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EXPLICIT, IMPLICIT, AND HYBRID METHODS 

T. Belytschko 
Northwestern University 

Evanston, I l l i n o i s  

Time integration methods can be separated into two groups: explicit and 
implicit. Roughly speaking, methods which do not involve the solution of any 
algebraic equations are called explicit, whereas those that require the solution 
of equations are called implicit. 

The relative advantages and disadvantages of explicit and implicit methods 
are summarized in Fig. 1. It is interesting to observe that the positive attrib- 
utes of these two methods form complementary sets, so that if the positive 
attributes of the two methods can be combined into a single method, a truly 
powerful method would be achieved. 

An important point which is brought out in Fig. 1 is that whereas implicit 
methods are unconditionally stable for linear problems, stability does not imply 
accuracy and in fact the stability of implicit methods has often misled 
structural analysts into using time steps which yield very poor accuracy. 
Furthermore, no current t€me integration will undoubtedly be an important topic 
for future research. 

R e l a t i v e  m e r i t s  o f  e x p l i c i t  and i m p l i c i t  i n t e g r a t i o n  methods 

Expl  i c i  t 

t very s i m p l e  and t r o u b l e  f r e e  a l g o r i t h m ,  complex phenomena e a s i l y  i n c l u d e d  

+ accuracy i s  assured i f  A t  s t a b l e  f o r  l a r g e  systems 

+ no s t i f f n e s s  m a t r i x  necessary - saves s to rage  

- c o n d i t i o n a l l y  s t a b l e ,  smal l  A t  

Imp1 i c i  t 

+ u n c o n d i t i o n a l l y  s t a b l e ,  l a r g e  A t  

- complex a l g o r i t h m  w i t h  low r e l i a b i l i t y  i n  n o n l i n e a r  s i t u a t i o n s  

- accuracy can d e t e r i o r a t e  

- Newton form has l a r g e  core s to rage  requ i remen ts  

Figure 1 
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The major 
dure s has be e n 
na tu re  of t he  

t rend  of t h e  p a s t  decade of research  on time i n t e g r a t i o n  proce- 
hybr id i za t ion  methods so  as t o  take  advantage of t h e  complementary 
p o s i t i v e  a t t r i b u t e s  of e x p l i c i t  and i m p l i c i t  In t eg ra t ion .  The 

types of hybr id i za t ion  are ind ica t ed  i n  Fig.  2. References €or these  methods are 
a s  fol lows:  p a r t i t i o n i n g  (1-71, ope ra t ing  s p l i t t i n g  methods 18-11], semi- 
i m p l i c i t  methods [9-121. It should be noted t h a t  t h e  d i s t i n c t i o n  between semi- 
i m p l i c i t  methods and ope ra to r  s p l i t t i n g  methods i s  r a t h e r  fuzzy; both groups oE 
methods t r y  t o  achieve uncondi t iona l  s t a b i l i t y  through some modi f ica t ion  of t h e  
evo lu t ion  ope ra to r  which e i t h e r  completely obv ia t e s  t h e  need for so lv ing  any 
equat ions or  reduces the  s i z e  of the  s y s t e m  t o  be solved.  

O b j e c t i v e  o f  c u r r e n t  r e s e a r c h  i n  t i m e  i n t e g r a t i o n :  
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t o  e x p l o i t  t h e  advantages  o f  i m p l i c i t  and e x p l i c i t  methods t h r o u g h  

h y b r i d i z a t i o n  (advantages  o f  t h e  two  methods a r e  complementary ! )  

d i r e c t i o n s :  

p a r t i t i o n i n g :  d i f f e r e n t  o p e r a t o r s  on d i f f e r e n t  p a r t s  o f  t h e  mesh 

s e m i - i m p l i c i t  methods: u n c o n d i t i o n a l l y  s t a b l e  methods t h a t  r e q u i r e  no 

s o l u t i o n  o f  e q u a t i o n s  o r  s m a l l e r  systems 

o p e r a t o r  s p l i t t i n g  methods: s p l i t  ,A t o  s i m p l i f y  s o l u t i o n  - s i m i l a r  t o  

s e m i - i m p l i c i t  

Figure 2 



The major shortcoming of o p e r a t o r  s p l i t t i n g  methods h a s  been t h e  r a p i d  
d e t e r i o r a t i o n  of t h e i r  accu racy  w i t h  i n c r e a s i n g  time s t e p .  For  example,  i f  w e  
c o n s i d e r  t h e  T r u j i l l o  s e m i - i m p l i c i t  method, which is i l l u s t r a t e d  i n  F ig .  3 ,  we 
f i n d  t h a t  as t h e  Courant number i n c r e a s e s  t h e  accu racy  d i m i n i s h e s  d r a m a t i c a l l y .  
I n  Reference [ l o ]  i t  i s  shown t h a t  t h e  phase v e l o c i t y  i n  a one-dimensional mesh 
i n  t h e  T r u j i l l o  method is  such  t h a t  t h e  s h o r t e r  waves e s s e n t i a l l y  on ly  advance 
one mesh l e n g t h  d u r i n g  a t i m e  s t e p ;  t h u s ,  t h e  e f f e c t  of t h e  semi - impl i c€ t  i n t e -  
g r a t o r ,  as shown i n  F ig .  4 ,  is  t o  r e t a r d  wave v e l o c i t y  s o  s e v e r e l y  t h a t  regard-  
less of t h e  s i z e  of t h e  time s t e p  a quasi-Courant c o n d i t i o n  a p p l i e s  i n  t h a t  t h e  
numerical  waves o n l y  t r a v e r s e  a s i n g l e  element i n  a time s t e p .  Th i s  d i s t o r t i o n a l  
c h a r a c t e r i s t i c  of s e m i - i m p l i c i t  methods has  a l s o  been noted i n  t h e  rigid-body 
modes by Park and Housner [ 1 2 ] .  I n  Reference [ 1 2 ]  s e v e r a l  t e c h n i q u e s  f o r  
improving t h e  accu racy  of s emi - impl i c i t  methods were developed,  but  we have no t  
had time t o  check t h e i r  e f f e c t s  i ndependen t ly .  

TRUJILLO SEMI-IMPLICIT 

( re f .  9 )  

U l e t  

s imi la r  t o  2 passes o f  Gauss - Seidel 

unconditional ly  s t a b 1  e 

a ccu racy ? 

F i g u r e  3 
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Avoidance of equation solution and unconditional stability can be achieved 
by rational Runge-Kutta methods 1131, see Fig. 5 .  Again, the accuracy of these 
methods deteriorates rather quickly when the time step is much larger than the 
stability limit €or the explicit methods. These methods seem to be most suited 
to parabolic systems. For structural mechanics,which involves a combination of 
hyperbolic and parabolic behavior, their lack of accuracy is generally unaccept- 
able. 

R a t i o n a l  Runge K u t t a  

b = bl v1 + b2 v2 

u n c o n d i t i o n a l l y  s t a b l e  and second o rde r  a c c u r a t e  

if c = T ,  bl = 2, b = -1 H a i r e r  1980 ( re f .  13) 1 
2 

no s o l u t i o n  o f  equa t ions  i f  ,M d iagona l  

x < 0 i f  A t  i s  t o o  l a r g e  

p a r t i t i o n e d  R a t i o n a l  Runge K u t t a  methods, L i u  e t  a l .  

IJNME, 1581-1597, (1984), 1984 ( r e f .  14) 

Figure 5 
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A very novel  o p e r a t i n g  s p l i t t i n g  method, which i t s  t h  u n i  ue f e a t u r e s  
of t h e  f i n i t e - e l e m e n t  assembly o p e r a t i o n ,  h a s  r e c e n t l y  been developed by Hughes 
and coworkers [151. T h i s  method on ly  r e q u i r e d  conve r s ion  of t h e  element  matri- 
ces,  so whi l e  t h e  method does not completely avo id  t h e  s o l u t i o n  of e q u a t i o n s  as 
i n  semi - impl i c i t  methods, t h e  s i z e  of e q u a t i o n s  t o  be s o l v e d  is reduced subs t an -  
t i a l l y ,  see F ig .  6 .  Hughes and coworkers make a very compell ing argument t h a t  
t h i s  t ype  of method w i l l  prove p a r t i c u l a r l y  b e n e f i c i a l  i n  t h ree -d imens iona l  
a p p l i c a t i o n s .  

We have t e s t e d  a n  e a r l y  v e r s i o n  of t h e  method i n  bo th  p a r a b o l i c  systems and 
e l a s t i c - p l a s t i c  s t r u c t u r a l  mechanics problems. I n  comparing t h e  method w i t h  a 
c o n j u g a t e  g r a d i e n t  method, we found t h a t  t h e  element-by-element and c o n j u g a t e  
g r a d i e n t  methods were of comparable speed. When used w i t h  l a r g e  t i m e  s t eps  i n  
s t r u c t u r a l  dynamics problems,  we were not  a b l e  t o  a c h i e v e  r e a s o n a b l e  accu racy  
u n l e s s  w e  made a l a r g e  number of sweeps d u r i n g  e a c h  time s t e p .  On t h e  o t h e r  
hand, we  found t h e  method t o  be very u s e f u l  i n  c ra sh - type  problems i n  c o n j u n c t i o n  
w i t h  e x p l i c i t  t echn iques .  As a deforming s t r u c t u r e  becomes most ly  p l a s t i c ,  i t  
becomes p o s s i b l e  t o  i n c r e a s e  t h e  e x p l i c i t  time s t e p  q u i t e  a b i t  i f  t h e  element- 
by-element procedure i s  used t o  s t a b i l i z e  e l emen t s  which unload i n t o  t h e  e l a s t i c  
regime. T h i s  would d e t r a c t  somewhat from t h e  accu racy  i f  i t  occur s  i n  many ele- 
ment. However, i n  g e n e r a l ,  phase accu racy  i s  not  a n  o v e r r i d l n g  conce rn  i n  c ra sh -  
t y p e  problems, s o  t h a t  t h e  p o t e n t i a l  of t h e s e  methods f o r  s t a b i l i z i n g  e x p l i c i t  
methods i s  worth i n v e s t i g a t i n g .  We have not  y e t  t r i e d  t h e  l a t e r  v e r s i o n s  of t he  
element-by-element t e c h n i q u e  which are r e p o r t e d  t o  be s u b s t a n t i a l l y  more accu- 
r a t e .  Reference [161 r e p o r t s  a procedure which reduces t h e  computa t iona l  e f f o r t  
r e q u i t e d  i n  s o l v i n g  t h e  element e q u a t i o n s  by as much as a n  o r d e r  of magnitude. 

ELEMENT-BY-ELEMENT OPERATOR SPLIT 

Hughes, L e v i t .  U i n g e t  ASCE J. Eng. Mech. O i v .  A p r r l  1983 ( r e f .  8)  

Comp. b t h .  @ P I .  k c h .  Eng. 1983 ( r e f .  IS) 

O r t i z ,  P insky  and T a y l o r  (ref. 17) 

R e c a l l  i m p l i c i t  Eqns. 

P g p r o x i m t i o n  

So (2 )  b e c a n s  

P r o c e d u r e  

ONLY ELEMENT MATRICES NEED TO BE INVERTED! 

F i g u r e  6 
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For problems w i t h  d i f f e r e n t  time scales  such  as t h e  s p a c e - s t r u c t u r e  
deployment problem, where high-frequency impacts  occur  i n  c o n j u n c t i o n  w i t h  low- 
f r equency  r igid-body motions,  t h e  p a r t i t i o n e d  .-- methods are q u i t e  promising. 
P a r t i t i o n e d  methods are d e f i n e d  as t h o s e  which employ d i f f e r e n t  time s t e p s  or 
d i f f e r e n t  i n t e g r a t o r s  i n  d i f f e r e n t  parts O E  t h e  mesh. During a n  i n p u t ,  i t  would 
be d e s i r a b l e  t o  use  d i f f e r e n t  time s t e p s  i n  t h e  v i c i n i t y  of t h e  impact in s o l v i n g  
a large-scale s t r u c t u r e  problem. By do ing  t h i s ,  accu racy  could be r e t a i n e d  i n  
a l l  p a r t s  of t h e  mesh w i t h o u t  engendering large expense.  The p o t e n t i a l  of t h e s e  
methods i s  i n d i c a t e d  i n  Fig.  7. 
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Considerable progress has recently been achieved in mesh partitions with 
different time steps, see References 5 to 12; 14 to 16, and 18 to 20. Basically, 
two types of mixed time partitions have been involved: element partitions and 
nodal partitions. The algorithm for nodal partition is shown in Fig. 8. Nodal 
partitions appear t o  provide the best accuracy, but their analysis has been 
impeded by the fact that the amplification matrix is not symmetric. 

S u b c y c l i n g  w i t h  Nodal P a r t i t i o n  

fn  - 
0 0 0 

0 0 0 0 
1 2 3 4 

nodes 1 and 2 w i t h  A t  

nodes 3 and 4 w i t h  .?At 

compu ta t i ons  i n  c y c l e  

update ul, u2 

upda te  f@ f@ 

update ul, u2 

upda te  b, i = l t o 3  

update ul, u2, u3, u4 

update @ Q  

0 a m p l i f i c a t i o n  m a t r i x  i s  n o t  symmetric 

Figure 8 
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An elemental partition is shown in Fig. 9. Element partitions are 
associated with symmetric amplification matrices and in Ref. [20l a prooE of 
sufficient conditions or stability has been given for a first-order, linear 
system with different time steps. The proof applies to both explicit and 
implicit integrators. 

Subcyc l i ng  w i t h  Elemental P a r t i t i o n  

u untl = 2' + A t ( $ l ) ( S n  - K 2') 1 s t  o rde r  system i .e.  heat  conduc t ion  

d i f f u s i o n  u 
1 2 3 

1 2 3 4 
0 0 0 0 

elements 1 - w i t h  A t  

elements 2 & 3 - w i t h  ,?At 

computat ions i n  c v c l e  

update ul, u2 

update 

u sometimes deleted 
t9 

update ul' Lu2, 
update fo i = 1 t o  3 

update ul, u2, u3,  u4 

update fo 

a m p l i f i c a t i o n  m a t r i x  eqns a r e  symmetric 

Figure 9 
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P a r t i t i o n e d  i m p l i c i t  methods a r e  p a r t i c u l a r l y  wel l -sui ted t o  i t e r a t i v e  
so lvers .  Whereas f o r  Newton-type s o l v e r s ,  s eve ra l  d i f f e r e n t  t r i a n g u l a t i o n s  have 
t o  be s to red  f o r  mixed t i m e  i n t e g r a t i o n ,  t h i s  i s  not necessary f o r  i t e r a t i v e  
so lvers .  To i l l u s t r a t e  the  na ture  of the s o l u t i o n s  which can be obtained from 
these  methods the  r e s u l t s  of t he  thermal t r a n s € e n t  problem i n  Fig. 10 a r e  shown 
i n  Figs .  11 and 12. An i n t e r e s t i n g  observa t ion  from Fig. 12 i s  t h a t  when the  
time s t e p  r a t i o  i s  extremely l a r g e  ( 3 2 : l  i n  case 2 ) ,  s t a b i l i t y  i s  maintained but 
l a rge  e r r o r s  develop. It has become c l e a r  t h a t  methods of t h i s  t y p e  must use a 
smooth t r a n s i t i o n  of time s t e p s  from the sma l l e s t  time s t e p  t o  the l a r g e s t  time 
s t ep .  Thus, an important i ng red ien t  €n any mixed time i n t e g r a t i o n  procedure i s  a 
s t r a t e g y  which au tomat ica l ly  s e l e c t s  the  time s t e p s  wi th in  the  d i f f e r e n t  regimes 
according t o  accuracy requirements and provides smooth t r a n s i t i o n s  of t i m e  s t e p s  
between regions where very l a rge  time s t e p s  can be used and those where very 
small  t i m e  s t e p s  can be used. 
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The p o t e n t i a l  of t h e s e  methods even i n  two-dimensional problems is q u i t e  
tremendous,  as evidenced by t h e  comparisons shown i n  F ig .  13. Th i s  i s  a two- 
d imens iona l  h e a t  conduc t ion  problem w i t h  a large range of the rma l  c o n d u c t i v i t i e s .  
A s  can be s e e n  from t h e  comparison, s a v i n g s  of a f a c t o r  of 2 t o  5 can  be ach ieved  
even i n  moderately s i z e d  two-dimensional problems. These t y p e s  of s a v i n g s  have 
impor t an t  i m p l i c a t i o n s  i n  a computer-aided e n g i n e e r i n g  environment ,  where t h e  
a n a l y s i s  of a new concept  must be ach ieved  i n  a r e a s o n a b l e  amount of time i f  t h e  
d e s i g n  p rocess  is t o  be i n t e r a c t i v e .  

I 

These mixed-time i n t e g r a t i o n  p rocedures  are i n  many ways s t i l l  i n  t h e i r  
i n fancy .  The a p p l i c a t i o n s  t o  n o n l i n e a r  problems and contact- impact  problems w i l l  
probably r e q u i r e  s p e c i a l  s t r a t e g i e s  i n  o r d e r  t o  e x p l o i t  t h e s e  methods t o  t h e i r  
f u l l e s t  advantage.  It would a l s o  be d e s i r a b l e  t o  deve lop  s t a b i l i t y  a n a l y s e s  i n  
t h e  l i n e a r  regime f o r  second-order sys t ems ,  such  as t h e  e q u a t i o n s  of motion, and 
fo r  nodal p a r t i t i o n s .  

T h i s  c lass  of methods, when combined w i t h  i t e r a t i v e  s o l v e r s ,  would be 
un ique ly  s u i t e d  f o r  p a r a l l e l  a r c h i t e c t u r e  computers.  I n  p r i n c i p l e ,  each  sub- 
domain w i t h  a p a r t i c u l a r  time s t e p  could be t r e a t e d  by a d i f f e r e n t  CPU. Data 
t r a n s f e r  between subdomains would on ly  be necessa ry  f o r  i n t e r f a c e  d a t a .  

Storage and Running Time Comparisons 

Storage 

Method I-4E-8E-81 I I -E-2E-21 I 
A t  = 1 A t = 1  A t - 4  A t  = 4 

nonzero 
terms i n  3288 33771 6089 33771 

average 
semi bandwid th  6 69 12 69 

s o l u t i o n  
t ime  90. 516. 70. 139. 
CPU-s 

Note: 0 problem i s  l i n e a r ;  

o 8 x 50 mesh i s  numbered f o r  l a r g e  bandwidth t o  s imu la te  
3D problems. 
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