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ISOTHERMAL LIFE PREDICTION OF COMPOSITE LAMINA 
USING A DAMAGE MECHANICS APPROACH 

Nader M. Abuelfoutouh,* Michael J. Verrllli, and Gary R. Halford 

Lewis Research Center 
Cleveland, Ohio 44135 

National Aeronautics and Space Admini stration 

. 
SUMMARY 

A method for predicting isothermal plastic fatigue life of a composite 
lamina i s  presented in which both fibers and matrix are isotropic materials. 
In general, the fatigue resistances of the matrlx, fibers, and interfacial 
material must be known in order to predict composite fatigue life. Composite 
fatigue life in this paper i s  predicted using only the matrix fatigue resist- 
ance due to inelasticity micromechanisms. The effect of the fiber orientation 
on loading direction Is accounted for while predicting composite life. 
application is currently limited to isothermal cases where the internal ther- 
mal stresses that might arise from thermal strain mismatch between fibers and 
matrix are negligible. 
of a composite lamina under either load o r  strain control. It i s  applied cur- 
rently t o  predict the life of tungsten-copper composite lamina at 260 "C under 
tension-tension load control. The calculated life of the lamina is in good 
agreement with available composite low cycle fatigue data. 

The 

The theory is formulated to predict the fatigue life 

INTRODUCTION 

Fatigue failure of a metal matrix composite (MMC) i s  a complex process. 
Failure modes can depend on the applied load, the properties of the matrix, 
fibers and interface, fiber volume fraction and orientation, and the service 
temperature and environment. Depending on these factors, the active failure 
mode can be matrix dominated, fiber dominated, fiber/matrix interfacial fail- 
ure, o r  self-similar fatigue damage (ref. 1). A fatigue life prediction method 
has t o  consider the most actlve mode of fallure t o  obtain a good estimate for 
1 i f e .  

In this work a tungsten reinforced copper composite containing unidirec- 
tional continuous fibers was studied. For specimens whose fibers were oriented 
parallel to the load axis, the failure mode was matrix dominated. Therefore, 
for the ensuing analysis this mode of fallure was assumed t o  dominate for all 
angles of fiber orientations. 

Further, it i s  assumed, for simplicity, that the composite fatigue failure 
can be considered as a sequence of two events where complete fatigue failure of 
the matrix i s  followed by immediate complete failure of the fibers. 
cracking introduces additional cyclic axial and shear stresses t o  the fibers. 
The localized nature of these stresses severely reduces the fiber residual 
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l i f e ;  t he re fo re ,  i t s  c o n t r i b u t i o n  t o  composite f a t i g u e  l i f e  can be neg lec ted .  
The a n a l y s i s  i n  t h i s  paper i s  l i m i t e d  t o  composites w i t h  a s t r o n g  f i b e r - t o -  
m a t r i x  bond and no i n t e r f a c i a l  phase. I n  tungsten-copper composites the  bond- 
i n g  i s  e x c e l l e n t ,  and t h e  two c o n s t i t u e n t s  a re  m u t u a l l y  i n s o l u b l e .  

CONSTITUTIVE RELATIONSHIP 

The s t a t e  v a r i a b l e  c o n s t i t u t i v e  r e l a t i o n s h i p  used i n  t h i s  paper i s  
d e r i v e d  i n  ( r e f .  2) and i s  rep resen ted  by t h e  f o l l o w i n g  two equat ions for 
i n e l a s t i c  s t r a i n  r a t e  and t h e  r a t e  of e v o l u t i o n  o f  t h e  s t a t e  v a r i a b l e  X, 
r e f e r r e d  t o  h e r e i n  as " r e s i s t a n c e  to  flow," 

. i  = A0 (J2/X 2 r  1 s . .  
'i j ' J  

r+l X '  ' - F ( X )  J2r+1 = = exp(CX+D) J2 

( 1 )  

( 2 )  

i 
where e i '  i s  t h e  i n e l a s t i c  s t r a i n  tenso r  and where A O ,  C , D and r a r e  
m a t e r i a l  Constants.  Values o f  the  constants  a t  260 "C  a re  g i v e n  i n  t a b l e  I .  
J2 i s  t h e  second i n v a r i a n t  o f  t h e  d e v i a t o r i c  s t r e s s  tenso r  S i '  The s ign  o f  
t h e  r a t e  o f  e v o l u t i o n  i s  p o s i t l v e  i f  the  m a t e r l a l  hardens and n e g a t i v e  i f  i t  
s o f t e n s  or i s  damaged. The s u p e r s c r i p t  i r e f e r s  to  i n e l a s t i c  s t r a i n ,  and 
t h e  d o t  rep resen ts  t h e  f i r s t  d e r i v a t i v e  w i t h  r e s p e c t  t o  t ime .  The f u n c t i o n  
F(X)  i s  a m a t e r i a l  s t a t e  f u n c t i o n  t h a t  c o n t r o l s  response and determines l i f e .  
The s t a t e  v a r i a b l e  increases f o r  hardening m a t e r i a l s  and then achieves a s t a b i -  
l i z e d  or shake down value,  X,, a f t e r  which the  m a t e r i a l  r e s i s t a n c e  decreases 
u n t i l  c a t a s t r o p h i c  f a i l u r e  occurs,  ( f i g .  1 ) .  I t  f o l l o w s  f o r  t h e  c o n t i n u o u s l y  
a p p l l e d  c y c l e s  t h a t  t h e  i n t e g r a t i o n  o f  Jzr+l  ove r  t h e  a p p l i e d  c y c l e  i nc reases  
w i t h  t h e  i nc rease  of X s  and decreases w i t h  i t s  decrease. This  i n t e g r a t i o n  
i s  c a l l e d  t h e  l o a d i n g  f u n c t i o n  L shown as a f u n c t i o n  o f  the  number o f  a p p l i e d  
c y c l e s .  The va lue  o f  t h i s  i n t e g r a t i o n  i s  assumed cons tan t  and equal t o  i t s  
va lue a t  shake down L . Us ing  t h i s  assumption and i n t e g r a t i n g  e q u a t i o n  
(2) over  t h e  e n t i r e  l i t e ,  i t  fol lows t h a t  t he  r e l a t i o n s h i p  between t h e  number 
o f  c y c l e s  t o  f a i l u r e ,  Nf, under c o n t i n u o u s l y  a p p l i e d  cyc les  i s  r e l a t e d  to  t h e  
i n i t i a l  r e s i s t a n c e  Xo and shake down r e s i s t a n c e s  as follows: 

C2exp(-CXS-D) - exp(-CXo-D)-exp(-D)l 
Nf Ls  = -C 

where t h e  r e s i s t a n c e  a t  f a i l u r e  equals  zero.  Equat ion ( 3 )  i s  used to  p r e d i c t  
f a t i g u e  l i f e  whenever L,, X s  and Xo a r e  known. 

SHAKE DOWN RESISTANCE 

The e v a l u a t i o n  o f  t h e  shake down r e s i s t a n c e  Xs  o f  the  composite c o n s t i -  
t uen ts  r e q u i r e s  an exper imenta l  r e l a t i o n s h i p  between t h i s  r e s i s t a n c e  and t h e  
a p p l i e d  s t r e s s  under l o a d  c o n t r o l  or the  a p p l i e d  s t r a i n  under s t r a i n  c o n t r o l .  
The l i f e  p r e d i c t i o n  method used i n  t h i s  paper r e q u i r e s  t h e  e v a l u a t i o n  o f  t h e  
shake down r e s i s t a n c e  X and l o a d  f u n c t l o n  L,. These va lues a r e  employed 
I n  equa t ion  ( 3 )  to  ca l cuTa te  the  number of c y c l e s  t o  f a i l u r e .  The shake down 
r e s i s t a n c e  i s  c a l c u l a t e d  i t e r a t i v e l y .  A va lue  for t h e  shake down r e s i s t a n c e  
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i s  f i r s t  assumed and used i n  t h e  c o n s t i t u t i v e  r e l a t i o n s h i p  t o  c a l c u l a t e  t h e  
s t r a i n  or s t r e s s  response under l oad  or s t r a i n  c o n t r o l ,  r e s p e c t i v e l y .  The 
c a l c u l a t e d  response i s  a p p l i e d  t o  t h e  exper imenta l  r e l a t i o n s h i p  between the  
r e s i s t a n c e  X, and t h e  a p p l i e d  s t r e s s  or s t r a i n  to  update X s .  The updated 
r e s i s t a n c e  i s  then used t o  update t h e  c a l c u l a t e d  response. 
t i n u e s  u n t i l  t h e  change i n  t h e  c a l c u l a t e d  shake down r e s i s t a n c e  ove r  an i t e r a -  
t i o n  i s  n e g l i g i b l e .  The l o a d  f u n c t i o n  fo r  a c o n s t i t u e n t  i s  c a l c u l a t e d  from 
i t s  c o n s t i t u t i v e  r e l a t i o n s  t a k i n g  t h e  r e s i s t a n c e  cons tan t  and equal t o  i t s  
va lue  a t  shake down. 

This  process con- 

LOCAL STRESSES AND STRAINS I N  COMPOSITE LAMINA 

S t r a i n  C o n t r o l  

I n  t h i s  s e c t i o n  the  l o c a l  s t resses  and s t r a i n s  i n  t h e  c o n s t i t u e n t s  o f  a 
An composite lamina w i t h  p e r f e c t l y  bonded cont inuous f i b e r s  a r e  considered.  

element of t h e  composite lamina i s  shown I n  f i g u r e  2(a) .  For convenience t h i s  
element i s  assumed t o  be composed o f  u n i f o r m l y  spaced square f i b e r s  and m a t r i x  
s t r i p s  and i s  sub jec ted  t o  an in -p lane  s t r e s s  t h a t  i s  produced by a b i a x i a l  
s t r a i n  c o n t r o l .  I t  i s  r e q u i r e d  t o  e v a l u a t e  t h e  s t r e s s  and s t r a i n  a t  any p o i n t  
i n  t h e  lamina. The e v a l u a t i o n  begins by i n t r o d u c i n g  a cont inuum disp lacement  
f i e l d ,  which rep resen ts  t h e  l o n g i t u d i n a l  d isplacements a long  t h e  c e n t e r l i n e  
o f  f i b e r s / a n d  m a t r i x  s t r i p s .  The cont inuum l o n g i t u d i n a l  s t r a i n  o b t a i n e d  by 
d i f f e r e n t i a t i n g  t h e  d isp lacement  f i e l d  i s  assumed equal t o  t h a t  o f  f i b e r s  and 
m a t r i x  a t  any t ime .  Therefore, t h e  cont inuum l o n g i t u d i n a l  s t r a i n  r a t e  equals  
t h e  f i b e r  and m a t r i x  l o n g i t u d i n a l  s t r a i n  r a t e .  The f i b e r  and m a t r i x  shear and 
s t r a i n  i n  t h e  l a t e r a l  d i r e c t i o n  of t h e  f i b e r s  a r e  n o t  equal  to  t h e  cont inuum 
s t r a i n  ob ta ined  by d i f f e r e n t i a t i n g  t h e  d isp lacement  f i e l d .  The e q u a l i t y  o f  
such s t r a i n s  c o n t r a d i c t s  t h e  e q u i l i b r i u m  a t  f i b e r  su r face  due t o  the  d i f f e r -  
ence between f i b e r  and m a t r i x  mechanical p r o p e r t i e s .  The shear and l a t e r a l  
cont inuum s t r a i n  a re  s m a l l e r  t han  those of t h e  m a t r i x  and l a r g e r  than  those o f  
f i b e r s .  L e t  us assume a l i n e a r  d isp lacement  f i e l d ,  and cons ide r  t h e  problem 
shown i n  f i g u r e  2 (c )  where t h e  composite i s  sub jec ted  t o  b i a x i a l  s t r a i n  r a t e s .  
I t  can be shown t h a t  t h e  cont inuum l o n g i t u d i n a l ,  l a t e r a l ,  and shear s t r a i n  
r a t e s  i n  axes p a r a l l e l  and p e r p e n d i c u l a r  t o  t h e  f i b e r s  a r e  g i v e n  by 

2 2 = i cos 0 + e s i n  0 
e l l c  x Y 

2 = i,sin20 + i cos 0 
"22c Y 

( 4 )  

- e I s i n  CI cos 0 
012c = (ex Y 

where ex and ey are  t h e  a p p l i e d  s t r a i n  r a t e s  i n  t h e  x and y d i r e c t i o n s ,  
r e s p e c t i v e l y ;  where e l l c ,  e2zC and q p C ,  are  t h e  cont inuum a x i a l  s t r a i n s  
measured a l o n g  t h e  f i b e r  d i r e c t i o n ,  p e r p e n d i c u l a r  t o  t h e  f i b e r  d i r e c t i o n ,  and 
t h e  shear s t r a i n  i n  t h e  p lane  of these two d i r e c t i o n s  r e s p e c t l v e l y ;  and where 
0 i s  t h e  ang le  between t h e  x a x i s  and f i b e r  d i r e c t i o n .  The m a t r i x  l a t e r a l  
and shear s t r a i n  r a t e s  a r e  o b t a i n e d  from the  cont inuum s t r a i n  r a t e s  by assum- 
i n g  t h a t  t h e  displacement a long  t h e  c e n t e r l i n e s  of  t h e  f i b e r s  and t h e  m a t r i x  
s t r i p s  i s  equal  to  those o b t a i n e d  from t h e  d isp lacement  f i e l d .  I t  follows 
from f i g u r e  2(a> t h a t  t h e  l o n g i t u d i n a l ,  l a t e r a l ,  and shear t o t a l  s t r a i n  r a t e s  
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i n  t he  m a t r i x  s t r i p  a r e  rep resen ted  i n  terms of t h e  continuum s t r a i n  r a t e  and 
f i b e r  l a t e r a l  and shear s t r a i n  r a t e s ,  as f o l l o w s :  

22f" 
e = e  ( l + v ) - e  
22m 22c 

where v i s  t he  r a t i o  o f  volume f r a c t i o n s ,  equal t o  V f / V m  ( v f  i s  t h e  volume 
f r a c t i o n  o f  the  f i b e r s  and i s  t he  volume f r a c t i o n  o f  the  m a t r i x )  and 
where t h e  m a t r i x  s t r a i n s  e l lm, e22m, and e12m and the  f i b e r  s t r a i n s  e l l f ,  
e22f,  and e12f ( f i g .  2 ( b > >  a re  measured i n  d i r e c t i o n s  p a r a l l e l  t o  the  co r re -  
sponding cont inuum s t r a i n  components. The l a t e r a l  and shear f i b e r  s t r a i n s  
have t o  s a t i s f y  t h e  l a t e r a l  and shear e q u i l i b r i u m  on the  f i b e r  su r faces .  For 
n o n l i n e a r  c o n s t i t u t i v e  f i b e r  and m a t r i x  response, these s t r e s s e s  a re  o b t a i n e d  
by i n t e g r a t i n g  t h e  equat ions o f  s t r e s s  r a t e s  s imu l taneous ly  w i t h  t h e  c o n s t i  t u -  
en ts  c o n s t i t u t i v e  r e l a t l o n s h i p s .  The s t r e s s  tenso r  i n  b o t h  f i b e r s  and m a t r i x  
i s  d e r i v e d  from t h e i r  e l a s t i c  s t r a i n  tenso r .  Therefore,  t h e  s t r e s s  r a t e  ten- 
sor o f  f i b e r s  and m a t r i x  a re  d e r i v e d  from t h e  corresponding e l a s t i c  s t r a i n  
r a t e  tenso r ,  which i s  t he  d i f f e r e n c e  between t h e  t o t a l  and i n e l a s t i c  s t r a i n  
r a t e  tenso rs .  I t  can be shown t h a t  t h e  components of t h e  s t r e s s  r a t e  tenso rs  
o f  the  m a t r i x  and t h e  f i b e r s  a re  rep resen ted  by t h e  f o l l o w i n g  d i f f e r e n t i a l  
equa t ions :  

V m  

. i  . i  i .e 
Sllm = KmCellc - ell,,, + urn ( 1  + v )  022c - '22m- VUme22m1-KmVUme22f 

.e 
= A2 + 82 e22f 

= A3 + 83 e12f 

. i  .e 
S l l f  = Kf % l c  - %fl + Kf Uf e22f 

'22f = '22m 

'12f = '12m 

' 0  = A4 + 84 e22f 
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2 2 
where 
a re  t h e  modulus, shear modulus, and Poisson r a t i o  for  t h e  m a t r i x  and f i b e r s ,  
r e s p e c t i v e l y .  The s u p e r s c r i p t s ,  e and i ,  r e f e r  t o  e l a s t i c  and i n e l a s t i c  
s t r a i n  r a t e s ,  r e s p e c t i v e l y .  The m a t r i x  s t r e s s  components Slim, S22m and 
S12m and t h e  f i b e r s  s t r e s s  components S l l f ,  S22f and S12f a re  p a r a l l e l  t o  
t h e  m a t r i x  and f i b e r  s t r a i n  components hav ing  t h e  same i n d i c e s .  
e l a s t i c  l a t e r a l  and shear s t r a i n  i n  t h e  f i b e r s  i s  o b t a i n e d  from t h e  l a t e r a l  and 
shear e q u i l i b r i u m  between t h e  m a t r i x  and f i b e r s  and can be w r i t t e n  as follows: 

Km = E m / ( l  - Um) and, Kf = E f / ( ( l - u f  ) and Em, Gm, Um, Ef, Gf and uf 

The r a t e  of 

'e 
=22f f f  f m = [A2/Kf + vKm)l  - Cu K / ( K  + vK )lCellc - ellfl ' i  

'e = [A3/(Gf - 8 3 ) l  
el 2f 

( 7 )  

The i n e l a s t i c  s t r a i n  r a t e s  and t h e  r a t e  o f  e v o l u t i o n  o f  the  r e s i s t a n c e  
bo th  i n  t h e  m a t r i x  and f i b e r s  a r e  o b t a i n e d  from equa t ions  (1)  and (2 )  upon 
u s i n g  t h e  a p p r o p r i a t e  m a t e r i a l  cons tan ts .  The e v a l u a t i o n  o f  l o c a l  m a t r i x  and 
f i b e r  s t r e s s  s t a t e  under s t r a i n  c o n t r o l  r e q u i r e s  t h e  s imultaneous s o l u t i o n  o f  
e i g h t  d i f f e r e n t i a l  equa t ions ;  t h e  f i r s t  four  equa t ions  o f  t h e  s e t  o f  equa- 
t i o n s  (61, e q u a t i o n  ( 7 1 ,  and two e v o l u t i o n  equa t ions  o f  t h e  c o n s t i t u e n t s  s t a t e  
v a r l a b l e s .  These equa t ions  reduce to  f i v e  i f  t h e  f i b e r s  a re  e l a s t i c .  

Load C o n t r o l  

The i n t e r n a l  i n  p lane  s t r e s s  s t a t e  o f  t h e  composi te lamina sub jec ted  t o  
b i a x i a l  s t r e s s  c o n t r o l  shown i n  f i g u r e  2(a) can be o b t a i n e d  by assuming a con- 
t inuum s t r e s s  f i e l d  for  t h e  composite. I n  t h i s  paper t h e  f i e l d  i s  assumed u n i -  
form; t h e r e f o r e ,  t he  l o n g i t u d i n a l ,  l a t e r a l ,  and shear cont inuum s t r e s s  r a t e s  
under t h e  b i a x i a l  s t r e s s  r a t e s  shown i n  f i g u r e  2 a r e  g i v e n  by 

2 2 = S, cos e + S s i n  e 
s l l c  Y 

CI n 

= S, s i n %  + s cos% 
s22c Y 

- S 1 s i n  e cos e 
Y 

s,2c = - ( S x  

where Sx and S, a r e  t h e  a p p l i e d  s t r e s s  r a t e s  i n  t h e  x and y d i r e c t i o n s .  
The cont inuum s t r e s s e s  S l l c ,  S2zC and S1zC a r e  p a r a l l e l  t o  t h e  cont inuum 
s t r a i n s  hav ing  t h e  same i n d i c e s .  The l a t e r a l  and shear s t r e s s  i n  t h e  f i b e r s  
and m a t r i x  a r e  equal t o  s a t i s f y  t h e  e q u i l i b r i u m  a t  f i b e r  su r faces  and a r e  
t h e r e f o r e  assumed equal t o  t h e  cont inuum l a t e r a l  and shear s t resses  a t  any 
t ime.  The l o n g i t u d i n a l  f i b e r  s t r e s s  i s  d i f f e r e n t  from t h a t  o f  t h e  m a t r i x .  
The cont inuum l o n g i t u d i n a l  s t r e s s  i s  an average s t r e s s  t h a t  p rov ides  t h e  same 
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l o n g i t u d i n a l  t r a c t i o n  i n  t h e  composite. Therefore,  t h e  l o n g i t u d i n a l  s t resses  
o f  f i b e r s  and m a t r i x  a r e  r e l a t e d  acco rd ing  to  t h e  r u l e  o f  m i x t u r e s ,  
S l i m  = ( 1  + VI S l l c  - v S l l f .  N o t i c e  t h a t  t he  l o n g i t u d i n a l  f i b e r  and m a t r i x  
t o t a l  s t r a i n  r a t e s  a re  equal .  Therefore i t  f o l l o w s  t h a t  t h e  f i b e r  l o n g i t u d i -  
n a l  s t r e s s  r a t e  and t h e  s t r e s s  s t a t e  i n  f i b e r s  and m a t r i x  a re  g i ven  by 

Sllm = (1 + v)  SllC - v Sllf 

where, H i  = E f [ ( l  t V ) / ( E m  + v E f > l ,  H2 = [ ( U f E m  - UmEf ) / (Em t v E f ) l ,  and 
H3 = [EmEf / (Em + v E f > l .  
c o n t r o l  r e q u i r e s  the  s imultaneous s o l u t i o n  of t h r e e  d i f f e r e n t i a l  equat ions.  
The f i r s t  one o f  the  s e t  o f  equa t ion  (9) and two e v o l u t i o n  equa t ions  f o r  t h e  
s t a t e  v a r i a b l e s  o f  t h e  f i b e r s  and t h e  m a t r i x .  For e l a s t i c  f i b e r s ,  t h e  t h r e e  
equat ions reduce to  two. 

Thus t h e  e v a l u a t i o n  o f  t h e  s t r e s s  s t a t e  under s t r e s s  

EXPERIMENTAL PROGRAM 

The m a t e r i a l  s t u d i e d  was a 4 p l y ,  u n i d i r e c t i o n a l  t u n g s t e n - f i b e r  r e i n f o r c e d  
The volume f r a c t i o n  o f  t h e  0.008 in . -d iamete r  tung- copper m a t r i x  composi te.  

s t e n  f i b e r  was 9 pe rcen t ,  and t h e  o r i e n t a t i o n  o f  t h e  f i b e r s  was p a r a l l e l  to  
t h e  l o a d  a x i s  ( i . e . ,  8 = 0"). 
formed a t  260 "C i n  vacuum ( < l . O E  - 5 to r r ) .  F i v e  specimens w e r e  t e s t e d  t o  
f a i l u r e  and two o t h e r  t e s t s  were i n t e r r u p t e d .  

Load-con t ro l l ed  f a t i g u e  exper iments were per-  

F i g u r e  3 (a )  shows t h e  t y p i c a l  c y c l i c  behav io r  of t h e  composi te under 
c y c l i c  t ens ion - tens ion  l o a d  c o n t r o l .  The composite specimen r a t c h e t s  c o n t i n u -  
o u s l y  up t o  f a i l u r e .  
w i t h  c y c l i n g ,  and t h e  h y s t e r e s i s  loops become n e a r l y  e l a s t i c  a t  f a i l u r e .  F ig-  
u r e  3(b) i s  a p l o t  of t h e  maximum c y c l i c  s t r a i n  of s i x  specimens as a f u n c t i o n  
o f  the  a p p l i e d  number o f  c y c l e s .  The r a t c h e t i n g  behav io r  i s  somewhat analogous 
to  t y p i c a l  creep behav io r  o f  m o n o l i t h i c  m a t e r i a l s .  The r a t c h e t i n g  r a t e  i s  h i g h  
a t  t he  beg inn ing  o f  the  t e s t  and decreases t o  approach a s teady s t a t e  r a t c h e t -  
i n g  r a t e  a f t e r  about 50 t o  100 c y c l e s .  
spans ove r  a q u a r t e r  o f  t h e  l i f e  f o r  the  l owes t  l o a d  l e v e l  and up t o  about 
th ree -quar te rs  o f  the  l i f e  f o r  t h e  h i g h e s t  l o a d  l e v e l .  
then increases as f a i  1 u r e  approaches. The f a i  1 u r e  s t r a i n  i nc reased  w i  t h  
i n c r e a s i n g  maximum c y c l i c  s t r e s s ,  r a n g i n g  from 4 . 7  percen t  f o r  a maximum 
s t r e s s  o f  35 k s i  t o  12.7 pe rcen t  for a maximum s t r e s s  o f  41.1 k s i .  

Also, t h e  range o f  c y c l i c  s t r a i n  decreases c o n t i n u o u s l y  

T h i s  steady s t a t e  r a t c h e t i n g  regime 

The r a t c h e t i n g  r a t e  

Examinat ion o f  t h e  f a i l e d  specimens revea led  t h a t  f a t i g u e  cracks nuc le-  
a t e d  i n  t h e  copper m a t r i x  v i a  g r a i n  boundary c a v i t a t i o n .  
t oge the r  t o  form cracks t h a t  grew around t h e  f i b e r s .  However, some f i b e r s  
broke b e f o r e  t h e  composite specimens f a i l e d .  
was observed. 

The c a v i t i e s  l i n k e d  

No o x i d a t i o n  o f  t h e  specimens 
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APPLICATION AND DISCUSSION 

The m a t e r i a l  cons tan ts  C and D should be eva lua ted  from t h e  f a t i g u e  
da ta  a t  t he  temperature of a p p l i c a t i o n .  Such d a t a  were n o t  a v a i l a b l e  f o r  
tungs ten  and a re  n o t  needed fo r  t h e  c u r r e n t  a p p l i c a t i o n .  The copper f a t i g u e  
d a t a  a t  260 "C w e r e  n o t  a v a i l a b l e  e i t h e r .  However, room temperature h i g h  
c y c l e  f a t i g u e  d a t a  o f  copper was r e p o r t e d  i n  ( r e f .  3). The va lues o f  C and 
D a t  260 "C a re  assumed t o  be equal t o  those a t  room temperature ( t a b l e  I). 
The i n i t i a l  va lues o f  r e s i s t a n c e  XO for b o t h  copper and tungs ten  were 
ob ta ined  t o  p r o v i d e  a c a l c u l a t e d  t r a n s i e n t  t e n s i l e  response c l o s e  to  t h e  
observed one. These va lues a l s o  a re  g i v e n  i n  t a b l e  I .  

The f a t i g u e  shake down r e s i s t a n c e  o f  t h e  i n s i t u  composite c o n s t i t u e n t s  
may be d i f f e r e n t  from t h e  r e s i s t a n c e  o f  t h e  i n d i v i d u a l  c o n s t i t u e n t s .  
fore, the  shake down r e s i s t a n c e  o f  t h e  m a t r i x  i s  eva lua ted  from t h e  composite 
f a t i g u e  data.  Specimens 3, 4, and 5 were used t o  develop a c o r r e l a t i o n  between 
t h e  m a t r i x  shake down r e s i s t a n c e  and a p p l i e d  s t r e s s .  To develop such c o r r e l a -  
t i o n ,  t h e  tungs ten  f i b e r  r e s i s t a n c e  i s  assumed t o  be cons tan t  and equal  t o  
i t s  i n i t i a l  va lue .  The m a t r i x  shake down r e s i s t a n c e  i s  o b t a i n e d  i t e r a t i v e l y .  
I n i t i a l l y ,  t h e  m a t r i x  I s  assumed l i n e a r  e l a s t i c ,  and equa t ion  (9) i s  used t o  
o b t a i n  an i n i t i a l  e s t i m a t e  f o r  L, o f  t h e  m a t r i x .  Th i s  e s t i m a t e  i s  used i n  
equa t ion  (3) t o  o b t a i n  an i n i t i a l  e s t i m a t e  for X s  o f  t h e  m a t r i x .  Equa- 
t i o n  (9 )  i s  then used t o  update 
t i o n  (3) t o  update X s .  Th is  process con t inues  u n t i l  t h e  va lues o f  t h e  Ls 
and X s  f o r  t h e  m a t r i x  converge. An e f f e c t i v e  s t r e s s  I s  d e f i n e d  as t h e  square 
root o f  the  maximum va lue  o f  3*J2 f o r  t h e  l o c a l  a p p l i e d  c y c l i c  s t r e s s  i n  t h e  
m a t r i x .  Upon c o r r e l a t i n g  t h e  shake down r e s i s t a n c e  o f  specimens 3, 4, and 5 
t o  t h e i r  e f f e c t i v e  s t r e s s ,  i t  can be shown t h a t  t h e  copper shake down r e s i s t -  
ance a t  260 "C i s  a lmost  cons tan t  and equal t o  69.0 k s i .  Th i s  va lue  f o r  shake 
down i s  a p p l i e d  t o  p r e d i c t  t h e  l i v e s  o f  t h e  specimens 1 ,  2, 6, and 7. 

There- 

L s ,  which i s  subsequent ly  a p p l i e d  t o  equa- 

The c a l c u l a t e d  l i v e s  o f  these specimens a r e  g i v e n  i n  t a b l e  11. Good 
agreement i s  e v i d e n t  between t h e  observed and p r e d i c t e d  low c y c l e  f a t i g u e  
specimens 3, 4, 5, 6, and 7. The agreement i s  n o t  good f o r  t h e  h i g h  c y c l e  
f a t i g u e  specimens 1 and 2. This  can be a t t r i b u t e d  t o  t h e  f a c t  t h a t  t h e  e s t i -  
mated va lue o f  X s  = 69.0 i s  o b t a i n e d  from composi te low c y c l e  f a t i g u e  
r e s u l t s ,  which may n o t  be a p p r o p r i a t e  for  h i g h  c y c l e  f a t i g u e .  

o f  
whi 
i s  
g i  v 

f i b e r  o r i e n t a t i o n  i nc reases  up t o  an-angle o f  approx ima te l y  t o  33", 
ch they  m o n o t o n i c a l l y  i nc rease  as shown i n  f i g u r e  4 .  The decrease i n  
f o l l o w e d  by a p r e d i c t e d  i nc rease  i n  m a t r i x  l i f e .  The composi te l i f e  
'en angle of f i b e r  o r i e n t a t i o n ,  however, c o u l d  be f i b e r - c o n t r o l l e d  or 

m a t r i x  i n t e r f a c e - c o n t r o l  l e d .  An a p p r o p r i a t e  l i f e  p r e d i c t i o n  r e q u i r e s  
d i c t e d  l i v e s  o f  each p o t e n t i a l  c o n t r i b u t o r  on f i g u r e  4 .  The composi te 
any o r i e n t a t i o n  would be t h e  lowest o f  t h e  p r e d i c t e d  c o n s t i t u e n t  l i v e s  

The v a r i a t i o n  o f  p r e d i c t e d  l i f e  w i t h  f i b e r  o r i e n t a t i o n  i s  shown i n  
f i g u r e  4 f o r  the  same s t resses  as had been a p p l i e d  t o  specimen 7 .  T h i s  p r e d i c -  
t i o n  i s  based on t h e  assumption t h a t  composite f a t i g u e  f a i l u r e  remains m a t r i x  
c o n t r o l l e d  and t h a t  t h e  m a t r i x  f a i l s  due to  i n e l a s t i c i t y  micromechanisms. 
N o t i c e  t h a t  t he  e f f e c t i v e  s t r e s s  and Lc i n  t h e  m a t r i x  decreases as t h e  ang le  

a f t e r  

a t  any 
f i b e r l  
he pre-  
i f e  a t  

LS 
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FUTURE RESEARCH 

Cons 

A0 
r 
C 
0 
xo 

Three recommendations for  f u t u r e  research a r e  proposed. F i r s t ,  t h e  analy-  
s i s  should be developed t o  account for t h e  e f f e c t  of i n e l a s t i c i t y  due t o  t h e r -  
mal s t r a i n .  Such a s tep  i s  mandatory i f  the  model i s  t o  be a p p l i e d  t o  p r e d i c t  
thermomechanical f a t i g u e  l i f e .  Second, i t  i s  r e q u i r e d  t o  conduct h i g h e r  c y c l i c  
l i f e  composite f a t i g u e  exper iments t o  improve t h e  r e p r e s e n t a t  on o f  t h e  shake 
down r e s i s t a n c e  for h i g h  c y c l e  f a t i g u e .  T h i r d ,  composite f a t  gue exper iments 
should be conducted a t  d i f f e r e n t  angles o f  o r i e n t a t i o n  t o  ve r  f y  t h e  v a l i d i t y  
o f  the  proposed l i f e  p r e d i c t i o n  method. 
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TABLE 11. - FATIGUE RESULTS 
re - 001  

Number Maxi mum 1 st;w;s. 

33.5 
34.4 
35.0 
37.2 
38.6 
40.2 
41.1 

Minimum 
s t r e s s ,  
ks i 

1.42 
1.53 
1.48 
1.53 
1.52 
1.49 
1.51 

aTest i n t e r r u p t e d  p r i o r  t o  f a i l u r e  
bTest used t o  c a l c u l a t e  m a t e r i a l  constants  
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