e  
l e n g t h  co b e h i n d  t h e  c r a c k  t i p .  I t  i s  i m p o r t a n t  t o  
n o t e  t h a t  t h i s  model i m p l i c i t l y  assumes t h e  s t r e s s -  
s t r a i n  d i a g r a m  shown i n  F i g .  l ( a ) ,  s i n c e  n o  n o n l i n e a r i -  
t i e s  a r e  assumed p r i o r  t o  t h e  m a t r i x  c r a c k i n g  s t r e s s e s .  
I t  w i l l  be shown u s i n g  t h e  model p roposed i n  t h i s  paper  
t h a t  t h i s  a s s u m p t i o n  l e a d s  t o  a good e s t i m a t e  o f  "mat. 
However, f o r  v a r i o u s  c o n s t i t u e n t  p r o p e r t i e s  t h e  p r e s e n t  
model shows t h a t  s i g n i f i c a n t  n o n l i n e a r i t i e s  may o c c u r  
p r i o r  t o  Opa t  ( F i g .  l ( b ) ) .  These i r r e v e r s i b l e  d e f o r -  
m a t i o n s ,  w h i c h  a r e  due t o  s l i p p i n g  between f i b e r  and 
m a t r i x  and m i c r o c r a c k i n g  may p r o v e  t o  be s i g n i f i c a n t  
for  f a t i g u e  t y p e s  o f  l o a d i n g .  

Bud iansky  e t  a l .  (1986)  have c o n s i d e r e d  s t e a d y  
s t a t e  m a t r i x  c r a c k i n g  s t r e s s e s  for two c o n d i t i o n s :  
( 1 )  unbonded, f r i c t i o n a l l y  c o n s t r a i n e d  f i b e r s ,  where 
t h e  f r i c t i o n a l  r e s t r a i n t  i s  t h e  same as i n  M a r s h a l l  
e t  a l .  (1985) ;  and ( 2 )  i n i t i a l l y  bonded f i b e r s  w h i c h  
debond due t o  c r a c k  t i p  s t r e s s e s .  The a n a l y s i s  i s  
based on t h e  G r i f f i t h  e n e r g y  c r i t e r i o n  w h i c h  c o n s i d e r s  
t h e  change i n  p o t e n t i a l  e n e r g y  w i t h  r e s p e c t  t o  c r a c k  
g r o w t h .  The c r i t i c a l  c r a c k i n g  c o n d i t i o n  i s  a s s o c i a t e d  
w i t h  t h e  u p s t r e a m  and downstream s t r e s s  s t a t e s ,  f a r  
ahead o f  and b e h i n d  t h e  c r a c k  f r o n t .  
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For  case ( l ) ,  t h e  r e s u l t s  g e n e r a l i z e  t h o s e  o f  t h e  
ACK t h e o r y  by  c o n s i d e r i n g  m a t r i x  c r a c k i n g  s t r e s s e s  for  
c o n d i t i o n s  wh ich  l i e  between t h e  n o - s l i p  and t h e  l a r g e  
s l i p  cases .  They showed t h a t  t h e  c r i t i c a l  c r a c k i n g  
s t r e s s ,  "mat, can be o b t a i n e d  u s i n g  t h e  g r a p h  shown i n  
F i g .  2 i n  c o n j u n c t i o n  w i t h  Eqs. ( 1 )  and ( 2 ) .  The p r o -  
cedure  i n c l u d e s  f i rst e v a l u a t i n g  t h e  two parameters  "0 
and 01 g i v e n  by  

( 1 )  

where 6 i s  a u t i l i t y  c o n s t a n t  g i v e n  b y  

THE LOCAL MODEL 

The l o c a l  he terogeneous r e g i o n  (LHR) shown i n  
F i g .  3 c o n s i s t s  o f  t h r e e  d i s t i n c t  components: f i b e r s ,  
m a t r i x ,  and f i b e r - m a t r i x  i n t e r f a c e .  F o l l o w i n g  Kann inen 
e t  a l .  ( 1 9 7 7 ) .  each component i s  assumed homogeneous 
and i s o t r o p i c  and i s  modeled by a s u c c e s s i o n  o f  r e c t a n -  
g u l a r  s p r i n g  e lements  ( F i g .  4). 

Each LHR s p r i n g  e lement  c o n s i s t s  o f  f o u r  e x t e n -  
s i o n a l  s p r i n g s  and one r o t a r y  s p r i n g  a t  each o f  t h e  
c o r n e r  nodes. Each node has 2 degrees o f  f reedom as 
shown i n  F i g .  5.  An assembly o f  such e lements  behaves 
l i k e  a homogeneous a n i s o t r o p i c  cont inuum i n  a s t a t e  o f  
p l a n e  d e f o r m a t i o n .  

The s t i f f n e s s  m a t r i x  o f  a LHR e lement  i s  g i v e n  by  

(F }  = [ K l { d ) ,  ( 5 )  

where I F }  i s  t h e  noda l  f o r c e  v e c t o r ,  [ K I  i s  t h e  e l e -  
ment s t i f f n e s s  m a t r i x ,  and { d }  i s  t h e  noda l  d i s p l a c e -  
ment v e c t o r .  

The LHR e lement  s p r i n g  s t i f f n e s s e s  a r e  r e l a t e d  t o  
t h e  e l a s t i c  p r o p e r t i e s  o f  t he  m a t e r i a l .  The d e r i v a -  
t i o n s  f o r  t h e  s p r i n g  s t i f f n e s s e s  and f o r  t h e  LHR s t i f f -  
ness m a t r i x  a r e  g i v e n  i n  Appendix A .  

Each LHR f i b e r  and m a t r i x  e lement  i s  c a p a b l e  o f  
f r a c t u r i n g  i n  e i t h e r  o f  t he  f o u r  p o s s i b l e  modes shown 
i n  F i g .  6 .  Modes 1 and 2 c o r r e s p o n d  t o  c r a c k  g r o w t h  
i n  t h e  x - d i r e c t i o n  by  an amount a / 2 ,  w h i l e  modes 3 
and 4 r e p r e s e n t  c r a c k i n g  i n  t h e  y - d i r e c t i o n  w i t h i n  
t h e  e l e m e n t  b y  a l e n g t h  o f  b / 2 ,  where a and b a r e  
t h e  l e n g t h  and w i d t h ,  r e s p e c t i v e l y ,  o f  a LHR e l e m e n t .  
These damage l e n g t h s  have been used f o r  t h e  sake o f  
s i m p l i c i t y  i n  r e p r e s e n t i n g  f r a c t u r e  e v e n t s  i n  t h e  LHR 
e l e m e n t s .  Each e v e n t  c o n t r i b u t e s  t o  a loss o f  s t i f f -  
ness o f  t h e  e l e m e n t ,  and c o n s e q u e n t l y  l e a d s  t o  a change 
i n  t h e  s t r a i n  energy ,  AE,, g i v e n  by :  

E f  and E, a r e  t h e  Young 's  m o d u l i  o f  t h e  f i b e r  
and m a t r i x ,  E i s  t h e  compos i te  modulus u s i n g  t h e  r u l e  
o f  m i x t u r e s ,  V f  and "m a r e  f i b e r  and m a t r i x  volume 
f r a c t i o n s  r e s p e c t i v e l y ,  r i s  t h e  f i b e r  r a d i u s ,  G, i s  
t h e  c r i t i c a l  s t r a i n  energy  r e l e a s e  r a t e  o f  t h e  m a t r i x ,  
and To i s  t h e  i n t e r f a c e  shear  s t r e n g t h .  

I t  i s  o b s e r v e d  t h a t  for  u l / o ~  1.0, t h e  ACK 
e x p r e s s i o n  for  l a r g e  s l i p  c r a c k i n g  s t r e s s  i s  r e c o v e r e d ,  
i . e . ,  

( 6 )  2AC AE = S 

where (KYC) i s  t h e  f r a c t u r e  toughness o f  t h e  m a t r i x .  

The r a t i o  "~/ 'Jo i s  t h e n  c a l c u l a t e d  and F i g .  2 i s  used 
t o  o b t a i n  t h e  c o r r e s p o n d i n g  v a l u e  o f  "mat/"0. 

For bonded-debonding f i b e r s ,  t h e  f o l l o w i n g  e x p r e s -  
s i o n  was d e r i v e d :  

1 / 2  

(4) 

where l d  i s  t h e  debond l e n g t h  and Gd i s  t h e  c r i t i -  
c a l  energy  r e l e a s e  r a t e  o f  t h e  i n t e r f a c e .  

E x p r e s s i o n s  f o r  t h e  s l i p  l e n g t h  1, ( c a s e  ( 1 ) )  
and debond l e n g t h  l d  (case ( 2 ) )  w i l l  be d i s c u s s e d  
s u b s e q u e n t l y .  

T h i s  paper p r e s e n t s  t h e  p r e l i m i n a r y  r e s u l t s  
o b t a i n e d  u s i n g  a model wh ich  can be used t o  p r e d i c t  
t h e  f r a c t u r e  c h a r a c t e r i s t i c s  o f  r e i n f o r c e d  c e r a m i c  
m a t r i x  compos i tes .  T h i s  model has been used t o  simu- 
l a t e  an e x p e r i m e n t  i n  w h i c h  a n o t c h e d  specimen i s  sub- 
j e c t e d  t o  t e n s i l e  s t r e s s e s .  The r e s u l t s  a r e  compared 
t o  t h o s e  o b t a i n e d  u s i n g  t h e  a f o r e m e n t i o n e d  mode ls .  

where {u )  i s  t h e  d i s p l a c e m e n t  v e c t o r  o f  t h e  e lement ,  
[6K1 i s  t h e  change i n  t h e  e lement  s t i f f n e s s  due t o  a 
f r a c t u r e  e v e n t ,  and Ac i s  t h e  l e n g t h  o f  t h e  c r a c k  i n  
t h e  e l e m e n t ,  i . e . ,  a / 2  o r  b / 2 .  The above r e l a t i o n -  
s h i p  i s  d e r i v e d  i n  Appendix 6 .  

m a t r i x )  a c r i t i c a l  r u p t u r e  energy  i s  known. T h i s  p r o -  
v i d e s  a d e c i s i o n  r u l e  f o r  b reakage i n  each s e p a r a t e  
e l e m e n t  o f  t h e  LHR. 

For purposes  o f  compar ison  w i t h  t h e  r e s u l t s  o f  
M a r s h a l l  e t  a l .  (1985) .  p r e l i m i n a r y  s i m u l a t i o n s  w e r e  
conducted  assuming t h a t  f i b e r  s l i p p i n g  o c c u r s  a t  a 
c r i t i c a l  shear  s t r e s s  To. I n  subsequent s t u d i e s ,  more 
r e a l i s t i c  m o d e l i n g  wh ich  i n c l u d e s  d e l a m i n a t i o n  and an 
e l a s t i c - p l a s t i c  f r i c t i o n  model w i l l  be employed. 

I t  i s  assumed t h a t  for  each m a t e r i a l  ( f i b e r  and 

THE LOCAL-GLOBAL MODEL 

A schemat ic  r e p r e s e n t a t i o n  o f  a t y p i c a l  l o c a l -  
g l o b a l  model i s  shown i n  F i g .  7 ( n o t  t o  s c a l e ) .  The 
n o t c h e d  compos i te  specimen modeled has a l e n g t h  
1 = 20 cm and w i d t h  w = 5 cm. The LHR s u r r o u n d s  t h e  
c r a c k  t i p  and i s  embedded i n  t h e  b u l k  a n i s o t r o p i c  com- 
p o s i t e ,  d i s c r e t i z e d  by  s t a n d a r d  f o u r - n o d e  c o n s t a n t  
s t r a i n  i s o p a r a m e t r i c  f i n i t e  e lements .  The LHR and t h e  
o u t e r  zone a r e  c o u p l e d  t h r o u g h  t h e  en forcement  o f  d i s -  
p lacement  c o m p a t i b i l i t y  a t  t h e  nodes between t h e  LHR 
and s t a n d a r d  f i n i t e  e l e m e n t s .  
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ORIGINAL PAGE IS 
OF POOR QDALITY 

THE ANALYSIS 

The specimen i s  l o a d e d  i n c r e m e n t a l l y  i n  t e n s i o n  
p e r p e n d i c u l a r  t o  t h e  c r a c k  p l a n e  and p a r a l l e l  t o  t h e  
d i r e c t i o n  o f  t h e  f i b e r s .  D isp lacements  a r e  e v a l u a t e d  
a t  e v e r y  noda l  p o i n t  i n  t h e  LHR, and t h e  s t r a i n  energy  
a s s o c i a t e d  w i t h  each p o s s i b l e  r u p t u r e  e v e n t  i n  e v e r y  
LHR e lement  i s  c a l c u l a t e d .  The c r i t i c a l  r u p t u r e  ener -  
g i e s  o f  t h e  f i b e r  and m a t r i x  e lements  a r e  o b t a i n e d  from 
t h e i r  f r a c t u r e  toughnesses as f o l l o w s  

where KYC (KiC) i s  t h e  f r a c t u r e  toughness o f  t h e  
m a t r i x  ( f i b e r )  m a t e r i a l ,  EFr (E:,-) i s  t h e  c r i t i c a l  

energy  for  a g i v e n  l e n g t h  o f  damage g r o w t h  w i t h i n  t h e  
m a t r i x  ( f i b e r )  LHR e l e m e n t ;  and vm ( v f )  i s  t h e  P o i s -  
s o n ' s  r a t i o  o f  t h e  m a t r i x  ( f i b e r ) .  

The c r i t i c a l  r e g i o n s ,  i f  any e x i s t ,  a r e  a l l o w e d  t o  
f r a c t u r e  i n  any one o f  t h e  f o u r  modes d e s c r i b e d  e a r l i e r  
and a p p r o p r i a t e  m o d i f i c a t i o n s  a r e  made i n  t h e  LHR 
s t i f f n e s s  m a t r i x .  

A s  s t a t e d  e a r l i e r ,  f a i l u r e  o f  t h e  i n t e r f a c e  e l e -  
ments i s  based on t h e  i n t e r f a c i a l  shear s t r e s s  c r i t e -  
r i a .  For  each l o a d  l e v e l ,  t h e  shear s t r e s s  T x y  i s  
computed i n  e v e r y  LHR i n t e r f a c e  e lement  and t h i s  v a l u e  
i s  compared t o  t h e  p r e s c r i b e d  c r i t i c a l  shear s t r e s s  
TO. I f  T X y  < ( n o - s l i p  c o n d i t i o n )  r e l a t i v e  d i s -  
p lacement  between t h e  f i b e r  and m a t r i x  i s  c o n s t r a i n e d .  
F o r  e lements  where TFY 2 TO. t h e  f i b e r  i s  a l l o w e d  t o  
s l i p  t h r o u g h  t h e  m a t r i x  and a p p r o p r i a t e  changes a r e  
made i n  t h e  shear s t i f f n e s s  o f  t h e  i n t e r f a c e  e lement  
so t h a t  s l i p  t a k e s  p l a c e  a t  a c o n s t a n t  shear s t r e s s  

l o a d  i n c r e m e n t  t o  r e f l e c t  a d d i t i o n a l  l o c a l  r u p t u r e  
e v e n t s .  The p r o g r e s s i o n  o f  t h e  main c r a c k  t h r o u g h  t h e  
m a t r i x  (and e v e n t u a l l y  t h r o u g h  t h e  f i b e r s )  i s  f o l l o w e d  
by expand ing  t h e  LHR zone c o n t i n u o u s l y .  
w h i c h  t h e  LHR e lements  b e g i n  t o  f a i l  w i t h o u t  any f u r -  
t h e r  i n c r e m e n t  o f  l o a d  i s  r e c o r d e d  as t h e  u l t i m a t e  
s t r e n g t h  o f  t h e  c o m p o s i t e .  T h i s  i s  g e n e r a l l y  f o u n d  t o  
o c c u r  a t  a s t a g e  when t h e  main c r a c k  has broken t h r o u g h  
f o u r  ( o r  sometimes l e s s )  s u c c e s s i v e  f i b e r s .  

RESULTS 

=xy  = =o. 
The s o l u t i o n  p r o c e d u r e  i s  r e p e a t e d  f o r  t h e  n e x t  

The l o a d  a t  

P h y s i c a l  P r o p e r t i e s  and Parameters  
Most o f  t h e  r e s u l t s  Dresented  i n  t h i s  DaDer assume 

m a t e r i a l  p r o p e r t i e s  ( r e f e ;  t o  T a b l e  I) obta ' ined from 
t h e  f o l l o w i n g  s o u r c e s :  Weeton e t  a l .  ( 1 9 8 6 ) ,  D i C a r l o  
( 1 9 8 4 ) ,  and Bubsey e t  a l .  ( 1 9 8 3 ) .  

Two f i b e r  volume f r a c t i o n s  were c o n s i d e r e d ,  0 . 2  
and 0 . 4 .  C o n s i s t e n t  w i t h  t h e s e  v a l u e s  were t h e  p r o p e r -  
t i e s  o f  t h e  a n i s o t r o p i c  b u l k  compos i te :  

v f  = 0 . 2 :  Eyy = 242.8 GPa; E,, = 227.47 GPa; 

vXy = 0 . 3 ;  G x y  = 100.42  GPa 

V f  = 0 . 4 :  Eyy = 279.6 GPa; E,, = 253.92 GPa; 

vXy = 0 .3 ;  Gxy  = 112.93 GPa 

The i n t e r f a c e  shear  s t r e n g t h ,  To, was v a r i e d  i n  t h e  
p r a c t i c a l  r a n g e  o f  0 t o  10 MPa. The f r a c t u r e  toughness 
o f  t h e  m a t r i x  was a l s o  v a r i e d  from 1 . 0  t o  5 . 0  M P a f i .  

The d i a m e t e r  o f  t h e  Sic f i b e r s  ( 2 r )  was t a k e n  as 
100 pm. Assumption o f  r e g u l a r  hexagona l  p a c k i n g  a r r a n g e -  
ment gave an i n t e r f i b e r  d i s t a n c e  o f  a b o u t  213 and 150 pm 
( c e n t e r  t o  c e n t e r )  for  volume f r a c t i o n s  o f  0 . 2  and 0 .4 .  
r e s p e c t i v e l y .  The i n t e r f a c e  was assumed t o  have a nom- 
i n a l  t h i c k n e s s  o f  5 pm. 

To i n v e s t i g a t e  t h e  convergence o f  t h e  l o c a l - g l o b a l  
model,  u l t i m a t e  and m a t r i x  c r a c k i n g  s t r e s s e s  were s t u d -  
i e d  for v a r i o u s  LHR s i z e s .  
of s t a r t i n g  LHR s i z e  on  t h e  u l t i m a t e  s t r e s s  ",,it and 
t h e  c r i t i c a l  m a t r i x  c r a c k i n g  s t r e s s ,  'mat. Convergence 
i s  o b s e r v e d  f o r  LHR l e n g t h s  g r e a t e r  t h a n  a b o u t  1000 pm 
and hence LHR s i z e s  o f  t h e  o r d e r  o f  1000 t o  1500 pm 
were used t h r o u g h o u t  t h e  s t u d y .  

F i g u r e  8 shows t h e  e f f e c t  

Comparisons W i t h  R e s u l t s  O b t a i n e d  by  M a r s h a l l  e t  a l .  
( 1  985) 

E f f e c t  o f  c r a c k  l e n g t h .  As ment ioned p r e v i o u s l y ,  
M a r s h a l l  e t  a l .  (1985)  have shown t h a t  when t h e  c r a c k  
l e n g t h  i s  g r e a t e r  t h a n  a c e r t a i n  c h a r a c t e r i s t i c  s i z e ,  
m a t r i x  c r a c k i n g  s t r e s s e s  a r e  independent  o f  t h e  c r a c k  
l e n g t h  c .  To check t h i s  r e s u l t ,  c r i t i c a l  m a t r i x  
c r a c k i n g  s t r e s s e s  ("mat) were c a l c u l a t e d  for  v a r i o u s  

M c r a c k  s i z e s .  For t h e  case T~ = 10 MPa, KIC = 4 . 6  MPadm 

and v - 0.4 .  t h e  r e s u l t s  a r e  p r e s e n t e d  i n  F i g .  9. 
Thoughf ;mat i s  h i g h  fo r  s m a l l  c r a c k  l e n g t h s ,  i t  i s  
found t o  be independent  of c r a c k  l e n g t h  f o r  
c 2 0 . 0 4 6  cm. T h i s  compares f a v o r a b l y  t o  t h e  s t e a d y  
s t a t e  c r a c k  l e n g t h  proposed by  M a r s h a l l  e t  a l .  (1985)  
o b t a i n e d  f r o m  t h e  r e l a t i o n  

(8) 
2 0.034 cm. 

M where r( = V f E f / V m E m ,  KIC i s  t h e  f r a c t u r e  toughness  o f  

t h e  m a t r i x ,  and I i s  1.2 fo r  s t r a i g h t  c r a c k s .  
I t  s h o u l d  be n o t e d  t h a t  Eq. ( 8 )  was d e r i v e d  by  

assuming t h a t  t h e  m a t r i x  s t r e s s  i n t e n s i t y  f a c t o r ,  

i s  r e l a t e d  t o  t h e  c o m p o s i t e  s t r e s s  i n t e n s i t y ,  KI , by 
t h e  r e l a t i o n  KI = K k E m / E .  
u n l e s s  t h e  c r a c k  l e n g t h  i s  o f  t h e  o r d e r  o f  s e v e r a l  
f i b e r  s p a c i n g s .  I n  a f u t u r e  communica t ion ,  t h e  range 
o f  v a l i d i t y  o f  t h i s  e q u a t i o n  w i l l  be r e p o r t e d .  

KI , L 
M T h i s  r e l a t i o n  i s  n o t  v a l i d  

E f f e c t  o f  m a t r i x  f r a c t u r e  toughness  on a,=+ and 

uult. Hav ing  o b t a i n e d  t h e  s t e a d y  s t a t e  c r a c k  l e n g t h ,  
t h e  c r i t i c a l  m a t r i x  c r a c k i n g  s t r e s s ,  'mat, and u l t i m a t e  
s t r e n g t h  o f  t h e  c o m p o s i t e ,  O U l t ,  were i n v e s t i g a t e d  n e x t  
u s i n g  an i n i t i a l  c r a c k  l e n g t h  such t h a t  s t e a d y  s t a t e  
c o n d i t i o n s  a r e  o b t a i n e d .  The u l t i m a t e  s t r e n g t h  and 
Omat depend on  s e v e r a l  c o n s t i t u e n t  m a t e r i a l  p r o p e r t i e s  
such as f r a c t u r e  toughness  o f  t h e  components, i n t e r f a c e  
shear s t r e n g t h ,  f i b e r  s p a c i n g  and volume f r a c t i o n  o f  
t h e  f i b e r s  e t c .  Each o f  t h e s e  p a r a m e t e r s  a r e  c o n s i d -  

e r e d  s e p a r a t e l y .  The v a r i a t i o n  o f  umat w i t h  KIC 

o v e r  t h e  range 1 . 0  t o  5 . 0  M P a f i  i s  s t u d i e d  fo r  a n o t c h  
l e n g t h  o f  1 cm and i n t e r f a c i a l  shear  s t r e n g t h  o f  10 MPa. 
The c r i t i c a l  m a t r i x  c r a c k i n g  s t r e s s  i s  f o u n d  t o  i n c r e a s e  

w i t h  KIC and t h e  r e s u l t s  compare w e l l  w i th  t h o s e  of  
M a r s h a l l  e t  a l .  (1985)  g i v e n  by  

- 

M 

M 

3 
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1 1 
The r e s u l t s  from o u r  model and those  o b t a i n e d  from 

t h e  above r e l a t i o n s h i p  a r e  shown i n  F i g .  10 .  S i n c e  t h e  
r e s u l t s  of M a r s h a l l  e t  a l .  (1985) and Bud iansky  e t  a l .  
(1986)  a r e  a l m o s t  e q u i v a l e n t ,  t h e y  do n o t  p l o t  as sepa- 
r a t e  c u r v e s .  The u l t i m a t e  s t r e n g t h  i s  n o t  a f f e c t e d  
s i g n i f i c a n t l y  by  v a r i a t i o n  i n  KYC , s i n c e  t h e  u l t i m a t e  

s t r e n g t h  o f  t h e  compos i te  i s  c o n t r o l l e d  p r i m a r i l y  b y  
t h e  f i b e r - b u n d l e  s t r e n g t h .  I f  1, i s  t h e  l e n g t h  of 
t h e  i n i t i a l l y  unc racked  l i g a m e n t  i n  t h e  no tched  s p e c i -  
men o f  w i d t h  w ,  t h e  b u n d l e  s t r e n g t h  i s  g i v e n  b y  
a f v f ( l u / w ) ,  where of i s  t h e  t e n s i l e  s t r e n g t h  o f  t h e  
f i b e r s .  Fo r  t h e  S i c  f i b e r s ,  = 1 .83  GPa. Hence, 
f o r  a n o t c h  l e n g t h  o f  1 cm and w = 5 cm, t h e  t h e o r e t -  
i c a l  b u n d l e  s t r e n g t h  i s  586 MPa fo r  
293 MPa fo r  v f  = 0 . 2 .  The u l t i m a t e  compos i te  s t r e n g t h ,  
O u l t ,  o b t a i n e d  u s i n g  o u r  model i s  s l i g h t l y  l e s s  t h a n  
these  c a l c u l a t e d  v a l u e s .  T h i s  i s  due t o  t h e  s e q u e n t i a l  
breakage of t h e  f i b e r s  l e a d i n g  t o  c a t a s t r o p h i c  f a i l u r e .  

v f  = 0 . 4 ,  and 

E f f e c t  o f  i n t e r f a c i a l  shear  s t r e n g t h .  S i n c e  
i n t e r f a c e  shear  s t r e n g t h s  a r e  d i f f i c u l t  t o  e s t i m a t e ,  a 
p a r a m e t r i c  s t u d y  was conduc ted  f o r  TO r a n g i n g  from 
5.0 t o  1 0 . 0  MPa. The v a r i a t i o n  o f  Omat w i t h  TO, 
shown i n  F i g .  1 1 ,  shows good agreement  w i t h  r e s u l t s  
o b t a i n e d  b y  M a r s h a l l  e t  a l .  (1985)  u s i n g  E q .  ( 9 ) .  

E f f e c t  o f  f i b e r  volume f r a c t i o n .  Two f i b e r  vo lume 
f r a c t i o n s  v f  were c o n s i d e r e d ,  0.2 and 0 . 4 .  The f i b e r  
volume f r a c t i o n  c o n t r o l s  t h e  i n t e r f i b e r  s p a c i n g  and i t s  
e f f e c t s  o n  umat and uult w i t h  r e s p e c t  t o  KIC and 

TO a r e  p r e s e n t e d  i n  F i g s .  12(a)  and ( b ) .  I t  i s  
obse rved  t h a t  Omat and O u l t  v a l u e s  f o r  = 0.2 
a r e  a p p r o x i m a t e l y  h a l f  o f  t h o s e  f o r  V f  = 0 . 4 .  These 
r e s u l t s  ag ree  w i t h  t h o s e  o b t a i n e d  u s i n g  Eq. ( 9 ) .  

c r a c k  l e n g t h .  A n o t h e r  k e y  c o n c e p t  i n t r o d u c e d  i n  t h e  
model deve loped  by  M a r s h a l l  e t  a l .  ( 1 9 8 5 ) ,  i s  t h a t  of 
t h e  e q u i l i b r i u m  c r a c k  o p e n i n g  u = uo f o r  l o n g  c r a c k s .  
To s t u d y  t h e  e f f e c t  o f  c r a c k  l e n g t h  o n  u,  t h e  c r a c k  
o p e n i n g  d i s p l a c e m e n t  a t  t h e  mouth o f  t h e  c r a c k  was 
r e c o r d e d  fo r  v a r i o u s  c r a c k  l e n g t h s  ( F i g .  1 3 ) .  A l t h o u g h  
u i n c r e a s e s  w i t h  i n c r e a s i n g  c r a c k  l e n g t h  f o r  c r a c k  
l e n g t h s  l e s s  t h a n  1 cm, i t  appears t o  approach  a con- 
s t a n t  v a l u e  o f  a p p r o x i m a t e l y  1 pm f o r  c r a c k  l e n g t h s  
g r e a t e r  t h a n  t h a t  s i z e .  T h i s  v a l u e  may be compared t o  
t h e  l i m i t i n g  d i s p l a c e m e n t  uo e s t i m a t e d  b y  M a r s h a l l  
e t  a l .  (1985)  by  t h e  r e l a t i o n s h i p  

V a r i a t i o n  o f  c r a c k  mouth o p e n i n g  d i s p l a c e m e n t  w i t h  

L a r  

I 2 uo = + q)  
( 1 0 )  

where u i s  t h e  f a r f i e l d  a p p l i e d  l o a d .  Fo r  = mat  
= 300 MPa, 
The agreement i s  q u i t e  good. 

Comparison With R e s u l t s  O b t a i n e d  b y  Bud iansky  e t  a l .  
( 1  986) 

= 10  MPa, and V f  = 0 .4 ,  uo I 0 . 8  pm. 

Compar ison of c r i t i c a l  m a t r i x  c r a c k i n g  s t r e s s  
'Jm.t. The c r i t i c a l  m a t r i x  c r a c k i n a  s t r e s s e s  o b t a i n e d  - uyyGg o u r  model a r e  compared t o  t h o s e  o b t a i n e d  b y  
Bud iansky  e t  a l .  (1986)  f o r  unbonded compos i tes  

( E q s .  ( 1 )  t o  ( 3 ) ) .  Because t h e i r  r e s u l t s  l e a d  to p r e -  
d i c t i o n s  e q u i v a l e n t  t o  t h o s e  o f  M a r s h a l l  e t  a l .  (1985)  
t h e y  p l o t  as t h e  same c u r v e  i n  F i g s .  10  and 11. 

i t e s ,  t h e  s l i p  l e n g t h  has been d e r i v e d  b y  Bud iansky  
e t  a l .  (1986) as  

Compar ison of s l i p  l e n g t h s .  F o r  unbonded compos- 

' 5  avmEm 1 
r - 2vfEr0 p ' 
- _ - _ -  

where 1, i s  t h e  s l i p  l e n g t h  on e i t h e r  s i d e  o f  t h e  
c r a c k  face ,  u i s  t h e  a p p l i e d  s t r e s s ,  and 

(11 )  

( 1 2 )  

mat  Fo r  T 

300 MPa, l5 = 806 pm. 

10 MPa, KYC = 4 . 6  MPafi; and u = u 0 =  

R e s u l t s  o f  o u r  s i m u l a t i o n  a r e  s c h e m a t i c a l l y  p r e -  
s e n t e d  i n  F i g .  14. The s l i p  l e n g t h  i s  a p p r o x i m a t e l y  
900 t o  1000 pm on e i t h e r  s i d e  of t h e  c r a c k  f a c e ,  w h i c h  
ag rees  q u i t e  w e l l  w i t h  t h e  r e s u l t  o f  Bud iansky  e t  a l .  
(1986) .  

Composi te  F a i l u r e  Sequence 
Wh i le  t h e  e x i s t i n a  models a r e  concerned  o n l v  w i t h  

t h e  s t e a d y  s t a t e  c o n d i f i o n ,  t h e  p r e s e n t  model e n a b l e s  
a d e t a i l e d  s t u d y  of t h e  f a i l u r e  sequence as t h e  s p e c i -  
men i s  l o a d e d  i n c r e m e n t a l l y .  A schemat i c  r e p r e s e n t a -  
t i o n  o f  t h e  f a i l u r e  e v e n t s  i n  the LHR for a n o t c h  

l e n g t h  of 1 cm, 'c0 = 10  MPa, KIC = 4.6 M P a h  i s  shown 

i n  F i g .  14.  S l i p p i n g  f i r s t  o c c u r s  a t  a n  a p p l i e d  s t r e s s  
o f  140 MPa, and t h e  i n t e r f a c e  c o n t i n u e s  t o  s l i p  w i t h  
i n c r e a s i n g  l o a d .  The f i r s t  m a t r i x  c r a c k  i s  obse rved  
a round  t h e  c r a c k  t i p  a t  a s t r e s s  of 295 MPa. F o r  
m a t r i c e s  w i t h  l o w e r  

a round  t h e  c r a c k  t i p  b e f o r e  t h e  g r o w t h  o f  t h e  ma in  
c r a c k .  The m a t r i x  c r a c k  s t e a d i l y  p r o g r e s s e s  t h r o u g h  
t h e  compos i te  s e c t i o n  and t r a v e r s e s  i t  c o m p l e t e l y  a t  a 
c r i t i c a l  m a t r i x  c r a c k i n g  s t r e s s  o f  a b o u t  305 MPa 
("mat). As t h e  l o a d  i s  i n c r e a s e d ,  s e v e r a l  secondary  
m a t r i x  c r a c k s  appear  i n  t h e  m a t r i x .  The f i r s t  f i b e r  
f a i l u r e  o c c u r s  a t  a l o a d  o f  505 MPa, and i n  g e n e r a l ,  
t h i s  o c c u r s  a t  a l o a d  o f  a b o u t  90 p e r c e n t  o f  t h e  u l t i -  
mate s t r e s s .  W i t h  i n c r e a s i n g  l o a d ,  t h e  c r a c k  b reaks  
t h r o u g h  t h r e e  s u c c e s s i v e  f i b e r s  b e f o r e  c a t a s t r o p h i c  
f a i l u r e  o c c u r s  a t  an  u l t i m a t e  s t r e s s  o f  550 MPa. 

M 

M KIC, some m i c r o c r a c k i n g  i s  o b s e r v e d  

L o a d - D e f l e c t i o n  B e h a v i o r  
The l o a d - d e f l e c t i o n  c u r v e s  as f u n c t i o n s  o f  t h e  

i n t e r f a c i a l  shear  s t r e n g t h  a r e  shown i n  F i g .  15.  
Excep t  f o r  t h e  case T o  = 0, i t  i s  o b s e r v e d  t h a t  non- 
l i n e a r i t i e s  b e g i n  a t  p o i n t  ( a )  b e f o r e  Omat  i s  
reached .  T h i s  dec rease  i n  s t i f f n e s s  i s  a r e s u l t  o f  
f i b e r  s l i p p i n g  and m a t r i x  m i c r o c r a c k i n g .  A f u r t h e r  
r e d u c t i o n  i n  s t i f f n e s s  o c c u r s  a t  r e g i o n  ( b ) .  T h i s  
r e g i o n  co r responds  t o  e x t e n s i v e  m a t r i x  c r a c k i n g  t h r o u g h  
t h e  s e c t i o n  o f  t h e  compos i te ,  so t h a t  t h e  l o a d  i s  now 
e s s e n t i a l l y  c a r r i e d  by  t h e  f i b e r s .  The u l t i m a t e  f a i l -  
u r e  l o a d  ( O u l t )  i s  reached  a t  ( c ) .  

CONCLUSION 

A model i s  p r e s e n t e d  w h i c h  can  be  used  t o  p r e d i c t  
t h e  f a i l u r e  c h a r a c t e r i s t i c s  of f i b e r  r e i n f o r c e d  compos- 
i t e s .  P r e l i m i n a r y  r e s u l t s  o b t a i n e d  u s i n g  t h e  model 
compare f a v o r a b l y  w i t h  t h o s e  p r e d i c t e d  b y  e x i s t i n g  
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models .  T h i s  model may be  g e n e r a l i z e d  t o  c o n s i d e r  more 
c o m p l i c a t e d  g e o m e t r i e s  and l o a d i n g  c o n d i t i o n s  as w e l l  
as  t h e  b e h a v i o r  o f  compos i tes  c o n t a i n i n g  a random d i s -  
t r i b u t i o n  o f  m i c r o f l a w s  and s t r e n g t h s .  I t  has been 
sugges ted  ( D o l l a r  and S t e i f ,  1988) t h a t  assumpt ion  o f  
c o n s t a n t  i n t e r f a c e  shear  s t r e n g t h  may n o t  be a c c u r a t e .  
The model i s  c u r r e n t l y  b e i n g  improved t h r o u g h  t h e  
i m p l e m e n t a t i o n  o f  more r e a l i s t i c  i n t e r f a c i a l  c o n s t i t u -  
t i v e  m o d e l i n g .  I n  subsequent  work, s p e c i a l  f r i c t i o n  
i n t e r f a c e  e lemen ts  deve loped  b y  P l e s h a  e t  a l .  (1987) 
w i l l  be used.  
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APPENDIX A - DERIVATION OF LHR ELEMENT STIFFNESS 

For  a homogeneous i s o t r o p i c  m a t e r i a l ,  t h e  s t r e s s  
s t r a i n  r e l a t i o n s h i p  i s  g i v e n  b y  

V 0 

( 1  - v) 0 

0 ( 1  - 2v) 

or ,  

The c o n t i n u u m  i s  modeled b y  a s e t  o f  s p r i n g  e l e -  
ments as d e s c r i b e d  p r e v i o u s l y .  The v a l u e s  o f  t h e  
s p r i n g  c o n s t a n t s  a r e  r e l a t e d  t o  t h e  m a t e r i a l ' s  e l a s t i c  
p r o p e r t i e s  b y  t h e  f o l l o w i n g  r e l a t i o n s h i p s :  . 

(A3) 

where a and b a r e  t h e  l e n g t h  ( x - d i r e c t i o n )  and 
w i d t h  ( y - d i r e c t i o n )  o f  t h e  LHR e l e m e n t  r e s p e c t i v e l y ;  
K i i  i s  t h e  e x t e n s i o n a l  s t i f f n e s s  i n  t h e  x - d i r e c t i o n  

between t h e  ith and jth nodes;  K i j  i s  the e x t e n -  
YY t h  s i o n a l  s t i f f n e s s  i n  t h e  y - d i r e c t i o n  between t h e  i 

and jth nodes; K i j  i s  t h e  c r o s s  e x t e n s i o n a l  compo- 
n e n t  ( P o i s s o n ' s  c o n t r a c t i o n  e f f e c t ) ;  and Ci i s  t h e  
r o t a t i o n a l  s t i f f n e s s  a t  each  node. 

The above r e l a t i o n s h i p s  a r e  d e r i v e d  as f o l l o w s .  
C o n s i d e r  a f i n i t e  c o n t i n u u m  e l e m e n t  o f  d imens ions  
a x b, wh ich  i s  modeled by a LHR s p r i n g  e l e m e n t  o f  t h e  
same d imens ions .  By f o r c i n g  t h e  s p r i n g  e l e m e n t  t o  

XY 
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behave l i k e  t h e  cont inuum e lement ,  a p p r o p r i a t e  r e l a t i o n -  
s h i p s  may be o b t a i n e d  f o r  t h e  s p r i n g  s t i f f n e s s e s ,  K,,, 
Kxy ,  Kyy, and C i .  S i n c e  t h e  m a t e r i a l  i s  i s o t r o p i c ,  

and 

c1  = c2 = c3 = c4 = c. 

C o n s i d e r  t h e  c o n t i n u u m  e lement  under a s t a t e  o f  
u n i f o r m  s t r a i n  c X X  ( F i g .  A l ) .  I f  A x  r e p r e s e n t s  t h e  
e x t e n s i o n  o f  t h e  e lement  i n  t h e  x - d i r e c t i o n ,  t h e n ,  
A x / a  = c X x ;  o r ,  A x  = c X X a .  
a r e  g i v e n  by  uXx = E l l c x x  
x - d i r e c t i o n  i n  t h e  e lement  i s  

The s t r e s s e s  i n  t h e  e lement  
and t h e  f o r c e  i n  t h e  

F = u b = Ellcxxb (A4) x x x  

I m p o s i n g  an e q u i v a l e n t  e x t e n s i o n  i n  t h e  
x - d i r e c t i o n  on t h e  s p r i n g  e l e m e n t ,  t h e  f o r c e  i n  t h e  
x - d i r e c t i o n  a t  t h e  nodes 2 and 3 a r e  g i v e n  by  
= K x x c x x a .  The t o t a l  f o r c e  i n  t h e  x - d i r e c t i o n  i n  t h e  
e l  emen t i s 

K,,Ax 

F x l  + F x 2  
2 = KXXCXXa F =  

X 

Hence from Eqs. (A2) and (A3) K x x  = ( E l l b ) / a .  

i n  t h e  y - d i r e c t i o n ,  i t  may be shown t h a t  Kyy 
= ( E 2 2 a ) / b .  

oyy. i n  t h e  c o n t i n u u m  e lement  due t o  s t r a i n  e X X  i s  
uYy = E 2 j e x x  = E12cxx 
y - d i r e c t i o n  i s  

S i m i l a r l y ,  by c o n s i d e r i n g  a u n i f o r m  s t r a i n  

From Eq. ( A l ) ,  t h e  s t r e s s  i n  t h e  y - d i r e c t i o n ,  

and t h e  f o r c e  i n  t h e  

F = u  a = E  E (A6) 

I f  K x y  i s  t h e  c r o s s - e x t e n s i o n a l  s t i f f n e s s  c o e f f i c i e n t  
o f  t h e  s p r i n g  e l e m e n t ,  then,  t h e  force i n  t h e  
y - d i r e c t i o n  due t o  d i s p l a c e m e n t  Ax i s :  

y yy 12 x x a  

F = K  A x = K  E a (A7) Y X Y  xy x x  

From Eqs. ( A 4 )  and (A5) we have 
F i n a l l y ,  c o n s i d e r  t h e  c o n t i n u u m  e lement  i n  a s t a t e  

o f  p u r e  shear  ( s h e a r  s t r a i n ,  E X y ) ,  as shown i n  F i g .  A 2 .  
The shear  s t r e s s  i n  t h e  e lement  i s  T = T - 

The f o r c e  i n  t h e  x - d i r e c t i o n  on f a c e  1-2 o f  t h e  e l e -  
ment i s :  

K x y  = E12. 

xy yx - E 3 3 E x y '  

F = T a = E 3 3 ~ x y a  (A8) 
x X Y  

I m p o s i n g  t h e  c o r r e s p o n d i n g  noda l  r o t a t i o n s  i n  t h e  
s p r i n g  e lement  ( F i g .  A3) ,  t h e  f o r c e  i n  t h e  x - d i r e c t i o n  
of t h e  s i d e  1-2 o f  t h e  e lement  i s :  

Hence C = E33ab/2 .  

t h e  e l a s t i c  c o n s t a n t s .  t h e  s t i f f n e s s  m a t r i x  o f  a LHR 
H a v i n g  o b t a i n e d  t h e  s p r i n g  s t i f f n e s s e s  i n  te rms o f  

e l e m e n t  may now be f o r m u l a t e d .  The s t i f f n e s s  c o e f f i c i -  
e n t s  can be e v a l u a t e d  t h r o u g h  energy  c o n s i d e r a t i o n s  as 
f o l l o w s .  The t o t a l  s t r a i n  energy  U s t o r e d  i n  an e l e -  
ment for any s e t  o f  a r b i t r a r i l y  v a r i e d  noda l  d i s p l a c e -  
ments U i  and V i  may be w r i t t e n  as ( r e f e r  t o  F i g .  5 
i n  t h e  t e x t )  

2 ' K  ( u  1 U = 7 K x x ( u 2  - ul)  + 7 x x  - u4) 

1 2 1  2 + - K ( V  - v l )  + - K ( V  - v 2 )  
2 YY 4 2 YY 3 

K ( V  - v + v3  - v2)(U2 - U 1  + U3 - U4) xy  4 1 
2 

v - v l  u - u  2 - u2 v2 - v 1  2 

+ - 2 c(+ + a) b + f c ( L  b +-) a 

" 

a 

v - v  1 u -  
t - 2 c(+ a 

(A10) 

U s i n g  C a s t i g l i a n o ' s  theorem, t h e  noda l  f o r c e s  can 
be o b t a i n e d  as follows: 

( A 1  1 )  

Fyi = J 
Such d e r i v a t i v e s  for  each j o i n t  g i v e  t h e  e lement  

s t i f f n e s s  m a t r i x  i n  t h e  f o r m  

{F }  = [ K I { d }  (A12) 

where CKI  r e p r e s e n t s  t h e  e lement  s t i f f n e s s  m a t r i x ,  
{d} t he  d i s p l a c e m e n t  v e c t o r ,  and {F }  t h e  e lement  
f o r c e  v e c t o r .  

Assembly o f  t h e  LHR s t i f f n e s s  m a t r i x  i s  done by 
s t a n d a r d  d i r e c t  s t i f f n e s s  methods employed i n  f i n i t e  
e lement  p r a c t i c e .  

APPENDIX B - D E R I V A T I O N  OF THE S T R A I N  ENERGY RELEASE 
RATE FOR INCIPIENT RUPTURE 

C o n s i d e r  a s m a l l  v i r t u a l  i n c r e a s e  Ac i n  c r a c k  
l e n g t h  i n  an e lement  under a g i v e n  e x t e r n a l  l o a d .  The 
t o t a l  p o t e n t i a l  e n e r g y ,  n ,  i s  g i v e n  by  

n = 7 (u }  CKI {u}  - { u } T ( b } ,  (B1) 1 T  

where {u }  i s  t h e  noda l  d i s p l a c e m e n t  v e c t o r ,  CKI  i s  
t h e  e lement  s t i f f n e s s  m a t r i x ,  and {b }  i s  t h e  noda l  
f o r c e  v e c t o r .  

The energy  r e l e a s e  r a t e  G i s  o b t a i n e d  f r o m  t h e  
v a r i a t i o n  o f  n w i t h  r e s p e c t  t h e  l o a d ,  i . e . ,  

1 T  T 6n = 7 (u} CSkl{U} + {SU} CKI (UJ  

- { S u } T { b }  - { u } T { S b }  ( 8 2 )  

U s i n g  e q u i l i b r i u m  and t h e  f a c t  t h a t  t h e  v e c t o r  
i s  n u l l  f o r  a g i v e n  l o a d ,  t h e  above s i m p l i f i e s  t o  

{Sb) 
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(B) OBTAINED BY USING LHR MODEL. 

FIGURE 1. - TYPICAL STRESS-STRAIN CURVE FOR BMC. 
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Hence, 

G = - - -  dn 1 dc - - 7 { u } ~  & [ K I { U }  ( 8 4 )  

i f  E6K1 be t h e  change i n  t h e  s t i f f n e s s  m a t r i x  o f  t h e  
e lement  due t o  t h e  i n c i p i e n t  f r a c t u r e ,  ! . e . ,  [ 6 K 1  
= [ K l b e f o r e  - EK1aft-r. t h e n  G may w r i t t e n  i n  t h e  
f o r m  

~ } ~ [ 6 K l ( u l  
2AC AE = ( 

5 

TABLE I. - CONSTITUTIVE MATERIAL PROPERTIES 

SIC f i b e r s  
Si3N4 m a t r i x  
I n t e r f a c e  206 
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FIGURE 3.  - LOCAL HETEROGENEOUS REGION (LHR) AND ITS 
COMPONENTS. 
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FIGURE 7. - SCHEMATIC OF THE LHR ZONE EMBEDDED I N  THE 
FINITE ELEMENT MESH. (NOT TO SCALE). 
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