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Abstract

This paper presents the results of a NASA
investigation of a claimed "Overlap” between two gust
response analysis methods: the Statistical Discrete Gust
(SDG) Method and the Power Spectral Density (PSD)
Method. The claim is that the ratio of an SDG response
to the corresponding PSD response is 10.4. Analytical
results presented in this paper for scveral different
airplanes at several different flight conditions indicate that
such an "Overlap"” does appear to exist. Howcver, the
claim was not met precisely: a scatter of up to about 10%
about the 10.4 factor can be expected.

Immdu.cﬁ.o.n

The U.S. Federal Aviation Administration (FAA) has
formed an ad hoc international commiltee of gust
specialists which draws its membership from domestic and
foreign civil airworthiness authorities, airframe
manufacturers, and research laboratorics. The committce's
work is part of an on-going effort to rationalize and
improve the gust criteria applicd by U.S. and European
airworthiness authorities. The efforl includes the
investigation of candidate analysis mcthods for gust-loads
certification.

The Statistical Discrete Gust (SDG) Mcthod of
computing gust loads (ref. 1) was identified by the ad hoc
commillce as a candidate for further investigation. The
SDG Method has offered a significant advantage over the
Power Spectral Density (PSD) Method because the SDG
Mecthod computes time-correlated gust loads directly. In
reference 2 J. G. Jones, developer of the SDG Mcthod,
claims that, under certain circumstances, the SDG and
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PSD Methods produce esscntially the same numerical
results, or that "... the former is essentially simply an
approximate numerical implementation of the latter.”
Jones refers to this situation as the "SDG - PSD
Overlap."

In response 1o a recommendation from the ad hoc
committee, in the fall of 1986 the FAA requested
assistance from the National Aeronautics and Space
Administration (NASA) to investigate Jones' claim of the
"SDG - PSD Overlap." Over the course of the following
24 months NASA performed the requested investigation
and the purpose of this paper is to report the results of
that investigation. '

Descripti { Analvsis Method

Both the Statistical Discrete Gust Method and the
Power Spectral Density Mcthod compute the response of
an airplanc to atmospheric turbulence. The former is
performed in the time domain; the latter in the frequency
domain. The input to both methods is the same
numerical description of the airplane. This section of the
paper provides a heuristic outline of each method and
comments on the computer implementation of each.

Statistical Discrete Gust (SDG) Method

The objective of the SDG Method is to determing
analytically the maximum, or worst-case, responses of an
airplane to discrete gusts representative of atmospheric
turbulence. The Method is carricd out in the time domain
through the calculation of response time histories. The
Mcthod was originally developed more than 15 years ago
by Jones (rcf. 1). Over the course of those years, and
continuing into the present, the Method has undergone
refinements and improvements (refs. 2 through 6).

The SDG Method is based on the assumption that



atmospheric turbulence is comprised of a family of
discrete equiprobable smoothly-varying ramp-hold gusts
whose maximum magnitudes (Wg) vary as indicated by the
dashed envelope in figure 1 and as defined by the
following equation

W (H) =U0Hk (for 0<H<L) )

where U is a gust intensity parameter, H is the gradient
distance, k is a fractional exponent, and L is the scale of
turbulence.

Each discrete gust is defined by a transient portion
(the first half of a one-minus-cosinc wave) followed by a
steady-state portion (whose value is equal to the value of
the transient portion at the end of the transient). The
length of the transient is the gradient distance. The
expression for one member of the family of gusts is

w (1)
|3 s
w (s H)=I——2——(1—-cos(ﬁ)) (for 055 H) 1))
£ livg(H) (forH<s<L)

where s is distance and is related to time through the
velocity, V.

In the implementation of the Method, an airplane is
subjected to the following inputs, applicd one at a time:

+ all possible single gusts

= all possible combinations of two gusts with
all possible "spacings” (defined below)
between the gusts

= all possible combinations of thrce gusts
with all possiblec combinations of "spacing”
between the gusts

« all possible combinations of n gusts with
all possible combinations of "spacing"
between the gusts.

In general, time histories of each airplane response
quantity due to cach of the (extremely large number of)
inputs is examined in order 10 find the worst-case response
(that is, the largest positive or ncgative peak valuc) of
each response quantity. The combination of gusts that
produces the worst-case response is referred to as the
Critical Gust Pauern,

Figure 2 containsg a sketch of a combination of threc
gusts, labelled @@ and , in the time domain.
Quantitics Ty and t7 in the figure represent "spacings” in
time between the completion of the transient of one gust

and the start of the transient of the next. As indicated in
the figure by the direction of the arrows, 17 and 17 arc

positive; however, T1 and Ty may also be negative. When

cither T1 or 77 is negative, the associated gusts are said to
overlap one another.

For an airplane modelled as a linear system, this
extremely large number of inputs may be reduced to a
manageable number by taking advantage of superposition,
as described in reference 3. With superposition, worst-
case responses to combinations of two or more gusts are
determined by the responscs to single gusts only. Thus,
from a computer-implementation point of view, the
analytical model of the airplane need never be subjected to
the critical gust pattern in order to obtain the worst-case
response. However, with proper bookkeeping and by
retaining the necessary intermediate results, once the
overall worst-case response has been determined, the
critical gust pattern may be constructed from the single
gusts.

As the number of gusts in a combination increascs
from one to n, the probability of encountering that
combination in the assumed atmospheric turbulence
decreases, and this decrease in probability is accounted for
analytically through the use of amplitude reduction
factors. The amplitude reduction factors reduce the
magnitudes of the inputs (and for a linear system, reduce
the magnitudes of the responses by the same ratio),
thereby bringing the responses to all single gusts and the
responses to all combinations of gusts to the same leve]
of probability of occurrence.

The following equation illustrates how the overall
worsl-case response is determined.

¥ = max ®

The ¥;'s arc the individual worst-case responses (o 4
combination of i gusts; the p;'s are the corresponding
amplitude reduction factors. The overall worst-case
response, ¥, is the worst of the worst , or the maximum
of the products of the v;'s and their corresponding p;'s.
The critical gust pattern is constructed by summing single
ramp inputs associated with y.

Two implementations of the SDG Method will be



addressed in this paper., Jones relers to these
implementations as "Mecthod 1" and "Method 2." Method
1 contains simplifying assumptions about the
characteristics of critical gust patterns and approximations
in the computation of the amplitude reduction factors that
make it computationally faster, but more restrictive and
less exact than Method 2. Mecthod 2 is more gencral and
for this rcason it will be discussed first.

Method 2. In Method 2 there are no restrictions
concemning the characteristics of the critical gust pattcrns.
Critical gust patterns are comprised of single gusts whose
magnitudes may bc negative or positive (representing
cither up or down gusts) in any order, and whosc spacing
in time may be ncgative or positive (representing
subsequent gusts which cither do or do not overlap cach
other).

The amplitude reduction factors arc computed bascd
on the following formula (rcf. 6)

@

where

si[d5/6 ()]2 '
1= [| =2 ds 5)
i {) ds5/6

and where v(s) is a gust pattern madc up of i individual
ramps, s is distance, and s; is the distancc at the
completion of the transient of the i-th ramp. Numerical
evaluation of the fractional derivative in equation (5) is
outlined in the appendix of reference S. )

Method 1. In Mecthod 1 there are restrictions
concerning the characteristics of the critical gust patierns.
Critical gust patierns are comprised of single gusts whose
magnitudes must have altcrnating ncgative and positive
signs (representing alternating up and down gusts), and
whosc spacing in time must be positive (representing
subscquent gusts which do not overlap cach other).

In Mecthod 1 the amplitude reduction factors arc
computed based on the following formula (ref. 6)

p,=1
1 ©6)
PiT 0881 foriz2
which is an approximation to cquation (4). Becausc

Method 1 is less general than Mcthod 2, there exist
conditions where the two cases predict almost identical
amplitude reduction factors. For a gust pattern which
satisfies thc Method 1 restrictions, the radical in equation
(4) consistently reduces to the radical in equation (6) and
the Mcthod 2 results are almost identical to those of
Mcthod 1.

A recommended way to implement Method 1 is to
compute worsl-case responses by taking advantage of
superposition and then to examine the resulting critical
gust patterns for possible violation of the restrictions, If
there are no violations of restrictions, then the answers
obtained are valid Method 1 answers. If there are
violations of restrictions then the answers are not valid,
but there are three alternatives:

(1) abandon Method 1 and implement Method 2;
(2) abandon Mcthod 1 and implement Mcthod 1A;

(3) continue with Method 1 but abandon
superposition as a technique for finding the
WOISt-case responses.

Alternative (1) was discussed in the previous section;
alternative (2) will be discussed in the next section.
Alternative (3) involves subjecting the airplane to an
extremely large number of inputs and then choosing the
worst -case responsc. This large number of inputs is the
subset of all possiblc inputs which docs not have Mcthod
1 violations. Alternative (3) is not practical to implement
because of the large numbcr of inputs required.

Method 1A. If there are violations of the Method
1 restrictions, then an empirical correction factor may be
applied to the (necessarily invalid) answers to reduce the
magnitudes of the worst-case responses. The application
of this empirical correction is referred to by Jones as
"Method 1A" (ref. 6) and may be applied when the critical
gust pattern has overlapping gusts in the same direction;
it does not apply under several other possible conditions:

« when the critical gust pattern has
overlapping gusts in the opposite direction

» when the critical gust pattern has non-
overlapping gusts in the same direction

* when the critical gust pattern has multiply-
overlapping gusts in the samc or opposile
directions

If any of these threc conditions exist, then Method 1A
may not be used and the only correct way to implement
Mcthod 1 is to abandon superposition and to subject the
airplane to an extremely large number of inputs.



The Power Spectral Density (PSD) Method was first
applied to the airplane turbulence response problem
almost 40 years ago (ref. 7). Since that time the PSD
Method has become so widely-accepted that the Federal
Aviation Regulations (specifically, FAR 25.305(d))
require that, unless a more rational method is used, an
airplane manufacturer must use the PSD Method to
establish the dynamic rcsponse of its airplanes to
atmospheric wrbulence.

The fundamental quantity of the PSD Mecthod is the
power spcctral density function, or, power spectrum, A
power spectrum contains all the statistical information
describing a random process, including the root-mean-
square (rms) value. The random processes in question in
the present application are atmospheric turbulence (the
input random process) and airplanc responses (the output
random processes). The input is assumed Gaussian, and
because the sysiem is assumed linear, the output is also
Gaussian. It is assumed that the turbulence is one-
dimensional (that is, uniform across the span),
homogeneous, isotropic, and "frozen" in space during the
time it takes the airplane 1o traverse its own length.

The input and output power spectral density functions
are related to each other through the squarc of the modulus
of the airplane frequency responsc function, as given by
the following equation

2

= i 7

@ (0) =D, g(m)IHy(lw)I @)
where (by((u) is the airplane response power spectrum and
Oy g(o)) is the atmospheric turbulence power spectrum,
The airplanc frcquency response function, Hy(i(o),
represents the response (magnitude and phase), over a
range of frequencies, of quantity y to a unit sinusoidal
gust velocity. Hy(im) contains all the dynamics of the

airplane (rigid-body modes and elastic modes).

For prescnt purposes, von Karman's form of <1>wg(a))
was chosen and is given by the following cquation (rcf. 8)

2 L 8 L 2
s e
wg 1+ 3(1. 339 VO))

nv 1V6 ®

(1 ta)]

Figure 3 contains a log-log plot of (bwg(m) asa

oy (0=

function of @. For illustration purposes the quantity Owy

and the ratio L / V were chosen to be vnity. At low
values of frequency the function asymptotically

approaches a constant value (szg L / = V); at high
values of frequency the function asymptotically
approaches zero as 033, At intermediate values of
frequency the function makes a transition between the
low- and high-frequency asymptotes and reaches a
maximum, referred to as the "knee." The corresponding
frequency is referred to as the "knee frequency,” @ypee |
where

o =0451Y
o, =045 ©)

The root-mean-square valucs of random processes Wg and
y may be obtained by performing the following operations

1

°° 2
. ={I<Dw (u))du)] (10)
g 0 8
and
1
o 2
cy=[£¢y(@dﬂ | an

A is the normalized response quantity, defined as the ratio
of the rms of the output to the rms of the input

- ,

- y

A= g )
g

Jones claims that, under certain circumstances, the
SDG and PSD Methods produce essentially the same
numerical results (ref. 2) and he refers to this situation as
the "SDG - PSD Overlap." The quantitative definition of
the Overlap is given by the equation

y=104A 3)

where ¥ is defined by equation (3) and A is defined by
equation (12).

The "certain circumstances” under which equation (13)
is valid arc summarized in Table 1. Quantities from the
SDG Method are found in equations (1) and (2); quantitics
from thc PSD Method, in equations (8) and (9). The
valuec 173 for exponent k in equation (1) corresponds to
the -5/3 high-frequency asymptote of the von Karman
power spectrum in cquation (8). For both the SDG and
PSD Mcthods, unit gust velocities and the standard value
of scale of turbulence are used. In addition, in the PSD
Mecthod there is a requirement that the {requency of the
short-period mode be much greater than the knee frequency



of the von Karman power spectrum. With thesc
conditions met, Jones claims that the "10.4 factor” of
cquation (13) will be obtained if SDG and PSD analyscs
arc performed for the same vehicle,

The approach taken in the NASA investigation of the
"SDG - PSD Overlap” was to perform SDG and PSD
analyses for several airplanes at different flight conditions
and 1o compare the corresponding responses from each
Mcthod to sce if the "10.4 factor” was obtained. To
maintain impartiality and independence during the
investigation, NASA wrote its own computer codes and
chosc its own configurations, flight conditions, and
responscs quantities. In an attempt to define
quantitatively the limits of the "Overlap,” scveral
parameters were varied.

Both rigid-body analyses and fully-flexible analyscs
were performed: rigid-body analyses using Mcthod 1 only
for five configurations; fully-flexible analyscs using
Mecthods 1 and 2 for one configuration. All were
symmetric longitudinal analyses with the vertical
component of atmosphceric turbulence as the disturbance
quantity.

For the rigid-body analyscs, the short-period
approximation to thc longitudinal small-perturbation
cquations of motion (ref. 9) were used. These cquations
are wrilten in stability axcs and cmploy stability
derivalives to approximatc thc effects of unsteady
aerodynamics

[Ca!ce]{:}z{cg}v:/_g (4

where o and 6 are the rigid-body degrees of freedom, wg is
gust velocity, Cq, Cq, and Cg are the corrcsponding
cocfficicnts. Response quantities for thesc analyses
include pitch rate, 6, and vertical acceleration at the
vehicle center of gravity, An, which is cxpressed in g
units as

An = %(a—é) as)
1y-Flexi 1

For the fully-flexible analyses, the equations of
motion of a flexible vchicle were used. Acrodynamic
characteristics were determined by a doublet-lattice
unstcady acrodynamics codc (ref. 10). The cquations of
motion are derived through a modal approach using

Lagrange's equations, resulting in linearized small-
perturbation matrix equations of the form

(MI{g}+IDI{q}+ [K{q}

2 2 (16
+loviaa)= eV Qg lw, .

where M, D, and K are respectively the generalized mass,
damping and stiffness matrices, Q and Qg are the
generalized acrodynamic force matrices due to vehicle
motion and gust, q is the vector of gencralized coordinates,
p is fluid density, V is velocity and w is gust velocity.

Response quantities included angular rates and linear
accelerations, shear forces, bending moments, and torsion
moments at several locations on the example
configuration. The rates and accelcrations are obtained by
weighting the generalized-coordinate rates and accelerations
by modal slopes and deflections. The forces and moments
arc obtaincd by the summation of forces method of
computing dynamic loads (ref.11). These dynamic loads
are comprised of inertia, motion-acrodynamic, and gust-
aerodynamic components as indicated by the following
equation

{L} = (M1 {a} + Lpv’[Ql {a}

2. an
* %p Vi{Qg}we
where L is a vector of dynamic loads, M is the incrtial
dynamic loads matrix, Q and Qg are the acrodynamic
dynamic loads matrices due to vehicle motion and gust, g
is the vector of gencralized coordinates, p is fluid density,
V is velocity and wy is gust velocity.

Numerical Resulls

Unless specifically identified as being otherwise, all
numerical results presented in this section of the paper
mect the conditions of "SDG-PSD Overlap" as defined in
Table L.

In performing the rigid-body analyses, five different
configurations, spanning a wide range of vehicle types,
weights, and flight conditions, were used. Table II
summarizes the characteristics of these configurations.

For each configuration the PSD Mecthod and Method
1 of the SDG Mcthod were performed using the short-
period approximation to the equations of motion. For the
PSD Mcthod 250 points wcere used in the numerical
integration of equations (10) and (11). For the SDG



Mecthod, the vehicles were cach subjected to about 50
single ramps. Table 111 and figurc 4 summarize these
results. As indicated in the table, all critical gust patterns
were comprised of either one (n=1) or two (n=2) single
gusts. None of the n=2 cases had either overlapping gusts
in the critical pattern or subsequent gusts in the same
dircction. Thus, the characteristics of the critical gust
patterns for all cases comply with the restrictions which
apply to Method 1, and Method 1A was not required.

In the last column of the table it is sccn that all ratios
of ¥/ A fall between 9.51 (8.6% below 10.4) and 11.13
(7.0% above 10.4). The mean value of the ratios is
10.32, with a standard deviation of 0.56.

Variation of the @g¢p/ @ypeeratio. An
investigation was performed to delermine the effect of the
Wgp / Ognee Falio on the resulting ¥/ A ratios. Using
configuration 2, the value of Cp, was artificially varied
in order to vary the short-period frequency, and the SDG
and PSD analyses were re-performed. Eight additional
values of Cy were chosen, four above and four below
the nominal value, resulting in about a factor-of-five
reduction and a factor-of-five increase in short-period
frequency. Results of this investigation are presented in
figure 5.

Figure 5 contains a semi-log plot of the ¥/ A ratio
for pitch-rate response as a function of the g, / Oypee
ratio for configuration 2. At values of the g, / @Wgpee
ratio below ten the ¥/ A ratios depart by almost 20%
from 10.4; at values of the gy, / @iy ratio above ten
the v/ A ratios remain very close to 10.4. These results
indicate that the /A ratio is, in fact, a function of the

Wgp / Oypee ratio and they quantify Jones' claim that og,

should be much greater than @y pee.
Results from Fully-Flexible Analyses

In performing the fully-flexible analyses, a single
configuration was used: the NASA DAST ARW-2
vehicle. This vehicle is a Firebee II target drone with its
standard wings replaced with acroclastic rescarch wings.
For these analyses two rigid-body (plunge and pitch) and
four symmetric flexible modes were uscd. The
eigenvalues at the analysis condition of 0.7 Mach number
and 15,000 feet altitude are plotted in figure 6. For this
configuration, the short-period frequency is 21.7 times the
knee frequency.

The PSD Mecihod and Mcthods 1 and 2 of the SDG
Mecthod were performed using the flexible-airplanc
cquations of motion. For the PSD Mcthod 1000 points
were uscd in the numerical integration of equation (11).
For the SDG Method, the vehicles were each subjected to

50 single ramps. Results from Methods 1 and 2 will be
discussed scparately.

SDG Method I, Table IV and figure 7 summarize
the PSD and SDG Method 1 results. As indicated in the
table, due to the presence of flexible modes in the
cquations of motion, the resulting critical gust patlerns are
significantly more complicated than they were for the
rigid-body analyses. Depending on the response, critical
gust patterns arc comprised of from threc to six single
ramps. In addition, for half of the responses, the critical
gust patierns contain overlapping ramps and subscquent
ramps in the same direction, indicating that Method 1A
must be attempted for these responses.

The single asterisk to the left of Table IV indicates
that Method 1 was used t0 determine the SDG response;
the double asterisk, that Mcthod 1A was used. SDG
responses for eight of the ten quantities could be
determined using either Method 1 or Method 1A, As
indicated in the table, for two of the quantitics (mid
torsion moment and c.g. vertical acceleration) necither
Method 1 nor Mcthod 1A could supply valid SDG
responses because of multiply-overlapping ramps in their
respective critical gust patierns.  In this case, then, the
only correct way to obtain SDG responses using Method
1 is to abandon superposition and to subject the
configuration to an extremely large number of inputs,
which was not attempted

For the eight quantities for which SDG responses
could be obtained, all ratios of ¥/ A fall between 8.80
(15.4% below 10.4) and 11.03 (6.1% above 10.4). The
mcan value of the ratios is 10.26, with a standard
deviation of 0.81.

SRG Method 2. Table V and figure 7 summarize
the PSD and SDG Method 2 results. Again, duc to the
presence of flexible modes in the equations of motion, the
resulting critical gust patterns arc significantly more
complicated than they were for the rigid-body analyses.
Depending on the response, critical gust patterns are
comprised of from three to ten single ramps. The same
five quantitics which had critical gust patterns violating
Method 1 restrictions show the same trend in the Method
2 results. However, because Method 2 is more gencral
than Mcthod 1, answers have been, and can always be,
computed for all ten response quantities.

As indicated in the last column of the table, all ratios
of ¥/ A fall between 8.49 (18.4% below 10.4) and 11.50
(10.6% above 10.4). The mean value of the ratios is
10.45, with a standard deviation of 0.91.

Figurc 8 contains an cxample of the kind of time-
corrclated gust loads available from the SDG Mcthod.



Part (a) of the figure conlains the critical gust pattern for
mid bending moment as determined by Method 2. It is
comprised of threc single ramps; the last two overlap each
other and arc in the same direction. Part (b) contains the
corresponding mid bending moment response, with peak
value occurring at about 1.4 seconds into the time history.
Part (c) contains the mid-torsion-moment responsc
resulting from the critical gust pattern for mid-bending
moment. Time historics (b) and (c) are time-corrclated
gust foads.

Observations

Table VI contains a summary of the sizes of the
_problems solved and the computer resources required to
solve those problems. Problem sizes have been expressed
as the sum of the order of the linear system plus the
number of outputs. All computer resources are for the
NASA-Langlecy CDC Cyber computers. The term
"computational cost" is defined to be the product of CPU
time and ficld length. Sevcral observations can be made:

(1) for rigid-body and fully-flexible analyses, the
compultational cost of performing an SDG
analysis Is significantly (twenty to thirty
times) larger than that of a PSD analysis;

(2) the computational cost of an SDG Method 2
analysis is about twice that of an SDG
Mecthod 1 analysis,

Table VIalsocontains a summary of the statistics of
the ¥ /A ratios for the problems solved:

(1) the mean valucs of the ?/ A ratios remain
within 2% of 10.4 for all implementations of the
SDG Method (Methods 1, 1A, and 2);

(2) the standard deviations of the Y/ A ratios about
their respective means incrcasé with the inclusion
of flexible modes in the equations of motion.

Concluding R |

This paper has presented the results of a recent NASA
investigation of the "SDG - PSD Overlap.” SDG and
PSD analyscs were performed for scveral airplancs at
diffcrent flight conditions and responses from each Method
were compared to sce if the "10.4 factor” was obtained.
Both rigid-body analyses and fully-flexible analyses were
performed. In addition, an approximate form (Mcthod 1)
and a more accurate form (Mcthod 2) of the SDG Method
were implemcented and investigated.

During the invesligations scveral parameters were

varied in an attempt to define quantitatively the limits of
the "Overlap." Based on both the rigid-body and the fully-
flexible results, an "SDG - PSD Overlap” does appear to
exist. However, this overlap appears to be characterized,
not by a "10.4 factor,” but rather by a "10.4 plus-or-
minus-approximately-five-percent factor” when rigid-body
equations are involved, and by a "10.4 plus-or-minus-
approximately-ten-percent factor” when fully-flexible
equations are involved. In addition, there is no guarantee
that an SDG Method 1 analysis will produce valid
answers. Complicated critical gust patterns may require
abandoning superposition, resulting in the requirement
that the configuration be subjected to an extremely large
number of inputs in order to obtain answers.

Other significant findings were the relative
computational costs of performing analyses using the
PSD Method and both SDG Mecthods. An SDG Method |
analysis costs between twenty and thirty times as much as
a PSD analysis; an SDG Mcthod 2 analysis costs twice
that of an SDG Method 1 analysis.

References

1. Jones, J. G.: Statistical Discrete Gust Theory for
Aircraft Loads. RAE Technical Report 73167,
1973.

2. Jones,J. G.: A Unificd Procedure for Meeting
Power-Spectral-Density and Statistical-Discrete-Gust
Requirements for Flight in Turbulence. ATAA Paper
No. 86-1011-CP, May 19-21, 1986.

3. Jones, J. G.: On the Formulation of Gust-Load
Requirements in Terms of the Statistical Discrete
Gust Mcthod. RAE Technical Memo FS 208,
1978.

4. Jones,J. G.: Summary Notes on Statistical Discrete
Gust Mcthod. RAE Technical Memo FS 323,
1980.

5. Jones,]. G.: An Equivalence Between Deterministic
and Probabilistic Design Criteria for Linear
Systems.. Journal of Sound and Vibration, Vol.
125, No. 2, 1988, pp. 341-356.

6. Jones, J. G.: Correspondence scnt to the authors,
available upon request.

7. Clementson, G. C.: An Investigation of the Power
Spectral Density of Atmospheric Turbulence. Ph.D.
Thesis, Massachusetts Institute of Technology,
1950.



8 Houbolt, J. C.; Steiner, R.; and Pratt, K. G.:
Dynamic Response of Airplanes to Atmospheric
Turbulence Including Flight Data on Input and
Responsc. NASA Technical Report R-199, 1964.

9. Etkin, Bernard: Dynamics of Flight: Stability and
Control. John Wiley & Sons, 1959.

10. Geising, J. P.; Kalman, T. P.; and Rodden, W. P.
Subsonic Unsteady Aerodynamics for General
Configurations, Part I Direct Application of the
Nonplanar Doublet Lattice Method. AFFDL-TR-71-
5, 1971,

11. Pototzky, A. S.; and Perry, B. III: New and Existing
Techniques for Dynamic Loads Analysis of Flexible
Airplanes. Journal of Aircraft, Vol. 23, No. 4,
April 1986, pp. 340-347.

Table 1. - Conditions for the "SDG - PSD Overlap"

SDG Quantities
(Refer to equations (1) and (2))

PSD Quantities
(Refer to equations (8) and (9))

L

k=3

Up= 1 foot per second

L =2500 feet

von Karman form of tbwg(m)
o-wg= 1 foot per second
L =2500 feet

Dhort period >~ ®Pknee

Table II. - Example Configurations for Rigid-Body Analyses

: ; Fight Condition Short Period
e Vehicle Frequency, wep sp
Mach No. | Altitude | radians/secon @knee
1 NASA DAST ARW-2 0.70 15,000 ft. 3.44 28.8
(Firebee 11 Drone)
2 Etkin Example Transport 0.74 30,000 ft. 1.44 10.8
3 OMAC Laser 300 0.33 Sca Level 3.87 58.2
4 Sabreliner 0.50 20,000 ft. 2.14 22.6
(without active controls)
5 Sabreliner 0.50 20,000 ft. 1.89 19.9
(with active controls) )




Table III. - Summary of SDG (Method 1) and PSD Results
for Rigid-Body Analyses

Response PSD Result SDG Results
Configuration Q r tit A Critical Gust Pattern i ¥
Number uantity { <
{units) (un tsMPs n__ | Overlap | Direction (units)
1 Pitch rate, 9 0.002062 2 No Opp. 0.02172 10.53
(radians per second)
c.g. ver(l. ac)cel.,An 0.02827 2 No Opp. 0.3041 10.76
g's
2 Pitch rate, 8 0.0006212 1 na na 0.006913 11.13
(radians per second)
c.g. verz. z':\c)ccl.,An 0.01546 1 nfa nja 0.1511 9.77
g's
3 Pitch rate, @ 0.005368 i n/a nla 0.05579 10.39
(radians per second)
c.g. verz. ac)cel.,An 0.02412 2 No Opp. 0.2584 10.71
g's .
4 Pitch rate, (.-) 0.001151 1 nfa n/a 0.01231 10.69
(radians per second)
c.g ver(l. ac)ce].,An 0.01936 i n/a n/a 0.1842 9.51
g's
5 Pich rate, 8 0.0008433 1 a na 0.009133 10.83
(radians per second)
c.g. vert. accel.,An 0.01994 1 na na 0.1947 9.77
(g's)
Control surf. defl., 5] 0.0003686 1 n/a n/a 0.003573 9.69
(radians)

Mean: 10.32
Std. Dev.: 0.56

Table IV, - Summary of SDG (Methods 1 & 1A) and PSD Results for Fully-Flexible Analyses

DAST ARW-2
Mach Number = 0.7 Altitude = 15, 000 It

, = 21.7
sP/“’knee

Response PSD Result SDG Results T
Quantity i A Critical Gust Pattern ¥ -
(units) {un ts)ﬁ'ps n  |Overlap IDirection] (units)
** Outboard Shear Force 0.6223 4 Yes Same 6.611 . 10.62
(pounds}
* Outboard Bending Moment 0.2153 3 No Opp. 2285 1 1061
{foot-pounds)
* Outboard Torsion Moment 0.2366 3 No Opp. 2.608 11.03
(foot-pounds)
** Mid Shear Force 8.428 3 Yes Same 92.96 11.03
(pounds)
b Mid Bending Moment 19.41 3 Yes Same 207.5 10.69
(foot-pounds)
1 Mid Torsion Moment 2.657 4 Yes Same
(foot-pounds)
* Piich Rate, c.g. 0.009581 5 No Opp. 0.09468 9.88
(radians per sec)
+ Vertical Acceleration, c.g. 31515 6 Yes Same
(feet per sec?)
* Vertical Acccleration, y = 82 156.6 3 No Opp. 1378. 8.80
(feet per sec?)
* Vertical Acceleration, y = 84 191.7 4 No Opp. 1804. 9.41
(feet per sec2)
*  SDG Method 1 ' Mean: 10.26
** SDG Method 1A . Std. Dev.: 0.81

t No solution possible
via superposition




Table V. - Summary of SDG (Method 2) and PSD Results

Mach Number = 0.7

for Fully-Flexible Anal
DAST ARW.2

@ = 21.7
SI/“’knee

yses

Altitude = 15, 000 ft

Response PSD _Result SDG Results ) T
Quantity A Critical Gust Pattern T T
(units) (units)ﬁps n Overlap | Direction] (units)
Outboard Shear Force 0.6223 4 Yes Same 6.400 10.28
{pounds)
Outboard Bending Moment 0.2153 3 No Opp. 2.385 11.08
(foot-pounds)
Outboard Torsion Moment 0.2366 3 No Opp. 2720 11.50
{foot-pounds)
Mid Shear Force 8.428 3 Yes Same 94.82 11.25
(pounds)
Mid Bending Moment 19.41 3 Yes Same 212.7 10.96
(foot-pounds) :
Mid Torsion Moment 2.657 4 Yes Same 28.54 10.74
(foot-pounds)
Pitch Rate, c.g. 0.009581 5 No Opp. 0.1015 10.59
{radians per sec)
Vertical Acceleration, c.g. 3.515 10 Yes Same 29.85 8.49
(feet per sec?)
Vertical Acceleration, y = 82 156.6 4 No Opp. 1478. 9.44
{feet per sccz) :
Vertical Acceleration, y = 84 191.7 4 No Opp. 1941. 10.13
(feet per sec?) :
Mean: 10.45
Std. Dev.: 0.91
Table VL - Summary of SDG - PSD Comparisons
Computer Resources o tost
Type of Problem =55 e 7/‘)\ Statistics
Analysis Size CPU Time Field Field Standard
(sec) Length CPU Time Length Mean Deviation’
Rigid-Bod 4 4 62K 37 137K 10.32 0.56
(Nfclhod 1
Fully-Flexible 52 134 170K 2700 236K 10.26 0.81
(Method 1)
Fully-Flexible 52 134 170K 4500 364K 10.45 0.91
(Method 2)

10




Gust
velocity

H, gradient distance (eq. (1))
or
s, distance (eg.(2))

Figure 1. - Family of equi-probable smoothly
-varying ramp-hold gusts for SDG
Method. '

wg (t)

Figure 2. - Combination of three single gusts.

A
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®, radians per second

Figure 3. - Von Karman power spectral density
function.
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Figure 4. - Comparison of SDG (Method 1) and
PSD results for rigid-body analyses.
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Figure 5. - Comparison of SDG (Method 1) and
PSD results for rigid-body analyses
as a functon of frequency rato.
Configuration 2. Piwch-rate
response.



Figure 6.
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Figure 7. - Comparison of SDG (Methods 1,

1A, and 2) and PSD results for
fully-tlexible analyses. DAST
ARW-2 configuradon.
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