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N o r f o l  k , V i  r g i  n i  a 23508 

and 

3.  . . W i  son 

Langley Research Center 

Nat i onal Aeronaut i cs and Space Admi n i  s t r a t i  on 

Hampton, V i r g i n i a  23665-5225 

4BSTRACT 

A s imple formula f o r  t h e  t r a n s i t i o n  p r o b a b i l i t y  f o r  e l e c t r o n  exchange 

between u n l i k e  i o n s  and atoms i s  e s t a b l i s h e d  w i t h i n  t h e  a d i a b a t i c  

approx imat ion by employing t h e  L i n e a r  Combination of Atomic O r b i t a l s  (LCAO) 

method. The formula a l s o  i n v o l v e s  an a d i a b a t i c  parameter, i n t r o d u c e d  by 

Massey, and thus  t h e  d i f f i c u l t i e s  a r i s i n g  from t h e  i n t e r n a l  energy d e f e c t  and 

t h e  a d i a b a t i c  approx imat ion a r e  avoided. S p e c i f i c  r e a c t i o n s  

Li3 '  t H + L i t +  + H+ and Be4' + H +Be3+ t Ht a r e  considered a s  examples. 

c a l c u l a t e d  cap tu re  cross s e c t i o n  r e s u l t s  of t h e  present  work a re  compared w i t h  

t h e  exper imental  data and w i t h  t h e  c a l c u l a t i o n s  o f  o t h e r  authors over  t h e  

v e l o c i t y  range o f  10 cm/sec t o  108cm/sec. 

The 
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I. INTKODUCTION 

Charge t r a n s f e r  c o l l i s i o n s  p r o v i d e  an i n t e r e s t i n g  three-body system which 

i s  amenable t o  t h e o r e t i c a l  a n a l y s i s  i n  a d d i t i o n  t o  t h e i r  importance i n  t h e  

s t u d i e s  o f  f u s i o n  plasmas, astroph.ysica1 processes, and more recen t  s t u d i e s  o 

s h o r t  wavelength l ase rs .  T r a d i t i o n a l  i n t e r e s t  s t i l l  looms as impor tan t  

a p p l i c a t i o n s  i n  heavy i o n  a c c e l e r a t o r s  and rad ia t i on - induced  chemis t r y  as we1 

as charged p a r t i c l e  t r a n s p o r t s  i n  mat ter .  

I n  t h e  past ,  t h e  pe r tu rbed  s t a t i o n a r y  s t a t e  (PSS) method has been a p p l i e d  

t o  s tudy a symmetric resonance process such as A+ + A + A  + A+. 

t h e o r e t i c a l  approaches r e s t  on o b t a i n i n g  s t a t i o n a r y  mo lecu la r  s t a t e s  

( re f s .  1-3). These r e s u l t s  a re  u s u a l l y  i n  good agreement w i t h  t h e i r  

exper imenta l  coun te rpa r t s .  Encouraged w i t h  t h i s  success, i n  t h e  above 

resonant process, extending these c a l c u l a t i o n s  t o  t h e  c o l l i s i o n s  between 

u n l i k e  i o n s  and atoms i s  p r e s e n t l y  s tud ied.  I n  t h i s  con tex t ,  t h e  r e a c t i o n  of 

t h e  t y p e  

Var ious 

A'+ B + Bq+ A E  

i n  which A E  i s  t h e  i n t e r n a l  energy defect  would be o f  g rea t  i n t e r e s t .  

U n f o r t u n a t e l y ,  t h e  f o r m u l a t i o n  of t h e  problem o f  t h e  non-symmetrical 

charge t r a n s f e r  c o l l i s i o n s  of equa t ion  (1.1) i s  r a t h e r  d i f f i c u l t  u s i n g  t h e  

procedures s i m i l a r  t o  t h e  ones appl ed t o  t h e  symmetric case. The c o r r e c t  

procedure should i n v o l v e  t h e  expans on of t h e  wave f u n c t i o n  i n  t e r n s  o f  

molecular  wave funct ions.  Rapp and F ranc i s  ( re f .  4 )  have p o i n t e d  ou t  t h a t  t h e  

connect ion between t h e  molecular  and atomic approach i n  non-symmetrical charge 

t r a n s f e r  i s  n o t  e a s i l y  obtained. These authors i n  t h e i r  work abandoned t h e  

molecular  expansion, and ins tead ,  w i t h i n  t h e  lowest  o rde r  approximat ion,  t h e y  
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rep laced  t h e  mo lecu la r  wave f u n c t  

atomic energ i  es. 

ons and energ es by atomic o r b i t a l s  and 

I n  t h i s  paper, we adopt a c o r r e c t  molecular  expansion procedure by 

employing t h e  L inea r  Combination o f  Atomic O r b i t a l s  (LCAO) method. 

symmetr ical  charge t r a n s f e r  process o f  equa t ion  (1.1) i s  c a l c u l a t e d  f o r  low 

and i n t e r m e d i a t e  energ ies u s i n g  an a d i a b a t i c  approx imat ion t o g e t h e r  w i t h  

Massey's ( r e f s .  5 and 6) a d i a b a t i c  c r i t e r i o n  r e s u l t i n g  i n  a l i m i t e d  c o l l i s i o n  

range. A s imp le  formula f o r  t h e  t r a n s i t i o n  p r o b a b i l i t y  i s  ob ta ined  under t h e  

The non- 

t w o - s t a t e  approximat ion.  The formula i s  expressed i n  terms o f  o v e r l a p  

i n t e g r a l s ,  exchange i n t e g r a l s ,  and Coulomb i n t e g r a l s .  The i n t e r n a l  energy 

d e f e c t  A E  and t h e  c o l l i s i o n  range Rc a l s o  appear i n  these  formulas. 

S p e c i f i c  r e a c t i o n s  L i 3 +  t H +Li t '  t H+ and Be4' t H +Be3' + Ht a r e  

considered as examples. The r e s u l t s  a r e  comDared w i t h  t h e  exper imenta l  data 

and w i t h  t h e  c a l c u l a t i o n s  o f  o t h e r  authors,  and a b r i e f  d i s c u s s i o n  i s  

presented. A l l  these ove r lap  i n t e g r a l s ,  exchange i n t e r g r a l s ,  and t h e  Coulomb 

i n t e g r a l s  can be c a l c u l a t e d  a n a l y t i c a l l y  by employing t h e  hydrogenic wave 

f u n c t i o n s .  The s i m p l i f i e d  p i c t u r e  presented i n  t h i s  paper g ives i n s i g h t  i n t o  

t h e  e s s e n t i a l  n a t u r e  o f  t h e  charge t r a n s f e r  process. 

11. QUASI-CLASSICAL A P P R O X I M A T I O N  

As i s  known, t h e  passage from quantum mechanics t o  t h e  l i m i t  of c l a s s i c a l  

mechanics i s  s i m i l a r  t o  t h e  passage from wave o p t i c s  t o  geometr ic o p t i c s  

( re f .  7 ) .  

as U = sei', where a i s  t h e  ampl i tude,  

of minus one. 

wavelength i.e., t o  a l a r g e  va lue of t h e  phase I$. S i m i l a r l y ,  i n  t h e  l i m i t i n g  

case o f  c l a s s i c a l  mechanics, one w r i t e s  t h e  e l e c t r o n i c  wave f u n c t i o n  as 

The f i e l d  components U i n  t h e  e lec t romagne t i c  wave can be w r i t t e n  

+ i s  t h e  phase and i i s  t h e  square r o o t  

The l i m i t i n g  case of geometr ic o p t i c s  corresponds t o  a s h o r t  
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P = a e  where a i s  a s l o w l y  v a r y i n g  func t i on ,  S i s  t h e  a c t i o n  which 

takes on l a r g e  values, and h i s  t h e  Planck constant  d i v i d e d  by h. 

Henceforth,  we w i l l  use atomic u n i t s  i n  which h = 1. This use o f  t h e  a c t i o n  

v a r i a b l e  i s  determined a f t e r  cons ide r ing  t h e  analogy of t h e  p r i n c i p l e  of l e a s t  

a c t i o n  i n  c l a s s i c a l  mechanics and Fermat 's p r i n c i p l e  i n  o p t i c s .  As i s  known, 

t h e  a c t i o n  f u n c t i o n  i s  g i ven  by 

S = - E t  + C I Pidqi 

ER 
U 

- - - + ' Pidqi 

and becomes l a r g e  f o r  smal l  v e l o c i t y  u. Thus, Landau ( re f .  7 )  s t a t e d  t h a t  

JI = aeiS i s  t h e  wave f u n c t i o n  of an "almost c l a s s i c a l "  o r  " q u a s i - c l a s s i c a l "  

p h y s i c a l  system. Furthermore, by absorb ing t h e  second term o f  t h e  above 

equat ions i n t o  t h e  q u a n t i t y  a '  and r e t a i n i n g  t h e  a d i a b a t i c  approx imat ion 

( i .  e., u ex t reme ly  s m a l l ) ,  t h e  wave f u n c t i o n  JI becomes 

il Edt = a '  e t o  

where a '  i s  a s l o w l y  v a r y i n g  f u n c t i o n  of t ime  t. 

t o  t h e  cap tu re  process o f  present  i n t e r e s t .  

Le t  us now app ly  t h e  above 

Consider t h e  s i t u a t i o n  i n  which t h e  p r o j e c t i l e  captures an e l e c t r o n  from 

t h e  t a r g e t .  Then I# i s  t h e  wave f u n c t i o n  of t h e  e l e c t r o n  l o n g  be fo re  t h e  

c o l l i s i o n  and i s  e s s e n t i a l l y  t h e  e l e c t r o n i c  wave f u n c t i o n  of t h e  t a r g e t .  

t h e  o the r  hand, a f t e r  t h e  c o l l i s i o n  t h e  wave f u n c t i o n  of t h e  e l e c t r o n  would be 

t h e  e l e c t r o n i c  wave f u n c t i o n  J12 of t h e  p r o j e c t i l e .  

1 
On 

These s t a t e s  a re  n o t  
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s t a t i o n a r y  s t a t e s  i n  t h e  sense t h a t  S - E t  i s  an extremum a long  t h e  

t r a j e c t o r y .  The s t a t i o n a r y  s t a t e s  o f  t h i s  system a r e  t h e  two molecular  s t a t e s  

denoted by J, and JI,. ( I n  a symmetric case, g r e f e r s  t o  a gerade s t a t e  and u t o  

ungerade s t a t e . )  Thus, accord ing t o  equat ion (2.2), w i t h i n  t h e  a d i a b a t i c  

approximat ion,  t h e  wave f u n c t i o n  a t  anyt ime t can be expanded as 

9 

JI = A ( t )  JI e x p ( - i  It - t o  E g d t )  + B ( t )  JIuexp(-i  I T t o  Eud t )  
9 

where E and E, a r e  e igen energ ies;  J1 and JI, a r e  t h e  corresponding two e igen 

funct ions.  (Two-state approx imat ion i s  employed.) Equat ion (2.3) i s  s i m i l a r  

t o  t h e  one u s u a l l y  de r i ved  under t h e  PSS method (ref .  8). 

and J, a r e  s l o w l y  v a r y i n g  f u n c t i o n s  o f  

9 9 

The q u a n t i t i e s  A ( t ) ,  B ( t ) ,  J, 9’ U 

t ime. 

independent a r e  d iscussed i n  t h e  appendix. 

one can i g n o r e  t h e  terms 4 
p e r t i n e n t  equat ions.  This  leads t o  t h e  conc lus ion  t h a t  t h e  q u a n t i t i e s  A ( t )  

and R ( t )  a r e  independent of t ime. 

The c o n d i t i o n s  under which A ( t )  and B ( t )  can be t r e a t e d  as t i m e  

. Under t h e  a d i a b a t i c  approx imat ion,  

and 4, r e l a t i v e  t o  t h e  o t h e r  terms i n  t h e  
9 

F o r  s i m p l i c i t y ,  c o n s i d e r  a fully s t r i p p e d  i o n  of atomic  number 2, moving 

s l o w l y  th rough  t h e  t a r g e t  hydroqen atoms. 

e l e c t r o n  t o  t h e  t a r g e t  nucleus and r2 t h e  d i s t a n c e  from t h e  p r o j e c t i l e  nucleus 

( f i g .  1). The i n t e r n u c l e a r  d i s t a n c e  of t h e  p r o j e c t i l e  and t h e  t a r g e t  i s  

Let  rl be t h e  d i s t a n c e  o f  t h e  

denoted by R .  The Hami l t on ian  o f  t h e  system w i t h  t h e  e l e c t r o n  and two n u c l e i  

i n  atomic u n i t s  i s  

z 1  

2 1 
- -- - -  z 1 v 2  

r .  H = R - 9  r 
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Wave f u n c t i o n s  o f  i n t e r e s t  a re  

1 
61= 7; exp ( - r 1 )  

w i t h  (2.7) 

The J I  i s  t h e  wave f u n c t i o n  o f  t h e  e l e c t r o n  when it i s  l o c a l i z e d  near  t h e  

f i r s t  nucleus ( t a r g e t ) ,  i g n o r i n g  t h e  presence o f  t h e  f u l l y  s t r i p p e d  p r o j e c t i l e  

ion.  

l o c a l i z e d  near  t h e  p r o j e c t i l e  nucleus, i g n o r i n g  t h e  presence of t h e  t a r g e t  

nucleus. 

1 

On t h e  o t h e r  hand, I), i s  t h e  wave f u n c t i o n  of t h e  e l e c t r o n  when i t  i s  

As noted e a r l i e r ,  i n  a r r i v i n g  a t  equat ion (2.3), t h e  wave f u n c t i o n  a t  any 

, t ime i s  g i ven  by t h e  l i n e a r  combinat ion o f  two quasi -molecular  s t a t i o n a r y  

s t a t e s  J, and Jtu . These s t a t e s  a r e  determined by t h e  v a r i a t i o n a l  method by 

employing t h e  Hami l t on ian  H w i t h  t h e i r  form g i ven  as 
9 

(2.8) 

(2.9) 

where S = I + $ dT i s  t h e  w e l l  known ove r lap  i n t e g r a l .  The e igen va lue of. 

t h e  Hami l ton ian i s  t h e  p o t e n t i a l  f u n c t i o n  f o r  t h e  nuc lea r  mot ion i n  t h e  Born- 

Oppenheimer approximat ion.  

s i m i l a r  t o  t h e  usual  p o t e n t i a l  c r o s s i n g  problem. 

1 2  

We no te  t h a t  t h e  charge t r a n s f e r  problem i s  
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The q u a n t i t i e s  A ( t )  and R ( t )  i n  equat ion (2.3) a r e  determined from t h e  

i n i t i a l  c o n d i t i o n  J, -+ $,as t + -to t o  be s a t i s f i e d  by t h e  va lue  
1 

L e t t  

where 

ng t -+ 0 0 ,  u s i n g  equat on (2.3)y we o b t a i n  

JI = C "  J, t C "  J, 1 1  2 2  

..dnce, t h e  t r a n s i t i o n  p r o b a b i l i t y  

w12= 

+= -i I ~ E d t  E d t  e 
u l  9 

i s  g,ven by 

(2.10) 

(2.11) 

(2.12) 

(2.13) 

(2.14) 

where 1 *  
= ( E  - Eu)  d t  

9 
(2.15) 

For any symmetric resonance process, t h e  q u a n t i t y  A E  = E - Eu p lays  t h e  

ke,y r o l e  i n  de te rm in ing  t h e  t r a n s i t i o n  p r o h a b i l i t y .  We w i l l  determine i t  by 

t h e  v a r i a t i o n a l  method. 

obta ined by t h e  LCAO method as 

9 

We n o t e  t h a t  t h e  mo lecu la r  wave f u n c t i o n  Q can be 
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The expec ta t i on  va lue o f  t h e  Hami l ton ian H i s  

2 2 
& = LA-&. pz--. = c1 H1l+ __ C1C2(H12+ _ _ _  H21) + c2 H22 (2.16) cl+ 2 2  c2+ 2 c1c2s I 4)2dr 

where 

= $IT H $.dT (2.17) 
"i j J 

The s t a t i o n a r y  s t a t e s  a re  obta ined by t h e  s t a b i l i t y  c o n d i t i o n  

which leads t o  

C1(HIl- E )  + C 2  (H12- E S )  = 0 

Cl(Hzl- E S )  + C2(H22-  E )  = 0 

(2.18) 

(2.19) 

(2.20) 

Fo r  t h e  symmetric case (Z=n=l )  we have Since H i s  a Herm i t i an  

opera to r ,  6 and $ *  a r e  r e a l  funct ions,  t hus  H12 = H21. The s e c u l a r  equa t ion  1 

o f  equat ions (2.19) and (2.20) i s  

H l l  = H22 = H. 

2 (H - E )  ( H  - E )  = (HI2- E S )  (2.21) 

which leads t o  two e igen energ ies 

- H12 
E l =  1 - s (2.22) 



f rom which 

H12 
& 2 =  1 t s 

9 

(2.23) 

(2.24) 

Using t h e  Hami l ton ian and t h e  wave f u n c t i o n s  (Z=n=l )  r e s u l t s  i n  

H = El,"+ 3 (2.25) 

H12= E2,0 S t K  (2.26) 

where and Epln a r e  t h e  atomic ground s t a t e  energ ies o f  t h e  e l e c t r o n  i n  

t h e  t a r g e t  and p r o j e c t i l e  o r b i t a l s ,  r e s p e c t i v e l y .  The S i s  t h e  o v e r l a p  

i n t e g r a l  g i ven  ( r e f .  9)  as 

s = I  +pl dT 

R 2  -R = (1 + R +-)  e 3 

(2.27) 

and K i s  t h e  exchange i n t e g r a l  g iven ( r e f .  9)  as 

- 1. 2 -R - ( ~ - 3 R ) e  

(2.28) 
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and J i s  t h e  coulomb i n t e g r a l  g i ven  ( r e f .  9) as 

(2.29) 
1 -2R = (1 t a) e 

Thus, 

so t h a t ,  

HI2- HS = K - JS (2.30) 

(F 2 - 3) 4R exp(-R) - (- 2 t 4 t - '! t $) exp(-3R) 

1 - (1 t R t exp ( - 2 ~ )  
(2.31) R E2- E = __-___ _-___ - 

1 2 

For, R >> 1, we have from t h e  above: 

(2.32) -R Re € 2 -  E 1 LLT - 3 

which i s  on t h e  o rde r  o f  t h e  r e s u l t  g iven by F i r s o v ,  Landau, and H e r r i n g  (see 

d i s c u s s i o n  i n  r e f .  10) o f  -4Rexp (-R-1). We now cons ide r  t h e  ex tens ion  o f  

these r e s u l t s  f o r  symmetric resonance t r a n s f e r  t o  non-symnetri  c resonance 

t r a n s f e r .  

111. NON-SYMMETRICAL RESONANCE TRANSFER 

I n  recen t  years,  because o f  i t s  usefulness i n  many areas o f  physics,  t h e  . 

2 r e a c t i o n  A t B + B q t  A E  and, i n  p a r t i c u l a r ,  t h e  f u l l y  s t r i p p e d  i o n  

charge t r a n s f e r  process have rece ived  g r e a t  a t t e n t i o n .  

has been made i n  hoth t h e  exper imenta l  and t h e o r e t i c a l  s t u d i e s  o f  t h i s  

Considerable progress 
I .  . 

problem. The u n i t a r i z e d  D i s t o r t e d  Wave Approximat ion (UDWA) o f  r e f .  11 has 
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been a successful  numerical  method, s i n c e  i t  covers a wide energy region. For 

ex t reme ly  l o v ~  energ ies,  t h e  c l a s s i c a l  R a r r i e r  model of r e f .  12 and t h e  

absorb ing sphere model o f  r e f .  13 have been of i n t e r e s t  t o  exper imental  

p h y s i c i s t s  because o f  t h e i r  cons ide rab le  s i m p l i c i t y .  The o t h e r  numerical  

models, on t h e  o t h e r  hand, i n v o l v e  compl icated c a l c u l a t i o n s .  S t i l l ,  t h e  e a r l y  

Landau-Zener formula . i s  w ide l y  used by many authors,  s i n c e  i t  has been s t u d i e d  

f u l l y  f o r  a l o n g  t i m e  ( r e f s .  14-17). However, t h e  Landau-Zener formula has 

i t s  l i m i t a t i o n s .  I n  t h i s  model t h e  t r a n s i t i o n  i s  assumed t o  be l i m i t e d  t o  a 

narrow r e g i o n  around t h e  c r o s s i n g  p o i n t  Rcp. 

v a r i e s  l i n e a r l y  w i t h  t h e  i n t e r n u c l e a r  d i s t a n c e  i n  t h e  narrow region,  namely, 

The p o t e n t i a l  energy s e p a r a t i o n  

The c o u p l i n g  m a t r i x  element Hif has a constant  va lue 6. 

I n  1962, Rapp and F ranc i s  ( re f .  4 )  s t u d i e d  t h e  charge exchange between 

u n l i k e  atoms. 

s t a t e s  and t h e  atomic o r b i t a l s  i s  no t  e a s i l y  obtained. Therefore,  as a lowest  

They p o i n t e d  ou t  t h a t  t h e  connect ion between t h e  mo lecu la r  

o r d e r  approx imat ion,  t hey  rep laced t h e  wave f u n c t i o n s  o f  t h e  s t a t i o n a r y  

mo lecu la r  s t a t e s  by t h e  atomic o r b i t a l s .  This connect ion was found by 

employing t h e  LCAO method. The p h y s i c a l  d i f f i c u l t i e s  a r i s e  when one 

s imu l taneous ly  r e t a i n s  t h e  i n t e r n a l  energy d e f e c t  and t h e  i n f i n i t e  i n t e r a c t  

range w i t h i n  an a d i a b a t i c  approx imat ion o r  a q u a s i - c l a s s i c a l  approximat ion,  

because such a s i t u a t i o n  renders t r a n s i t i o n  p r o b a b i l i t i e s  smal l .  A c t u a l l y ,  

t h e  i n f i n i t e  i n t e r a c t i o n  t i n e  does n o t  e x i s t  a t  a l l ,  s i nce  t h e r e  a re  so many 

t a r g e t  atoms i n  t h e  m a t e r i a l  t h a t  t h e  average i n t e r a t o m i c  d i s t a n c e  p robab ly  

on 

w i l l  be a s u i t a b l e  e s t i m a t e  of t h e  upper l i m i t  o f  t h e  e f f e c t i v e  i n t e r a c t i o n  

range. A f t e r  such an i n t e r a c t i o n  t ime,  t h e  p r o j e c t i l e  undergoes another  
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c o l l i s i o n  process. Massey ( re f s .  5 and 6) i n t roduced  an a d i a b a t i c  c r i t e r i o n  

based on t h e  f o l l o w i n g  argument. C l a s s i c a l l y ,  t h e  t r a n s i t i o n  p r o b a b i l i t y  i s  

p r o p o r t i o n a l  t o  t h e  r a t i o  o f  t r a n s i t i o n  t i m e  and t h e  c o l l i s i o n  t ime. S ince 

now t h e r e  e x i s t s  an energy de fec t ,  AE, t h e  t r a n s i t i o n  t i m e  can be es t ima ted  

as l / A E .  Meanwhile, t h e  c o l l i s i o n  t i m e  i s  p r o p o r t i o n a l  t o  an a d i a b a t i c  

parameter d i v i d e d  by t h e  v e l o c i t y  of t h e  p r o j e c t i l e .  

t i m e  can be comparable t o  t h e  c o l l i s i o n  t i m e  does t h e r e  e x i s t  a s i g n i f i c a n t  

t r a n s i t i o n  p r o b a b i l i t y .  The a d i a b a t i c  parameter thus  c u t s  o f f  t h e  i n t e r a c t i o n  

t ime.  This  parameter i s  o f  t h e  o rde r  of t h e  atomic dimension. Hasted p o i n t e d  

o u t  i n  r e f .  6, t h a t  " t h e  a n a l y s i s  of a l a r g e  volume of exper imental  data leads 

t o  s u r p r i s i n g l y  smal l  probable e r r o r s  (10-20 p e r c e n t )  w i t h  a va lue R,= 7A 

common t o  d i f f e r e n t  t ypes  o f  reac t i ons . "  This a d i a b a t i c  parameter o f  7A i s  

t h e  range o f  i n t e r n u c l e a r  separa t i on  over  which t h e  charge t r a n s f e r  i s  deemed 

p o s s i b l e  ( r e f .  11). A c t u a l l y ,  t h e  cross s e c t i o n s  were measured as f u n c t i o n s  

o f  p r o j e c t i l e  v e l o c i t i e s .  

maximum c ross  s e c t i o n s  v, were almost a l i n e a r  f u n c t i o n  o f  A E  . 
leads t o  an a d i a b a t i c  pa rane te r  Rc = 7A . 
as a " c u t - o f f "  range i n  our  c a l c u l a t i o n s .  

Only when t h e  t r a n s i t i o n  

S u r p r i s i n g l y ,  t h e  v e l o c i t i e s  corresponding t o  

The s lope  

We app ly  t h i s  a d i a b a t i c  parameter 

The cap tu re  cross s e c t i o n  i s  t hus  determined i n  terms o f  t h e  a d i a b a t i c  

It parameter Rc, t h e  energy defect  A E ,  and t h e  v e l o c i t y  of t h e  p r o j e c t i l e .  

a l s o  depends on t h e  a t o n i c  wave f u n c t i o n s  o f  both t h e  p r o j e c t i l e  and t h e  

t a r g e t  and t h e  i n t e r a c t i o n  between them. 

s t a t i o n a r y  mo lecu la r  s t a t e s  a re  s t i l l  denoted by J) and J) where t h e  

s u b s c r i p t s  g and u are  used here o n l y  f o r  convenience. These s t a t e s  assume a 

I n  t h e  non-symmetrical case, t h e  two 

9 U, 
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more general  f o rm t h a n  t h e  corresponding symmetric resonance case. These more 

general  s t a t e s  a r e  d e f i n e d  as 

and 

$,,= C i  ($I+ f24~2) 

where C1 and ClI a r e  determined by t h e  n o r m a l i z a t i o n  c o n d i t i o n  

so t h a t  

1 
1 / 2  

c =  
1 ( 1  + 2 S f p  f12) 

S i m i l a r l y ,  

1 
1 /2  

Ci= 
(1 + 2Sf2+ f 2 2 )  

(3.3) 

(3.4) 

(3.5) 

The q u a n t i t i e s  S, f l ,  and f 2  a r e  f u n c t i o n s  o f  i n t e r n u c l e a r  d i s t a n c e  R. 

Under t h e  a d i a b a t i c  o r  q u a s i - c l a s s i c a l  approximat ion,  t h e  q u a n t i t e s  A ( t )  

and B ( t )  i n  equa t ion  (2.3) can be t r e a t e d  as t i m e  independent. 

equa t ion  (2.3) w i t h  equat ions (3.1) and (3.2) becomes 

Thus, 

t 
$ = A C 1 ( $ 1 +  f p 2 )  exp (-i I-t E g  d t )  

0 
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A '  = . f 2  

f2-  fl 

and 

-to 

Since J, must t e n d  t o  J,l when t + -  to , we o b t a i n  from (3.5): 

fl 

f2- fl 
B '  = - 

0 
-t 

w i t h  A '  = A C1 and B '  = C'] 

( 3 . 7 )  

(3.8) . 

The q u a n t i t i e s  A ' ,  B ' ,  fl, and f 2  a r e  a l l  f u n c t i o n s  o f  i n t e r n u c l e a r  

d i s t a n c e  R.  Also, t hese  q u a n t i t i e s  should be symmetric. 

A ' ( t o ) ,  B ' ( - t o )  = B ' ( t o ) ,  fl(-to) = fl(to), and f2(-t,) = f2(to), s i n c e  t h e  

v a r i a t i o n a l  method i s  invoked, by which they  depend o n l y  on t h e  d i s tances  

between t h e  p r o j e c t i l e  and t a r g e t  nuc le i .  

can be deemed t o  be t i m e  independent 

Thus, A ' ( - t o )  = 

Also, s i n c e  t h e  q u a n t i t i e s  A and B 

0 A b f l l t o  = A ' f l  I -t 
Equat ion (3.6) can now be w r i t t e n  i n  a general form as 

J, = C "  J, + C "  $ 
1 1  2 2  

(3.9) 
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where, 

C; = A '  fl e x p ( - i  I t e E d t )  + B ' f  2exp ( - i  t -e E u d t )  

d t )  - e x p ( - i  j!p d t ) )  

0 - 9  0 
(3.11) 

- - f 2  f l  i e x p ( - i  I - ?  t 
f2-  f l  0 0 

where t h e  c o e f f i c i e n t s  a r e  t o  be determined by t h e  s t a t i o n a r y  phase method 

a p p l i e d  t o  t h e  expec ta t i on  va lue o f  t h e  Hamil tonian. Hence, t h e  t r a n s i t i o n  

p r o b a b i l i t y  i s  g i ven  by 

f f  
w12= ( f2- * fl) sin'n (3.12) 

where 

N o t i c e  t h a t  t h e  t r a n s i t i o n  p r o b a b i l i t y  of (3.12) d i f f e r s  f rom t h e  

symmetric case by an a d d i t i o n a l  f a c t o r  4 ( i:-fil ) *  . T h i s  f a c t o r  i s  

determined by t h e  LCAO method, i.e:, by t h e  s o l u t i o n s  o f  t h e  bas i c  equat ions 

(2.19). 

(3.14) Cy (H1- E )  + C ~ ( B - E S )  = 0 

and 

Cy ( 6 - E S )  + C "  hH -2") = 0 . (3.15) 

because H i s  Herm i t i an  and $1  and tc, are.rea.1; H1 = Hll and where E. = H = J 
12 2 1  2 

H2 = H22. 
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I n  o rder  t o  o b t a i n  a s imp le  and e x p l i c i t  s o l u t i o n  f o r  t h e  t r a n s i t i o n  

p r o b a b i l i t y ,  t h e  values o f  13, S ,  and E w i l l  be discussed. When t h e  

i n t e r n u c l e a r  d i s tance  i s  no t  t o o  smal l ,  t h e  q u a n t i t i e s  4 and S a r e  o f  t h e  

same order ,  whereas E i s  about t h e  o rde r  o f  -0.5. Thus, by r e p l a c i n g  t h e  

q u a n t i t y  B - ES i n  equat ions (3.14) and (3.15) by B ,  t h e  problem i s  amply 

s i m p l i f i e d .  L a t e r  i n  t h i s  sec t i on ,  we w i l l  e x p l a i n  i n  d e t a i l  t h e  

1 

on f o r  t h i s  approximation. Thus, equat ions (3.14) and (3.15) can 

as 

(3.16) C; (H1- E )  + C i  7 1 B = 0 

j u s t i  f i  c a t  

be w r i t t e n  

and 

C" - 1 B + C i  (H2- E )  = 0 
1 2  

wh ich  g i v e  

1 2  
(H1- E )  (H2- E )  = ( 2  B )  

For t h e  case H2 - H1 > 0, t h e  above equat ion  when so lved f o r  E y i e l d s  

where 

H2- H1 
2 A =  

B 1 =  { 1 - ( B / Z A )  2 - 1) A 

(3.17) 

(3.18) 

(3.19) 

(3.20) 

(3.21) 
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When t h e  i n t e r n u c l e a r  d i s t a n c e  i s  n o t  t o o  smal l ,  B i s  r a t h e r  small .  Also, i n  

t h e  non-symmetrical process, except f o r  a resonant channel, H I  and H2 a r e  

u s u a l l y  n o t  ve ry  c l o s e  t o  each other.  Thus, 

I H1- H 2  1 > 
2 6 

Hence, under t h e  above c o n d i t i o n ,  B1 can be s i m p l i f i e d  as  

The equat ion (3.19) leads t o  

E ~ =  H1- B1 

1 E ? =  H 2 t  R 

The equat ion (3.16) f o r  E = E ?  becones 

C; (H1- H2- B1) + - 1 C" B = 0 
2 2  

thus ,  

C; (HI- 5- B 1 )  H1- 
fl= 7 = - 

B /2  - =  -B/ i  1 

For E = E , t h e  equa t ion  (3.17) becomes 1 

r. I 1  

-- "i + C;(H2- H1t B1) = 0 
2 

(3.22) 

(3.23) 

* ( 3 . 2 4 )  

(3.25) 

(3.26) 

(3.27) 

(3.28) 
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Thus, 

f = - -  2 - - B /2  -B /2 
H2- H1 2 Ci H2- H1t B1 

Thus, t h e  t r a n s i t i o n  p r o b a b i l i t y  i s  

1 2  2 W12= 4 s i n  TI 

where 

and 

(3.29) 

(3.30) 

(3.31) 

( 3 . 3 2 )  

I n  t h e  case Hlf H2, o r  where HI and H2 a re  n o t  c l o s e  t o  tqle same value, 

a p p l y i n g  (3.22), and remembering t h a t  B 1  i s  of t h e  o r d e r  o f  fi2, we have 

H2- H1+ B H - H1 
1 %  2 (3.33) 

h 

-.- 
B /2 B / 2  

A =  

and t h e  t r a n s i t i o n  p r o b a b i l i t y  i s  

(3.34) 

This  i s  t h e  r e q u i r e d  s imple t r a n s i t i o n  p r o b a b i l i t y  formula which i s  

determined by H12, (H2- H1), and t h e  va lue of TI. 

r e l a t e d  t o  t h e  o v e r l a p  i n t e g r a l .  P h y s i c a l l y ,  i t  i s  reasonable t o  expect 

The q u a n t i t y  H12 i s  c l o s e l y  
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h i g h e r  t r a n s i t i o n  p r o b a b i l i t y  w i t h  more over lap.  

s t r o n g l y  r e l a t e d  t o  t h e  energy d e f e c t  A E  ( a t  a l a r g e  d i s tance ) .  

t h e r e  w i l l  be l e s s  t r a n s i t i o n  p r o b a b i l i t y  w i t h  more energy defect .  

The q u a n t i t y  H2- H1 i s  

Obvious ly  

Fo r  t h e  case ti1= HE, we have f rom equa t ion  (3.18) 

2 2 (H - E )  = (B/2) 

which y i e l  ds 

E = H f 8 / 2  

f = l , f - - l a n d A = 2  1 2- 

(3.35) 

(3.36) 

(3.37) 

2 The t r a n s i t i o n  p r o b a b i l i t y  f o r  t h i s  case i s  g iven by W = s i n  n, which i s  t h e  

f a m i l i a r  formula (2.14) of t h e  symmetric case ob ta ined  i n  Sec t i on  11. 

L e t  us now d i scuss  t h e  assumption o f  t h e  replacement o f  t h e  q u a n t i t y  

8 - SE by B / 2  i n  equat ions (3.14) and (3.15). I n i t i a l l y ,  t h i s  approx imat ion 

seems somewhat a r b i t r a r y .  However, B / 2  i s  n o t  s t r i c t l y  equal t o  B - SE i n  

equat ions (3.14) and (3.15). Recal l  t h a t  t h e  equa t ion  (2.19) i s  d e r i v e d  f rom 

t h e  v a r i a t i o n a l  p r i n c i p l e ,  which i m p l i e s  t h a t  t h e  LCAO molecu la r  s t a t e  

f u n c t i o n  i s  made t h e  most s t a b l e  s t a t e  a t  t h a t  p a r t i c u l a r  i n t e r a t o m i c  

separat ion.  On t h e  o t h e r  hand, equat ions (3.14) and (3.15) were a l t e r e d  by 

t h e  replacement B - !k -+ B/2,  which i m p l i e s  t h a t  a s e t  o f  mo lecu la r  s t a t e s  

a re  chosen t h a t ,  a l t hough  n o t  t h e  most s t a b l e ,  never the less approach t h e  most 

s t a b l e  s t a t e s  f o r  l a r g e  separat ion.  

mo lecu la r  s t a t e s  a re  chosen. 

I n  o t h e r  words, a s e t  o f  q u a s i - s t a t i o n a r y  

I n  t h i s  way we may r e f e r  t o  a q u a s i - s t a t i o n a r y  

mo lecu la r  s t a t e  expansion procedure. A c t u a l l y ,  i n  chemistry,  a t  a l a r g e  

d i s tance ,  t h e  mo lecu la r  s t a t e s  a re  n o t  s t a b l e  a t  a l l .  However, we a r e  more 

i n t e r e s t e d  i n  l o o k i n g  f o r  a s e t  of n a t h e m a t i c a l l y  p e r m i t t e d  bas i s  s t a t e s .  
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Prohab 

( r e f s .  

s t a t e s  

approx 

y, t h i s  i s  one o f  t h e  reasons why t h e  atomic expansions a re  w i d e l y  used 

1, 2, 4, and 18). Thus, i t  i s  no re  impor tan t  t h a t  these mo lecu la r  

be orthogonal .  Fo r tuna te l y ,  our q u a s i - s t a t i o n a r y  molecular  s t a t e s  

mate ly  s a t i s f y  t h e  requ i  rement of o r t h o g o n a l i t y .  I n  t h e  f o l l  owing, we 

w i  11 expl  i c i  t l y  show how t h e  orthogonal  i t y  requ i  renent  i s  approx imate ly  

s a t i s f i e d .  Consider 

where 

and 

Now , 

1 
1/2 

C1= 1 1,2 and C i  = 

(1 + Sfl+ fl) 2 (1 + S f 2 +  2 f 2 )  

(3 .38)  

5' - 0 . 9  
H2- H1 2 C Y '  - - -- and f = -- - --- 

( 3 . 3 9 )  

h 

Remembering flf2 = - 1, we have 

( 3 . 4 0 )  

For t h e  case H1 #HE, when t h e  i n t e r n u c l e a r  d i s t a n c e  R i s  n o t  t o o  smal l ,  . 

u s u a l l y  I H 2  - Hll >> 10.5 6 1 ;  t h u s  (fl( >> 1 and ) f 2 1  << 1. Also, fl + 

1 1 
2 1/2 -b 

+ - a n d  1 
2 1/2 f 

(1 + 2Sf + f ) 1 (1 + 2Sf + f ) 
1 1  2 2  
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One sees f r o m  t h e s e  t h a t  

f. 

Now, t h e  o v e r l a p  i n t e g r a l  o f  t h e  two atomic o r b i t a l s  between t h e  

p r o j e c t i l e  and t h e  t a r g e t  i s  smal l  except when t h e  i n t e r n u c l e a r  d i s t a n c e  

approaches zero. Thus, J, J, d~ = 0. 
9 u  

Fo r  t h e  case H1 = H2, we have fl = 1 and f2  = -1. Thus, 
1 
1 I JlgJladT = ----- I (fl+ f 2 )  J11J12dr = 0 

( 4- S 2 )  1'2 i 

For t h e  case Hl- H2, we have fl = 1 and f 2  * -1. Thus, 

I JlgJl,dr - ( f r  + f2)  s = 0 

We observe t h a t  f o r  t h e  cases H1 = H 2  and HI- H p ,  because of t h e  

c a n c e l l a t i o n  between fl and f2, t h e  o r t h o g o n a l i t y  i s  preserved. 

o r t h o g o n a l i t y  p o i n t  o f  view, t h i s  expansion i s  a t  l e a s t  n o t  worse than  t h e  

a t o m i c  expansion.  

From t h e  

The cap tu re  cross s e c t i o n  Q ,  accord ing t o  t h e  impact parameter method, i s  

g iven by 

u = 291 P I t  bdb 
0 

(3.41) 

(see f i g .  2 )  where b i s  t h e  impact parameter, and P r e f e r s  t o  t h e  t r a n s i t i o n  

p r o b a b i l i t y .  Usua l l y ,  P takes t h e  va lue P + -; b u t  as d iscussed e a r l i e r ,  an 

a d i a b a t i c  parameter w i l l  be employed t o  eva lua te  t h e  cross sec t i on .  

t r a n s i t i o n  p r o b a b i l i t y  P i s  g i ven  by equa t ion  (3.34) as 

t 

The 
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(3.42) 

where a l l  t h e  q u a n t i t i e s  appear ing i n  t h i s  equa t ion  a re  f u n c t i o n s  o f  t h e  

i n t e r n u c l e a r  d i s t a n c e  R = (b + 

parameter d e f i n e d  by 2 u to= Rc. 

be 7A. 

Rc) '" i n  which R, i s  t h e  a d i a b a t i c  

The va lue o f  t h e  parameter Rc i s  chosen t o  

IV. CHARGE TRANSFER IN ~ i 3 +  + H 

L e t  us e v a l u a t e  t h e  magnitude o f  t h e  t r a n s i t i o n  p r o b a b i l i t y  f o r  t h e  

following r e a c t o n :  

+ L i 3 +  + H + L i  2+(n=3) + H 

The magnitude o f  t h e  t r a n s i t i o n  p r o b a b i l i t y  i s  

P =  
0 

4 (kl2 
( H = H )  1 2  1 

where 

sz = E  S + - - K  2,n R 
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l V 2  1 z z H1= I 7 - - - - r r2 +E) $1 * 

Z 
2 R  

- - Ep,, - 3 + -  

( 4 . 4 )  

The q u a n t i t i e s  B ,  H1, H2, and n a r e  c a l c u l a t e d  by e v a l u a t i n g  t h e  o v e r l a p  

i n t e g r a l  S, t h e  exchange i n t e g r a l  K, and t h e  Coulomb i n t e g r a l  J ,  de f ined  as 

f o l l  ows: 

, and v 2  * s = I J11J12 *, K = I  
rl 

The i n t e g r a l s  S and K can be evaluated by i n t r o d u c i n g  w e l l  known 

t r a n s f o r m a t i o n s  o f  r e f .  9 ( f i g .  3 ) :  

and 

1 X = E  ( r 2 +  rl); 1 c x < -  

1 
IJ = E (r2- rl); -1 c IJ c 1 

( 4 . 5 )  
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For our spec ia l  case, Z2= 3, Z1 = 1, and n = 3, we have 

s = -I JIp2 cfr 

Now, from t a b l e  1, t h e  va lue o f  A3 = 0,013; thus,  we o b t a i n  

4 3  2 S = 0.013 (1.6 R + 8R + 24 R + 48R + 48) e-R 

S i m i l a r l y ,  t h e  exchange i n t e g r a l  i s  

3 2  K = 0.026 (4R + 8R + 12R + 12) e-R 

and 

s2 Y 2  
= R - I-- dT 

rl  

3s 
R = -0.5s + - - K 

The c a l c u l a t i o n s  o f  t h e  Coulomb i n t e g r a l s  J 1  and J 2  a r e  done i n  t h e  

f o l l o w i n g  way. (See f i g .  4 . )  

n 

(4.9) 

2 L 
-2 r  s i n  e de r d r  -- _--- $1 dT - 2n J1= -I ----- - --I  TI e 

( R  2 2  + r - 2rR cos e) 1/2 r2  



(4.10) 

where P = r/R. F i n a l l y ,  one ob ta ins  

= 4R2 { e-2PR p 2  Q t Jy e-'R p Q) J1 

(4.11) 

1 -2R - (1 + R) e 1 
R 

= -  

1 One notes t h a t  J1+ E ( R  > 1)and J1+ 1 (R + 0). 

as f o l l o w s  ( f i g .  5 ) :  

The q u a n t i t y  J 2  i s  c a l c u l a t e d  

2 2 -2 r  s i n  - - 0 - do . r ._ d r  - 

( R  + r - 2rR cos 0) 2 2  1/2 
dT = 2n (A3x 9) ] e -- 

(4.12) 

- - E -  (0.043 R 4 + 0.215R 3 t 0.645R 2 t 1.29R + 1.61 + ~1 1 e -2R 

For  t h e  c a l c u l a t i o n  o f  n ,  one notes f o r  t h e  Z = 3 and n = 3 case 

3 HI= -0.5 - 35 t - -  1 R  

(resonance) t h a t  

3 H2= -0.5 - 3 + .- 2 R  
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Thus , 

1 t  0 = -  A E  (R') d t  = ?I o (H2- H1+ 2B1) d t  
-t 

0 

--- 
where, R '  = 2 2 2 b + u t  

The cap tu re  cross sec t i on ,  u, i s  g i ven  by 

u = J; P(R) 2trb db 

where P = Po ( R )  s i n %  i n  which Po i s  taken f rom equat ion (4.1) and 

H12, H2- H1, A ,  and B1 a r e  a l l  f u n c t i o n s  o f  R2= b2 + - R 1 2  
4 c *  

(4.13) 

(4 .14)  

V. RESULTS AND DISCUSSIONS 

The r e s u l t s  o f  t h e  c a l c u l a t i o n s  f o r  t h e  r e a c t i o n s  Li+" + H + L i t +  t H+ 

a r e  e x h i b i t e d  i n  f i g u r e  6. They a re  compared w i t h  t h e  r e s u l t s  based on t h e  

Uni t a r i z e d  D i  storted-Wave Approximations o f  Ryufuku and Watanabe ( r e f .  18), 

t h e  t e n  m o l e c u l a r - s t a t e  c a l c u l a t i o n s  of Kimura and Torson ( r e f .  19), and t h e  

c a l c u l a t i o r t s  o f  S t o l l h e r g  and Hai-Woong Lee ( re f .  1 7 )  based on t h e  Landau- 

Zener formula. The r e s u l t s  a re  a l s o  compared w i t h  t h e  exper imenta l  data o f  

Sein e t  a l .  ( r e f .  20). Also, t h e  r e s u l t s  of t h e  c a l c u l a t i o n s  f o r  t h e  

r e a c t i o n  Be 

t h e  UDWA approx imat ion and Exponent ia l  D i  storted-Wave Approximat ion 

c a l c u l a t i o n s  o f  Suzuki e t  a l .  ( re f .  21)  and w i t h  t h e  molecular  o r b i t a l  c l o s e  

c o u p l i n g  c a l c u l a t i o n  o f  Hare1 and S a l i n  ( r e f .  22). No exper imenta l  data were 

a v a i l a b l e  f o r  t h i s  process. 

4 t  
t H + Re3++ H+ a re  e x h i b i t e d  i n  f i g u r e  7 and a re  compared w i t h  
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I n  f i g u r e  6 ,  both t h e  r e s u l t s  o f  our  c a l c u l a t i o n s  as w e l l  as those  based 

on t h e  Landau-Zener formula do n o t  appear t o  show t h e  tendency o f  t h e  c ross  

s e c t i o n  t o  i n c r e a s e  toward t h e  h i g h - v e l o c i t y  region. This  i s  p a r t l y  due t o  

t h e  i m p l i e d  employment by us o f  t h e  Born-Oppenheimer approx imat ion i n  which 

t h e  e f f e c t  o f  t h e  n u c l e a r  k i n e t i c  energy terms a r e  i g n o r e d  i n  t h e  

Hamil tonian. 

Oppenheimer approx imat ion should break down. When n u c l e a r  mot ion i s  

8 For a l a r g e  p r o j e c t i l e  v e l o c i t y  (u2> 10 cm/sec), t h e  Born 

i nco rpo ra ted ,  t h e r e  w i l l  appear an a d d i t i o n a l  e l e c t r o n  k i n e t i c  energy te rm 

because o f  t h e  r e l a t i v e  mot ion between t h e  p r o j e c t i l e  and t h e  t a r g e t .  

becomes more obvious when our coo rd ina te  s y s t m  i s  s e t  on t h e  p r o j e c t i l e .  

Then t h e  k i n e t i c  energy of t h e  e l e c t r o n  becomes -!j me(G2+ Go)’, where Go i s  t h e  

v e l o c i t y  o f  t h e  e l e c t r o n  i n  t h e  l a b o r a t o r y  frame. 

Th is  

Hence, t h e  average k i n e t i c  

I 2 2  
2 e o  energy becomes - m (u t u2). A s i g n i f i c a n t  a d d i t i o n a l  k i n e t i c  energy term i s  

ob ta ined  when u 2  i s  comparable t o  t h e  e l e c t r o n  v e l o c i t y  t h a t  i s  t h e  f i r s t  Bohr 

v e l o c i t y .  Also, i f  we choose t h e  l a b o r a t o r y  frame, t h e  e l e c t r o n  w i l l  r e c e i v e  

an a d d i t i o n a l  v e l o c i t y  f r o n  t h e  momentum t r a n s f e r .  Thus, because o f  t h e  above 

reasons, some h i g h e r  s t a t e s  w i l l  be e x c i t e d ,  causing a s i g n i f i c a n t  

c o n t r i b u t i o n  t o  t h e  t o t a l  cross sec t i on .  

L e t  us now d iscuss t h e  general  energy dependence o f  t h e  cross sect ion.  

One expects t h a t  toward t h e  h i g h  v e l o c i t y  reg ion,  t h e  cross s e c t i o n  should 

decrease as a r e s u l t  o f  t h e  i n c r e a s i n g  r e l a t i v e  v e l o c i t y  between t h e  

p r o j e c t i l e  and t h e  t a r g e t .  I n  t h e  ext remely low energy reg ion,  t h e  cross 

s e c t i o n  f o r  t hese  processes should n o t  r a p i d l y  approach zero w i t h  a decrease 

i n  u, bu t  r a t h e r  approach a n o t  t o o  smal l  constant .  The c a l c u l a t e d  cross 

s e c t i o n  i n  t h e  energy r e g i o n  of i n t e r e s t  (below a few keV) approaches a 

constant  va lue due t o  t h e  t e r m  H2- HI i n  t h e  argument o f  t h e  s i n e  f u n c t i o n .  

Th is  makes t h e  va lue  o f  t h e  s i n e  f u n c t i o n  ve ry  l a r g e ,  and t h e  t r a n s i t i o n  
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p r o b a b i l i t y  o s c i l l a t e s  r a p i d l y .  The summation over t h e  impact parameter 

2 approaches an average number, s i n  rl - 0.5. When u becomes l a r g e r ,  t h e r e  w i l l  

be a slow o s c i l l a t i n g  behavior,  but  t h i s  v e l o c i t y  r e g i o n  i s  beyond ou r  

a d i a b a t i c  approx imat i  on. 

I n  t h e  symmetric case, s ince  HI= H2, o n l y  when t h e  impact parameter b i s  

smal l  does t h e  t r a n s i t i o n  p r o b a b i l i t y  e x h i b i t  t h e  r a p i d l y  o s c i l l a t i n g  behav io r  

d i f f e r e n t  f rom t h e  non-symmetric s i t u a t i o n .  

F i n a l l y ,  exper imenta l  p h y s i c i s t s  ( re f s .  23 and 24)  have r e c e n t l y  n o t i c e d  

ndependent 

r e s u l t s  w i  11 

on 

t h a t  below a few keV, t h e  cap tu re  cross s e c t i o n  shows v e l o c i t y  

behavior  i n  he l i um and l i t h i u m  m a t e r i a l s .  It i s  hoped t h a t  our 

help i n  classifying these a n d  other relevant capture cross sect 

observat ions.  

CONCLUDING REMARKS 

A s e m i c l a s s i c a l  approach i s  used t o  d e r i v e  a q u a s i - s t a t i o n a r y  s t a t e  

method t o  approximate t h e  charge t r a n s f e r  cross sect ion.  

s l i g h t l y  more compl icated than  t h e  usual  Landau-Zeuer fo rma l i sm and g r e a t l y  

s i m p l e r  t han  t h e  coupled channel and va r ious  d i s t o r t e d  wave formalisms. 

Unl i ke t h e  Landau-Zener r e s u l t  , we p r e d i c t  n e a r l y  constant  cross s e c t i o n s  

below a few KeV i n  agreement w i t h  recen t  exper iments and t h e  more complex 

formalisms. 

The r e s u l t  i s  o n l y  
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APPEND I X 

I n  t h i s  appendix, t h e  c o n d i t i o n s  under which t h e  q u a n t i t i e s  A ( t )  and B ( t )  

can be t r e a t e d  as t ime  independent i n  t h e  equa t ion  (2.3) a r e  obtained. The 

c e n t r a l  p o i n t  i n  t h i s  t rea tmen t  i s  t h e  obse rva t i on  t h a t  when u -+ 0, compared 

w i t h  t h e  phase change, a i s  a s l o w l y  v a r y i n g  f u n c t i o n  i n  $ a e . As 

discussed i n  Sec t i on  11, t h i s  leads t o  

i s  

We have shown p r e v i o u s l y  t h a t  Y and Y u  a r e  s l o w l y  v a r y i n g  f u n c t i o n s  and 
9 

had assumed t h a t  A and B vary so s l o w l y  t h a t  t h e y  can be t r e a t e d  as t i m e  

independent. Now, l e t  us es t ima te  how s l o w l y  \y and lU a r e  v a r y i n g  and under 

what c o n d i t i o n s  A and B can be t r e a t e d  a s  t i m e  independent. Having done t h i s ,  

we w i l l  know t h e  c o n d i t i o n s  under which our a n a l y t i c a l  model o f  t h i s  paper 

works. 

9 

The wave f u n c t i o n s  o f  t h e  s t a t i o n a r y  s t a t e s  can be formed by l i n e a r  

combinat ion o f  atomic wave func t i ons ,  i.e., 

and 

where JI and JI 

t h e  t a r g e t ,  r e s p e c t i v e l y .  They a r e  independent o f  t h e  i n t e r n u c l e a r  d i s t a n c e  

R. 

c o n d i t i o n  and t h e  LCAO method t o  he 

a r e  t h e  atomic e l e c t r o n i c  wave func t i ons  o f  t h e  p r o j e c t i l e  and 1 2 

The c o e f f i c i e n t s  C1, C2, CI1 ,  and C I 2  a re  determined by t h e  n o r m a l i z a t i o n  
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1 1 
2 1 /2  (1 + 2Sfl+ fl) 2 1 /2  ; c 2 =  (1 + 2Sfl+ fl) 

C1= 

where f l  and f2 a r e  s o l u t i o n s  o f  equat ions (2.18) and (2.20) and a r e  known 

f u n c t i o n s  o f  t h e  i n t e r n u c l e a r  d i s t a n c e  R .  

Now, f i r s t  l e t  us es t ima te  how s l o w l y  t h e  mo lecu la r  e igen  f u n c t i o n s  

vary. For t h i s  cons ide r  

d C. dC 

where b i s  t h e  impact parameter and u 

notes t h a t  i f  u i s  smal l ,  t hen  $ and s i m i l a r l y  tu should be smal l .  Now, 

cons ide r  t h e  f o l l o w i n g  

i s  t h e  v e l o c i t y  o f  t h e  p r o j e c t i l e .  One 2 

2 9 

I n  t h e  above, t h e  second t e r n  con ta ins  a f a c t o r  u because o f  $ and t h e  
2 9’ 

t h i r d  t e r n  con ta ins  a f a c t o r  of E which i s  about t h e  o rde r  o f  u n i t y .  

Therefore,  i f  u g 1, compared t o  t h e  terms c o n t a i n i n g  E and E,, we can 

neg lec t  t h e  terms 5, 

9 

2 9 

and G U  . 
9 
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Next, l e t  us d iscuss t h e  behavior  o f  t h e  q u a n t i t i e s  A ( t )  and B ( t ) .  Fo r  

t h i s  we assume 4,- $,= 0, t hen  u s i n g  t h e  Schroedinger equa t ion  i$ = H$ and 

equat ions ( B . l )  and (B.2), we o b t a i n  

Reca l l  t h e  basic equa t ion  of LCAO (eqs. (2.19) and (2.20)) 

C1(Hll- E )  + C2(H12- E S )  = 0 

C1(H?l- E S )  + C 2 ( H 2 2 -  E )  = 0 

and t h e  two s e t s  of s o l u t i o n s  C1, C2 and C I 1 ,  C I 2  corresponding t o  e igen 

energ ies E and E,, r e s p e c t i v e l y .  Thus, t h e  equat ions 9 

C i  ( E u -  Hll) + C ' ( E  S - H ) = 0 2 u  12  

l ead  t o  
t t 

(B.4) i k (cl+ C ~ S )  e -i Egdt + i B ( c i +  C; SI e - i I 0 



34 

S i m i l a r l y ,  s t a r t i n g  again f rom t h e  Schroedinger equat ion i$ = ti$,, we w i l l  

o b t a i n  
L 

The above two equat ions can be w r i t t e n  as 

and 

t 
'A (c2+ C ~ S )  + B (c;+ cis) e- I (Eu- E g )  dt = o 

Now, h and 'B have nonzero s o l u t i o n s  if, and o n l y  if, t h e  s e c u l a r  equa t ion  i s  

equal t o  zero, as f o l l o w s :  

which leads t o  

f * -  fl= ( f 2 -  f l ) S  2 

where S i s  t h e  o v e r l a p  i n t e g r a l  and i s  always l e s s  than  u n i t y  except when 

R = 0 and $ 1 =  $2, and where fl and f2, def ined by fl = C2/C1 and f2  = C12/CIl, 

a r e  obv ious l y  no t  always equal. 

zero. 

Thus, t h e  s e c u l a r  equat ion cannot always be 

Therefore,  t h e  o n l y  s o l u t i o n  of equat ions (B.5) and (B.6) i s  'A = g = 0. 
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Thus, if we assume $ = $,= 0, t hen  A and B a re  independent o f  t ime. 
9 

A ( t ) ,  and B ( t )  a r e  ve ry  s l o w l y  
g ’  $us However, if u < 1, we can say t h a t  J, 

v a r y i n g  funct ions.  I n  p r a c t i c e ,  i f  u < 5 . x  10 cm/sec , i. e., i n  a tomic 7 

u n i t s  u < 0.2 , t h e  c o n d i t i o n  u < 1 i s  s a t i s f i e d .  It i s  n o t i c e d  i n  f i g u r e  6 

f o r  va lues u > 6 x 10 cm/sec, our r e s u l t s  do n o t  e x h i b i t  t h e  i n c r e a s i n g  cross 

s e c t i o n  as observed i n  experiment. 

7 
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TABLE 1. A l i s t  o f  funct ions f o r  the  reac t i on  o f  
3 +  

L i  + H + L!+ (n=3) + H+ 

FUNCTION EXPRESSION 

S 

K 

0.013 e-R(1.6 R4 + 8R3 + 24R2 + 48R + 48) 

0.026 e-R(4R3 + 8R2 + 12R + 12) 
1 - 2R 1 - - e (1+ -) 
R R 

Jl 

1 - - (0.043 R4 + 0.215 R3 
.R 

J2 

3s 8 =H - 0.5s + - -K 
1 2  R 

Hl 
3 - .OS - 3.J  + - 
R 

3 
R 

- 0.5 - J2 + - "2 

AE(R) (H2 - H1) + 2 Rl 

Po 

An 

1 -2R 
R 

+ 0.645R2 + 1.29R + 1.61 + -) e 

H2 -HI +B1 4 A-2 where, A = - ---- O o 5  + 
HI -M -B1 0.5 8 

H i  = H2 I1 
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2 

1 

F i g u r e  1. C o o r d i n a t e  v e c t o r s  of t h e  three -body  system. 

2 

T 
b 

F i g u r e  2. Oornain o f  c o l l i s i o n  a t  impact  p a r a m e t e r  b o v e r  t ime domain 
-to t to. 
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F i g u r e  3. C o o r d i n a t e s  used f o r  t r a n s f o r m a t i o n  Equat ions  (4.5)  - (4 .7 ) .  

I 

F i g u r e  4. Coord inates  used f o r  e v a l u a t i o n  o f  coulomb i n t e g r a l  J1. 
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F i g u r e  5 .  C o o r d i n a t e s  used f o r  e v a l u a t i o n  of coulomb i n t e g r a l  J2. 
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