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Abstract

For special model problems, Fourier analysis gives exact convergence rates for the
two-grid multigrid cycle and, for more general problems, provides estimates of the two-
grid convergence rates via local mode analysis. A method is presented for obtaining
multigrid convergence rate estimates for cycles involving more than two grids — using
essentially the same analysis as for the two-grid cycle.

For the simple case of the V-cycle used as a fast Laplace solver on the unit square, the
k-grid convergence rate bounds obtained by this method are sharper than the bounds
predicted by the variational theory. Both theoretical justification and experimental

evidence are presented.
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1. Introduction

Although the heuristic arguments which indicate that multigrid iterative methods lead to fast ellip-
tic solvers are easy to understand, they cannot predict convergence rates or guarantee convergence.
There exist methods which provide a means to calculate theoretical multigrid convergence rate
bounds for a large class of multigrid solvers for positive definite elliptic problems. Unfortunately,
the motivation and proofs of these bounds are relatively difficult. For special model problems, a
simpler calculation, based on Fourier analysis, provides exact convergence rates for the two-grid
algorithm, but the exact analysis becomes too complicated to carry out for more than two or three
grids.

In this paper we present a technique for obtaining convergence estimates for any number of grid
levels, thereby providing an easy method to verify that multigrid is a fast solver (i.e., only a fixed
number of iterations will solve the problem). Although the method is strictly valid for only a few
model problems and for only symmetric V—cycles, it provides a general insight into the details of
the basic interaction between the coarse grid correction and the relaxation. These new estimates
of the convergence rates for the k—grid problem are no more difficult to calculate than the exact
convergence rates for the two—grid problem.

In Section 2 we define a simple multigrid V—cycle and derive a formula for the iteration matrix
associated with a multigrid cycle. A brief introduction to the grid independent convergence rate
bounds given by the variational theory is given in Section 3. In Section 4 it is shown that bounds
on the k grid convergence rate can be found in terms of the k — 1 grid convergence rate, using the
same type of calculation as for obtaining the exact two grid convergence rates. Moreover, since the
two grid convergence rate can be found exactly, we obtain convergence rate bounds recursively for
any number of grid levels. It is shown that these bounds are sharper than those obtained by the
variational theory. In Section 5 we show the details of how the results of Section 4 can be used to
obtain convergence rates for a model problem. Finally, in Section 6, we compare the convergence
rate bounds predicted by our theory and the convergence rate bounds given by the variational
theory. The exact three grid convergence rates are compared to our three grid convergence rate

bounds.



2. Notation
2.1 Multigrid Cycle

A sequence of uniform grids is given with mesh sizes h; (k = 1,2,3,...), where hyyy = hy/2.

Consider the discrete equations on the h; grid of the form
AU = Fy (1)

where A} is symmetric, positive definite. Given uﬁo), an approximate solution to (1), the multigrid

cycle MG for producing an improved approximation uﬁl),
u) — MG(k, v, Fy) 2)

is recursively defined as follows:

If k = 1 solve (1) by any direct or iterative method, yielding the final result uil). Otherwise do
(A) through (E).

(A) Perform r; relaxation sweeps on (1), resulting in a new approximation Uk.

(B) Transfer (“restrict”) residual from grid hy to grid hx_;.
Froy = IFY(F — Ariy). (3)
(C) Starting with “5;0-)1 = 0, update coarse grid approximation.
ul)| « MGk - 1,00, IF-1(F, — Auu)). (4)

(D) Calculate #; = u + I ,’:_luil_)l, where I,f_l is a suitable interpolation (“prolongation”) from
grid hg_; to grid h;.

(E) Perform r; relaxation sweeps on (1), starting with @, and yielding the final result uil).

This cycle is called V- cycle or V(ry, r2).
Note: The relaxations done in steps (A) and (D) need not be the same.

2.2 Error Analysis

As in the analysis of the classical fixed point linear iterative solvers, we are interested in analyzing
the “iteration matrix” associated with the multigrid process. If the error after the i-th iteration

can be written in terms of the error before the -th iteration as:

U — ul) = B (U - u{™Y) (5)



then B, is the iteration matrix. We are interested in the convergence factor of the V- cycle, ¢,

given by
e = inf{e: ”Uk - MG(k,vk,Fk)” < EHU], - vk” Vv, € Hy} (6)
= inf{e: ||Brw| < €|lwe|| Ywr € Hy}
= [|Bll
where || - || is some norm defined on Hj, the space of all vectors defined on the grid hg.

To find an expression for the iteration matrix corresponding to a V- cycle, the steps (A)-(E)

are rewritten in terms of the errors (true solution — current approzimation). Given an initial

error, eﬁo) =U - ug;o), the iteration matrix is defined recursively as follows:

If k = 1, then B; = O (the error is eliminated completely on the coarsest grid). Otherwise
1 0
eS‘) = BkeS‘ ), (N
where eﬁl), the error of the improved approximation ug), is given by steps (A')-(E'):

(A') After relaxation:

e = (Gk)rleﬁo),
where G} is the iteration matrix of the (pre-)relaxation.
(B") After residual transfer:
Ug-1 = A,:EII:_IA;,E;‘.

(C") After computing coarse grid correction, since esﬁ)_l =Ui_1:

eﬁl-)l = Bk—leio—)l-

(D') After interpolating correction to fine grid:
- - 0 1
eﬁl) = &~ I'):—l(es:—)l - ei-)l
= &@— I (I~ Bk—l)esco—)l'
(E') After relaxation:
el = (B8,

where E, is the iteration matrix of the (post-)relaxation.



Therefore for 1 < k < m,
By = (B)™(I - Li_y(I — Bi-1) AL IE 1 A)(Gy) (8)

and
Bl =0.

3. Variational Theory
3.1 Notation

Consider the Euclidean spaces Hy = R™, k = 1, 2, ---, m and two types of inner products on

these spaces, one type is the usual discrete L? inner product in d-dimensions defined as

(ue, vk = B D (ur)i(ve)s

and the other is the “energy” or “operator” inner product (associated with an operator L) defined

as
(uk; vie)r = (up, Lyve)i. (9)
The norms induced by these inner products are denoted by:
el = (i, we)y?
and

el = (e, ue)y
Adjoints relative to the (-,-) inner products are denoted by ()T and adjoints relative to the ()
inner products are denoted by (-)*.
3.2 Bounds Independent of the Number of Levels

The best available multi-level convergence rate bounds come from the analysis in the “variational”
setting, i.e., where it is assumed that:

a. The intergrid transfer operators are related by:
k—1 k T
L~ = (I-y)

and



b. the “Galerkin” choice of the coarse grid operators is assumed:
Apy = IF 1A IE .

For the complete theory for general domains and W- as well as V—cycles, see [3]. For positive
definite symmetric elliptic p.d.e.’s in the unit square, typical V-cycle convergence rate bounds
which are independent of the number of coarse grids are summarized below. For a more complete
discussion of the types of convergence proofs, see [6].
As in the standard variational multigrid analysis, see e.g., [4], [5] and [1], define two operators,
S and Ty:
Sp=1IE AL IF 1A, (10)
and
Te=1—- 8. (11)

Then S; and T} are orthogonal projections in the (-,-) inner product. Specifically:
1. SiSe = Sk, TiTi = Tx and T4 Sk = SpTe = 0.

2. For any ug,

up = Thup + Spux

and since S = Si and Ty = T} (but ST # S, and TT # Tk, in general), we also have
Nurlly = WSeuelld + NTeuxll?- (12)

Note: If uy = Sguk, then up € range(If_,), i.e. it is representable on the hy_; grid. If
vy = Tivg, then If_lAkvk =0, ie v € nullspace(I,':_lAk) and if vi corresponds to an error, its
residual cannot be distinguished from the null vector on the h;_; grid.

Let ¢; be the operator norm convergence factor of the k grid V-cycle, see equation (6).

Theorem 1 If there exist 81,02 > 0, independent of k, such that for every uy in H; and for all
k=2,3,--,

N(G) wll} + Bill T (Cr) el < Nurllk (13)
and
(B2 urll + Bl Te(Br)uell} < Nuxlli (14)
then for every k = 2,3,---,
e < (1+ 1) V2(1+ o) Y2 (15)



Proof. See [3].

In (3], Theorem 1 is proved using recursive formulas of the form:

t+ Ej...l(l - t)
€; = sup (———M= 16
2 05,21( 1 +/9t ) ( )

where 5 > 2.

Although these formulas appear to give grid dependent bounds, notice that ¢; = 1/(1 + £),
independent of 5. Therefore these formulas give the same convergence rate bound for the two grid
cycle as for an arbitrary number of grids. They cannot give sharper intermediate estimates for a
specific number of grids. In the next section we show that, under special assumptions, one can do

better than this.

4. Multi—Level Analysis

From equations (8) and (11), the two grid iteration matrix, By, is:
By = (Ey)" Ty (G2)™. (17)

Under certain assumptions about B3, I}, I? and G, it is feasible to explicitly calculate the
spectral radius of B; and hence find exact asymptotic convergence rates for the two grid algorithm.
Section 5 contains the details of the calculation of the spectral radius of operators of the slightly
more general form (Ey)™ (T, — aSi)(Gi)™ where a is a scalar. Notice that the two grid operator

is of this form with a = 0. In general, the k-grid V—cycle iteration matrix is given by
By = (Ex)™(Tk + It_1 Bi1 471 I AL) (GR) (18)

and is not of this form unless, for instance, Bi_, is a constant multiple of the identity (i.e., all error
components on the k — 1st grid are uniformly reduced). It is possible, however, to obtain estimates
of the k grid convergence rates by replacing B;_; by the constant Il Bx—1|lk-1 times the identity.

For convenience, fix the number of relaxations, r;, and define
G;=(G)™.
We assume the A;’s are symmetric and that 4;, G ; and E,- commute.

Theorem 2 If ry = r; and for every j = 1,2,---,k, E; = G}, then B; is positive semi-definite
and

IG5 TiGjll; < WBjll; < NG3(T; + 1| Bj-1ll;-155) G- (19)



Proof.

Since I;_l = (I;_I)T, T; = (T;)* and S; = (S;)*, each B; is symmetric with respect to the
energy inner product (B; = (B;)*). Each B; is also positive semi-definite. This is most easily
seen by induction. By is positive semi-definite since (Bzws, w2)2 = ||T2Gaw:||3 for every w; € Hs.

Assume B;_; is positive semi-definite for some j > 2. From formula (18),
(Bjwj,wj); = (GjT;Gywj,wy)j+ (GiI_ Bi1 AT I] " AsGjwj, wy);.
Since (T;)? = T; for arbitrary w; € H;, we can write
(GiTiGjwj,w;); = (T3Gjw;, TiGjw;);
and, similarly, since If_l = (I;_I)T,
(G} I, Bi1A;M I 4G wi,wi); = (Bjoa(A;1 17 A;G w)), (A72 IV A;Gwj))-1.
The right hand side of the previous equation is non-negative by the inductive assumption and thus

) ) it i s
(Bjwj,w;); = (T;Gjwj, TiGw;); + (Bj—1(A;4 I A;Gw;i), (A7H 171 A;Gw;)) -1

\"

IT;G5w;ll; > o. (20)

Therefore Bj; is positive semi-definite.

We can also use equation (20) to obtain the lower bound for the || B;||,;’s in equation (19).

To prove the upper bound in equation (19), let w; be an arbitrary vector in H;. By the definition
of | B;-1]l;-1 and S;,

L o it a P
(G- Bi1ATL I T AjG w), w)); = (Bjoi AT I A Gyw, ATL I AGwj) i

-1 7i-1, A -1 -1, A
< WBj-allj-1(A;1 117 A;Gw;, ATH 1A ;Gw;) 0
= |IB;-1llj-1(G}S;Gjwj, w;);-
Therefore,
(Bjwj,w;); < ((G;T;G; + || Bi—1l;-1G; SiGj)w;, wj) ;- (21)

This proves the upper bound in equation (19) since, for any symmetric matrix, D,

D= sup (D )
wye H; (Wir%ili
w;ll # 0



Let 7y = 0 and define ~y; recursively as

Y = G2 (Te + 1-15k)Gille- (22)
The next theorem asserts that each 4; is a bound on the k-grid convergence rate.

Theorem 3 For every k > 2,
Bl < ¥x-

Proof.

From the definition of the +’s, we see that
IB:ll2 = 72
If [|Bj-1llj-1 < 7v;-1, then for each u; € Hj,

(Bjuj,uy); < (G(Tj+ IBj-1llj-155)Gjuj, u5);
= 175G 4117 + 11 Bi-allj-1118;G ju; |
< TG 9501 + 7i-101S; G5l
= (Gj(T; + 1j-157)Gu;, u5);

and therefore [|B;||; < 7;.

In order to compare these bounds with the theoretical bounds of Theorem 3.1, we define a

constant, 8, independent of the number of grid levels, such that

e I} — mémuz)

B = inf inf ( -
1T:Grurll?

k>1 w€H,
T Grur#0
From this definition we see that, for every 5 > 1,
1G5u;ll} + BIT;Gu;ll; < Hujll} (23)
or equivalently,

_ 1 . 1
IT;Gju;)1 + 1—+—l§|||5jGj"j||§ < mllﬂjlll?- (24)



Note: The constant 3 is given for some common relaxation methods and for piecewise (bi)linear
finite elements (i.e., (bi)linear interpolation for finite differences) in [3]. Equation (23) holds for
B = 0 whenever the iteration matrix of the relaxation, G;, is a contraction. The convergence rate
of the V—cycle can be shown to be bounded away from one only when equation (23) holds for a

positive 3.

Theorem 4 For allk > 1,

7w < 1/(1 + B). (25)

Proof.
Equation (25) holds for v, since 4; = 0 and g is non-negative.
Assume v;_1 < 1/(1+ B) for j > 2. For any w; € Hj, equation (24) implies that
(CHT; + 1i-15)Gjwj,wy); = (G3TG jwj, wy)j + 75-1(G7S;Gwj, wy);
< ——(wjw);.
1+ 8
Since G}(T; + 7;-15;)G; is symmetric, then v; < 1/(1 + B) by definition (22).

Finally, we note that this new technique has another useful feature. If the k-grid convergence
rate is known, then the k + 1-grid rate can be estimated. Thus, if the convergence rate of a V-cycle
for a certain number of grids is known, it is possible to predict the effect of adding one additional
grid.

In the next section we show how to calculate the convergence rate bounds, k.

5. Details of the Fourier Analysis

For certain model problems, it is possible to calculate exact convergence rates of the two grid
V—cycle. The same techniques can be used to compute the k-grid convergence rate bounds of
Theorem 4 for the symmetric V-cycle.

The Fourier mode exp(i8 - z/hi) on level k appears as the mode exp(120 - z/hi—1) on level k — 1
since hy = .5hi_;. Therefore, on level k — 1 it coincides with every Fourier mode exp(if’ - z/h;) for
which 8’ = 8(modr). Thus restriction operators introduce coupling between each lower mode 8 and
its (24 — 1) high-frequency harmonics {8’ : 7/2 < |¢!| < 7,6' = f(modn)}. Interpolation introduces

coupling among the same modes. This is summarized in the following two formulas

If jezp(if-z/h) = 3 IEi(8)ezp(il- z/h) (26)
§'=68(modr)



and

If ezp(if' - z/h) = I¥Y(8")exp(if - z/h). 8'=8(modn).

I¥71(8) and I¥_,(8) are called the symbols of I ¥~1 and IF~! respectively.

(27)

Since the fine and coarse grid operators, as well as the relaxation, do not introduce coupling of

more Fourier modes we conclude that the two level cycle has the 2¢ harmonic modes as its invariant

subspace. Hence the convergence properties of the multigrid cycle can be studied by looking only

at the interactions of each set of 2¢ Fourier components.

Interpolation and restriction can be represented in matrix form as

IE (8"
II’:—I(Q) = :

- ) d
Ilt—l(gz ) 2dx1

and
e = [1ey . B
The fine grid operator is represented as

Ag(8Y)
Ak (Q) = e )
A,(6%)

24x2d

the coarse grid operator as

Ap_1(20) = [Ak_l(%;‘)]lxl ,

and the relaxation matrix as
(8"

Gi(0) = -
d
g(g2 ) 2dx2¢i

1x24

(28)

(29)

(30)

(31)

(32)

In terms of these matrices the two level cycle is represented by the following 2¢ x 2% matrix

Bu() = [G4(@)]” [T - TE1(@)(Re-1(20) "B (@0 2x(0)] [G2(0)]

(33)

Take the simple case of the V-cycle used as a fast Laplace solver on the unit square. A few

simple relaxation methods (such as Richardson or damped Jacobi) can be easily analyzed for this

10



particular problem simply because the Fourier modes are eigenvectors of the relaxation. For this
2 dimensional problem, the two grid convergence rates are obtained by computing the largest (in
absolute value) eigenvalue over all the 4 x 4 matrices given by formula (33). The bounds for the
convergence rates for more than two grids are computed in exactly the same manner, inserting a
constant in formula (33), preceding the interpolation symbol, in order to obtain the 4; of Section 4.

For completeness we include some examples of some operators and the elements in their symbols.

If — A( ) corresponds to the five point Laplacian, given by the stencil

AP = 317 -1 4 -1] (34)
hi

then

;1£5) (8 = 4(sin2(01/2)h-’2l:— sin2(02/2)), (35)

where § = (61, 62).
For bi-linear interpolation and the residual restriction operator which is its a.d_]omt (usually

called full weighting), the elements of the symbol matrices are given by

1 +cos€1 1+ cost,

J(——=—), (36)

B OES

and

1+c0801 1+ cosby

) = [CRL) (37)

A simple relaxation, damped Richardson (which is the same as damped Jacobi in simple cases

we consider), the elements of G(9) are given by
9(6) = 1 — 2wcA,(9) (38)

where ¢™1 = supiﬁ;,(ﬂ) and 0 < w< 1.

When the coarse grid operators are determined “variationally”, ie., Ay_; = If'lAk If_l, then

4
Ar-1(20) = 30 IE, (6) A(8) 11 (). (39)
=1

If Ascg) is a nine point discrete Laplacian, given by the stencil

T N B
A, =gr|-l 8 -1}, (40)
-1 -1 -1

hi



then

Ascg) () = 8 — 2 cos(0;) — 2c033(zz) — 4 cos(f) cos(f2) . (41)

If AE} , is given by the corresponding stencil on the h;_; grid:

-1 -1 -1

G -1 8 -1 42

k-1= 332 ] (42)
-1 -1 -1 -1

he—y

then

Aﬁl(ﬂ) _8-2 cos(26,) — 2 cos;(igz) — 4cos(26,) 008(292). (43)
-1

This coarse grid operator, though corresponding to the same stencil as the fine grid operator, is in
fact also the “variational” coarse grid operator when using bi-linear interpolation and full weighting.
This is convenient when trying to use the variational theory but trying to keep the symbols of the

discrete operators simple.

6. Results and Comparisons

In [2], it is observed that the variationally derived bounds are too pessimistic, at least for typical
parameters in a multigrid V—cycle when using a modest number of grids. Although in Section 4
we prove that the k-grid bounds are smaller than the grid independent bounds of the variational
theory, it is not known, in general, how much better the new bounds are. The limit of the bounds,
A&, as k goes to infinity, does not always degrade to the theoretical rate of 1/(1+ 8). For a modest
number of grids, the new estimates are much closer to the actual convergence rates.

Moreover, we note that this new technique has another useful feature. If the k-grid convergence
rate is known, then the k + 1-grid rate can be estimated. Thus it is easy to predict the effect of
adding an extra grid to a given multigrid cycle.

Consider the simplest case of a one dimensional problem given by

- %2;; = f on (0,1) (44)
u(0)=a; u(l)=1b

12
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Figure 1: The convergence rate bounds for the one dimensional model problem

Define a V-cycle using the standard three point discretization of the second derivative, linear
interpolation and damped Jacobi (with w = 2/3) for the relaxation. The convergence rate bounds
predicted in Section 4 for a V(1,1) cycle (one pre- and one post-relaxation) are given in Figure 1.
The ~, are shown as a function of the number of grid levels, k. In contrast, the variational theory

gives a convergence rate bound equal to 0.408, see [2].
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Tables 1 and 2 compare the exact three grid convergence rates (computed with a three grid

Fourier analysis) to the bounds predicted by our theory. For the optimal w, w = 2/3, the bounds

stay close forry =ry=1,---,4.
w=1/2 w=2/3 w=3/4
1 r2
1 1 .2665 .1655 .2499
2 2 .1086 .0826 .0903
3 3 .0743 .0562 .0539
4 4 .0570 .0430 .0392

Table 1: One-dimensional exact three grid convergence rates of V (ry,rz) using damped Jacobi with
damping parameter w

w=1/2 w=2/3 w=3/4
r re
1 1 .2667 .1667 .2499
2 2 1161 .0887 .0984
3 3 .0804 .0610 .0582
4 4 .0617 .0466 .0425

Table 2: One-dimensional estimated three grid convergence rates of V'(ry, r2) using damped Jacobi
with damping parameter w

14



Finally, for Poisson’s equation with Dirichlet boundary conditions on the unit square, we com-
pare our bounds to the asymptotic convergence rates seen experimentally. Using the grid sizes
indicated in the first column of table 3, we ran experiments using a damped Jacobi relaxation, the
nine-point discretization of the Laplacian, AS‘Q) as given in Section 5 and bilinear interpolation and
full weighting. Starting with a random initial error, the V'(1,1) multigrid cycle was used, rescaling
the error after every cycle in order to see the asymptotic convergence rate. The center column
contains the bounds given by our method. The grid independent bound given by the variational

theory is 0.40, see [3].

our worst case-

grid sizes bounds | experimental
h=1(1/4,1/2) .110 .110
h=(1/8,1/4,1/2) 217 211
h=(1/16,1/8,1/4,1/2) .258 241
h=(1/32,1/16,1/8,1/4,1/2) | .286 246
h=(1/8,1/4) .206 .206
h=(1/16,1/8,1/4) 254 239
h=(1/32,1/16,1/8,1/4) .284 .245
h=(1/16,1/8) .238 .238
h=(1/32,1/16,1/8) .275 .244

Table 3: Comparison of bounds with actual rates for two-dimensional Laplacian (9 pt. s}tencil)
using damped Jacobi with damping parameter .75 and r = 1. The grid independent bound is 0.40.

15
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