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SUMMARY 

In designing a multiple load electrical system, the designer may wish to 

compare the performance of two setups: a common electrical source powering 

all loads, or separate e1ect.riC.aI sources powering individual loads. Three 

types of electrical sources: an ideal voltage source, an ideal current source, 

P 

I n  G8 performances in separate and common source systems. A mathematical proof is 

w given, for each case, indicating the merit of the separate or common source 

and solar cell source powering resistive loads were analyzed for their 
I 

U 

U 
I 

system. The main conclusions are: ( 1 )  identical resistive loads powered by 

electrical sources perform the same in both system setups, ( 2 )  nonidentical 

resistive loads powered by ideal voltage sources perform the same in both 

system setups; ( 3 )  nonidentical resistive loads powered by ideal current 

sources have higher performance in separate source systems and (4) nonidentical 

resistive loads powered by-solar cells have higher performance in a common 

source system for a wide range of load resistances. 

INTRODUCTION 

Loads that are in close proximity to each other, or a multiple load 

system, may be powered by separate electrical source for each one, or 

alternatively, by a common electrical source for all the loads. The 

performance of all the loads in a common source system may be higher than the 

total performance of all these loads when powered by separate sources for a 

*This work was done wh’ile the author was a National Research Council - 
NASA Research Associate; on sabbatical leave from Tel Aviv University. 



certain type of electrical sources, and lower for another type; or the 

performance may be the same for still another type of electrical sources. In 

a common source system there is an interaction between the loads such that one 

load may improve its operation on the expense of another load. In certain 

cases, it might be advantageous to disconnect a load from a common source 

system in order to improve the operation of another load. In general, the 

designer may wish to compare the performance of a common source/multiple load 

system design versus a separate source/individual load system design. The 

present study deals with three types o f  electrical sources: an ideal voltage 

source; an ideal current source; and a solar cell source. A mathematical proof 

is given that show the merit of the separate or common source system for the 

three types of electrical sources. Loads may be of the same or different 

types. The proof, in this paper, is given for resistive loads only. The 

electrical sources in the separate source system are of the same size; the 

common source is formed by paralleling the separate sources. 

VOLTAGE SOURCES 

The I-V characteristic of an ideal voltage source is shown in Fig. 1 .  A 

resistive load of  value R1 connected t o  a separate source is shown in 

Fig. 2(a>. 

The power delivered to R1 i s :  

V2/R (1 1 p l =  0 1 

By varying the load resistance, the load power varies hyberbolically, i.e., 

2 1 P = Vo/R 0: ( 2 )  

This is shown 

A second 

of the same s 

in Fig. 3. 

load of value 

ze is shown in Fig. 2(b>. The power delivered to R2 is: 
R2 connected again to a separate voltage source 

(3) 2 
0 2  P2 = V /R 
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. 

The total power delivered to both loads is: 

( 4 )  2 Ps = P1 + P 

where 'Is" stands for separate. 

Now, these two resistive loads will be connected in parallel to a common 

source formed by the above sources as shown in Fig. 4 (the individual voltage 

sources are connected in parallel). 

The equivalent load resistance is: 

Rc = R 1 R 2 /(R1 + R2) ( 5 )  

where 'IC" stands for common. The common source system load power Pp is: 

For the particular 

for the separate source 

Pc = VOIRc 2 

L 

( 6 )  

case of identical loads, where 

sys tems : 

R1 = R2 = R, we have 

2 P1 = P2 = P = VOIR ( 7 )  

and 

Ps = 2P ( a )  

For the common source system, the load resistance ( E q .  ( 5 ) )  is 

the load power i s :  

Rc = R/2 and 

= v 2 / R  = 2v 2 /R = 2P pc 0 c 0 ( 9 )  

By comparing E q s .  (8) and (9) we see that for identical resistive loads 

the load powers are the same for both the separate and common source systems, 

i.e., P, = Pc. 

Now we shall examine the case of nonidentical resistive loads. We shall 

change the value o f  one load and keep the value of the other load constant, 

i .e., 
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R1 = R and R2 = R + AR 

For the separate source systems we have: 

P1 = V O I R  2 and P2 = V o I ( R  2 + AR)  

and 

2 2R + AR 
"0 R ( R  + AR) P s  = P, + P2  = 

For the common source system, the equivalent load resistance (Eq. ( 5 ) )  is: 

R ( R  + AR) R =  c 2 R  + AR 

and the power delivered to the equivalent load is: 

2 2 2R + AR P = V I R  = V  C o c o R ( R  + AR) 

(10) 

( 1 1 )  

(12) 

(13) 

( 1 4 )  

By comparing Eqs .  ( 1 2 )  and (141, we see that also for nonidentical resistive 

loads the load powers are the same for both the separate and common source 

systems, i.e., P s  = Pc. 

An individual source in the common source system sees an equivalent load 

resistance of 2 R c ,  i.e., 

R(R + AR) AR 
2Rc = 2 R  + AR) = + 2 + A R I R  

The average resistance o f  R and R + AR i s :  

- R + ( R  + AR) = R + F  AR 
Rav - 2 

therefore: 

R + ( R  + AR) 
2Rr < 3 c L 

( 1 5 )  

(16) 

(17) 

I i.e., the equivalent resistance seen by an individual source in the common 

source system i s  less than the average resistance o f  two different loads 

connected individually t o  two separate source systems. This result will be 

used later. 
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CURRENT SOURCES 

The I-V characteristic of an ideal current source is shown in Fig. 5 .  A 

resistive load of value R 1  

Fig. 6(a>. The power delivered to R1 is: 

connected to a separate source is shown in 

P 1 = I  2 R 

P = I O R a R  2 

0 1 '  

By varying the load resistance, the load power varies linearily i.e., 

(18) 

( 1 9 )  I 

This is shown in Fig. 7. 

A second load of value R2 connected again to a separate current source 

of the same size is shown in Fig. 6(b). The power delivered to R2 i s :  

n 

= IL R p2 0 2 

The total power delivered to both loads is: 

2 Ps = Io (R + R2) 1 

(20) 

(21 1 

Now, these two loads will be connected in parallel to a common source 

formed by the above sources as shown in Fig. 8 (the individual current sources 

are connected in parallel). 

The common source system load power i s :  

(22) Pc = (210) 2 Rc 

where R c  i s  given in Eq.  (5). 

For the particular case of identical loads where R1 = R = R, we have 2 
2 for the separate source systems P1 = P2 = P = Io R 

and 

2 Ps = 210 R ( 2 3 )  

For the common source systems Rc = R/2 and 

5 



(24)  2 2 Pc  = (210) Rc = 2 1  R 
0 

By comparing Eqs. (23) and (241, we see t h a t  for i d e n t i c a l  r e s i s t i v e  l o a d s ,  t h e  

l o a d  powers a r e  the  same f o r  b o t h  t h e  separa te  and common source s y s t e m s ,  i . e . ,  

P s  = P, 

Now we s h a l l  examine t h e  case o f  n o n i d e n t i c a l  r e s i s t i v e  l oads .  We s h a l l  

change t h e  va lue  o f  one l o a d  and keep t h e  v a l u e  of t h e  o t h e r  l o a d  c o n s t a n t ,  

1 . e . ,  

R, = R and R2 = R + AR 

For t h e  separa te  source s y s t e m s  we w r i t e :  

2 2 P1 = Io R and P2 = Io ( R  + AR) 

and 

2 P s  = P1 + P2 = Io (2R + AR) 

For t h e  common source system, t h e  e q u i v a l e n t  l o a d  r e s  

Eq. ( 5 )  and t h e  power d e r i v e d  t o  t h e  e q u i v a l e n t  l o a d  

c) 

s tance i s  g i v e n  i n  

5 :  

2R + AR 
2 2 4R' + 4R AR = I 2  (2R + 

2R + AR 0 
Pc  = (210) R = Io 

C 

(25)  

(26)  

I n  o r d e r  t o  compare t h e  performance of t h e  two se tups ,  Eqs. (25)  and (261,  we 

have t o  compare AR (Eq. (25 ) )  w i t h  2R ARI(2R + AR) (Eq. ( 2 6 ) ) .  The va lue  i n  

Eq. ( 2 6 )  

AR 2R AR - 
2R + AR - 1 + AR-/2R 

thus :  

AR 
AR > 1 + ARl2R 

(27)  

(28)  

t h e r e f o r e  P s  > P c  
~ 
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The conclusion i s  that for nonidentical resistive loads and for current 

sources, the total power of separate source system is higher than for a common 

source system. 

SOLAR CELL SOURCE 

The I-V characteristic of a solar cell array is shown in Fig. 9. Broadly 

speaking, the I-V characteristic may be divided into two ranges; range I where 

the solar cell behaves more likely as a current source, and range I1 where the 

solar cell behaves more likely as a voltage source. 

The approximate I-V characteristic equation of the solar cell array 

source, neglecting the shunt resistance, is given by: 

I = Iph ( 2 9 )  

where Iph is the photocurrent, Io is the reverse saturation current, R, is 

the series resistance, A = q / A K T ,  and V = IR for resistive loads. The source 

terminal current and voltage are I and V, respectively. 

The I-V equation of Np such sources connected in parallel and Ns such 

sources connected in series, which form a larger array, is given by: 

NS exp - vc + IC 
R S  ] - 1) IC = Nplph - Nplo( [is 

P 
(30)  

where IC and Vc are the larger array (or common) terminal current and 

voltage, respectively. A resistive load of value Rc which is connected to a 

common solar cell array is seen by an individual source in the common array 

with a resistance value of: 
. .  
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For the case where Np = Ns = 1 ,  we have IC = I, VC = V, RC = R and 

Eq. (29) applies. 

Resistive loads R1 and R2 connected to identical separate solar cell 

array sources are shown in Fig. 10. The load currents are, respectively: 

1, = Iph - Io (,,p[AIl(Rl + R S ) ]  -3 
'2 = 'ph - Io(e~p[A12(R2 + RS)] - 9 

(32) 

(33 )  

Now, let these two loads be connected in parallel to a common solar cell array 

source (Ns = 1 ,  Np = 2) formed by two identical solar cell sources, as shown 

in Fig. 1 1 .  The equivalent load resistance is given by E q .  5 ,  and the common 

load current IC is: 

( 3 4 )  

For a particular case of identical loads where R1 = R2 = R,  the load current 

of a separate source system is: 

I = Iph - Io Qxp[AI(R + Rs)] - 9 (35 )  

and the load power is: 

P = 12R ( 3 6 )  

The total power of two such systems is: 

P s  = 2P = 212R ( 3 7 )  

Now, for the common source system we have: 

IC = 21 = 21 Ph - 210 (exp[A2I(R/2 + RS/2)] - 3 
or 

and 

(38 )  

( 3 9 )  

comparing with Eq.  (37) we get: Ps = Pc. 

8 



The result shows that for identical resistive loads, the load powers are 

the same for both the separate and common source systems. 

A criterion for comparing the load performance of the solar cell array 

systems may be the "energy u t i  1 ization" defined by: 

qe = lTP(T)dT/l Pm(T)dT 

T 

(40)  

where the numerator is the input energy to the loads by the array, and the 

demoninator is the max mum available energy that the array can supply; P is 

the array output power and P, is its maximum output power; both are 

functions of the solar insolation, T is time. 

For a given array size and insolation profile the Pm dT = constant s 
independently whether the cells are utilized or not. 

of the two separate source system ( E q .  (37)) i s :  

The energy utilization 

and the energy utilization of the common source system ( E q .  (39)) i s :  

where P, i s  the peak power of an individual solar cell array source. 

The results show that identical resistive loads which are connected to 

separate solar cell sources perform the same. as if they are connected in 

parallel to a common solar cell source of the appropriate size. 

Now, let us examine the case where the solar cell array sources are not 

identical in their sizes and compare again the performances o f  the systems 

with separate and common sources. In order to load each source identically, 

the load resistances are of proportional values. Assuming a load resistance 

of value R is connected to the above mentioned solar cell source, E q .  (291 ,  

9 



and another load resistance o f  value 

o f  Np 

separate sources are: 

R/Np i s  connected to a second source 

times larger than the first one (Fig. 12>, the load currents o f  the 

I1 = I = Iph - Io (exp[nI(R + RS)] - 9 
and ( E q s .  (30) and (31)) 

( 4 3 )  

or 

The powers o f  the separate source systems are: 

2 2 P, = P = I R and P2 = (N 1) R/N = N P P P P 

The total power i s :  

P = P 1 + P  - ( l + N ) P  
S 2 -  P 

and the energy utilization i s :  

( 4 5 )  

( 4 6 )  

( 4 7 )  

For the common source system, the common current i s :  

IC = (1 + N >I ( 4 8 )  
P 

or ( E q .  (30)): 

I C = ( 1  + N P > I  = (1 + N P >I Ph - (1 + N P O  11 (?Xp[A(l + N p ) I [ l  l + N  P + L)] l + N  P - l) 

or 

The power o f  the common source system (where Rc = R/(1 + N ) >  i s :  P 

)112 Rc = (1 + N )I2 R = (1 + N > P  (50)  P P 

10 



and the energy utilization is: 

By comparing Eqs. ( 4 7 )  and (511,  we see that resistive loads of proportional 

sizes which are connected to solar cell array sources of proportional sizes 

perform the same whether they are connected to separate or to common sources. 

We shall now analyze the performance of nonidentical resistive loads once 

powered by two identical separate solar cell array sources, and the second 

time powered by a common source formed by the above two sources that are 

connected in parallel, Figs. 10 and 1 1 .  The resistive loads are, for example, 

Rm and R 1  in range I ,  Fig. 9, (current source range), and Rm and R 2  in 

range I1 (voltage source range), where Rm is the load resistance corresponding 

to the maximum power point Pm of the solar cell array source. We examine 

first an extreme case in range I for R 1  = 0 and Rm. For the separate 

- Pm' therefore, the source system P1 = 0, Pm = I R and Ps = P1 + Pm - 

energy utilization of both separate systems i s :  

2 
m m  

rl; = 1 P s  dT/2  1 Pm dT = 50 percent 

For the common source system Pc = 0 Since R1 short c 

e 
q; = 0, therefore qS > ll; 

Another extreme case is in range I1 for R2 = and Rm 

( 5 2 )  

rcuits Rm, i .e., 

For the 

separate source system we have Pm = I: Rm and P p  = 0, therefore: 

rl; = 1 Ps dT 1 2  1 Pm dT = 50 percent ( 5 3 )  

1 1  



For the  common source s y s t e m ,  P2 = 0 

s i z e  source,  t h e r e f o r e  P c  > P and, 

and Rm i s  now powered by a doub 

m 

We have mentioned t h r e e  d i s t i n c t  cases:  

e 

( 1 )  R 1  = R2 = Rm ( i d e n t i c a l  loads  whether o p t i m a l  or nonop t ima l ) ,  where 

b o t h  t h e  separa te  and t h e  common s o l a r  c e l l  source s y s t e m s  have t h e  same 

energy u t i l i z a t  on; 

( 2 )  R 1  = 0 and Rm, where t h e  separa te  source s y s t e m s  have a h i g h e r  

energy u t i l i z a t  on than  t h e  common source s y s t e m ;  and 

( 3 )  For Rm and l a r g e  R2, where the  common source system has a h i g h e r  

energy u t i l i z a t i o n  than  t h e  s e p a r a t e  source systems. 

These t h r e e  cases a re  shown i n  F i g .  13 by t h e  c i r c l e s .  Connect ing  t h e  

c i r c l e s  by the  s o l i d  l i n e  desc r ibes  t h e  energy u t i l i z a t i o n  o f  t h e  common source 

s y s t e m  

Two p o s s i b l e  t r a j e c t o r i e s  o f  1: I n  one case, 

t h e  energy u t i l i z a t i o n  o f  separa te  source s y s t e m s  i s  always h i g h e r  than  f o r  the  

common source system; i n  t h e  second case, up t o  p o i n t  ' 'a" t h e  separa te  source 

s y s t e m s  have a h i g h e r  energy  u t i l i z a t i o n ,  b u t  between p o i n t s  "a"  and " b "  t h e  

common source s y s t e m  has a h i g h e r  energy u t i l i z a t i o n .  I n  range 11, t h e  common 

source s y s t e m  i s  always s u p e r i o r  (ve  > q:). 

s o l i d  and dashed l i n e s  w i l l  now be v e r i f i e d .  

e 
qS. 

and by t h e  dashed l i n e  d e s c r i b e s  t h e  separa te  source s y s t e m s  

a r e  shown i n  F i g  13 i n  range I. 

The assumed v a r i a t i o n  of- t h e  
C 

L e t  us assume t h a t  t h e r e  e x i s t s  an e l e c t r i c a l  source o f  a s p e c i a l  t ype  

t h a t  behaves l i k e  a c u r r e n t  source,  i n  range I, where t h e  power P i nc reases  

l i n e a r i l y  w i t h  i n c r e a s i n g  o f  t h e  r e s i s t a n c e  R ( F i g .  7 ) ;  and behaves such t h a t  

P decreases l i n e a r i l y  w i t h  i n c r e a s i n g  R ,  i n  range 11, as shown i n  F i g .  14.  

12  



In range I, the power of the load Rm is P(Rm> and that of load R1 is 

If a load resistance is of value (Rm + R1)/2, then two such identical P(R1). 

loads will produce the same power as the two different loads of values Rm and 

R1. But, if a load resistance i s  of a vlaue RI that is less than the 

average of Rm and R1, i.e., 

RI < (Rm + R1)/2 

then: 

ZP(R1) < P(Rm> + P(R1) 

For a load resistance in range I1 of value 

RII < (Rm + R2>/2 

the inverse is true, i.e.,: 

( 5 5 )  

( 5 6 )  

( 5 7 )  

~P(RII) > P(Rm) .t P(R2) (58)  

Now, recalling the result obtained for the equivalent resistance seen by 

an individual source in a common source system, Eq. (17). the conclusion is 

that in range I, the load power of a common source system is lower than the 

sum of the load powers of the separate source systems. In range 11, the load 

power of a common source system is higher than the sum of  the load powers of 

the separate source systems. Indeed, the variation of the load power with 

resistance for a solar cell array source is similar t o  Fig. 14, excluding the 

vicinity of the maximum power point, as described in Fig. 15. The size o f  the 

solar cell array is 1400 Wp, 176 V open circuit voltage and 13.613 A short 

circuit current. This concludes the proof for the lower performance of 

resistive loads in the current range, and the higher performance of resistive 

loads in the voltage range in a common solar cell source system, as assumed in 

Fig. 13. 

An actual comparison of resistive load performances of separate and 

common solar cell array sources based on energy utilization is shown in 

13 



Fig. 16. The size of the separate solar cell array sources is the one that is 

mentioned above, and the common source is o f  double size, i.e., 2800 Wp, 176 V 

and 2 7 . 2 3  A .  

The optimal load resistance Rm from the viewpoint of maximum energy 

utilization is 13.5 R and was kept constant; the second load resistance was 

varied from 0 to 30 R. 

of the two separate source systems, and the solid line, (, describes the 

energy utilization of the common source system. In this case, if the value of 

one load resistance is taken as 13.5 R, and the value of the other load 

resistance chosen from the range between 4.85 R and any higher value, the result 

would be of higher performance for the common source system. Obviously, when 

R,= R2 = 13.5 R, both setups perform the same as was proven for identical loads. 

Another case is illustrated in Fig. 17 where one load resistance o f  5 R was 

kept constant and the second load resistance was varied. In this case, the 

energy utilization of the separate source systems, qs, e is higher than for the 

common source system, qc, in the current source range as was assumed in Fig. 13, 

as for one o f  the possible trajectories. In range 11, the common source 

system has always a higher energy utilization (again, compare the predicted 

Fig. 13, and the actual results, Figs. 16 and 17). 

The dashed line, q:, describes the energy utilization 

e 

CONCLUSIONS 

In designing a multiple load electrical system, the designer may wish to 

compare the performance of separate source systems with a common source system. 

Three types of electrical sources (a voltage source, a current source and a 

solar cell source) powering resistive loads were treated with mathematical 

proofs. The conclusions are: 

14 



1. Identical resistive loads powered by electrical sources perform the 

same for both the separate and common source systems. 

2. Nonidentical resistive loads powered by ideal voltage sources perform 

the same for both the separate and common source systems. 

3 .  Nonidentical resistive loads powered by ideal current sources have 

higher performance for separate source systems than for a common source system. 

4 .  Nonidentical resistive loads powered by solar cells have higher 

performance, in the voltage source range, for a common source system. 

current source range, the loads have a higher performance for the separate 

source systems. In general, the common source system has a higher performance 

than the separate source systems for a wide range of load resistances, 

including the range of good system designs. 

In the 

FIGURE 1.  - IDEAL VOLTAGE SOURCE V,. 

( a )  ( b )  

FIGURE 2. - RESISTIVE LOADS R, AND Rg CONNECTED TO IDENTICAL 
IDEAL VOLTAGE SOURCES, 

R R1 

FIGURE 3. - VARIATION OF LOAD POWER WITH 
RESISTANCE FOR AN IDEAL VOLTAGE SOURCE. 
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I I I 

FIGURE 4. - COFmON VOLTAGE SOURCE SYSTEM. 

p 1 - /  

I 
R2 

( a )  ( b )  

FIGURE 6 .  - RESISTANCES R1 AND R2 CONNECTED TO IDENTICAL 
IDEAL CURRENT SOURCES. 

pp33qR2 +-TiRc 
FIGURE 8. - COMMON CURRENT SOURCE SYSTEM. 

( a )  ( b )  

FIGURE 10. - RESISTIVE LOADS R1 AND R2 CONNECTED TO IDENTICAL 
SOLAR CELL SOURCES. 

lo,- - 
V 

FIGURE 5. - IDEAL CURRENT SOURCE I,. 

- 
R1 R 

FIGURE 7. - VARIATION OF LOAD POWER WITH 
RESISTANCE FOR AN IDEAL VOLTAGE SOURCE. 

V 

FIGURE 9. - I - V  CHARACTERISTIC OF A SOLAR CELL ARRAY 
AND RESISTIVE LOADS. 

- 
FIGURE 11.  - COMMON SOLAR CELL SOURCE SYSTEM. 

16 



t b 

00 00000 
1 NP 

FIGURE 12. - RESISTIVE LOADS R AND R/Np CONNECTED TO PROPOR- 
TIONAL S I Z E  OF SOLAR CELL SOURCES. 

p t  

R1 R I  1 Rm RII 1 R2 
I I 

(Rm+R1 ) /2  L(Rm+R2)/2 

FIGURE 14. - AN ASSUMED ELECTRICAL SOURCE WHERE I T S  POWER IS 
LINEARLY DEPENDENT WITH RESISTANCE. 

RANGE I I  
b 

R m  LARGE R 

FIGURE 13.  - ENERGY UTILIZATION OF SEPARATE AND COMMON 
SOURCE SYSTEM I N  THREE EXTREME CASES R1 = R2 = Rm: 
R1 = 0 AND Rm; R m  AND LARGE R2. 

CONSTANT 
1600 r CURRENT 

- I 1200 1 // I \  SOLAR CELL 
.. .. 

SOURCE1 . 
1400 c-----$-x 

I SOUKCt 7 

1 0 o o t  / I 

RANGE I 1  

0 4 8 12 1 6  20 2 4  28 3 2  
LOA0 RESISTANCE. R. OHMS 

FIGURE 15. - VARIATION OF SOLAR CELL SOURCE POWER WITH 
LOAD RESISTANCE. 
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FIGURE 16. - ENERGY UTILIZATION OF SEPARATE AND COMMON 
SOURCE SYSTEMS FOR RESISTIVE LOADS: R, = 13.5 R = 

CONSTANT. 
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LOAD RESISTANCE. R, OHMS 

FIGURE 17. - ENERGY UTILIZATION OF SEPARATE AND 
COMMON SOURCE SYSTEMS FOR RESISTIVE LOADS: 
R l  = 5 fl = CONSTANT. 
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