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Abstract

We present a general approximation framework for computation of optimal feed-
back controls in linear quadratic regulator problems for nonautonomous parabolic dis-
tributed parameter systems. This is done in the context of a theoretical framework
using general evolution systems in infinite dimensional Hilbert spaces. We discuss
conditions for preservation under approximation of stabilizability and detectability
hypotheses on the infinite dimensional system. The special case of periodic systems is
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1 Introduction

In this paper we present a theoretical approximation framework for computation of op-
timal feedback controls in linear quadratic regulator problems governed by parabolic
partial differential equations with time dependent coefficients. Our efforts were orig-
inally motivated by the desire to develop control strategies (distributed in nature)
for insect dispersal models (see Chapter 1 of [BK2] and the references therein) which

have been shown to involve time dependent coeflicients.

The presentation below is somewhat in the spirit of that for autonomous
parabolic systems in [BK1] and [LT] in that we attempt to develop a convergence
theory in which uniform stabilizability of the original system is preserved under ap-
proximation. It differs substantially from [BK1] and [LT] since we don’t use directly
sectorial properties of the operators and resolvent and spectral set arguments to es-
tablish preservation of stabilizability and detectability. (Indeed, the time dependent
nature of our system prevents this.) Nor do we use the Trotter-Kato theorem (which
is not well suited for use with nonautonomous control systems) in our convergence

arguments.

In section 2 we summarize previous results for abstract LQR problems on
infinite time intervals and formulate these in a form readily used in our subsequent
discussions. This formulation is based on the abstract frameworks found in [CP], [G],
[BK1] and [Da], [DI1], [DI2]; we rely heavily on the ideas of Da Prato and Ichikawa
which guarantee uniqueness of solutions of the associated Riccati integral equations

under certain stabilizability and detectability assumptions.

An approximation framework for abstract evolution systems in the spirit of
[G], [BK1] is given in section 3; convergence of the approximate Riccati operators
( and, of course, the corresponding controls and trajectories) is established under
uniform stabilizability and detectability hypotheses on the approximate evolution

control systems.



Our major contributions are given in section 4, along with the presentations
in section 5 and 6, where we show how the hypotheses of section 4 can be verified
for rather wide classes of problems of interest. In section 4 we focus our attention
on parabolic systems described by time dependent sesquilinear forms (in the spirit
of the autonomous system frameworks in [BK1}, [BI1], [BI2}]) and associated evolu-
tion equations. We make substantial use of the results of Tanabe [T] to formulate
our problems in a weak (V*) sense. Our fundamental convergence results (Theo-
rem 4.4) for the uncontrolled systems rely on a sesquilinear or variational formulation
of the systems, strong V-ellipticity of the parabolic evolution systems, approximation
properties for the spaces approximating the state space, and the Gronwall inequality.
(Certain aspects of this approach can be relaxed to allow us to treat weakly damped
hyperbolic systems-see [BKS], [BKW].) We are then able to reduce convergence
questions for the controlled systems (e.g., convergence of Riccati variables, optimal
controls and feedback evolution systems) to conditions of uniform stabilizability and

uniform detectability of the approximate systems (Theorem 4.5).

We show in section 5 that we can obtain these uniform stabilizability /detectability

conditions by preservation under approximation of dissipative inequalities for certain
classes of evolution control systems. Sufficient conditions that are readily checked in

many examples are given and several special cases are noted.

An alternative approach is presented in section 6 where we restrict our consid-
erations to parabolic systems for which the domain V of the generator of the evolution
system embeds compactly in the state space H. In this case, it is shown that stabi-

lizability /detectability of the original system is preserved under approximation.

Finally in section 7 we give an example of a class of parabolic partial differential
equation control problems for which all the hypotheses of our theoretical framework

can be easily verified.

We have used the ideas presented in this paper to develop and test compu-

tational packages for solving nonautonomous parabolic control problems of the type




discussed in section 7. However, since our presentation here is already quite long and
since a presentation of our detailed numerical findings would entail lengthy discus-
sions, we will not discuss the numerical examples. A separate manuscript is under

preparation; the interested reader can also consult [W].

We believe that the present paper offers new results for time dependent infinite
dimensional control systems. Moreover, our arguments are such that we offer an
attractive alternative approach to those found in [G], [BK1], [LT] even in the case of

autonomous parabolic systems.

2 The abstract linear quadratic regulator problem on an
infinite time interval

In this section we formulate a linear quadratic regulator problem for evolution system
dynamics in a Hilbert space. We present a collection of functional analytic and
control theoretic results related to such problems. The results we give in this section
are known and, while in some cases we have modified the statements to present the
results in a form most suited to our purposes, the reader can easily refer to the
literature for proofs. In particular, we use freely results found in [CP] and [G] and

rely heavily on recent results of Da Prato and Ichikawa [Da], [DI1], [DI2].

We first recall results for evolutionary systems. Let H be a Hilbert space
with inner product < -,- >. Let A(to,t5) = {(¢,3) | to < s <t < t5}, Ax(to) =
{(t,8) | to < s <t < 0o} and L(H) be the Banach algebra of bounded linear operators
on H. We use Bo([to,ts]; L(H)) to denote the set of operator valued functions that
are bounded on [to,ts]. We recall that T'(-,-) : A(to,ts) — L(H) is called an evolution
operator if T satisfies the following conditions: (i) T'(t,s) = T'(t,r)T(r,s),fortg < s <
r <t <ty (i) T(t,t) =1, for t € [to, ts]; and (iii) T(¢, s) is strongly continuous in s
on [to, t] and strongly continuous in ¢ on [s,t]. We say that an evolution operator has
exponential growth if there exists M; > 1,w > 0 such that ||T(¢,s)z] < Mie“t=9)||z||,
for (t,s) € Aw(to),z € H. An evolution operator is said to be uniformly exponentially



stable if there exists M > 1 and a > 0 such that |T(¢,s)z|| < Me >(t=3)||z||, for
(t,s) € Ax(to),z € H. We have the following fundamental results of Datko which

will be crucial to our presentation.

Lemma 2.1 [Dt] Consider an evolution operator T(-,-) with exponential growth.
Then T(-,-) is uniformly exponentially stable if and only if there exists an M, such
that

[T s)elde < Mylall?, - for s 2 to,z € H.

s

Furthermore we can find constants M3z > 1,a > 0 depending only on My, M, and w
for which the following estimate holds:

IT(t,s)] < Myeot=3), for (t,s) € Dyo(to).

The original statement and proof of this theorem are due to R.Datko. We
have modified slightly (see Appendix A of [W}]) the original proof in [Dt] to point
out the relationship between the constants Mj,a and M;, M, and w. This will be
essential for our subsequent use with approximation systems. In [W] it is shown that

the constants M3 and a can be chosen as:
log 2
, a= .
4A12M12(2(.UM2 + 1)

M; = 2Alle4”’2”"2w(2“A’2+1)

In our discussions of control systems, perturbations of evolution operators
(see [CP]) will play an important role. Let t; < oco. Consider a uniformly bounded
evolution operator T'(-,-) and C(-) € Bu([to,ts]; L(H)). Then the integral equation
for S(t,s) € L(H) given by

t
S(t,s)e = T(t,s)a + [ T(t,n)C(n)S(n, s)edy, for z € H,

has a unique solution S(-,-) in the class of strongly continuous operator valued func-
tions. Moreover, S(-,-) is an evolution operator and is called the perturbed evolution
operator corresponding to the perturbation of T'(-,-) by C(-). In addition, S(-,-) is

also the unique solution of

t
S(t,s)e =T(t,s)z +/ S(t,n)C(n)T(n,s)zdn, forz € H.

4



We turn next to our formulation of the regulator problem for an evolution
system. We let H, U be real Hilbert spaces with inner products < -, >y, < -,* >p;
H,U are the state space and the control space respectively. Consider an evolution
operator T'(-,-) defined on Ay (o). The control system is described as follows: for

any u € L*([to,00); U), the corresponding trajectories satisfy the equation:
(1) 2(t)=T(ts)(s)+ | T ) B(r)u(r)dr, for (1,5) € Dw(to).
The cost functional is given by

(22)  Juo(u;to, 7o) = /t°° (< W(t)z(t),2(t) >1 + < R(t)u(t),u(t) >v} dt,

where z(-) is the trajectory corresponding to u with z(to) = xo. For each given 1o, o,
the optimal control problem is to find a control u* which minimizes (2.2) over all

u € L*([to, o0);U).

We can consider (2.2) as the limit as ¢y — oo of

(2.3) J(u; to, tr, o) =< Gz(ty),z(te) >n
+/tt" (< W()z(t),2(t) >u + < R()u(t), u(t) >v} dt,

with G = 0. Here we shall summarize existence results for optimal controls in the
infinite time interval, existence and uniqueness of the solutions of the Riccati integral

equation on an infinite time interval, and stability of the feedback system.

We make the following standing assumptions for all subsequent discussions
of (2.1), (2.2): (i) The evolution operator T'(-,-) has exponential growth. (Thus, in
particular, T'(t, s) is uniformly bounded for s, in any bounded sub-interval of [to, 00));
(i1) The operator valued function B(-) : [to,00) = L(U, H) is uniformly bounded in
[to, 00), i.e. there exists Mp such that ||B(t)||w,xy £ Mp for all t € [ty, 00); (iii) The
operator valued function W(-) : [to, 00) — L(H) is uniformly bounded in the interval
[to, 00), and W (t) is nonnegative definite self-adjoint for all ¢ € [to,00); (iv) The

operator valued function R(:) : [tg, 00) — L(U) is uniformly bounded in the interval



[to, 00), and R(t) is positive definite self-adjoint for all ¢ € [tg, 00). Furthermore, there
exists a constant r > 0 such that < R()u,u >y> r|ju||}, for all u € U.

Under these assumptions we consider the linear quadratic control problem in
the interval [to, t4] for ¢, < co. That is, we consider the cost functional (2.3) with our
system (2.1). Then for any bounded self-adjoint nonnegative definite linear operator
G, it is well known that for each given zo € H, there exists a unique control u such
that

J(u;toa tk’wO) < J('U;t(), tk,l‘o).

veL2r(r[§<i:}k];U)
This control u can be written in a feedback form u(t) = —R~'(t)B*(¢)Q(t)z(t), for
t € [to,tk], where z(-) is the corresponding trajectory and Q(-) : [to, ts] — L(H), is
the unique self-adjoint solution of the Riccati integral equation (RIE)

(2.4) Qt)e = T* (e, )GT (1,002 + | * (o, YW ()T (3, £)
= [ 70,0000 B R () B ()@ T (0, )y
for all t € [to,tx) and = € H.
We note that in the case G = 0, the above equation reduces to
25 QU= [ T - Q) BmE™ (B QT (n, )zd,
for all t € [to,tx) and € H. We also note that the equation (2.4) is equivalent to
(26)  QU)e = T°(L9QWT( )z + [ T, W )T (,s)edy

- [ T, )Qu) BB () B ()QT (1, 5)zdn
Qty)e = Gz

for all tp < s <t < t; and z € H. Solutions of this latter equation have a rep-
resentation that is often used in control theoretic arguments. Consider any u(-) €

L*([to, tx]); U), and for ¢ € H, define a H-valued function y(-) by

y(t) = T(t, s)z + /st T(t,7)B(r)u(r)dr, fort € [s,tx].

6




If Q(-) is a self-adjoint solution of (2.6), then

<Q(s)z,x > = < Gy(te),y(ts) >u |
(27) + [ A< W@u(e),u(®) >n + < ROu(t), u(t) >v} dt

_ /t" < R()=(t), 2(t) >v dt,

where z(t) = u(t) + R71(t)B*(t)Q(t)y(t). This can be used to show that (2.6) has a

unique self-adjoint solution.

Before continuing our discussion, let us introduce additional notation. Let

It = {E | E € L(H), E self-adjoint, nonnegative deﬁnite.}
Cs([to, t]; 1) = {K : [to, tx] ¥+ EF | K strongly continuous.}

By the uniqueness of the solution of equation (2.6), we can define a mapping A :
Tt = Cs([to, tk]; 1) as following: for each G € L%, AG is the unique nonnegative
definite self-adjoint solution of equation (2.6). Under our general assumptions, it is
easily seen that for fixed G the map A depends only on t;; if we consider the linear
quadratic regulator problem on two bounded intervals [to,¢;] and [to,t2], we will use

A1, A, to denote the maps associated with each interval respectively.

Now consider a increasing sequence {¢x}%,, with {x < co. The map Ay as-
sociates with each finite interval problem the Riccati equation on {tg,tx]. Let G =0
and Qk(-) = AxG. For simplicity, consider a bounded interval [a,b] C [to, ¢1], and for
each t € [a,b],z € H, we assume that there exists a constant M(¢,z) such that for
all &

(2.8) < Q@Qi(t)z,z>g < M(t,z).

The following theorem (see [Da], [G]) establishes the connection between control

problems on a finite time interval and problems on an infinite time interval.
Theorem 2.1 Under the above assumptions, we can conclude:

7



(i) For each t € [a,b], there exists a unique operator Q(t) € Lt such that Q4(t) —
Q(t) strongly and the convergence is uniform in [a,b]. Therefore Q(-) is strongly
continuous, so uniformly bounded in [a,b)].

(i) As a consequence of (i), we can define the perturbed evolution systems Sk(-,-), S(-,")
corresponding to the perturbation of T(-,-) by —BR™'B*Qy and —BR™'B*Q re-
spectively. We have Si(t,s)z — S(t,s)z, forallz € H, and a < s <t < b.
Furthermore the convergence is uniform in t for t € [s,b]. If T(-,-) is jointly

strongly continuous, then the convergence is uniform for alla < s <t < b.

The only assumption on the sequence {#;} is that ¢, increase as a function of

k. In particular, the above theorem is valid when t; — oo, as k — oo. Paralleling
the usual approach to finite dimensional regulator problems, we can use these results
to establish results for the control problem on an infinite time interval. To that end,
consider a sequence {{;}%2, with ¢, — 0o as k — oo. Let Qx(-),Si(+,) be defined
as above. If for each ¢t > t;, we can find a constant M(t) such that < Qx(t)z,z >y <
M(t)||z||?, then by Theorem 2.1, we have Q(-), S(,-) defined on [ty, 00). Furthermore
for any (1,8) € Ax(to), @ satisfies

(29) Qs = T(LIRWTL)+ [ T, )W)k, s)ady

“/: T*(n,$)Q(n)B(n)R™" (n) B*(n)Q(n)T(n, s)zdn.

The equation (2.9) is called the Riccati integral equation (RIE) for the infinite time
interval. We know from Theorem 2.1 that () is strongly continuous and uniformly
bounded in any bounded interval, but @) is not necessarily uniformly bounded in the
entire interval [to,00). If @ is not uniformly bounded, that implies the minimal cost
for some initial state = will tend to infinity as ¢; tends to infinity; that is, there is
no control yielding finite cost for the infinite time interval problem. Let us state a

condition which prohibits this situation.

Definition 2.1 (W-stabilizability) We say that (2.1), (2.2) is W-stabilizable if

there exists a constant M such that for any s > to and ¢ € H, we can find a control

8



u € L%([to, 00);U) satisfying

(2.10) Joo(;5,2) < M|z||%.

One can then prove (see [DI1], Theorem 3.1) that @ = lim Q) is a uniformly bounded
solution of the Riccati integral equation (2.9) in [to, 00) if and only if (2.1), (2.2) is
W-stabilizable. In this case we have Q(t) < M - I for t € [ty,00). Furthermore,
if Q is any other bounded self-adjoint solution of (2.9), we have that Q(t) < Q(t)
for t € [to,00). It follows that using any sequence {tx} with tx — oo, in the above
limiting procedure yields the same solution @ to (2.9), which we shall refer to as the
minimal bounded nonnegative self-adjoint solution of the Riccati integral equation

on [tg,00) and denote by Quin.
We note that if the system (2.1), (2.2) is W-stabilizable, then for any s > ¢,

and r € H, the unique optimal control for the infinite time interval problem is given
by u(t) = —R™'(t)B*(¢t)Q(t)S(t, s)z.

Next we consider a uniformly bounded solution ) of (2.9) and let S be the
evolution operator corresponding to the perturbation of T' by —~BR'B*(). We say
that Q is a stability solution of (2.9) if S(t,s)z — 0 as t — oo for all s > to, z € H.

It is shown in [DI1] that there is at most one stability solution of (2.9). More-
over, if ) is a stability solution satisfying Q(t) < M - I and Q4 is the solution on
[to, tx] with Qx(tx) = M - I, then Q(t) < Qi(t) for t € [to, ti] and Qi(t)z — Q(t)x as
k — oo for each z € H. In addition, if ) is any uniformly bounded solution, then
Q(t) < Q(t), t € [to,00); that is, any stability solution is the mazimal (uniformly
bounded) solution. Finally, if the system (2.1), (2.2) is W-stabilizable and if the
minimal solution Qmi, of (2.9) is a stability solution, then it is the unique uniformly

bounded solution of the RIE (2.9).

From the above remarks, it is clear that it is desirable to have conditions that
guarantee a solution of the RIE be a stability solution. One such condition is a

detectability condition.




Definition 2.2 (W-detectability) Let V(t) = /W(t). We say that the system
(2.1), (2.2) is W-detectable if there exists a uniformly bounded function K(-) with
K(t) € L(H) such that the evolution operator Ty corresponding to the perturbation
of T by KV is uniformly exponentially stable.

We then have the following result.

Theorem 2.2 Suppose that the system (2.1), (2.2) is W-stabilizable and W-detectable.
Then the minimal solution Q,,;, of the RIE is the unique uniformly bounded solution
of (2.9) and the evolution operator S defined by perturbation of T by —BR™' B*Qin

is uniformly exponentially stable. In fact,
[1S(t,8)|| € Me™=2) ) (¢,5) € Auo(to),

where the constants M and o depend only on the bounds for B, K, R™!, Qmin and
Mpgv, B in the bound ||Tkv(t,s)|| < Mrv exp{—B(t —s)}.

The first part of this theorem follows from [DI1] (Prop. 3.3). That the con-
stants M and a depend only on the bounds indicated follows from use of the modified
Datko lemma, Lemma 2.1 above. As we shall see in the next section on approxima-
tion, this dependence (or lack thereof) will allow us to infer a uniform exponential
stability of the approximate feedback control systems whenever we have a uniform

W-detectability condition satisfied by the approximate systems.

To conclude this section, we recall that an evolution operator is said to be
f-periodic if for any (t,s) € Ax(to), we have T(t + 6,s + 6)z = T(t,s)z, for all
z € H. We note that any @-periodic evolution operator satisfies the exponential
growth assumption that is part of our standing assumptions in this paper. It is
also easily argued that if the linear quadratic regulator problem is #-periodic (i.e.,
B,W,R and T of (2.1), (2.2) are §-periodic), then the minimal solution and the
stability solution of the RIE are f-periodic. Of course, we cannot argue that every
uniformly bounded solution of the RIE is periodic under a periodicity assumption on

the problem.

10
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We turn next to approximation results for the abstract linear regulator problem

on an infinite time interval.

3 Approximation of linear quadratic regulator problems on
an infinite time interval

Let HY and UV be families of finite dimensional subspaces of the original state space

and control space H,U respectively. For each N an approximate control system is

described by

t
(31) (1) = TV(t,)e™() + [ T¥(t,)BY(n)u (m)dn, for (t,5) € Aco(to),
where TN(-,+) : Aw(to) — L(HY) is an evolution operator, and BY(-) : UN +— HN.
The cost functional is given by

(3.2) TV (N o, 2N) = / T < W)V (1), 2N () > dt

to

+ [T < RV (1), V() >y dt
to

where zV(-) satisfies (3.1) and z™V(t,) = z{¥. Suppose that each of the approximate
systems satisfies the standing assumptions for (2.1), (2.2) given above and that each
is W-stabilizable. Then we can guarantee existence of Q™(-), the minimal uniformly
bounded solution of the associated Riccati integral equation on the infinite time in-
terval [ty,00). Let SV(-,-) be the perturbed evolution operator corresponding to the

perturbation of TV by — BN (RN)=1B*NQN. In this section, we present results on the

convergence of QV, SV,

We need to make some basic assumptions on the approximate systems. Let
{HN}%_,, {UN}-, be subspaces of H,U respectively, and Py, P} be projection
operators which are assumed to satisfy ||PYz — z|lg — 0, |PYu — ullu — 0, as

N — oo, forallz € Huel.

We note that the usual orthogonal projections of H and U onto H,UV re-

spectively satisfy these assumptions if HV, UV approximate H and U in an appropri-

11



ate sense. (We shall specify approximation systems that satisfy these conditions in

subsequent sections.) We make the further assumptions on our approximate systems.
Hypothesis 3.1 (Uniform boundedness)
(i) There exist constants M > 1 and w > 0 such that
1Tt 8) ey < M, [TV (2, ) 5wy < Me=2
hold for all N and (t,s) € D (to);
(11) There exists a constant Kg such that
1B cwamy < Kb, |1BY@)lewv.mvy < Kp

for all N and t € [tg, 00);

(iii) There exists a constant Kw such that
Wl < Kw, WV Olln@ay) < Kw

for all N and t € [to,00). Furthermore W(t), WN(t) are nonnegative definite
self-adjoint for all t € [to, 00).

(iv) There exists a constant Kp such that
IROlew) < Kr, [RY(Ollewn) < Kr

for all N and t € [to,00). In addition, R(t), RN(t) are positive definite self-
adjoint for all t € [to,00). There exists a constant r > 0 such that R(t) >r-1I,
RN(t) > r-1, for all t € [ty, 00).

Hypothesis 3.2 (Pointwise convergence) The operators TN (t,s), T*N(t,s), BN (1),
B*N(t), GN, WN(t), RN(t) converge strongly to T(t,s), T*(t,s) , B(t), B*(t), G,
W (t), R(t) for any to < s <t < oo, where G,GN are nonnegative self-adjoint opera-
tors in L(H), L(H") respectively.

12



w T T T

| T e T T Ty T

T T T g—"_

From arguments in [DI1] and [W], it is readily seen that W-stabilizability (i.e.
condition (2.10)) is equivalent to the following: there exists a constant M > 0, and a
uniformly bounded feedback operator K(-) : [to,00) — L(H,U) such that if Tx(:,-)
is the perturbed evolution operator corresponding to the perturbation of T' by BK,
then for any s > to, ¢ € H, the cost of the feedback control u(t) = B(t)K (t)Tk(t,s)z
satisfies Joo(u;s,z) < M||z|*

To guarantee the existence of uniformly bounded solutions of the Riccati in-
tegral equation on the infinite time interval for each of the approximate systems, we

make a uniform W-stabilizability assumption.

Hypothesis 3.3 (Uniform W-stabilizability) There exists a constant M > 0
such that for all N, there exist uniformly bounded feedback operators KN () : [to, 00)
L(HN,UN) satisfying the following: for all s > to and z¥ € HN, the feedback control
ulN(t) = BN@)KN(#)TEN (t,8)zY has a cost satisfying

IV (M s,2N) < M|aV 2

Now consider {t;}32, with t, — oo as k — oo. For each N, let £*V be
the set of nonnegative self-adjoint linear operators in H"; we define the map AL :
TN C,([to, tx]; V) via the finite dimensional Riccati integral equation on [to, ]
as before. Let G € T*, and GV € T*N. Define QY (1) = ANGY, and Qi(") =
ArG. Let the evolution operators SY and S, correspond to the perturbation of
TN, T by —BN(RN)"!B*NQY and —BR™!B*Q} respectively. The theories of the
approximation of linear quadratic control problems on a finite time interval (e.g.
see [G], [BK1]) guarantee that under Hypothesis 3.1, 3.2, for each k, QN(t) and
S¥(t,s) converge strongly to Qi(t) and Si(t,s) respectively as N — oo for every
to < s <t < tg. Furthermore the convergence is uniform in the interval [to, t&], if we

replace Hypothesis 3.2 by the following assumptions.

Hypothesis 3.4 (Continuity and uniform convergence) The operator valued

functions B(t), B*(t), W(t), R(t) are strongly piecewise continuous in t (with only a

13



finite number of discontinuity points in any bounded interval); the evolution operators
T,T* are jointly strongly continuous. The convergences in Hypothesis 3.2 are uniform

int and (t,s) on any bounded interval.

From the theory of the linear quadratic control problem for the infinite time
intervals, there are two cases where QY converges strongly as k — oo. In the first
case, let QN. (t) be the minimal uniformly bounded solution of the Riccati integral
equation in H" on the infinite time interval [ty,00). If G = GV = 0, then for any N
we have QY (t)z¥ — QN. (t)zV, as k — oco. Furthermore the convergence is uniform
in ¢ for ¢ in any bounded interval [to, ¢;]. In the second case, we assume the following

conditions hold:

Hypothesis 3.5 Assume that there exists a stability solution Qs(-) of the Riccati
integral equation for the infinite time interval infinite dimensional system and there
exists a stability solution QN (-) of the Riccati integral equation on the infinite time
interval for each approzimate system. (Then the evolution operator SN corresponding
to the perturbation of TN by —BY(RN)"'B*NQV satisfies SV (t,s)x — 0, as t — oo,
for s > to,x € HN.) Furthermore assume that there exists a constant M such that

for each N, QN(t) < M - I for allt > to. Also assume Q,(t) < M -1 for allt > t,.

Assuming that Hypothesis 3.5 holds, we let G = GN = M - I and Q¥,Qy be
the solutions of the RIE on [to, #4] satisfying in(tk) =GN, Qx(tx) = G. Then from
our results for stability solutions given in section 2 we have QY (¢)zV — QN (t)zV,

Qr(t)z — Q,(t)r as k — oo for all zV € HY and z € H.

We note that if SV(¢,s)z — 0 uniformly in N, then we have Qx(s) and Q¥ (s)
uniformly bounded for all ¥ and N. To see this, we consider Q, Qs as given above.
Then we have, using the relationship in (2.7) with y(t) = S(¢,s)z where S is the
evolution operator corresponding to the perturbation of T' by —BR™! B*Q,,

< (Q(s) = Qs(s))z,z >p < < (Qi(te) — Qs(te))y(tr), y(tx) >n
< 2Mly(to)ll.
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Since y(tx) — 0, it follows using the uniform boundedness principle that Qx(s) is
uniformly bounded for all k. Repeating this argument with QJ (s), @Y (s) and y™(t) =
SN(t,s)z, we see that the uniform (in N) decay of SV yields the claimed uniform
boundedness for Q¥ (s).

In each of the two cases above, we have the following situation:

QY () Pl= e QY ()P =
N - o] 7N - o0
Qu(t)z kg Q.(t)z.

It is desirable in computations to work directly with QI and hence we seek
results which will guarantee the convergence Q¥ — @, of this diagram. To obtain

such a result, we shall make use of a uniform decay rate for the SV defined via Q.

Theorem 3.1 Assume that Hypothesis 3.1-3.3, 3.5 hold. Further assume that for all
s> to, z € H and € > 0, we can find t such that for all t > {, we have ||S(t,s)z| < €
and ||SN(t,s)PYz|| < € for all N. Then QN (#)Pz — Q,(t)z for all to < t < 0.

Proof: Let M be the bound for Q, and @V that are the stability solutions of
Hypothesis 3.5. Let QY and Qi be the related RIE solutions on [t, k] satisfying
QN(tx) =M -1, Qi(ty) = M - I. Then for t < t; we have

1QY (1) Pz — Qs()zl < QY1) — QX W) P =) + QY ()Pl 2 — Qu(t)z|)®
+H(Qs(t) ~ Qi)™

Recalling that QY (t) > QN(t), Qx(t) > Q,(t) by construction, and using the uniform
boundedness of Qf and QY following from the uniform decay rate and the arguments

above, we obtain for some M

QY (1) — QY W) P=l* < 2M < (QF(t) — QY(1)) Pz, Pz >n
Q) = Qe()ell® < 2M < (Qu(t) — Qul))z, 2 >nr -
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Again using (2.7), we have

< (QY() - QY (W) Pz, Pz >u
<< (Ql]cv(tk) - in(tk))SN(tkvt)ng’SN(tk’t)P}I}I:L' >H,

and

< (Qk(t) — Qs(t))z, 2 >0 < < (Qr(tr) — Qs(te))S(trs )z, S(th, )T >hr

Combining the above inequalities, we obtain

QY (1) Pz — Qs(t)z|I* < QN (1) P = — Qx(t)x||?
+HAMNI(||SN (b, )z + | S (L, 1)z 1?).

Let k be large enough so that || S(tk, t)z|| < ¢/(12M M), ||S¥ (tx,t) PY || < ¢/(12M M),
for all N. Then let N be large enough to obtain ||QY ()P} z — Qx(t)z||* < €¢/3. From
the previous estimates we thus find ||QY(¢)PYz — Q.(t)z||> < ¢ which yields the

desired results.

We note that if Hypothesis 3.4 holds and the uniform decay assumption in
Theorem 3.1 is replaced by the following: there exists ¢ such that for any ¢t > ¢ and
for any s € [to,ts], |S(t + s,8)z]| < € ||SV(t + 5,5)PYz]| < ¢, for all N, then the

convergence of Theorem 3.1 is uniform in the bounded interval [to, ¢/].

Theorem 3.1 is not very useful in practice, since the uniform decay assump-
tion is difficult to verify directly. However it does provide some insight and sug-
gests more realistic conditions that might be verifiable. Recalling the definition of
W-detectability and our discussions following it, we are prompted to formulate the

following assumptions.

Hypothesis 3.6 (Uniform W-detectability) The original system is detectable
and there exist constants My, Mgy and B > 0 such that for each N, there exists a
uniformly bounded operator valued function KN () : HN — HN, with ||KN(t)||L(HN) <
Mg, for t € [to,00). If Ty is the evolution operator corresponding to the perturba-
tion of TN by KNVWN | then NTRN(t, )Ly < Mive P9 for (t,5) € Aoo(to).
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If the Hypothesis 3.6 holds, then Q¥, is the unique uniformly bounded solu-
tion of the Riccati integral equation on the infinite time interval for H". Under the
uniform W-stabilizability Hypothesis 3.3, we have QY. (t) < M-I, for all ¢ € [to, 00).

Furthermore, by application of Theorem 2.2, there exist constants M,,a > 0 inde-
N

pendent of N such that the evolution operator SV defined via QY satisfies

ISV (8, 8)|| < Mye™®2) for (t,5) € Deoo(to)-

Thus, by Theorem 3.1, QN, (¢) converges to Qmin(t) as N — co. We summarize the

min

results in a major convergence theorem.

Theorem 3.2 Assume that our system and its approzimate systems satisfy Hypothe-
ses 3.1 and 3.2 and the uniform W-stabilizability and uniform W-detectability condi-
tions of Hypothesis 3.3, 3.6. Then the unique uniformly bounded solution QN of the
Riccati integral equation on [to,00) in HN converges strongly to the unique uniformly
bounded solution @} of the Riccati integral equation on the infinite time interval in H.
Furthermore, if Hypothesis 3.2 is replaced by Hypothesis 3.4, then this convergence is

untform in t fort in any bounded interval.

We note that in the case of a periodic system, the uniform convergence in one
period implies that QN converges to @ uniformly in the entire interval [to, 00). We fur-
ther remark that the convergence of the Riccati operator guaranteed by Theorem 3.2
is sufficient (using standard arguments, see [G], [BK1]) to guarantee convergence of
the optimal approximate feedback system trajectories S™(¢,s) Pz and optimal ap-
proximate controls u” to the optimal system trajectories S(t, s)z and optimal controls
u (see Theorem 3.1 of [BK1]). Moreover, one also obtains convergence of the system
generated by using the approximate feedback gains with the original infinite dimen-
sional control system (a feature that is of great practical importance), e.g., see the

related remarks in section 4 of [BK1].

The hypotheses of Theorem 3.2 are much more readily verified than others

guaranteeing convergence that can be found in the literature (e.g., see [G], Theorem
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5.3, where one is required to show that the approximate systems are uniformly sta-
bilized by the feedback with a uniformly bounded sequence of approximate Riccati
operators). As we shall see in the later sections, there are two distinct approaches
that lead to rather easy use of our Theorem 3.2 in the event one is dealing with

parabolic evolution systems.

4 Parabolic evolution equations: control and approxima-
tion

In this section, we formulate the linear quadratic regulator problem for an abstract
parabolic control system. We focus our attention on systems associated with a time
dependent sesquilinear form. First we review the theory of parabolic evolution equa-
tions (relying heavily on [T]) and extend some related results in a form applicable to
control problems. Then a control system is defined for which general assumptions of
stabilizability and detectability are made. A framework for approximation schemes
is presented and conditions for convergence of the operators involved are discussed
under assumptions of uniform stabilizability and uniform detectability for the ap-

proximate systems. Our discussions here are in the spirit of the approaches taken in
[BK1], [BI1], [BI2].

Let H, V be two complex separable Hilbert spaces with < -,- >, <-,- >y as
inner products and || - ||, || - ||v as norms respectively. Let V* be the dual space of V
with < -, >y v denoting the duality pairing. The space V is assumed to be densely
and continuously embedded in H, and thus there exists a constant ¢ such that for all
Y €V, ||¥|la £ c||¥]lv. Since for each element ¢ of H, we can define a bounded linear

functional on V by < ¢,% >y, for 9 € V, we have the usual embedding relationship
VCcCHCV*~.

For each t in the interval [to, o), consider a sesquilinear form o(t;-,-) defined

on V x V. We assume throughout that o has the following properties:

Hypothesis 4.1 (V-Continuity) For each bounded interval [to, 1], there exists a con-
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stant ¢, such that

(4.1) lo(t; 0, %) < allleliviidllv, fort € [to,ta], 0,9 € V.

Hypothesis 4.2 (V-Ellipticity) For each bounded interval [to,t,], there exist con-

stants c; > 0, m such that
(4.2) Re o(t; 0,0) 2 aollelly — mllell, Jort € [to,ta], 0 € V.

Under the above assumptions, we have a well known ([FM], [K], [T}, {S]) result:
For each t € [to, 1], there exists a unique closed operator A(t) : V + V* such that

(43) U(tW’,‘/’) =—-< A(t)%’/’ VeV, forpeV.

Furthermore, if A(t) is defined using the same method with a sesquilinear form o*
defined by o*(t; ¢, ) = o(t; ¥, ¢), then /i(t) is identical to the adjoint operator A*(t)
of A(t). Both operators A(t), A(t)* are infinitesimal generators of analytic semigroups

in V* and an abstract parabolic evolution equation can be defined by

d .
Ez(t) = A(t)z(t), z(to) =z0€ V™.

In order to insure the existence of an evolution operator for this equation, we must

make additional assumptions on the continuity of o with respect to .

Hypothesis 4.3 (Smoothness in ¢ ) For each bounded interval [to,t1], there exist
constants K and a, 0 < a < 1, such that for all t,s € [to,t1], and for all o, €V,

we have

lo(t; 0, ¥) — o(s; 0, ¥)| < K|t — s|*|lellvilllv.

Under the above assumptions, there exists an evolution operator associated
with the above evolution equation. The following theorem summarizes the properties

of this evolution operator.

Theorem 4.1 ([T), pp.127, pp.145-155) Let the Hypotheses 4.1, 4.2, 4.8 hold. Then
there exists a unique evolution operator T(-,-) in V* satisfying the following condi-

tions:
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(i) For anyty < s <t < t,, the range R(T(t,s)) of operator T(t,s) is a subset of
V.
(ii) The operator T(t,s)A(s) has a unique bounded extension in L(V*), for all to <

s < t < ty; therefore, we can and will use the same expression for the extension.

(iii) For each ¢ € V*, the V*-valued function T(t,s)y is continuously differentiable
int fort € (s,t1], and continuously differentiable in s for s € [to,t). Further-
more, for ¢ € V*

ST(ts)p = ADT(s)e,
%T(t,s)cp = —T(t,s)A(s)p.

(iv) The restriction of T(t,s) on H is strongly continuous in the H norm. For all
xo € H, the function x(t) = T(t,s)zo is in L*([s,t1); V) and the derivative

z(t) = A@)T(t,8)xo is in L*([s,t1];V*). Furthermore, there exist constants
C1,C,, depending only on ¢y, cy,m, K and a such that

(4.4) IT(t, $)zollv < Ci(t = 8)7 2|0l 1.

(4.5) (-, $)zoll L2 (s sy < Callzolla-

All the statements in the above theorem can be found in [T]. However they are
organized into several sections with somewhat different notation; we therefore give a

brief argument which collects the results from the book.

Proof: Existence. Taking X = V*, we let A(t) be defined as in (4.3). As indicated
in [T], (pp. 144), using Theorem 5.2.1 of [T}], we find there exists an evolution operator
T on V*. The range R(T(t,s)) is a subset of D(A(t)) = V for all to < s < t < #,.

For any ¢ € V*, T(t,s)p is continuously differentiable in ¢ for ¢ € (s,¢;]. Now let the

sesquilinear form o* be defined by

o' (Lo, ) =a(t;,0), ¢, Y EV.
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Let A*(t) be the linear operator defined via o*; then A*(t) is the adjoint operator
of A(t). As indicated by the remarks following Lemma 5.4.6 of [T], we can use the
results of section 5.2 (with S and A* replacing U and A of [T]) to construct an
operator-valued function S(t,s), such that for all t, < s < t < t;, A*(8)S(¢,s) is a
bounded operator in V*, and for any ¢ € V*, § (t,s)p is continuously differentiable
in s for s € [to,t). Furthermore, for ¢ € V*

dis.g'(t,s)cp = —A*(s)S(t, s)e.

In fact, S(t,s) can be constructed as follows. Let exp{tA*(s)} be the semi-group
generated by A*(s) and we define

S(t,s) = exp{(t—s)A%()} + W(t,s),
W(t,s) = / exp{(r — ) A*(r)} R(t,7)dr,

where the function R can be computed by iterative methods using

R(t,) = [ Ran, )Rty n)dn = a(t,),

with Ri(t,s) = (A*(t) — A*(s)) exp{(t — s)A*(¢)}. Then following the same type of
arguments as in [T] (pp. 149), we can conclude that S(t,s) = T*(t,s). Therefore
T(t,s)A(s) has a unique bounded extension in V*. For all ¢ € V*, T(t, s)¢ is strongly
differentiable in s for s € [to,?).

Finally statement (iv) of the above theorem can be found in the sections 5.4
and 5.5 of [T]. We note that in these sections of [T], the space X plays the role of our
space H. Let T(t,s) be the restriction of T'(t,s) to H; by Theorem 5.4.1 of [T], T(t, s)
is strongly continuous in the H norm. Furthermore the estimate (4.4) holds. For any
zo € H, let z(t) = T(t,s)zo. By Lemma 5.5.2 and Proposition 5.5.1 of [T] (pp. 152
- 153) with f = 0, the function z(-) is in L%([s,#,]; V) and z(-) is in L?([s,t]; V™).
In addition, the estimate (4.5) holds. We note that the constants Cy, C; depend only

on the constants ¢;, ¢y, m, K and a.
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Uniqueness. By Theorem 5.2.3 of [T] (pp. 128), we can conclude that the

evolution operator satisfying the conditions (i) — (iv) must be unique.

We remark that the same theorem holds if we use the sesquilinear form o*;
therefore, properties (i) — (iv) hold for the adjoint evolution operator T"(,) As
consequence of (iv), the restriction T of T to H is an evolution operator in H as
defined in the section 2. We wish to take H as our state space; therefore we use
primarily the evolution operator T in this paper. The operator T is used in the
remainder of the current section in several proofs of uniqueness theorems. The only
precaution one must take is that T'(¢, s)y is continuously differentiable with respect
to t in the V* sense and the derivative of T'(¢,s)y is an element of V*. In particular,
for each ¢ € V, < T(t, s)p, ¥ >g is differentiable with respect to ¢, and

C% < T(t,S)(P,d) >H=< A(t)T(taS)¢a¢ >y v= —-O’(t;T(t,S)(,O,I/)).

The conclusions of this theorem are very useful in defining our control system;
however, the conditions of Hypothesis 4.3 are too restrictive for our use, since we may
need to perturb the equation with nonsmooth but bounded (feedback) terms. We can
show that if o is perturbed with a sesquilinear form that is uniformly bounded in H,
then there exists an associated evolution operator Tk which preserves most of the
desirable properties of the evolution operator T'. In fact, let K(-) : [to,00) — L(H)
be a uniformly bounded operator valued measurable function. We can then define a

sesquilinear form o in V x V as

ox(t;o, ) = o(t; 0, ¥)— < K(t)p,¥b >, o, € V.

It is easy to see that for each bounded interval [to, t,], Hypotheses 4.1 and 4.2 hold.
Therefore, we can find an operator Ax(t) defined on V such that (4.3) holds for
ox and Ag(t). Furthermore, we have by the definitions of A(t) and Ag(t) that
Ag(t)p = A(t)p + K(t)p for ¢ € V and we may establish the following result.

Theorem 4.2 Consider a sesquilinear form o satisfying Hypotheses 4.1, 4.2, 4.3 and
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let K(-), ok be defined as above. Then there exists a unique evolution operator Tk (-, ")

in H for which the following properties hold:
(1) The range R(Tk(t,s)) of the operator Tr(t,s) is a subset of V, for allt; < s <
t<t.

(i1) For ¢ € H, the function Tk(t,s)y ts differentiable with respect to t in the V*

sense, and

d
T Tt s)e = Ax(O)Tk(t, s)e-

(iii) For all zo € H, the function z(t) = Tk(t,s)xo is in L*([s,11]; V) and its deriva-
tive 2(t) 1s in L%([s,t1]; V*). Furthermore, there exists constants Cy, Cy depend-

ing only on ¢y,cy,m, K and o such that

1Tk (2, s)zollv < Cult — )7 ?|lzallur,
1 Tx (-5 $)ol| L2 (ts,1135vy) < Collzollh-
Proof: Existence. Let Tk be the unique evolution operator in H corresponding to

the perturbation of T' by K. From the results on perturbations given in section 2, we

have that Tk satisfies for all ¢ € H
t
(4.6) Ti(t,s)e = T(tsko+ [ T(tmK(0)Tk(n, s)edn,

Ti(t,s)p = T(L)o+ [ Tultn) K ()T(0, $)odn

Since the function K (n)Tk(n, s)¢ is uniformly bounded in H norm by some constant

C, using the estimate (4.4), we can find a constant C such that for 7 € [s, 1]

IT(n)K )Tk (n,s)ellv < C(t—n)"*|lelln.

Therefore the integral term in equation (4.6) converges in the V sense and hence,

Tk(t,s)p € V for p € H.
Consider zo € H, we define z(t) = Tk(t,to)zo, and f(t) = K(t)z(t). From

equation (4.6), the function z(t) can be written as

o(0) = Tt ta)ao + | T(t,)f (1),
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By the strong continuity of Tx and uniform boundedness of K, it is obvious that
f(*) € L*([to,t1]; H) and hence f(-) € L*([to,t1]; V*). By Theorem 5.5.1 of [T}, z(+)
is in L*([to,t1]; V), is differentiable with z(-) in L*([to,t1]; V*) and satisfies (¢) =
Ag(t)z(t). Using the equality (4.6) and the boundedness of the perturbation, by
modifying the constants Cy,C, in (4.4), (4.5), we can easily obtain

| Tk (2, 8)ellv < Cilt — )7 2|lolln,
| Tk (-5 to)ell L2 (to,01iv) < Collll o,

for all p € H.

Uniqueness. Let Tk satisfy the conclusions (i) - (ii) of Theorem 4.2. For all

¢ € H, consider Tk (t,s)p as a V= valued function. Then we have

%Twmﬂmﬁw = At m) A T(n, 5)e
+T(t,n)(A(n) + K()Tx(n, s)¢
= T(t’ U)f"(ﬂ)TK(ﬂ, s)ep-

Integrating both sides of the above equation from s to ¢, we obtain

A -~

Ti(t, ) = T(t,8)e + [ T(t0) K0Tl s)odn.

Since T is the restriction of 7' to H, Tk is a solution of (4.6). By our uniqueness
results of section 2 for perturbed evolution operators, we have TK = Ty. Hence the

unique solution of (4.6) is the unique evolution operator Tk generated in the theorem.

Now consider a function f(-) € L?([to,t,]; H). We can then define

t
2(t) = T(t,to)20 + [ T(t,m)f (n)dn.
The function z(-) is the unique solution of the following initial value problem:
11
(+.7) ) = T(ts)z(s)+ [ Tt,mf(nydn, toSs<t<t.
Z(to) = 2p.
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Henceforth, we consider (4.7) as the definition of our basic evolution system. The
function z corresponds to the solution of a weaker formulation of the evolution equa-

tion.

Lemma 4.1 ([T], Theorem 5.5.1) The function z(-) given by (4.7) is the unique
function in L*([to, t1]; V) with derivative 3(-) in L*([to, t1]; V*) for which the following
equation holds for ¢ € V

(48)  <z0)-:(0)b>n = [ {-olnztn) )+ < f@). ¥ >n)dn,

Z(to) = 2.

Lemma 4.2 ([T], Lemma 5.5.1) For any two functions z(-),w(-) in L*([to,t:]; V)
with derivatives z,w in L*([to, t1]; V*), the following equality holds:

<z(t),w(t) >8 = < z(s),w(s) >u

+ /st {< z(n),w(n) >vev +< w(n), z(n) >V‘.V}d777

Jor alltg < s <t <t.

As a consequence, for any zo € H, let z(t) = T(¢,t0)z0, then
t
(£9) =@l = laolly =2 | Re on; z(a),(n)dn.

We note that if Hypotheses 4.1 — 4.3 hold, then for each bounded interval
[to, t1], we can define T'(t, s) uniquely, therefore T'(t,s) is also uniquely defined for all
to < s <t < oo. The equality (4.9) suggests a sufficient condition for the stability of
T.

Hypothesis 4.4 There ezists a constant k > 0 such that
Re a(t;0,0) > kllplly, forto<t<oo, @€V

Theorem 4.3 Under Hypothesis 4.4, T is uniformly exponentially stable.
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Proof: For any zo € H, let z(t) = T(t,s)zo. Then by (4.9), we have

() < el ~ 2 [ Kllo()Pdn,

for all to < s <t < 0o. This implies

t 1
1T e <1, [ 1T, $)aollly < 5 llwolly

Therefore, by Lemma 2.1, T is uniformly exponentially stable. Note, moreover that
by Lemma 2.1, under Hypothesis 4.4, we can find M, a > 0 depending only on k such
that

IT (2, s) L < Memt),

We can now use these considerations to define an evolution equation con-
trol system of the form (4.7) via a sesquilinear form. The space H will serve as
our state space, with subspace V and the sesquilinear form o defined as above and
Hypotheses 4.1-4.3 holding. Let the control space U be a Hilbert space, and let
B(*) : [to,00) — L(U, H) be a measurable operator-valued function. We assume that

there exists a constant Mp such that
W B < Mg, fort € [tg, 00).

For any control u(-) : [to,00) + U, belonging to L?([te,0);U), the corresponding
trajectories satisfy for ¢» € V

(410) < 2(t) = 2(5), ¥ >n=— [ {olms=(n), )= < Boyuln), ¥ >n) dn,

for all (¢t,s) € Ac(to). Let T(-,-) be the evolution operator defined via o. By

Lemma 4.1, an equivalent form of (4.10) is given by

t
(411)  z(t) = T(t,s)=(s) + / T(t,n)B(n)u(n)dn, for (t,s) € Du(to).
Let zo € H be the initial state of the system at ¢, and let the cost for control u(-) be

given by

(4.12)  Joo(u;20,t0) = /oo < W(t)z(t),z(t) > + < R(H)u(t),u(t) >y dt,

to
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where W(-) : [tg,00) — L(H), R(:) : [to,0) — L(U). The operators W(t), R(t) are
assumed to be selfadjoint nonnegative definite operators, uniformly bounded in the

entire interval [ty, 00). Furthermore, there exists a constant r > 0 such that
< R(t)v,v >y > r|vl|}, fort>ty, vel.

Recalling the discussions of section 2, we note that the standing assumptions
of that section hold. Therefore, for a given nonnegative definite self-adjoint operator

G on H, the Riccati integral equation in each finite time interval [to, ],

Qr(s)z = T*(tx,s)GT(tr,s)z
+ [ 10 0s) [W) = Qun Bo)R™ () B (0)Qu(m)] T(n, s)ad

has a unique self-adjoint solution Q).

For the control problem in the infinite time interval [to, 00), we need stabiliz-
ability and detectability conditions to assure existence and uniqueness of a uniformly

bounded solution of the Riccati integral equation.

Hypothesis 4.5 (Detectability) There erists a uniformly bounded operator valued
function U(:) : [to,00) — L(H), such that if we denote by Sy the evolution operator
corresponding to the perturbation of T by W(-)WV2(.), the following estimate holds
forxz e H:

I1Se(t, s)elln < Me™ I iz|n,

for some constants M,w > 0.

Hypothesis 4.6 (Stabilizability) There erists a uniformly bounded operator valued
function K(-) : [to, 00) v L(H,U), such that if we denote by Sk the evolution operator
corresponding to the perturbation of T by B(-)K(-), the following estimate holds for

r € H:
ISk (t, s)zllg < Me™=)||z||x,

for some constants M,w > 0.
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We remark that Hypothesis 4.6 is stronger than “W-Stabilizability”; however
under the Hypothesis 4.5 by Theorem 2.2, these two types of stabilizability assump-

tion are equivalent.

To this point we have defined a control system using an abstract parabolic
evolution equation that fits into the general framework of section 3. Under Hypothe-
ses 4.5 and 4.6, we may apply the theory of the previous sections to establish the

following results for our control problem:

(i) The Riccati integral equation in the infinite time interval ¢, 00) has a unique
uniformly bounded solution Q(-).

(ii) Let Sg be the evolution operator corresponding to the perturbation of T'(-,-) by
—BR'B*Q(:). For each initial state zp, the unique optimal trajectory is given

by SQ(t, to)z().

We turn next to give results for finite dimensional approximations of our con-
trol system. As in section 3, let {HN}%_, be a sequence of finite dimensional sub-
spaces of V C H. Let P} be the orthogonal projection operator from H onto HV.
Since H" is an approximation of H, we assume that for every ¢ € H, ||Pfo—o|ln —
0, as N — oo. In addition, we require that H" is an approximation of V as well,
so that for all ¢ € V, ||[PY¢ — ¢|lv — 0, as N — oco. We note that in fact this
latter convergence implies the convergence in H for ¢ € H since V is continuously

and densely embedded in H.

Let {UN}%_, be a sequence of finite dimensional subspaces of U. Let P} be
the orthogonal projection operator from U onto UN. We assume UY approximates

U in the following sense: for v € U, ||PYv —v||y — 0, as N — oo.

For each N, we define a sesquilinear form oV as the restriction of o to HN x HV

and define a linear operator AV(t) : HN — HN by
— < AN, PN Sy= oV (t; 0N, 9N), for oV, 9N € HN.
By continuity of o with respect to ¢, the operator valued function AN (¢) is continuous
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in time. As a consequence, there exists a unique differentiable evolution operator
TN(-,+) in HN generated by AN(t); that is for ¥ € HY we have

LTN(L )" = AVOTV(1, )6

Note immediately that the o™’s satisfy the Hypotheses 4.1-4.3 with the same con-
stants ¢y, ¢g, m, o and K, therefore for each fixed interval [to, ¢;], there exist constants

C,C, independent of N such that for all oV € HN,

(4.13) ITN (@, s)e" |lv < Cu(t — )75V ||m;

(4.14) ITN (-, o)™ | 2 oapivy < Colle™ 1

The approximation properties of the evolution operator TV are summarized by the

the following convergence theorem.

Theorem 4.4 Let Hypotheses 4.1- 4.3 hold and let T(-,-) and TN(-,-) be defined as
above where |PYy — ¢|lv — 0 as N — oo for ¢ € V; then the following properties
hold:

(i) There exist constants My and w such that for all N,
||TN(t,s)||L(H~) < MreU=9 0 T 8)|lnany < Mre*™), 5 < s <t < oo.
(i1) For any finite interval [a,b] C [to,00) and any ¢ € H, we have
NTN(t,8)Pye —T(t,s)pllg — 0, asN — 00, a<s<t<b.

Furthermore the convergence is uniform for alla < s <t <b.

Proof: (i) By Lemma 4.2, and (4.9) for every ¢ € H" we have

t
NTN (¢, s)ellF = llells — 2/3 Re o™ (n; T (1, 8)0, TN (1, 8)e0)dn.

Under Hypothesis 4.2,
t
1T (2, )elly < Il +2 [ milT™ (0, s)ellhdn.
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Using Gronwall’s inequality, we obtain
1TV (6 s)olly < lgle?mice=).

Noting that the same estimates hold for T'(¢, s)¢, we obtain (i).
(ii) Let » € H, define w(t) = T(t,s)p and w™(t) = TN(t,s)P{ ¢ and let

zN(t) = w(t) — w™(t). We note that zV(t) is not an element of HY | in fact
(4.15) 2N(t) — PN (1) = w(t) — P w(t).

Since w(t) is differentiable in the V* sense, w™ () is differentiable, and both func-
tions are in L?([a,b]; V) with derivatives in L*([a,b]; V*). By (4.9), Lemma 4.2 and
definitions of the operators A(t), A¥(t), we obtain

(O]
= X)) +2 [ Re < Alnwln) — A¥(n)u (1), ¥ () >v-y dn
= 1N 0013 ~ 2 [ Re {olm (), ¥ () 0¥ (" (), PN (m)) }
2 [ < Ay (), ¥ () = PHN(0) ve d.
Since the duality pairing reduces to the H-inner product on H x H, we have
< AV ()™ (n), 2N (n) = PN (1) >vey

=< AV (n), 2N (n) — P 2" (n) >u .

Moreover, P} is the orthogonal projection operator and hence the last term in the
above equation equals to zero. Using the definition of oV, the sesquilinearity of o

and (4.15), we find
t
1Vl = e - PRl —2 [ Re olmw(n), 2 () — PY=" (n))dn
t
—2/3 Re o(n; w(n), Py 2" (n))dn
t
+2 [ Re o™ (a0 (n), PY=" () dn

30



t
= llo = Piely —2 [ Re almw(n),w(n) — PYw(n)dn
1
=2 [ Re o{n; win) = Pifu(n), PY="(n)dn
t
—2 / Re o™ (n; PY 2" (1), P 2™ (n))dn.

Since PJ is the orthogonal projection, we find < PYzN,w — Pjw >p= 0, so that
from (4.15)
1P =N (0 = 12" ()1l = llw(t) — Piyw(®)lz-

Combining this with the previous equation, we have
t .
1P =N (@)]I5 = 0N (t,s) — 2/ Re o™ (n; P =" (n), P 2" (n))dn,
where OV (¢, s) is given by
ON(t,s) = |l — Pl — llw(t) - PRw(t)ll}
t
=2 [ Re ol w(n), w(n) = PYw(n)dn
t
~2 [ Re o(n;w(n) - Pfo(n), Py =" () dn.
Using the V-ellipticity of oV, we find
¢
(4.16) 1B Ol < 167(,)] 4+ 2im] [ |PY ()

To use Gronwall’s inequality to conclude convergence of PjYz", it suffices to show
that |[ON(t,s)| goes to zero uniformly for all @ < s <t < b. By the continuity and
uniform boundedness of T', the term ||T(t,s)p — Pjy T(t, s)p||% goes to zero uniformly
for all a < s <t < b. Using the V-continuity of o, the two integrals in © can be
bounded by

2e, [ (1PN w(n) = wmlv | PF =@l + Il | PYw(m) — w(n)lv}dn

1
t 3
< 2¢ [Hw(')llm([a,b];V) + ”PII}IZN(')”B([a,b];V)] [/s [[w(n) — Pf]}lw(ﬂ)”%/flﬂ} :
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N are in

Using the inequalities (4.5) and (4.14), we observe that the functions w,w
a bounded subset of L?([a,b]; V). By dominated convergence arguments, the above
integral converges to zero. Furthermore by taking t = b, s = a, we obtain that this
convergence is uniform for all @ < s <t < b. Therefore |ON(t,s)| converges to zero

uniformly for all a < s <t < b. Finally, from (4.15), we have
IT(t,s)o — TV (t, s) P ellly = I1PA =N (DN + llw(t) ~ PRw®)l},
and the uniform convergence of P{zN(t) in t implies TN (t,s)PN¢ converges to

T(t,s)p uniformly for alla < s <t <b.

Since we can define operators A*(t), A*N T*(t,s) and T*(t,s) by using the
sesquilinear form o* as we indicated after (4.3), the convergence of T*N (¢, s) to T*(t, s)

can be shown using the same arguments as in the proof of the above theorem.

Having defined our approximate (uncontrolled) system and established the
convergence of Theorem 4.4, we return to the control problem for (4.10)—(4.12). Ap-

proximations of functions B, W, R are defined as follows:

BN(:) : [to,00) = L(UN,HN), BN(t)oN = PYB(t)»N, N e UV,
WN() : [to, ) — L(HV), WNt)N = PYW ()N, o € HY;
RN(4) : [to, 00) +— L(UN), RN(twN = PYR(t)vN, N e UV,

Let G be the nonnegative selfadjoint operator in the finite interval cost functional
associated in the usual manner with (4.12) for our control system in H. Let GV =
PYG and 2} = P} 2.

In each subspace H", a finite dimensional control system is thus defined by

(4.17) ) =T, 0)2 )+ [ TN m)BY ) (),

with uMN(-) € L%([te, 00); UN) and 2™ (tg) = 2{Y. The cost functionals for the associated

finite time interval problems are given by

(418) JN(UN; Z(})V,to, tk) =< GNZN(tk),ZN(tk) >H

+/tt" {< WN)2N (), 2V () >5 + < RN () (2),u" (t) >U} dt,
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while the cost functional for the infinite time interval problem is given by

(4.19) Jg(uN; zév;to) =
t°° {< WV (), 2V () >u + < BY (e (), u™(t) >u} dt.

To obtain the uniform convergence of the operator valued functions, we make

additional assumptions on the continuity of B, W, R.

Hypothesis 4.7 (Parameter smoothness) The operator valued functions B,W, R are

piecewise strongly continuous functions on [tg, 00).

Lemma 4.3 Under Hypothesis 4.7, the following convergence is uniform in t for t
in any bounded interval:

I|BN(#)PYv— B(t)v|g =0, wveU;

| B*N(t) P o — B*(t)ellv — 0, @ € H;

WX Pfe - W(t)ellg =0, »€ H;

RN (¢) P} v — R(t)v||y — 0, veU,

as N — oo. The operator GNP} also converges strongly to G as N — co.

Proof: We only prove the uniform convergence of BV, the remainder of the arguments
being similar. For simplicity, we without loss of generality assume that the function
t — B(t) is strongly continuous. For a given v € U, the pointwise convergence of
the functions BN (¢t)PYv to B(t)v is given by our assumptions on the approximation
properties of the spaces HV,U™. To conclude uniform convergence in ¢, it is enough to
show that the functions BN (¢) P} v are equi-continuous. That is, for any € > 0, there
exists § > 0 such that for all N, if |t—s| < 6, we have || BN (t) PYv—BN(s) P v]lw < e
By definition of BV, we have

IBY(t)Pjv — BY(s)Piollu < ||B(t)P) v — B(s)Pgvllw

< IB@)(PS'v = v)llu + | B(t)o — B(s)vlln
+IB(s)(PJ'v = v)lm
2Mp||Pg'v - vllu + || B(t)v — B(s)vllx.

VAN
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By continuity of B, we conclude that BN ()P} v are equi-continuous functions of ¢ in

a bounded interval. Hence the convergence is uniform in any bounded interval.

It is easy to verify that BN, W~ RN are uniformly bounded and W™ RN are
nonnegative self-adjoint operators. In addition there exists a constant r > 0 such

that for all NV,

< RN )V, oV >y > r||oV|)F, forte [to, 00), 0™ € UN.

Consider any finite time interval [to,ts], and let Qx, LV be the unique self-
adjoint solutions of the Riccati integral equations in H and H" associated with the
control systems (4.11), (4.17) respectively. Then it follows from Theorem 4.4 and the
discussions of section 3 (in particular see Hypotheses 3.1, 3.2 and the remarks just
prior to Hypothesis 3.4) that for each k, Q¥ (¢) converges to Qk(t) strongly and the

convergence is uniform in ¢ for ¢ € [to, tx].

We assumed above (Hypotheses 4.5, 4.6) that the control system (4.10)-(4.12)
in H is detectable and stabilizable. Therefore there exists a unique uniformly bounded
solution @ of the Riccati integral equation on the infinite time interval [to,00). In
order to approximate ) by a uniformly bounded solution of the Riccati integral
equation in H", we have to show that the approximate control systems defined here
are also detectable and stabilizable. More importantly, recalling the results (e.g., see
Theorem 3.2) of section 3, we need uniform detectability and uniform stabilizability

for the approximate systems (4.17), (4.19).

Based on the stabilizability and detectability properties of the original system,

for a given approximation scheme, we would like to show that the following conditions

hold:

Condition US (Uniform stabilizability) There exist constants Mg, M,w > 0 inde-
pendent of N such that for each of the approzimate systems, we can find a uniformly
bounded operator valued function KN (-): [to,00) — L(HN,U™) such that

”KN(t)”L(HN,UN) < Mg,
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and if T is the evolution operator corresponding to the perturbation of TN by BN K™ (.),

then
TR (2, 8) || pgany < Me (=2 for (t,s) € Aoo(to).

Condition UD (Uniform detectability) There ezist constants My, M,w > 0 indepen-
dent of N such that for each of the approzimation systems, we can find a uniformly

bounded operator valued function WN(-) : [ty, 00) + L(H") such that
1Y)l < Mo,

and if T} is the evolution operator corresponding to the perturbation of TV by

N (WMN/2(), then

T8 (¢, )| Lamy < Me™=2) for (t,5) € Doo(to)-

We may summarize our findings as follows.

Theorem 4.5 Under Hypotheses {.1-4.3, 4.5-4.7, the conditions ||P} ¢ — ¢|lv.— 0
foro €V, ||PYv—v|ly = 0 forv € U and the Conditions US and UD, there exists a
unique uniformly bounded solution QN of the Riccati integral equation on the infinite
time interval [tg, 00) for each approzimate system in HY. Furthermore, the sequence
QN(t)PY converges strongly to Q(t) and the convergence is uniform in t fort in any

bounded interval.

These results follow from Theorem 3.2 and our discussions above. We have
thus reduced our problem of ensuring convergence of the Riccati variables to one of
guaranteeing uniform stabilizability and detectability of the approximate systems. In
the following two sections, two different approaches to obtaining uniform detectability

(Condition UD) and stabilizability (Condition US) are presented.

5 Dissipativity and uniform stabilizability / detectability

The original control system (4.10) defined in section 4 was assumed to be stabilizable

and detectable (i.e., we assumed Hypotheses 4.5, 4.6 held). For a given evolution sys-
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tem, often an easy way to ascertain stability is using the dissipativity of the system.
In particular, if a system satisfies Hypothesis 4.4, by Theorem 4.3 the associated evo-
lution operator is uniformly exponentially stable. This naturally suggests a sufficient

condition for stabilizability of a control system.

Hypothesis 5.1 There exists a uniformly bounded function K(-) : [to, 00) — L(H,U)
and a constant k > 0 such that for all p € V,

o(t;0,0)+ < BOK()py >n 2 klglly, for t € [to, o0).

Lemma 5.1 Under Hypothesis 5.1, the control system defined by (4.10)-(4.12) is
stabilizable. In fact if Tk is the evolution operator corresponding to the perturbation

of the evolution operator T by —BK, we can find constants M, > 0 such that
| Tw (£, s)l| ey < Me=2t=9) for (t,5) € Aoo(to).

As a consequence there exists a constant C such that for all o € H, we can find a

control u(-) € L*([s,00); U) with a cost

Joo (U320, 8) < Cllzo||?,  for s € [to, 0).
Proof: Let K(-) be the operator valued function in Hypothesis 5.1. Define the
perturbed sesquilinear form o (t;9,¢) = o(t;0,¢¥)+ < B(t)K(t)p,¥ >g. Then Tk

is associated with ox as in Theorem 4.2 with —B(t)K(t) as the perturbation term.

Under our assumptions, by Theorem 4.3, there exist M, a > 0 such that

| Tk (t, )|y < Me™>t=2) for (t,5) € Doo(to).

For any zo € H, let v(t) = —K(¢)Tk(t, s)zo; it is easy to see that the corre-
sponding trajectory is z(t) = Tk(t, s)zo.

By our standing assumptions, the operator valued functions W(-), R(-), B(+)

are uniformly bounded in the entire interval [to, 00). Take
C 2 (IWO)llean + 1K OROK Ollan)M?[2a,  for t > to.
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TR W

Then

Joo(v; 20, 5) = / < W(H)z(t), () >u + < ROK(@)e(), K(1)z(t) >v) dt

[T W Ollzan + 1K OROK Ollzan } M7e ot

< Cllaoll-

IA

Similarly, a sufficient condition for detectability can be stated as following.

Hypothesis 5.2 There ezists a uniformly bounded operator valued function W(-) :
[to, 00) > L(H), and constant X > 0 such that

ot o, )+ < CO)Wi()p,0 >5 > Mell, @€V

Lemma 5.2 Under Hypothesis 5.2, the control system defined by (4.10)- (4.12) is
detectable.

In the remainder of the current section, we assume that Hypotheses 5.1, 5.2
hold for our control system in H. The strict H-dissipativity Hypotheses 5.1, 5.2 on
the evolution systems are stronger than the usual stabilizability and detectability
hypotheses; however, they are in general easy to verify for a wide class of problems.
Moreover, the constants M and the decay rates a depend only on the values of k£ and
A. Thus, this type of approach suggests that approximate systems which preserve the
H-dissipativity might be uniformly stabilizable and uniformly detectable. Pursuing
this type of argument, we shall try to show that the following conditions are implied
by Hypothesis 5.1, 5.2. (As in the discussions of section 4 surrounding (4.17)- (4.19),
we assume that BN (¢t) = PJ B(t) and WN(t) = PYW (t).)

Condition 5.1 There exists a constant k > 0 such that for every N, there exists a

uniformly bounded operator valued function KN(-): [ty,00) — L(HN,UN) so that
(5.1) o™ (", o)+ < BYOKN ()™, " >u > koM |h
holds for all o™ € HN.
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Condition 5.2 There ezists a constant X > 0 such that for every N, there exists a

uniformly bounded operator valued function UV (-) : [to, 00) — L(H™) so that
(5.2) oM (o™, o™+ < VW)WM (1) 2", 0" >i > AoV
holds for all ™ € HN.

Note that if the original system satisfies Hypotheses 5.1 and 5.2, by the defi-
nition of oV we have
(5.3) oV (e, M)+ < PYBOK(e™, 0" >u 2 Kl
(5.4) o (", o)+ < PYR(WE ()N, 0" >u > M|l

\%

Let us compare inequality (5.3) to (5.1); if we could take K™(t) = K(t) in (5.1),
then Condition 5.1 holds trivially. However, a careful examination of inequalities
(5.3) and (5.4) reveals that they do not provide stabilizability and detectability of
the approximate system. In the case of (5.3) vs. (5.1) we observe that the range of
the operator K (-) hypothesized in Hypothesis 5.1 is not necessarily in U" and K ()
cannot be used as a stability operator for the control system in HY, UV as required
in Condition 5.1. Comparing (5.4) and (5.2) and recalling that W (¢) = PYW(¢),
we see that the the choice ¥V = PJUP}) would suffice only in the case where
PY(PW ()2 = W'/2(1).

Before we state additional conditions for the approximate systems, let us con-

sider several interesting cases for which stabilizability and detectability are preserved.

I) Dissipative systems. Suppose that Hypotheses 5.1, 5.2 hold for K(t) = 0 and
¥(t) = 0; then by definition of the sesquilinear form ¢, the Conditions 5.1, 5.2 hold
with KV(t) = 0 and ¥N(t) = 0. This is the case when the homogeneous system is
itself dissipative.

II) Finite dimensional control. Suppose the control space U is finite dimen-
sional. Taking UN = U, we can use K™ (t) = K(t) and the approximate systems are

uniformly stabilizable.

38



~ —

ITI) Special stability operators. Consider the inequalities in Hypotheses 5.1, 5.2
again. We can assume that these inequalities hold where B(t)K(t) and ¥(¢)W'/3(¢)
are nonnegative definite self-adjoint operators. Suppose that there exist scalar func-

tions £(t) > 0 and u(¢) > 0 such that
B()K(t) < a(t)B(t)B*(t), W(OW(t) < w(t)W(2).

Then taking K(t) = &(¢)B*(t) and ¥(t) = u(t)W'/?(t), we find Hypotheses 5.1 and
5.2 also hold. If we modify slightly the definition of the sesquilinear form oV by

N (", 9N) = NN, M)+ < BT - PYIK ()™, ¢V >
+ < W) - PYIW2 ()™, 9" >,

the sesquilinear form &V satisfies the Conditions 5.1 and 5.2. Indeed we note that

the perturbation terms satisfy

< B@)[I - 1K ()e", " >
= &(t) < [I = PJ1B*(t)¢", [l - P)'1B* ()" >u > 0,
< W) — PRIWY2N N >
= p(t) < [I - PYIWY2 ()N, [T — PRIW'3 ()™ >5 > 0.

Thus by taking KV (t) = PY K(t), ¥V (t) = P) ¥(t), the Conditions 5.1, 5.2 hold for
&N. On the other hand, the perturbation terms go to zero as N goes to co. Therefore

N

if we use 6" as the sesquilinear form for the approximate control system in H", the

corresponding evolution operator TV should also converge to T'.

The three cases above motivate us to consider the following modifications of
the sesquilinear form in HY. Let the operator valued functions K(-),¥(-) be as in

Hypotheses 5.1 and 5.2; define 6V as:

Nt M) = SN, pV)+ < BO)I - PY1K (8", o >
+ < YO - PYIWE (), " >,
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for all PV N € HN. Let AN(t) : HN — HV be defined by
- < AV, Y Sp= V(5" 0N), oy e HY.

Let T¥(-,-) be the evolution operator generated by AN(t).

We can repeat the arguments in the proof of Theorem 4.4 using TV in place

of TVN. In the arguments, there is an extra term
2 [‘Re < A% (n), V() >n dy
on the right side of the inequalities, where AN () € L(HY) is given by
AN(t) = Py B(t)[I -~ PY1K(t) + Py (t)[I — PHIWYA(2).
There exists a constant C' independent of N such that
NAN(Mlvy < C, 7 € [a, b,

and, furthermore,
IAN ()P olly — 0, for ¢ € H.

N PNN

Recalling zV = w — w" and using (4.15), we have w" = w — 2V = Pw — P}V,

We thus find (suppressing the argument  throughout)

Re < AMw" 2V >p

(< AN(PYw — PN 2NY, P 2N >H|
IAY P wllsl| P 2" | + ClIPE 2V I

1 1
SIAY PRl +(C + PN

(A

IA

The integral (with respect to 7) of the first term in this last expression — 0 uniformly
in ¢, s and can be added to the term OV (¢, s) in (4.16), while the integral of the second
term can be included with the integral term in the right side of (4.16). We thus can

argue:

Theorem 5.1 Under Hypotheses 5.1, 5.2, the conclusions (i), (ii) of Theorem 4.4
hold for TV .

40




Now consider 7™V as the evolution operator for our approximate control systems
in HV; the convergence of the solutions of the Riccati integral equation in any finite
time interval still holds. To generalize the arguments in the three special cases I), II),

[1I) above, we make the following additional assumptions.

Hypothesis 5.3 Consider K(-),U(-) as in Hypotheses 5.1, 5.2 and assume there
exist constants k < k, A\ < X\ and N such that for all N > N

< (I = PYK@)e",(I - PY)B ()e" >
< (I — PYYWE)", (I - PY)W ()N >

v

—klle™ [,

=Ml I,

Y]

for all oV € HN,

Lemma 5.3 Under Hypotheses 5.1, 5.2 and 5.3, the approzimate control systems are

uniformly stabilizable and detectable.

Proof: We assume without loss of generality that N = 1. Let k = k — k and
A = A — . By Hypothesis 5.3, k > 0 and A\ > 0. Take KN(t) = PYK(t) and
WN(t) = PYW(t); then with this choice of KV, ¥V, the Conditions 5.1, 5.2 hold for
N, Let TII\V, Té,v be evolution operators corresponding to the perturbations of TN by
BN K" and YN (WN)!/2 respectively. By Theorem 4.3, there exist constants M, a > 0
depending on k, X only such that

I ()l < Mem=, T (1)) < Me==),

By the general framework of section 3, there exists a unique solution QN of
the Riccati equation on the infinite time interval for each control system in H.
The operator QN (t)PJ converges strongly to the unique solution Q(t) of the Riccati
integral equation for the original system in H as N — oo. The convergence is uniform

in ¢ for t in any bounded interval.

We summarize the results for our dissipativity approach to uniform stabiliz-

ability and detectability in the following theorem.
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Theorem 5.2 Consider the parabolic control system defined by (4.10)- (4.12) under
Hypothesis {.1-4.3, 4.5—4.7, and the corresponding approzimate systems as defined via
&N, TN as in this section where PY — I strongly in V and PY — I strongly in U.
Under the “H-dissipativity” Hypotheses 5.1, 5.2 and the consistency Hypothesis 5.3,

the following conclusions hold:

(i) There exist unique uniformly bounded solutions QN,Q of the Riccali integral
equations in the infinite time interval [to, 00) for each of the approzimate control
systems and the original system, respectively. There exists a constant M such

that for all t € [ty, 00)
1Y )L~y < M Q()lnem < M.
(i1) Let SN, S be the perturbed evolution operator corresponding to the perturbations

of TN, T by —BN(RN)_IB*NQN and —BR™'BQ respectively; then there exist
constants M, > 0 such that

13% 2, )y < Me™E; 1S(t,5) 0y < Me=),

for all (t,s) € Ay(to).
(iii) As N — oo, QN SN converge to ), S in the following sense: for all p € H

IRV ()Pl — Qt)ellr — 0;
HS’N(t’S)PI-I},‘P =S, s)elln — 0.

The convergence is uniform in (¢,s) in any bounded interval.

The advantage of using the dissipativity approach outlined above is that the
hypotheses are readily checked. The H-dissipativity can sometimes be replaced by
even weaker dissipativity conditions for which one can obtain an exponential decay
rate (e.g., see [Ch], [La]). For parabolic systems with strict V-ellipticity, we can
avoid use of this type of argument as we shall see in the next section. However these
results might be useful for systems without strict V-ellipticity or possibly even some

hyperbolic systems (e.g., see [BKS], [BKW]).
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6 Periodic systems: compactness and uniform stabilizabil-
ity / detectability

One of the special features of parabolic evolution systems as defined in section 4 is
that the evolution operator 7T'(t,s) is also a bounded linear operator from H to V.
Since often the space V is compactly embedded in H, T'(t, s) is thus a compact oper-
ator. Using this fact, we can show that the convergence of the sequence of operators
TN(t,s) to T(t,s) is in a stronger sense. In this section, by combining periodicity and
compactness of the evolution operators TV and T, we can show that the approxima-

tion schemes discussed in section 4 preserve detectability and stabilizability.

Some ideas for the stability of periodic evolution operators can be found in
[H1], [H2]. The use of compact embedding ideas for the proof of operator norm
convergence can be found in [BI2] ( The authors gratefully acknowledge K. Ito for

fruitful discussions regarding this approach).

In this section we make a periodicity assumption for our control system:
Hypothesis 6.1 There exists a constant 8 > 0 such that

(1) The sesquilinear form o is -periodic in time;

(ii) The operator valued functions B, R,W are periodic in time with period §.

Lemma 6.1 Under the above assumption, the evolution operator T'(-,-) of the corre-

sponding homogeneous evolution equation is 0-periodic.
Proof: For any s <, and all ¢,¢ € V, we have

<T(t+073+0)kpad) >H

t46
<, >p — /S+0 o(r;T(7,s + 0)p, ¥)dr

t
<@, ¥>n = [ o(rT(r+0,5+0)p, p)dr.

By the uniqueness of the solution of the weak form of our evolution equation, we have

T(t+6,s+0)p =T(t,s)p, for o € H.
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Under the periodicity Hypothesis 6.1, the continuity assumptions and the uni-
form boundedness assumptions of the control system need only to be verified in the
bounded interval [0,8]. The above lemma shows that the periodicity of the evolution
operator is given by the periodicity of the corresponding sesquilinear form o. The fol-
lowing theorem plays a very important role in the study of periodic systems. We give

its proof in order to remind the reader of the dependency of certain bounds involved.

Theorem 6.1 ([H1], [H2]) Let T'(-,-) be a 8-periodic evolution operator. Then T(:,-)
is uniformly exponentially stable if and only if there exist an integer n and a constant

B <1 such that
(6.1) |T(n8,0)||L(r) < B-

Proof: a) Let T(-,-) be uniformly exponentially stable; that is, there exist constants

M,w > 0 such that
IT(t, )Ly < Me™U79), (1, 5) € Dw(0).

Therefore, if we take n large enough such that M exp{—wnf} < 1, and let § =
M exp{—wn#@}, we have that (6.1) holds.

b) Suppose (6.1) holds. Let C be a constant such that for all 0 < s <t < né,
IT(t,s)]] < C. Now for any 0 < s <t < oo and t — s > 0, we can find integers k and

m such that
t—s

k< <k+1l, (m-1)0<s<mb
Therefore, by the semi-group property of T'(-,-), we get
T(t,s) = T(t,(nk 4+ m))T((nk + m)§, md)T (mb,s).

By definition of £ and m, we have m# — s < nf and t — (nk + m)8 < nf; then by
(61)’ we have
T, )l < C?B* < Ceklos?

Since B < 1, we have log 3 < 0; therefore we find

”T(tas)”L(H) < 028_105’6 . e(k+1)105ﬁ < Me—w(t—s).
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with M = C?/B and w = — log §/nd.

Since the evolution operator T is also nf-periodic, therefore we can assume
without loss of generality that ||T(6,0)|rry < B < 1. The following lemma is an

interesting consequence of the above theorem.

Lemma 6.2 For a periodic system, if the stabilizability and the detectability assump-
tions are satisfied, then we can find 6-periodic operator valued functions IA(() and
\I'() such that the evolution operator Tx and Ty corresponding to the perturbation of

the evolution operator T by BK, WW'/? are also uniformly exponentially stable.

Proof: Suppose K, ¥ are operator valued functions in the stabilizability and de-
tectability assumptions. Let Tk, Ty be the evolution operators corresponding to per-
turbation of T by BK and WW?'/? respectively. Without lost of generality, we can

assume that there exists a constant § < 1 such that

(6.2) 1T (6,0 < B
(6.3) ITe(6,0)]] < B

Now define 0-periodic operator valued functions K, ¥ as K(t) = K(t), U (t) = ¥(2),
for t € [0,6), and extend periodically for ¢t > 8. Then we have TK(H, 0) = Tx(6,0),
Ty (0,0) = Ty (0,0); therefore (6.2), (6.3) still hold for the new evolution systems. By

Theorem 6.1, we conclude that TK, Ty are also uniformly exponentially stable.

As a consequence of this lemma, we can assume without loss of generality that
the operator valued functions K, ¥ in Hypotheses 4.5 and 4.6 are #-periodic. In fact

we can make the following equivalent assumptions:

Hypothesis 6.2 There exist a constant f < 1 and 0-periodic operator valued func-
tions K,V, such that if Ty, Ty are the evolution operators corresponding to the per-

turbation of the evolution operator T by BK,WW'/? respectively, then
ITx(0,0)]| < B, ||Ta(8,0)]| < 8.
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For the remainder of this section, we shall assume Hypotheses 6.1 and 6.2
hold and we focus on the uniform stabilizability and the uniform detectability of the
approximate control systems. Let KN(t) = PYK(t), ¥N(t) = PY¥ and TF,TY
be the evolution operators corresponding to the perturbations of 7% by BN KN and
UN(WN)U/? respectively. As we have seen in the proof of the Theorem 6.1, the
constant M and decay rate w depend only on the uniform bound of T" and constant 3.
We already know (use the arguments of Theorem 4.4 and uniform boundedness of the
perturbations) that [T (t,s)||r~y and || T§ (2, )|l a~y can be uniformly bounded
by a constant C independent of N for all 0 < s <t < 6; therefore to obtain uniform
stabilizability and uniform detectability, we only have to show (see b) of the proof of
Theorem 6.1) that we can find B < 1 and Ny such that for all N > Ny, we have

(6.4) ||T11¥(9,0)||L(HN) < B
(6.5) 1T (0,0)||Luny < B

If, on the other hand, the convergence of T (t,s)P} to Tk(t,s) (T (¢,s)P) to
Ty(t,s)) is in the operator norm, then we can readily establish that (6.4), (6.5) hold
for N large enough. The following theorem is very useful in the proof of this desired

convergence.

Theorem 6.2 Let H,V be Hilbert spaces as defined in section 4 with V' compactly
embedded in H. Consider a sequence of bounded linear operators T" defined on H
and bounded linear operator T defined on H. Suppose the range of TN and T are in
V, and the following conditions hold:

(1) There exists a constant C' such that
1T ey < T pyy < C
(i1) For any ¢ € H, we have
IT% ~ Tollw =0, |7 - Tglln =0,
as N — oo.
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Then the convergence of the sequence of operators TN to T is in the operator norm,

that is |[TV — T||pimy — 0, as N — oo.
Before we give the proof of this theorem, let us state a useful lemma.

Lemma 6.3 Consider a nonincreasing sequence of compact sets Ey, Ex D FEpya,
k=1,2,3,.... If we have N2, Ex = {0}, then for each € > 0, we can find ko large
enough such that for all k > ko, E. is a subset of a ball B(0,¢) in H defined by
B(0,e) = {p € H | [lollw < €},

Proof: Suppose there exists € > 0 such that for every k, we can find @i € Ej, such
that |lpk||m > €. Since the sequence {¢x} is in E; which is compact, we can assume
that ¢, converges to an element ¢ in E;. Obviously ||¢||# > €/2. On the other hand,
¢ must be in Fj for all k, therefore ¢ is also in the set £ = ({2, Fx. But since
E = {0}, this is a contradiction.

Proof of Theorem 6.2: i) By definition of the operator norm, we have

”TN b T”L(H) = sup{”TN<P - T‘P”H I ¥ € H7 ”‘P”H S 1} :

Now let us define the set F} as

[e o]
Fe= U{T" Tyl e Hllplu <1}
N=k
Let E; be the H closure of F;. The sequence of operators TV converges to 7 in

operator norm if and only if for all € > 0, we can find ko, such that for all £ > ko, we

have Ej C B(0,€).

ii) We observe that Fj is a closed set in H and hence in V, and by our

assumption F; C V is bounded in V norm, in fact
EeC {o] v €V llelly < 2C}.

Therefore, E}, is a compact set. By definition of E), we know that {E\} is a nonin-

creasing sequence of compact sets.
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iii) Let us define £ = N2, Ex. Suppose ¢ € E; since ¢ is in the closure of Fj
for all k, we can find a sequence 4V with ||[YV||y < 1, such that ¥ = (TN — T)4V

converges to ¢. Therefore, for any ¢ € H, we have

. N
<epp>p = lim <¢7 9>y

= lim <N (TN =T >y

Since 4V is uniformly bounded in N and (7*N — 7*)y goes to zero as N — oo, we

have < ¢,% >g= 0 for all ¥ € H, and therefore ¢ = 0.
Using the previous lemma and i), we obtain |7% — T||,g) — 0, as N — co.
Now recall the definition of the approximate control systems defined in section
4, and consider TV = T¥(0,0)P§, T = Tk(0,0). By the results of the section 4,

we can easily verify that the assumptions of Theorem 6.2 are satisfied. Therefore, we

have

TR (8,0) P —T(8,0)|| Ly — O,

as N — oo. Now let 3 be the constant in Hypothesis 6.2; letting e = 1 — 3, we can
find Ny large enough such that for all N > N, we have

€
TR (6,0)P§ — T(6,0)|| Ly < 3
Therefore, for all N > Ny, we have

NTR (0,0 lamy < I Tx(0,0)||nny + 1 TR (6,0)PF — Tk (6,0)|| L

< 1-5%
— 2.

We summarize our discussion in the following theorem:

Theorem 6.3 Let H,V be the Hilbert spaces used in the section 4 and assume that V
is compactly embedded in H. Suppose that Hypotheses 4.1-4.3, 4.7 and 6.1, 6.2 hold.
Let HN C V be the finite dimensional approzimation spaces and let the approzimate

control system be defined as in section 4. Then we can find Ny large enough such
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that for all N > Ny, the approzimate control systems are uniformly stabilizable and
uniformly detectable. As a consequence, if QN, Q are the unique solutions of the
Riccati integral equations on the infinite time interval in HY, H respectively, and
SN,S are the evolution operators corresponding to the perturbations of TN, T by

—~BN(RN)1B*NQN, —~BR™'B*Q respectively, then we have:
1@V ()P e — Q)plla — 0, [IS™(t,8) P — S(t,8)||nm — 0,

as N — oo. The convergences are uniform in [0,0] and for (t,s) € A(0,0) respec-

tively.

We remark that an autonomous system is a particular case of a periodic system;
therefore the approach used here can also be applied to time invariant systems as
considered in [BK1]. In the case of parabolic systems with strict V-ellipticity where
V is compactly embedded in H, the arguments in this section offer an alternative (and
more succinct ) approach to uniform stabilizability /detectability from the dissipativity

approach of section 5.

7 Parabolic partial differential equation control systems:
An example

In this section we consider control systems governed by second order parabolic partial
differential equations with distributed scalar control. We indicate briefly how one
formulates the associated control and approximate problems in the framework of
section 4. For this class of systems we show that one can, under standard assumptions,
readily verify the conditions for continuity, ellipticity, stabilizability and detectability
required in section 4. For Galerkin type approximation schemes based on spline

subspaces, Conditions US and UD are readily established.

Let 2 be a bounded open subset of " with an infinitely differentiable bound-

ary I' given by a variety of dimension n — 1 and consider the following homogeneous
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second order parabolic partial differential equation ([L1], [L2, pp. 100]):

9 " 9 d
(1) Zate) = Za& (au(t gt )+Zb tfa& 2(t,€)

+c(t,€)z(t,€), t>0,6€Q,

where ¢ = (&1,---,€,) € R*. Generic boundary conditions are given by
= 0
(72) 7(6) Z ai.j(t3£)a_éz(ta€)ni(€) + ﬂ(t,f)Z(t,f) = 07 t> 0’£ € F’
i,7=1 J

where (€) = (7:1(€),- -+, m.(§)) is the outward unit normal vector at a point £ on the
boundary T' of Q. Note that for all £ € T, if y(§) # 0, we can divide (7.2) by v(¢);
therefore, we can assume without loss of generality that 4 takes only values 0 or 1.
We choose as our state space H = L*(Q2); the appropriate choice for V depends on
the boundary conditions and we consider several special cases.

(i) Consider the case 7(§) = 0, B(¢,€) = 1, and thus equation (7.2) specifies the
usual Dirichlet boundary condition. We then define V = H}(Q), and a sesquilinear

form o by

a1t ¥) /Zuté%w(é) 9(€)de

1,7=1

- [ {0 + w0 ) .

(ii) If we consider the case for y(¢) = 1, B(¢,£) = 0, we obtain a Neumann
boundary condition. We then choose V = H'(Q2) and note that the integrals in the
definition of o, above are also defined for any functions ¢, in H'(2). Therefore the
sesquilinear form oy for Neumann boundary conditions can be taken as the same as
for Dirichlet conditions,os = o1, and thus only the spaces V are changed.

(ii1) Consider the case y(¢) = 1 and B(t,£) # 0 which results in Robin or
mixed boundary conditions. We again choose V = H'()), and define a sesquilinear

form o3 by

os(ti o) = oalti o, 0) + [ AL OPEIH(E)dE.
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By taking v(£) = 0 on a part I'; of the boundary and y(() = 1 on I' — T,
we can obtain other mixed boundary conditions. The choice of space V should also
be modified accordingly. In all the cases above, let V be the appropriate choice of
Sobolev space (either H} or H'), and let o denote the corresponding sesquilinear
form defined on V x V. Then a solution z(t) of equations (7.1) and (7.2) satisfies

(7.3) % < 2(t),¥ >g= —o(t;2(t),¢), forally € V.

As usual (7.3) is called the weak form of equations (7.1) and (7.2); see equations (4.7),
(4.8) and (4.10), (4.11) of section 4.

The continuity and the ellipticity conditions for the sesquilinear forms o; can
be characterized by properties of the coefficients a; ;, b;, ¢ and 8. The standard as-
sumptions ([L2], pp. 100) for V-continuity and Holder continuity of the sesquilin-
ear forms o; are as follows: For each fixed ¢, the functions a;;(t,-), b;(¢,-), c(¢,-)
are elements of L*°(f2), while the function B(t,-) is an element of L*°(T'). Further-
more, for each bounded interval [a,b], there exist constants C' > 0 and 0 < v < 1,
such that each of the coefficients g, ;, b;, ¢, B satisfy the bounds || f(¢,)||z» < C and
1f(t,) — f(s, )l < CJt — s|* for t,s in [a,b], where L™ is L*=(Q}) or L*®(T) as

appropriate.

It is easily seen that under these assumptions, the V-continuity and V-Holder
continuity Hypotheses 4.1 and 4.3 hold for o, and o, defined above. In the case of
03, a boundary integral is involved; but under our assumptions on the smoothness of
the boundary, the following estimates hold (see ([L2], pp. 17, Theorem 3.2, pp. 23):
For any ¢, € H'(Q), the restrictions of ¢, to the boundary I' belong to L*(T').

Furthermore, there exists a constant C' such that

| 20| < el bz < Cllelln @l

Furthermore, for all € > 0, there exists constant C(e) such that

lellZzy < ellellin + Clolleliz -
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With these estimates, it is readily argued that o3 also satisfies the Hypotheses 4.1
and 4.3 of section 4.

To assure V-ellipticity we again make standard assumptions: for any bounded
interval [a, b], there exists a constant ¥ > 0 such that for all t € [a,b] and ¢ € Q,

n n

v ¢S 3 a6,

for all { = ((y,---,(,) € R*. Under this assumption, it is readily seen that for each

bounded time interval [a, b], there exist constants ¢, > 0 and m, such that

Re ai(t;0,0) > allell} — milelli,

for all p € V and t € [a,b]. That is, each of the sesquilinear forms o;, 1 = 1,2, 3,
defined above satisfies Hypothesis 4.2.

In the remaining part of the this section, let H,V be the spaces of functions
appropriate for a specific problem, and let o be the sesquilinear form defined for that
problem as above. For the control space U, we choose U = L*({2), with the control

system being defined by (see (4.10)-(4.12))

(1.4) & < 2(0),% >n= —o(t:2(0),9)+ < BOu(t),$ >,

for all ¢ in V. We choose the cost functional given by (4.12). Here we define the
operators B(t), W(t), R(t) by the following

[B(t)v] (€) = b(t,&)v(€), for v e L*(Q),
[W(t)e] (€) = w(t,E)e(£), for ¢ € LX),
[R(t)v] (€) = r(t,E)v(€), for v € L*(Q),

where b,w,r are scalar valued functions on [tp,00) X Q. In this case, the uniform
boundedness and the positivity of the corresponding operators can be readily char-

acterized by conditions on the functions b,w and r. We assume that for each fixed

t, b(t,-),w(t,-) and r(t,-) are elements of L>(Q). As L*(f) valued functions of ¢,
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these functions are assumed continuous. Furthermore, assume there exists a constant
C such that for all t € [ty, 00), the functions b(t,-),w(t,-),r(t,-) satisfy the bound
[|f(t,)||lze(@) < C. The functions w,r are assumed to be nonnegative and, indeed

we assume there exists a constant ro > 0 such that r(¢,£) > ro, a.e. in £, for t > t,.

Under these assumptions, the operator valued functions B, W, R satisfy the
standing assumptions of sections 2 and 4. It remains to consider Hypotheses 4.5 and
4.6 (stabilizability and detectability of the original system) as well as Conditions US
and UD once we have introduced approximations. For the problems considered here,
we can use the definition of the sesquilinear forms to give sufficient conditions for
Hypotheses 5.1 and 5.2 (and hence Hypotheses 4.5 and 4.6) to hold. To this end,
we assume that there exist constants g > 0 and p > 0 such that for ¢t € [to, 00),
16(t, )] = g, [w(t, &) = p, ae. in Q.

Under this assumption, it is readily seen that there exists constants > 0 and

k > 0, such that each of the sesquilinear forms o; satisfies for p € V
a(t;e,0) + 1< B{t)B*(t)p, 0 >u 2 kel

and

@l

o(t;o,0) HL<W(t)p, o >u 2 k
Thus, Hypotheses 5.1 and 5.2 hold with K(t) = [B*(t) and W¥(t) = IW/?(3).

For our approximate systems, we choose approximation spaces H" and UM
as in sections 3 and 4 generated by finite element or spline basis elements chosen so
that HN c V and UN C U yield the desired convergence properties for P§ and P}
respectively (see [C, Chaps. 2, 3], [B], [Sc]). The approximating systems are then
defined as in section 5. It follows immediately that Hypothesis 5.3 holds and hence
the conclusions of Theorem 5.2 are valid for the class of examples considered in this

section.

We note that under periodicity assumptions we could have applied the alter-

native approach of section 6 to these examples since (see [A]) both V = H'(2) and
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V = H}(Q) embed compactly in H = L*(Q).

In some of our related efforts, we have numerically tested the ideas presented
in this paper on one dimensional versions of the example of this section. In these
examples 2 = (0,1) and we have to date used either linear or cubic B-splines to gen-
erate the approximation spaces H" and UV. (In fact, when Q is a parallelepiped, the
above theory still is applicable and tensor products of one dimensional elements are a
good choice for approximation elements.) We have considered several examples with
time dependent periodic coefficients; for these examples we could use eigendirection
analysis (see [W]) to give an analytic analysis for the feedback control problems. The
resulting analytical solutions were used for comparison with the numerical solutions
obtained using software implementations based on the theory developed in this paper.
Quite satisfactory results were obtained and, as noted in the Introduction, these are

being detailed in a separate manuscript under preparation.

In concluding we note that the theory in this paper is also applicable to higher
order parabolic systems (as well as to sc‘)me boundary damped hyperbolic systems
[BKS], [BKW]). In particular one dimensional Euler-Bernoulli beam models with
Kelvin-Voigt damping satisfy (see [BI1]) the strong ellipticity assumptions needed in
the theory developed above. While boundary control (as treated in [BI2]) for such
models constitute an obvious class of problems, distributed control as treated in this
paper is essential in cases where nonuniform piezoelectric layers along the beam are

used to implement the feedback controls.
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