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LIST OF SYMBOLS 

Blade semichord 
Th rus t  c o e f f i c i e n t  
Vector  o f  des ign  v a r i a b l e s  
O b j e c t i v e  f u n c t i o n  
Grad ien t  o f  o b j e c t i v e  f u n c t i o n  o r  behav io r  c o n s t r a i n t s  
Vector  o f  behav io r  c o n s t r a i n t s  
He igh t  of t h e  s i n g l e  c e l l  c ross s e c t i o n  
Hessian o f  o b j e c t i v e  f u n c t i o n  o r  behav io r  c o n s t r a i n t s  
Mass moment o f  i n e r t i a  o f  t h e  b lade  i n  f l a p p i n g  
Mass p o l a r  moment o f  i n e r t i a  o f  t h e  r o t o r  
Length o f  t h e  e l a s t i c  p o r t i o n  o f  t h e  b lade  
Thickness o f  t h e  cross s e c t i o n  
Peak-to-peak va lue  o f  t h e  4 / rev  v e r t i c a l  hub shears, nondimensional ized 
through d i v i s i o n  by 2R21b/fi 
O f f s e t  between t h e  e l a s t i c  a x i s  and t h e  aerodynamic cen te r ,  p o s i t i v e  f o r  
aerodynamic c e n t e r  ahead o f  t h e  e l a s t i c  a x i s  
O f f s e t  between t h e  e l a s t i c  a x i s  and t h e  c e n t e r  o f  g r a v i t y ,  p o s i t i v e  f o r  
c e n t e r  o f  g r a v i t y  ahead o f  t h e  e l a s t i c  a x i s  
D is tance  between l e a d i n g  edge and i n t e r n a l  w a l l  i n  double c e l l  c ross  s e c t i o n  
Chordwise l e n g t h  o f  t h e  cross s e c t i o n  
Blade Lock number 
Real p a r t  o f  hover s t a b i l i t y  e igenvalue f o r  t h e  k - t h  mode 
T i p  sweep angle,  p o s i t i v e  f o r  backward sweep 
Advance r a t  i o 
Ro to r  s o l i d i t y  
Ro to r  angu la r  v e l o c i t y  

1. INTRODUCTION AND PROBLEM STATEMENT 

o f  t h e  most c o s t  e f f e c t i v e  s o l u t i o n s  t o  t h e  problem o f  v i b r a t i o n  i n  r o t o r -  
c r a f t  i s  t o  des ign  r o t o r  b lades w i t h  an i n h e r e n t l y  low v i b r a t i o n  l e v e l .  
accomplished by a e r o e l a s t i c  t a i l o r i n g  t h e  b lade,  u s i n g  s t r u c t u r a l  o p t i m i z a t i o n .  Th is  
i m p l i e s  t h a t  t h e  b lade  mass and s t i f f n e s s  d i s t r i b u t i o n s  and i t s  geometry a r e  d e t e r -  
mined i n  such a manner t h a t  t h e  v i b r a t i o n  l e v e l s  a t  t h e  r o t o r  hub a r e  minimized. 
Using t h i s  approach v i b r a t i o n s  a r e  reduced d i r e c t l y  a t  t h e i r  source, i.e., t h e  r o t o r .  

T h i s  can be 

A thorough rev iew  o f  t h e  l i t e r a t u r e  concerning t h e  use o f  optimum design tech-  
niques i n  dynamic problems, and p a r t i c u l a r l y  i n  h e l i c o p t e r  r o t o r  b lade  dynamic 
design, i s  presented i n  r e f .  (1). A more r e c e n t  survey has been presented by 
Friedmann (ref. 2) .  These rev iews reveal  t h e  ex i s tence  o f  a v e r y  l i m i t e d  amount o f  
work devoted t o  t h e  s t r u c t u r a l  o p t i m i z a t i o n  o f  r o t o r  b lades f o r  v i b r a t i o n  reduct ion.  

I n  another  r e c e n t  survey Miura ( r e f .  3)  s t a t e s  t h a t  i t  i s  n o t  unreasonable t o  
pursue des ign o p t i m i z a t i o n  i n  areas, such as h e l i c o p t e r  v i b r a t i o n  reduc t i on ,  i n  which 
r e l i a b l e  p r e d i c t i o n  c a p a b i l i t i e s  do n o t  e x i s t  y e t .  B e t t e r  o p t i m i z a t i o n  $technology 
can be developed and implemented i n  h i g h l y  modular computer codes so t h a t  new, 
improved a n a l y s i s  codes can be e a s i l y  i n c o r p o r a t e d  as they  become a v a i l a b l e ,  and the  
o p t i m i z a t i o n  program can work w i t h  t h e  b e s t  p r e d i c t i v e  c a p a b i l i t y  a v a i l a b l e  a t  any 
p a r t  i cu 1 a r  t ime. 
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When t h e  mass and s t i f f n e s s  d i s t r i b u t i o n s  o f  t he  b lade  a r e  changed t o  reduce the  
v i b r a t i o n  l e v e l s  i t  i s  v e r y  impor tan t  t o  be sure t h a t  no degrada t ion  o f  t h e  aero- 
e l a s t i c  s t a b i l i t y  occurs. T h i s  i s  even more i m o r t a n t  when t i p  sweep i s  added as a 
des ign v a r i a b l e  because o f  i t s  powerfu l  i n f l u e n c e  on bo th  b lade response and s t a b i l -  
i t y  ( r e f .  4 ) .  
c o n s t r a i n t s  i n  t h e  optimum design process. T h i s  compl icates t h e  des ign  problem 
because a f u l l y  coupled a e r o e l a s t i c  s t a b i l i t y  and response a n a l y s i s  has t o  be com- 
b ined  w i t h  t h e  s t r u c t u r a l  o p t i m i z a t i o n  program. Only a few s t u d i e s  hav ing  t h i s  capa- 
b i l i t y  a r e  a v a i l a b l e  ( r e f s .  1,5,6). I n  r e f s .  (1,5,6) t h e  o b j e c t i v e  was t h e  
m i n i m i z a t i o n  o f  t h e  4 / r e v  o s c i l l a t o r y  v e r t i c a l  hub shears a t  an advance r a t i o  p = 
0.3. The a e r o e l a s t i c  s t a b i l i t y  c o n s t r a i n t s  r e q u i r e d  t h a t  t h e  fundamental f requencies 
i n  f l a p ,  l a g ,  and t o r s i o n  f a l l  between pre-assigned upper and lower  bounds. 

Prudence mandates t h e  i n t r o d u c t i o n  o f  a e r o e l a s t i c  s t a b i l i t y  

I n  a study by Pe te rs  e t  a l .  ( r e f .  7 )  two d i f f e r e n t  o b j e c t i v e  f u n c t i o n s  were used 
t o  m in im ize  b lade  we igh t  i n  one case, and t h e  d iscrepancy between d e s i r e d  and a c t u a l  
n a t u r a l  f requenc ies  o f  t h e  blade. A s i m p l i f i e d  f o r c e d  response a n a l y s i s  leads t h e  
au tho rs  t o  conclude t h a t  t h e  o b j e c t i v e  f u n c t i o n s  used i n  t h e  s tudy  a r e  "adequatell f o r  
v i b r a t i o n  r e d u c t i o n  purposes, b u t  no comprehensive a e r o e l a s t i c  a n a l y s i s  i s  performed, 
and no s t a b i l i t y  c o n s t r a i n t s  a r e  imposed on t h e  design. 

Davis  and W e l l e r  ( r e f .  8) used s t r u c t u r a l  o p t i m i z a t i o n  techniques t o  s o l v e  f o u r  
d i f f e r e n t  dynamic problems, namely: (a)  maximizat ion o f  t h e  i n -p lane  s t r u c t u r a l  
damping o f  a b e a r i n g l e s s  r o t o r  w i t h  e las tomer i c  dampers; (b)  placement o f  b lade 
n a t u r a l  f requencies;  ( c )  m i n i m i z a t i o n  o f  t h e  v i b r a t o r y  hub shears u s i n g  a s i m p l i f i e d  
r o t o r  aerodynamic model; and (d) m i n i m i z a t i o n  o f  c e r t a i n  r o t o r  v i b r a t i o n  i nd i ces .  
The r o t o r  a n a l y s i s  codes were d i r e c t l y  coupled t o  t h e  o p t i m i z a t i o n  codes. 
a e r o e l a s t i c  s t a b i l i t y  c o n s t r a i n t s  were considered. 

No 

More r e c e n t  work has a l s o  addressed t h e  minimum we igh t  des ign o f  r o t o r  blades 
w i t h  f requency c o n s t r a i n t s  ( r e f .  9) as w e l l  as t h e  v i b r a t i o n  r e d u c t i o n  problem i n  
fo rward  f l i g h t  by  u s i n g  o p t i m a r l y  p laced  t u n i n g  masses ( r e f .  10) w i t h o u t  e n f o r c i n g  
a e r o e l a s t i c  response a n a l y s i s  t o  o b t a i n  t h e  v i b r a t o r y  loads. Such s t u d i e s  a r e  use fu l  
s i n c e  they  c o n t r i b u t e  towards t h e  o v e r a l l  understanding o f  t h e  problem; however, t h e  
p o s s i b i l i t y  e x i s t s  t h a t  such an approach may n o t  produce r e l i a b l e  designs. A ve ry  
d e t a i l e d  combined exper imenta l  and t h e o r e t i c a l  s tudy ( r e f .  l l ) ,  aimed a t  exper imental  
v e r i f i c a t i o n  o f  h e l i c o p t e r  b lade  designs op t im ized  f o r  v i b r a t i o n  reduc t i on ,  i n d i c a t e d  
t h e  need f o r  using t h e  dynamic l o a d i n g  on t h e  blade, ob ta ined  f rom t h e  a e r o e l a s t i c  
response, i n  t h e  o p t i m i z a t i o n  process. 

A s e r i o u s  problem encountered i n  t h e  d i r e c t  c o u p l i n g  o f  a comprehensive 
a e r o e l a s t i c  s t a b i l i t y  and response code w i t h  an o p t i m i z a t i o n ,  o r  n o n l i n e a r  mathemati- 
c a l  p r o g r a m i n g  code i s  t h e  ve ry  l a r g e  computat ion e f f o r t  r e q u i r e d  f o r  t h e  s o l u t i o n .  
T h i s  problem can be a l l e v i a t e d  by c o n s t r u c t i n g  an approximate, c o m p u t a t i o n a l l y  e a s i e r  
t o  so lve,  o p t i m i z a t i o n  problem ( r e f .  12). The approximate problems converge t o  the  
s o l u t i o n  o f  t h e  o r i g i n a l ,  exac t  o p t i m i z a t i o n  problems. 

One t y p i c a l  method o f  c o n s t r u c t i n g  t h e  approximate problem i s  t o  expand t h e  
o b j e c t i v e  f u n c t i o n  and t h e  behav io r  c o n s t r a i n t s  i n  f i r s t  o r  second o r d e r  T a y l o r  
s e r i e s  i n  terms o f  t h e  des ign v a r i a b l e s ,  and i n  t h e  neighborhood o f  t h e  c u r r e n t  
des ign ( r e f .  12). T h i s  method o r i g i n a t e d  i n  t h e  f i e l d  o f  s t a t i c  s t r u c t u r a l  a n a l y s i s ,  
i n  which t h e  g r a d i e n t  i n f o r m a t i o n  r e q u i r e d  t o  c o n s t r u c t  t h e  T a y l o r  s e r i e s  expansions 
can be ob ta ined  a t  a f r a c t i o n  o f  t h e  c o s t  o f  one a n a l y s i s ,  through i m p l i c i t  d i f f e r e n -  
t i a t i o n  ( r e f .  13). T h i s  i s  d i f f i c u l t  t o  achieve i n  h e l i c o p t e r  a e r o e l a s t i c  op t im iza -  
t i o n ,  and t h e  g r a d i e n t  i n f o r m a t i o n  has t o  be cons t ruc ted  u s i n g  expensive-to-compute 
f i n i t e  d i f f e r e n c e  approximat ions.  References (1,5,6) u t i l i z e d  an expensive approach 
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based on f i n i t e  d i f f e r e n c e s  f o r  genera t i ng  approx imat ions t o  t h e  o b j e c t i v e  f u n c t i o n  
and a e r o e l a s t i c  c o n s t r a i n t s .  The genera t i on  o f  t h e  approximate problem was cumber- 
some and had t o  be c a r r i e d  o u t  i n  an i n t e r a c t i v e  manner, d u r i n g  t h e  o p t i m i z a t i o n  pro-  
cess. I t  i s  a l s o  p o s s i b l e  t o  c o n s t r u c t  approximate problems us ing  d e r i v a t i v e s ,  o r  
t h e  s e n s i t i v i t y  o f  t h e  o b j e c t i v e  func t i on .  T h i s  approach was s u c c e s s f u l l y  used i n  a 
recent ,  comprehensive o p t i m i z a t i o n  s tudy by Lim and Chopra ( r e f .  14). 

I T h i s  paper has t h r e e  main o b j e c t i v e s :  

1. To d e s c r i b e  a new f o r m u l a t i o n  o f  t h e  s t r u c t u r a l  o p t i m i z a t i o n  problem f o r  a h e l i -  
c o p t e r  r o t o r  b lade  i n  fo rward  f l i g h t .  The o b j e c t i v e  i s  t h e  m i n i m i z a t i o n  o f  t h e  
n / r e v  v e r t i c a l  hub shears. The behav io r  c o n s t r a i n t s  express ma themat i ca l l y  t h e  
requirements t h a t  t h e  b lade  be a e r o e l a s t i c a l l y  s t a b l e ,  t h a t  i t s  n a t u r a l  f requen- 
c i e s  f a l l  between preass igned upper and lower  bounds, and t h a t  t h e  a u t o r o t a t i o n  
performance n o t  be degraded d u r i n g  t h e  a e r o e l a s t i c  t a i l o r i n g  process. A new f o r -  
m u l a t i o n  o f  t h e  approximate problem a l l o w s  increases i n  e f f i c i e n c y ,  i n  t h e  
complete s o l u t i o n  o f  t h e  optimum design problem, o f  a t  l e a s t  one o r d e r  o f  magni- 
tude, compared w i t h  e x i s t i n g  procedures. 

2. To p resen t  r e s u l t s  ob ta ined  by l e t t i n g  t h e  t i p  sweep angle be one o f  t h e  des ign 
v a r i a b l e s  i n  t h e  o p t i m i z a t i o n  procedure. T i p  sweep has a powerfu l  i n f l u e n c e  on 
t h e  dynamic behav io r  t h e  b lade,  and when i n c l u d e d  i n  t h e  a e r o e l a s t i c  t a i l o r i n g  
process, can l e a d  t o  f u r t h e r  r e d u c t i o n s  i n  b lade  v i b r a t i o n  l e v e l s .  

To d e s c r i b e  some ongoing work be ing c a r r i e d  o u t  a t  UCLA on t h e  s t r u c t u r a l  
o p t i m i z a t i o n  o f  r o t o r  blades w i t h  s t r a i g h t  and swept t i p s .  

3. 

F i n a l l y  i t  should be noted t h a t  a cons ide rab le  amount o f  a d d i t i o n a l  r e s u l t s  per-  
t a i n i n g  t o  t h e  f i r s t  two o b j e c t i v e s  o f  t h i s  paper can be found i n  r e f s .  (15)-(18).  

2. AEROELASTIC STABILITY AND RESPONSE ANALYSIS 

T h i s  s e c t i o n  desc r ibes  b r i e f l y  t h e  a e r o e l a s t i c  s t a b i l i t y  and response a n a l y s i s  
and t h e  procedure used t o  c a l c u l a t e  t h e  v e r t i c a l  hub shears, t h a t  i s ,  t h e  a n a l y s i s  
p o r t i o n  o f  t h e  optimum des ign  process. 
a r e  s i m i l a r  t o  those d e r i v e d  i n  r e f .  (19). 
desc r ibed  i n  r e f .  ( 4 ) .  The equat ions d e s c r i b e  t h e  coupled f l a p - l a g - t o r s i o n a l  mot ion 
o f  a f l e x i b l e ,  homogeneous, i s o t r o p i c  blade, modeled as a B e r n o u l l i - E u l e r  beam 
undergoing smal l  s t r a i n s  and moderate d e f l e c t i o n s .  G e o m e t r i c a l l y  n o n l i n e a r  terms a re  
p resen t  i n  t h e  s t r u c t u r a l ,  i n e r t i a ,  and aerodynamic opera to rs ,  due t o  n o n l i n e a r  beam 
k inemat ics.  The i n e r t i a  loads a r e  ob ta ined  u s i n g  D 'A lember t ' s  p r i n c i p l e .  Quasi -  
steady s t r i p  theo ry ,  w i t h  u n i f o r m  i n f l o w ,  i s  used t o  d e r i v e  t h e  aerodynamic loads. 
S t a l l  and c o m p r e s s i b i l i t y  e f f e c t s  a r e  n o t  inc luded.  I n  t h e  model ing o f  t h e  swept t i p  
t h e  independence p r i n c i p l e  i s  assumed t o  apply ,  t h a t  i s ,  t h e  aerodynamic loads depend 
o n l y  on t h e  component o f  t h e  f l o w  conta ined i n  t h e  p lane  o f  t h e  c ross  sec t i on ,  and 
r a d i a l  f l o w  e f f e c t s  a r e  neg lec ted  ( r e f .  4). 

The equat ions o f  mo t ion  o f  t h e  s t r a i g h t  b lade 
The model ing o f  t h e  swept t i p  i s  

The s p a t i a l  dependence o f  t h e  p a r t i a l  d i f f e r e n t i a l  equat ions o f  mo t ion  o f  t he  
b lade i s  e l i m i n a t e d  by us ing  a G a l e r k i n  method o f  weighted r e s i d u a l s  ( r e f .  19). 
T h i s  r e s u l t s  i n  a f i n i t e  element d i s c r e t i z a t i o n .  Cubic i n t e r p o l a t i o n  polynomia ls  a re  
used f o r  t h e  model ing o f  f l a p  and l a g  bending, q u a d r a t i c  i n t e r p o l a t i o n  polynomia ls  
f o r  t h e  model ing o f  t o r s i o n .  The r e s u l t i n g  f i n i t e  elements have a t o t a l  o f  11 
degrees o f  freedom: displacement and s lope a t  each end o f  t h e  element, f o r  f l a p  and 

I 143 



l a g  bending, r o t a t i o n  a t  each end o f  the element and a t  a mid-element node, f o r  t o r -  
sion. The a x i a l  degree o f  freedom i s  e l im ina ted  by making the assumption t h a t  the 
blade i s  inextens ional .  The p a r t i a l  d i f f e r e n t i a l  equations o f  mot ion o f  the blade 
are  thus transformed i n t o  a se t  o f  nonl inear,  coupled, o rd inary  d i f f e r e n t i a l  
equations w i t h  p e r i o d i c  coe f f i c i en ts .  A modal coordinate t ransformat ion i s  per-  
formed t o  reduce the number o f  degrees o f  freedom. S i x  r o t a t i n g  coupled blade nor- 
mal modes a re  used t o  perform the modal coordinate t ransformat ion.  The coupled modes 
are  ca lcu la ted  f o r  a r o o t  p i t c h  angle equal t o  the c o l l e c t i v e  p i t ch .  

I n  forward f l i g h t ,  the  e q u i l i b r i u m  p o s i t i o n  o f  the blade is t i m e  dependent, and 
is obtained by so l v ing  a sequence o f  l i n e a r ,  pe r iod i c  response problems, using quasi- 
l i n e a r i z a t i o n .  The s t a b i l i t y  o f  the  system is determined us ing Floquet theory. A 
spec ia l ,  i m p l i c i t  fo rmula t ion  o f  quas i l i nea r i za t i on  ( r e f .  20) which reduces con- 
s iderab ly  the  implementation e f f o r t  i s  used. The a lgebra ic  expressions t h a t  de f ine  
the aerodynamic loads are  no t  expanded e x p l i c i t l y .  They are  coded separate ly  i n  the 
computer program and combined numer ica l ly  dur ing  the s o l u t i o n  procedure. 
Q u a s i l i n e a r i z a t i o n  is a Newton-Raphson type procedure, and the d e r i v a t i v e  matr ices 
t h a t  a re  requ i red  by the a lgor i thm a r e  computed using f i n i t e  d i f f e r e n t  approxima- 
t ions.  

The o v e r a l l  h e l i c o p t e r  t r i m  procedure used i n  t h i s  study is a propu ls ive  trim 
procedure i d e n t i c a l  t o  t h a t  used i n  ref. (21). 

The c a l c u l a t i o n  o f  the hub loads, cons is t ing  o f  forces and moments, i s  performed 
us lng the  d l rec t  fo rce  I n t e g r a t i o n  method. The response o f  the blade I s  obtained 
f r o m  the ae roe las t i c  response c a l c u l a t i o n  code; thus the hub loads are  obtained f rom 
a spanwise I n t e g r a t i o n  o f  the I n e r t i a  and aerodynamic loads d i s t r i b u t e d  along the 
blade. D e t a i l s  on the hub loads ca l cu la t i ons  can be found i n  re fs .  15-18. 

3. FORMULATION OF THE OPTIMUM DESIGN PROBLEM 

The op t im iza t i on  problem i s  cast  i n  r mathematical p rog raming  form. 
Thus the o b j e c t i v e  i s  t o  minimize a 
subject  t o  a c e r t a i n  number o f  

) o f  a vector  8 o f  design var iab les ,  

To reduce the computational requirements, the computer program performing the 
ae roe las t i c  ana lys i s  i s  n o t  connected d i r e c t l y  t o  the op t im iza t ion  program. Instead, 
the op t im iza t i on  i s  conducted on an approximate p r o b l m ,  which reproduces the charac- 
t e r i s t i c s  o f  the ac tua l  problem i n  a neighborhood o f  the cur ren t  design, and which i s  
cont inuously  updated as the op t im iza t ion  progresses. 

An e f f e c t i v e  method o f  b u i l d i n g  an approximate problem i s  t o  expand the ob jec t i ve  
func t i on  and the  behavior cons t ra in t s  i n  Tay lor  ser ies  i n  terms o f  the design 
var iab les  ( re f .  9): 

F(8) = F(a0) + VF(80)6d + $ 6dT[H(do)]6d (3 )  
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where F(d)  i s  t ken t o  be 

a t  t h e  c u r r e n t  dgsign. The Hessian m a t r i x  i s  t h e  m a t r i x  o f  t h e  second p a r t i a l  
d e r i v a t i v e s  o f  t h e  o b ' e c t i v e  f u n c t i o n  w i t h  respec t  t o  t h e  des ign va r iab les .  The 

n o b j e c t i v e  o r  c o n s t r a i n t  f unc t i on ,  z) i s  t h e  c u r r e n t  
design, and VF( if ) and [H($ j l  a r e  r e s p e c t i v e l y  t h e  g r a d i e n t  and f h e  Hessian matr  

p e r t u r b a t i o n  v e c t o r  6 i) i s  d e f i n e d  as 

68  = z) - a, ( 4  

X 

The most expensive f u n c t i o n  t o  eva lua te  i s  t h e  o b j e c t i v e  f u n c t i o n .  The c o s t  o f  
one e v a l u a t i o n  o f  t h e  o b j e c t i v e  f u n c t i o n  i s  two o rde rs  o f  magnitude h i g h e r  than the  
t o t a l  c o s t  o f  e v a l u a t i n g  t h e  behav io r  c o n s t r a i n t s .  No a n a l y t i c  expressions f o r  the 
g r a d i e n t s  a r e  a v a i l a b l e  f o r  t h e  o b j e c t i v e  f u n c t i o n ,  and f i n i t e  d i f f e r e n c e  approxima- 
t i o n s  a r e  r e q u i r e d  f o r  t h e  c o n s t r u c t i o n  o f  t h e  d e r i v a t i v e  i n f o r m a t i o n  i n  Eq. (3) .  
Therefore,  i f  n des ign  v a r i a b l e s  a r e  used i n  t h e  o p t i m i z a t i o n ,  n a d d i t i o n a l  aero- 
e l a s t i c  analyses a r e  r e q u i r e d  t o  compute t h e  g r a d i e n t ,  and an a d d i t i o n a l  n(n+1) /2 f o r  
t h e  c a l c u l a t i o n  o f  t h e  Hessian, making t h e  c o s t  o f  b u i l d i n g  t h e  T a y l o r  s e r i e s  approx- 
i m a t i o n  t o  t h e  o b j e c t i v e  f u n c t i o n  ext remely high. For  t h i s  reason an a l t e r n a t i v e  
approx imat ion technique, i n t roduced  by Vanderplaats [22,23], was used i n  t h i s  study. 

T h i s  
t h e  Hess 
whatever 
expanded 

I n  which 

a l t e r n a t i v e  technique i s  based on t h e  idea of approx imat ing t h e  g r a d i e n t  and 
an i n  Eq. ( 3 ) ,  n o t  by using smal l  f i n i t e  d i f f e r e n c e  s teps,  b u t  by us ing  
des ign  i n f o r m a t i o n  i s  a v a i l a b l e  a t  t h e  t ime. Eq. (3) can be r e w r i t t e n ,  i n  
form, as ( r e f s .  22,23). 

+ H 6D 6D + H136D16D3 +...+ Hln6D16Dn 12 1 2 

+ H 6D 6D +...+ Hn-l,n 6D n-l 60 23 2 3 

AF = F(E) - F(S0), = F - Fo 

(5 )  

and 

VFi = VFi(do) ; Hij = Hij(do) ( 7 )  

Assu e t h a t  a b a s e l i n e  des ign E has been analyzed t o  g i v e  Fo, and t h a t  o t h e r  designs 
E,, 1, ,... ,z)k have been p r e v i o u g l y  analyzed, t o  p r o v i d e  F1,F2 ,... Fk. L e t  

I (8) 6di = di - 8, i = 1,2,...,k 

and 

AFi = Fi - Fo i = 1,2,...,k (9) 



I f  k designs a r e  a v a i l a b l e ,  Eq. (5 )  can be w r i t t e n  k times. The unknowns o f  t h e  
r e s u l t i n g  l i n e a r  system a r e  VF VF ,..., V , and H H ,..., H , I f  t h e  designs a r e  
l i n e a r l y  independent, the  sys t& Q gquat ioks (5 )  w i t ;  p k i d e  a!!" t h e  c o e f f i c i e n t s  
r e q u i r e d  f o r  t h e  q u a d r a t i c  polynomial  approximat ion Eq. (3). I f  a l l  t h e  designs are  
very  c l o s e l y  spaced, t h e  s o l u t i o n  t o  the  g r a d i e n t  and Hessian m a t r i x  a t  -b . 
(3) w i l l  t h  n represent  a t runcated  Tay lo r  s e r i e s  expansion o f  F, v a l i d  i R  a neigh- 

be a quadratyc po lynomia l  approximat ion,  de f ined over a w ider  r e g i o n  o f  the  design 
space. 

Equation 

borhood o f  8 . I f  t h e  designs a r e  d ispersed i n  t h e  des ign space, Eq. (3)  w i l l  s imply 

An impor tan t  c h a r a c t e r i s t i c  o f  t h i s  technique i s  t h a t  the  system o f  equat ions (5) 
can be w r i t t e n  w i t h  l e s s  than Q equations. I f  a t  l e a s t  n + 1 designs a r e  a v a i l a b l e ,  
the  s o l u t i o n  o f  the  system w i l l  p rov ide  a l i n e a r  p o r t i o n  o f  the .approx imat ion ,  Eq. 
(3). An approximate o p t i m i z a t i o n  can be conducted, based on t h i s  l i n e a r  approxima- 
t i o n .  The r e s u l t i n g  optimum i s  then analyzed p r e c i s e l y  and prov ides  an a d d i t i o n a l  
design: a system o f  n + 2 equat ions ( 5 )  can then be w r i t t e n .  I t s  s o l u t i o n  w i l l  p ro-  
v i d e  a new approximat ion,  Eq. ( 5 ) ,  w i t h  a l l  t h e  l i n e a r  terms p l u s  one p a i r  o f  quadra- 
t i c  terms o f  t h e  symnetr ic  Hessian m a t r i x .  The process can then be repeated, w i t h  
each new approximate optimum p r o v i d i n g  an a d d i t i o n a l  des ign p o i n t  t o  increase the  
number o f  terms i n  t h e  q u a d r a t i c  approximat ion t o  o b j e c t i v e  f u n c t i o n  and behavior  
c o n s t r a i n t s .  

One i t e r a t i o n  o f  t h e  o p t  
steps: 

1. C a l c u l a t i o n  o f  t h e  b lade 
shaDes: 

mum design process thus c o n s i s t s  o f  t h e  f o l l o w i n g  s 

p r o p e r t i e s ,  i n c l u d i n g  n a t u r a l  f requencies and mode 

X 

. -  
2. A e r o e l a s t i c  a n a l y s i s  i n  hover; 
3. A e r o e l a s t i c  a n a l y s i s  i n  forward f l i g h t ,  i n c l u d i n g  c a l c u l a t i o n  o f  hub loads; 
4. C a l c u l a t i o n  o f  o b j e c t i v e  f u n c t i o n  and behavior  c o n s t r a i n t s ;  
5. 

6. 

C a l c u l a t i o n  o f  a new approx imat ion ( l i n e a r  o r  incomplete q u a d r a t i c )  t o  o b j e c t i v e  
f u n c t i o n  and behavior  c o n s t r a i n t s ;  
S o l u t i o n  o f  t h e  approximate cons t ra ined o p t i m i z a t i o n  problem, us ing  the  f e a s i b l e  
d i r e c t i o n  code CONMIN ( r e f s .  24,25)  t o  o b t a i n  a new, improved b lade design. 

The process i s  te rmina ted  when a f e a s i b l e ,  optimum design has been reached, or 
arbitrarily, when t h e  improvement i n  the  design i s  considered "adequate". 

The f i r s t  n + 1 i t e r a t i o n s  o f  the  procedure a r e  n o t  t r u e  o p t i m i z a t i o n  i t e r a t i o n s  
because s teps 5 and 6 above a r e  n o t  performed. I n  f a c t ,  these i n i t i a l  i t e r a t i o n s  a r e  
used t o  generate a s u f f i c i e n t  number o f  designs t o  b u i l d  a t  l e a s t  an i n i t i a l  l i n e a r  
approx imat ion t o  o b j e c t i v e  f u n c t i o n  and behavior  c o n s t r a i n t s .  

Side const ra in ts  a r e  p laced on the  design v a r i a b l e s  t o  p revent  them from 
reaching i m p r a c t i c a l  va lues which v i o l a t e  p r a c t i c a l ,  p h y s i c a l  c o n s t r a i n t s .  Thus a l l  
the  th icknesses and d is tances  a r e  assumed t o  be nonnegative numbers. 

Three d i f f e r e n t  types o f  behavior constra ints  a r e  p laced on the  design. 

1. frequency p l a c m e n t  constra ints .  The fundamental f requencies i n  f l a p ,  l a g  and 
t o r s i o n  a r e  r e q u i r e d  t o  f a l l  between preassigned upper and lower  bounds. i f  w i s  
one o f  t h e  t h r e e  f requencies,  and w and w a r e  the  preassigned lower  and upper 
bound r e s p e c t i v e l y ,  t h e  frequency piacemen! c o n s t r a i n t  i s  expressed mathemati- 
c a l l y  i n  t h e  form: 
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g (d )  = 1 - % s o  

wL 

Equat ions (10) and (ll), w r i t t e n  f o r  each o f  t h e  t h r e e  fundamental f requencles o f  
t h e  b lade,  p r o v i d e  a t o t a l  o f  s i x  behav io r  c o n s t r a i n t s .  Furthermore, t h e  frequen- 
c i e s  a r e  a l s o  cons t ra ined  so as t o  be s u f f i c i e n t l y  removed f rom t h e  n / r e v  f r e -  
quencies. 

2. Aeroe las t f c  s t a b i l i t y  cons t ra in t s .  The b lade  I s  r e q u l r e d  t o  be a e r o e l a s t l c a l l y  
s t a b l e  i n  hover. No c o n s t r a i n t s  a r e  p laced  on t h e  s t a b i l i t y  i n  forward f l i g h t  
because a l l  t h e  b lade  c o n f l g u r a t i o n s  considered i n  t h i s  o p t i m l t a t l o n  s tudy a re  
s o f t - i n - p l a n e  b l a d e  c o n f l g u r a t i o n s ,  and t h e  e f f e c t  o f  f o rward  f l i g h t  I s  u s u a l l y  
s t a b i l i z i n g  f o r  t h i s  t ype  o f  b lades ( r e f .  21). The a e r o e l a s t l c  s t a b l l l t y  
c o n s t r a i n t s  a r e  expressed mathemat i ca l l y  i n  t h e  form: 

k = 1,2,...,m 

I f  m modes a r e  used t o  pe r fo rm t h e  modal c o o r d i n a t e  t r a n s f o r m a t i o n  i n  t h e  so lu-  
t i o n  o f  t h e  equat ions o f  mot ion,  t h e r e  a r e  m c o n s t r a i n t  equat ions l i k e  Eq. (12), 
where t h e  q u a n t i f y  5 i s  t h e  r e a l  p a r t  o f  t h e  hover s t a b i l i t y  e igenvalue f o r  the 
k - t h  mode. As i n d i c k t e d  i n  t h e  r e s u l t s  sec t i on ,  i n  some cases more s t r i n g e n t  
a e r o e l a s t i c  c o n s t r a i n t s  were a l s o  imposed. 

3. Auto ro ta t  ion cons t ra in t s .  The a u t o r o t a t i o n  c o n s t r a i n t  expresses t h e  requirement 
t h a t  p o s s i b l e  mass r e d i s t r i b u t i o n s  produced i n  t h e  o p t i m i z a t i o n  process do n o t  
degrade t h e  a u t o r o t a t i o n  p r o p e r t i e s  o f  t h e  r o t o r .  The most convenient au to ro ta -  
t i o n  c o n s t r a i n t  I s  one which r e s t r i c t s  v a r i a t i o n s  o f  t h e  p o l a r  mass moment o f  
i n e r t i a  o f  t h e  r o t o r  ( r e f .  26, pp. 346-364). Therefore,  t h e  a u t o r o t a t i o n  
c o n s t r a i n t  i s  expressed mathemat i ca l l y  i n  t h e  form: 

The c o n s t r a i n t  equa t ion  (13) r e q u i r e s  t h a t  t h e  mass p o l a r  moment o f  i n e r t i a  J o f  
t h e  r o t o r  m a i n t a i n ,  d u r i n g  t h e  o p t i m i z a t i o n ,  a t  l e a s t  90% o f  i t s  i n i t i a l  value Joe 

Therefore,  a t o t a l  o f  t h i r t e e n  behavior c o n s t r a i n t  equat ions a r e  p laced on the  design 
va r i ab 1 es . 

4. RESULTS 

The b a s i c  b lade c o n f i g u r a t i o n  considered i n  t h i s  s tudy i s  a s o f t - i n - p l a n e  hinge- 
l e s s  blade, shown i n  F i g u r e  1, which i s  p a r t  o f  a f o u r  b laded r o t o r .  The uncoupled 
fundamental l ag ,  f l a p ,  and t o r s i o n  f requencies,  f o r  zero t i p  sweep, a r e  0.732/rev, 
1.125/rev, and 3.17/rev r e s p e c t i v e l y .  The Lock number i s  y = 5.5, t h e  t h r u s t  coef -  
f i c i e n t  C = 0.005, and t h e  r o t o r  s o l i d i t y  o = 0.07. 
a t i o n s ,  t h e  outermost 10% o f  t h e  b lade  i s  swept. The b lade  precone angle B 

For t h e  swept t i p  c o n f i g u r -  
t h e  

P ’  
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r o o t  o f f s e t  e , t h e  o f f s e t  x between t h e  e l a s t i c  a x i s  and t h e  aerodynamic center ,  
and t h e  o f f s e t  x between t h 8  e l a s t i c  a x i s  and t h e  cross s e c t i o n a l  cen te r  o f  g r a v i t y  
a r e  a l l  s e t  t o  zkro,  un less  s p e c i f i e d  otherwise. The modal coo rd ina te  t rans fo rma t ion  
i s  based on t h e  s i x  lowest  frequency, r o t a t i n g ,  coupled modes of t h e  blade. I n  a l l  
cases t h e  s i x  modes were one t o r s i o n ,  two lag ,  and t h r e e  f l a p  modes. The blades 
were modeled u s i n g  5 f i n i t e  elements, w i t h  nodes a t  O X ,  22.5%, 45%, 67.53, 90% and 
100% o f  t h e  span. Se lec ted  r e s u l t s  a r e  presented here. Numerous a d d i t i o n a l  r e s u l t s  
can be found i n  r e f s .  (15)-(18). 

Two types o f  c ross  s e c t i o n s  a r e  considered i n  t h i s  study, namely a s i n g l e  c e l l ,  
r e c t a n g u l a r  c ross  sec t i on ,  and a double c e l l  c ross sect ion.  Both cross sec t i ons  a re  
shown i n  F i g u r e  2. Up t o  f i v e ,  and up t o  n i n e  independent des ign parameters can be 
s p e c i f i e d  f o r  t h e  s i n g l e  c e l l  and t h e  double c e l l  c ross  s e c t i o n  r e s p e c t i v e l y  ( re f .  
16). I n  t h i s  s tudy t h e  cross s e c t i o n a l  des ign parameters a r e  l i n k e d  i n  such a way as 
t o  reduce t h e  number o f  independent des ign parameters t o  two, f o r  bo th  t h e  s i n g l e  and 
t h e  double c e l l  c ross  sect ions.  The f i r s t  independent des ign  v a r i a b l e  i s  t he  
th i ckness  t o f  a l l  t h e  elements o f  which b o t h  cross s e c t i o n s  a r e  composed. The 
second indebendent des ign  v a r i a b l e  i s  t h e  chordwise w i d t h  x f o r  b o t h  cross sect ions.  
I n  t h e  s i n g l e  c e l l  c ross  s e c t i o n  t h e  r a t i o  between t h e  w i d t 6  x and t h e  h e i g h t  hS i s  
k e p t  constant ,  w i t h  x /h  = 4.5. I n  t h e  double c e l l  c ross  seceion t h e  i n t e r n a l  w a l l  
i s  p laced  ha l fway  b e t i e e f i  t h e  l e a d i n g  edge and t h e  r e a r  w a l l ,  so t h a t  x = x /2. The 
o u t s i d e  w a l l  o f  t h e  double c e l l  c ross  s e c t i o n  has t h e  shape of a NACA Ob12 a ? r f o i l .  
The p r o p e r t i e s  o f  b o t h  c ross  s e c t i o n s  a r e  presented i n  r e f .  (16). 

As a p r e l i m i n a r y  t o  t h e  o p t i m i z a t  
peak-to-peak va lues o f  t h e  4 / r e v  v e r t  

on s tud ies ,  t h e  e f f e c t  o f  t i p  sweep on the  
c a l  hub shears was i n v e s t i g a t e d .  

F i g u r e  3 shows t h e  peak-to-peak va lue VZpk o f  t h e  v e r t i c a l  hub shears as a func- 
t i o n  o f  t h e  t i p  sweep ang le  A ,  f o r  f o u r  d i f f e r e n t  va lues o f  t h e  advance r a t i o  p, f o r  
t h e  s o f t - i n - p l a n e  b lade  c o n f i g u r a t i o n .  F i g u r e  3 shows t h a t  t i p  sweep may o r  may n o t  
be b e n e f i c i a l  f o r  t h e  s o f t - i n - p l a n e  c o n f i g u r a t i o n ,  depending on t h e  advance r a t i o  and 
t h e  t i p  sweep angle. A t  an advance r a t i o  p = 0.3 t h e  o s c i l l a t o r y  loads r a p i d l y  
i nc rease  w i t h  t i p  sweep. A t  = 0.4, instead,  t i p  sweep has a b e n e f i c i a l  e f f e c t .  
Based on t h e  r e s u l t s  o f  t h i s  p r e l i m i n a r y  i n v e s t i g a t i o n ,  t h e  advance r a t i o  a t  which 
t h e  4 / r e v  v e r t i c a l  hub shears a r e  min imized was s e t  a t  p = 0.4. 

INBOARD SEGMENT 

PITCH CHANGE BEARING \ /ROTOR HUB 

SWEPT 

'PITCH LINK 

-e--= 
I I 

Figure 1: Swept t i p  h inge less  r o t o r  Flgure 2: S i n g l e  and double c e l l  
b lade  model. cross sect ions.  
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Three o p t i m i z a t i o n  s t u d i e s  were conducted us ing  t h e  general  procedure o u t l i n e d  i n  
t h e  p rev ious  s e c t i o n ,  namely: 

1. 

2. 

3. 

O p t i m i z a t i o n  o f  a complete ly  s t r a i g h t  b lade,  hav ing a t w o - c e l l  c ross sect ion.  
The o b j e c t i v e  f u n c t i o n  i s  t h e  peak-to-peak va lue  o f  t h e  4 / r e v  v e r t i c a l  hub shears 
a t  an advance r a t i o  p = 0.4. 

The des ign  v a r i a b l e s  a r e  d e f i n e d  a t  t h r e e  d i s t i n c t  cross s e c t i o n s  o f  t h e  blade: 
t h e  r o o t  sec t i on ,  t h e  t i p  sec t i on ,  and t h e  cross s e c t i o n  a t  t h e  67.5% span, for a 
t o t a l  o f  s i x  independent design var iab les .  The 67.5% s t a t i o n ,  a t  which two 
des ign  v a r i a b l e s  a r e  de f i ned ,  i s  t h e  j u n c t i o n  s e c t i o n  between t h e  t h i r d  and t h e  
f o u r t h  f i n i t e  element. The b lade p r o p e r t i e s  a r e  assumed t o  v a r y  l i n e a r l y  between 
two consecut ive s t a t i o n s  a t  which t h e  des ign v a r i a b l e s  a r e  s p e c i f i e d .  

O p t i m i z a t i o n  o f  a complete ly  s t r a i g h t  b lade,  hav ing a s i n g l e  c e l l  c ross  sect ion.  
As i n  t h e  p rev ious  case, t h e  o b j e c t i v e  f u n c t i o n  i s  t h e  peak-to-peak va lue  o f  t he  
4 / r e v  v e r t i c a l  hub shears a t  an advance r a t i o  p = 0.4. 

As i n  Case 1, t h e  des ign  v a r i a b l e s  a r e  d e f i n e d  a t  t h r e e  d i s t i n c t  cross sec t i ons  
o f  t h e  blade: t h e  r o o t  sec t i on ,  t h e  t i p  sec t i on ,  and t h e  c ross  s e c t i o n  a t  t h e  
67.5% span, for a t o t a l  o f  s i x  independent design var iab les .  

The c ross  s e c t i o n  i s  rec tangu la r ,  t h e r e f o r e  doubly  symnetr ic.  Because l e a d i n g  
edge masses have n o t  been used i n  t h i s  p a r t i c u l a r  example, t h e  c e n t e r  o f  g r a v i t y  
and t h e  aerodynamic c e n t e r  a r e  l o c a t e d  on t h e  e l a s t i c  a x i s  o f  t h e  b lade  - which 
i s  taken t o  be c o i n c i d e n t  w i t h  t h e  p i t c h  ax i s .  Therefore t h e  assoc ia ted  o f f s e t s  
a r e  equal t o  zero. 

S t r a i g h t  b lade  w i t h  a swept t i p .  
va lue  o f  t h e  4 / r e v  v e r t i c a l  hub shears d i v i d e d  by t h e  t h r u s t  c o e f f i c i e n t  CT, a t  

The o b j e c t i v e  f u n c t i o n  i s  t h e  peak-to-peak 
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F i g u r e  3: E f f e c t  o f  t i p  sweep on t h e  F i g u r e  4: Case 1 - I t e r a t i o n  h i s t o r y  
peak-to-peak va lue  o f  t h e  v e r t i c a l  hub o f  t h e  o b j e c t i v e  f u n c t i o n .  
shears, s o f t - i n - p l a n e  b lade  c o n f i g u r a t i o n .  
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an advance r a t i o  p = 0.4. 
a t tempt  t o  compensate f o r  the  inaccuracy o f  the  t r i m  program, which neg lec ts  the 
t o r s i o n a l  deformat ion o f  t h e  b lade and thus overest imates t h e  t h r u s t  t h a t  the  
r o t o r  i s  a c t u a l l y  capable o f  developing. 

Th is  p a r t i c u l a r  choice o f  o b j e c t i v e  f u n c t i o n  i s  an 

The outermost 10% o f  the  b lade i s  swept, w i t h  the  sweep angle be ing  a design 
v a r i a b l e  o f  t h e  o p t i m i z a t i o n  procedure. The cross s e c t i o n  i s  rec tangu lar ,  and 
t h e r e f o r e  t h e  o f f s e t s  x and x a r e  equal t o  zero. The cross s e c t i o n a l  design 
v a r i a b l e s  a r e  designed 4s i n  C h e  2. Therefore a t o t a l  o f  seven design 
var iab les  i s  used i n  t h i s  case. 

~ The i n i t i a l  b lade c o n f i g u r a t i o n ,  f o r  a l l  t h r e e  cases, i s  t h e  b a s e l i n e  s o f t - i n -  
p lane c o n f i g u r a t i o n .  

Optimization Case 1 

design produced a t  t h e  end o f  the  o p t i m i z a t i o n  s tep n. Step 0 and t h e  f i r s t  s i x  
steps a r e  n o t  t r u e  o p t i m i z a t i o n  steps: 
mat ion t o  b u i l d  l i n e a r  approximat ions t o  the  o b j e c t i v e  f u n c t i o n  and behavior  
c o n s t r a i n t s .  Step 0 i s  the  a n a l y s i s  o f  the  base l ine  design. I n  s teps 1 through 6 
each o f  t h e  s i x  des ign v a r i a b l e s  i s  per turbed,  one a t  a time. Because t h e  p e r t u r -  
b a t i o n s  were r e l a t i v e l y  small  - 1% o f  the  b a s e l i n e  va lue - t h e  l i n e a r  approxlmat ions 
ob ta ined a t  t h e  end o f  s tep  6 can be considered as g r a d i e n t s  c a l c u l a t e d  us ing  forward 
f l i g h t  d i f f e r e n c e  approximat ions.  

I The i t e r a t i o n  h i s t o r y  o f  the  o b j e c t i v e  f u n c t i o n  f o r  case 1 i s  shown i n  Fig. 4. 
I I t  should be noted t h a t  f o r  a l l  t h r e e  o p t i m i z a t i o n  cases, des ign n i s  d e f i n e d  as the 

they a r e  r e q u i r e d  t o  o b t a i n  enough i n f o r -  

Step 7 i s  t h e  f i r s t  t r u e  o p t i m i z a t i o n  s tep  and c o n s i s t s  o f  t h e  s o l u t i o n  o f  a 
l i n e a r  o p t i m i z a t i o n  problem. Move l i m i t s  were p laced on t h e  des ign v a r i a b l e s ,  which 
cou ld  n o t  change by more than 25% o f  the  b a s e l i n e  value. The o p t i m i z a t i o n  cont inues 
f o r  t h r e e  a d d i t i o n a l  s teps (8-10). Each new proposed des ign i s  analyzed p r e c i s e l y  
and i s  used t o  improve t h e  polynomial  approximat ions t o  o b j e c t i v e  f u n c t i o n  and behav- 
i o r  c o n s t r a i n t s .  The diagonal o f  the  Hessian m a t r i x  i s  b u i l t  f i r s t ,  as more f u n c t i o n  
e v a l u a t i o n s  become a v a i l a b l e .  (The term ItHessian" i s  used i n  t h i s  s e c t i o n  w i t h  the  
general  meaning o f  " m a t r i x  c o e f f i c i e n t s  o f  the  quadra t ic  terms a t  t h e  approxima- 
t i o n " ) .  F i g u r e  4 shows t h a t ,  a f t e r  reaching a minimum a t  s tep  8, t h e  o b j e c t i v e  func- 
t i o n  s l i g h t l y  o s c i l l a t e s .  

damping c o n s t r a i n t  f o r  t h e  f i r s t  f l a p  mode was a c t i v e .  
f i r s t  f l a p  mode tends t o  be h i g h l y  damped, and a p r e c i s e  a n a l y s i s  o f  t h e  proposed 
des ign showed t h a t  t h i s  indeed was t h e  case, and t h a t  t h e  p r e c i s e  f i r s t  f l a p  s t a b i -  
l i t y  c o n s t r a i n t  was s a t i s f i e d .  The c o n s t r a i n t  was t h e r e f o r e  re fo rmula ted  as 

AS t h e  cons t ra ined optimum o f  the  approximate problem, t h e  approximate f l a p  
I n  most h e l i c o p t e r  blades the  

t,, - 0.3 < 0 (14) 

The subsequent o p t i m i z a t i o n  steps were performed w i t h  t h i s  new form o f  the  con- 
s t r a i n t ,  which prevents  t h e  approximate c o n s t r a i n t  f rom becoming c r i t i c a l .  
s teps (11 and 12) a r e  performed w i t h  the  re laxed f l a p  c o n s t r a i n t .  
12 i s  a l o c a l ,  unconst ra ined minimum o f  the  approximate problem. The corresponding 
b lade i s  such t h a t  a r e d u c t i o n  o f  54.3% i s  achieved i n  t h e  o b j e c t i v e  f u n c t i o n ,  com- 
pared w i t h  t h e  b a s e l i n e  conf igura t ion .  The des ign suggested by the  o p t i m i z e r  f o r  
s t e p  13 i s  p r a c t i c a l l y  t h e  same as t h a t  f o r  s tep  12. A d i f f e r e n t  des ign was i n s t e a d  
a r b i t r a r i l y  s e l e c t e d  f o r  s tep  13. Th is  des ign was llclosel' t o  t h a t  o f  s tep  12, and 
was s e l e c t e d  f o r  t h e  o n l y  purpose o f  adding one des ign t o  t h e  des ign d a t a  base and t o  
t r y  t o  improve t h e  accuracy o f  the  approximat ions i n  the  neighborhood o f  des ign 12 - 

Two more 
The des ign o f  step 
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w i t h  t h e  des ign o f  s tep  13 t h e  f u l l  d iagonal  o f  t h e  Hessian can be b u i l t .  Step 14 i s  
t h e  l a s t  o p t i m i z a t i o n  s tep,  and i t  produces a va lue  o f  t h e  o b j e c t i v e  f u n c t i o n  t h a t  i s  
s l i g h t l y  h i g h e r  than t h e  minimum o f  s tep  12. The o p t i m i z a t i o n  was a r b i t r a r i l y  
stopped a t  t h i s  p o i n t .  A l l  t h e  designs generated d u r i n g  t h e  o p t i m i z a t i o n  were 
f e a s i b l e .  I t e r a t i o n  h i s t o r i e s  on t h e  des ign v a r i a b l e s  a r e  presented i n  r e f s .  
(15)-(17),  and f o r  conciseness a r e  n o t  repeated here. 

Optimization Case 2 

Steps 0 through 6 a r e  n o t  t r u e  o p t i m i z a t i o n  steps. These s teps a r e  r e q u i r e d  t o  
generate enough des igns t o  c o n s t r u c t  a t  l e a s t  l i n e a r  approx imat ions t o  o b j e c t i v e  
f u n c t i o n  and behav io r  c o n s t r a i n t s .  The des ign a t  s tep  0 i s  t h e  b a s e l i n e  b lade 
design. The des igns analyzed i n  s teps 1 through 6 a r e  ob ta ined  by changing one 
des ign v a r i a b l e  a t  t h e  t ime. S ince t h e  change i n  each v a r i a b l e  was equal t o  10% o f  
i t s  b a s e l i n e  va lue,  t h e  r e s u l t i n g  l i n e a r  approx imat ions t o  o b j e c t i v e  f u n c t i o n s  and 
behav io r  c o n s t r a i n t s  cannot be s t r i c t l y  cons idered as g rad ien ts .  

The i t e r a t i o n  h i s t o r y  o f  t h e  objec t ive  funct ion f o r  case 2 i s  shown i n  Fig.  5. 

The f i r s t  t r u e  o p t i m i z a t i o n  s tep  i s  s tep  7, which c o n s i s t s  o f  a l i n e a r ,  con- 
s t r a i n e d  o p t i m i z a t i o n  problem. A r e d u c t i o n  o f  37.6% i s  achieved, compared w i t h  the 
b a s e l i n e  design. I n  t h e  nex t  s tep  t h e  o b j e c t i v e  f u n c t i o n  increases s l i g h t l y .  
Because t h i s  behav io r  i s  somewhat s i m i l a r  t o  t h e  one observed i n  case 1, the  o p t i m i -  
z a t i o n  was a r b i t r a r i l y  concluded as t h i s  p o i n t ,  and r e s t a r t e d  w i t h  a new set  o f  beha- 
v io r  cons t r a  i n  t s .  

The a e r o e l a s t i c  s t a b i l i t y  c o n s t r a i n t s  used i n  case 1, and up t o  t h i s  p o i n t  i n  
case 2, c o n s i s t  o f  r e q u i r i n g  t h a t  t h e  b lade  be a e r o e l a s t i c a l l y  s t a b l e  i n  hover. I t  
i s  p ruden t  t o  r e q u i r e  t h a t  t h e  o p t i m i z a t i o n  process do n o t  degrade t o o  much the  s t a -  
b i l i t y  marg in  o f  t h e  b a s e l i n e  design. The o p t i m i z a t i o n  was thus  r e s t a r t e d  f rom s t ep  
9 w i t h  these more s t r i n g e n t  behav io r  c o n s t r a i n t s .  
(12) a r e  re fo rmu la ted  as 

The a e r o e l a s t i c  c o n s t r a i n t s  o f  Eq. 

g(D) = 1 - s o  k = 1,2,...,m 
0 955,, 

Equat ion (15) expresses t h e  requirement t h a t  t h e  l o s s  o f  s t a b i l i t y  o f  a g i v e n  mode 
should n o t  exceed 5% o f  t h e  b a s e l i n e  va lue  ckB. 

The o p t i m i z a t i o n  i s  n o t  r e s t a r t e d  w i t h  a new c a l c u l a t i o n  o f  an i n i t i a l  l i n e a r  
approximat ion.  Rather,  t h e  p rev ious  des igns a r e  reused t o  p r o v i d e  t h e  i n i t i a l  
approx imat ion f o r  t h e  new case. Whi le des igns 0 through 8 were a l l  f e a s i b l e  w i t h  
respec t  t o  t h e  o l d  s e t  o f  behav io r  c o n s t r a i n t s ,  some o f  these des igns a r e  now 
f e a s i b l e  w i t h  respec t  t o  t h e  t i g h t e n e d  a e r o e l a s t i c  s t a b i l i t y  c o n s t r a i n t s .  I n  pa r -  
t i c u l a r ,  des ign 8, which becomes t h e  i n i t i a l  des ign f o r  t h e  second phase o f  t h i s  
o p t i m i z a t i o n ,  i s  i n f e a s i b l e .  

The f i r s t  des ign produced by t h e  o p t i m i z e r  w i t h  t h e  new s e t  o f  c o n s t r a i n t s  i s  
f e a s i b l e  w i t h  respec t  t o  t h e  approximate behav io r  c o n s t r a i n t s .  When t h i s  des ign i s  
analyzed p r e c i s e l y ,  i t  proves t o  be i n f e a s i b l e  w i t h  respec t  t o  t h e  exact behavior  
c o n s t r a i n t s .  The successive des ign ( s t e p  10) i s  f e a s i b l e  w i t h  respec t  t o  bo th  the  
approximate and t h e  exac t  behav io r  c o n s t r a i n t s .  The nex t  des ign  ( s t e p  11) i s  again 
f e a s i b l e  w i t h  respec t  t o  t h e  approximate, b u t  n o t  t h e  exact  behav io r  c o n s t r a i n t s .  I n  
steps 9 through 11 t h e  o b j e c t i v e  f u n c t i o n  i s  c o n s t a n t l y  a t  a va lue  h i g h e r  than the 
b a s e l i n e  va lue  and does n o t  show any s igns  o f  convergence t o  t h e  optimum. I n  o the r  
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words, t h e  o p t i m i z e r  does n o t  seem t o  be a b l e  t o  produce a f e a s i b l e  des ign t h a t  
improves on the  b a s e l i n e  design, which s a t i s f i e s  the  new c o n s t r a i n t  equat ions,  Eq. 
(1510 

The apparent ly  e r r a t i c  behavior  o f  the  o b j e c t i v e  f u n c t i o n  r e q u i r e d  a recon- 
s i d e r a t i o n  o f  t h e  o p t i m i z a t i o n  s t r a t e g y  which, s t a r t i n g  f rom s tep  14, was modi f ied,  
and t i g h t e r  move l i m i t s  were enforced, i n  a s e l e c t i v e  manner. T h i s  m o d i f i e d  approach 
f i n a l l y  y i e l d s  des ign 16 which represents  a r e d u c t i o n  i n  peak-to-peak va lue o f  the  
4 / r e v  v e r t i c a l  hub shears t o  16.6% compared t o  the  b a s e l i n e  value. Thus t h e  imposi-  
t i o n  o f  a e r o e l a s t i c  c o n s t r a i n t s  reduces t h e  ga ins  i n  the  o b j e c t i v e  f u n c t i o n  by more 
than 50%. 

Optimization Case 3 

i s  t h e  peak-to-peak va lue o f  t h e  4 / rev  v e r t i c a l  hub shears d i v i d e d  by t h e  t h r u s t  
c o e f f i c i e n t  CT. The t i g h t e n e d  a e r o e l a s t i c  c o n s t r a i n t s  o f  Eq. (15) a r e  enforced. 

seven s teps a r e  n o t  t r u e  o p t i m i z a t i o n  steps. As i n  cases 1 and 2, they  p r o v i d e  
enough p r e c i s e  va lues o f  the  o b j e c t i v e  f u n c t i o n  and behavior  cons t ra in t s  t o  b u i l d  a t  
l e a s t  a l i n e a r  approx imat ion o f  o b j e c t i v e  and c o n s t r a i n t s .  I n  t h e  designs 1 through 
7 each o f  t h e  seven des ign v a r i a b l e s  i s  per turbed,  one a t  a time. Design 7 i s  the  
only swept b lade design. Designs 0 through 6 a r e  s t r a i g h t  b lade designs and a r e  
i d e n t i c a l  t o  t h e  corresponding designs o f  case 2. Thus these designs a r e  n o t  r e -  
analyzed t o  d e r i v e  t h e  r e s u l t s  o f  F igure  3, and need no t  be reca lcu la ted .  

F igure  6 shows t h e  i t e r a t i o n  h l s t o r y  o f  the  o b j e c t i v e  f u n c t l o n  f o r  case 3 ,  which 

Design 0 i s  t h e  b a s e l i n e  s o f t - i n - p l a n e  s t r a i g h t  b lade c o n f i g u r a t i o n .  The first 

Thus t h e  o p t i m i z a t i o n  process o f  case 3 begins w i t h o u t  t h e  need f o r  any p r e c i s e  
analyses, i n  t h e  sense t h a t  t h e  e i g h t  p r e c i s e  analyses r e q u i r e d  t o  s t a r t  t h e  proce- 
dure were a l r e a d y  a v a i l a b l e  f rom prev ious  p a r t s  o f  t h i s  s tudy and c o u l d  be d i r e c t l y  
r e u t i l i z e d .  The a b i l i t y  t o  make use o f  p r e v i o u s l y  analyzed designs, even i f  n o t  very  

',pk 
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o f  the  o b j e c t i v e  func t ion .  
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c l o s e  t o  t h e  expected optimum i n  t h e  des ign space o f  t h e  c u r r e n t  problem, i s  one o f  
t h e  most impor tan t  f e a t u r e s  o f  t h e  o p t i m i z a t i o n  a l g o r i t h m  used i n  t h i s  study. 

The f i r s t  t r u e  o p t i m i z a t i o n  step, s tep  8, produces a des ign  w i t h  a r e d u c t i o n  o f  
27.2% o f  t h e  o b j e c t i v e  f u n c t i o n  w i t h  respec t  t o  t h e  b a s e l i n e  s t r a i g h t  blade. T h i s  
a l s o  corresponds t o  a r e d u c t i o n  o f  14.5% w i t h  respec t  t o  t h e  b e s t  swept t i p  des ign 
ob ta ined  w i t h o u t  a p p l y i n g  formal o p t i m i z a t i o n  techniques, t h a t  i s  des ign  7. When 
analyzed p r e c i s e l y ,  t h e  des ign  proves f e a s i b l e ,  w i t h  no c o n s t r a i n t s  a c t i v e .  Compared 
w i t h  t h e  f i n a l  r e s u l t  o f  case 2, i n  which t h e  b lade  i s  s t r a i g h t ,  t h e  use o f  t i p  sweep 
as an a d d i t i o n a l  des ign  v a r i a b l e  a l l o w s  a f u r t h e r  r e d u c t i o n  o f  t h e  o b j e c t i v e  f u n c t i o n  
o f  a lmost  10%. 

The n e x t  two s teps (9 and 10) produce much h i g h e r  va lues o f  t h e  o b j e c t i v e  func- 
t i o n .  S t a r t i n g  f rom s tep  11 t h e  "mod i f i ed "  s t r a t e g y  p r e v i o u s l y  o u t l i n e d  i s  employed. 
The n e x t  two s teps (11 and 12) p r o v i d e  cons ide rab le  r e d u c t i o n s  o f  t h e  o b j e c t i v e  func- 
t i o n ,  b u t  t h e  b e s t  des ign  i s  s t i l l  des ign 8. The o p t i m i z a t i o n  i s  a r b i t r a r i l y  stopped 
a t  t h i s  p o i n t ,  b o t h  f o r  c o s t  reasons, and because t h e  des ign  appears t o  converge 
towards des ign  8. 

The i t e r a t i o n  h i s t o r i e s  o f  t h e  th i ckness  tl, t h e  chordwise ex tens ion  o f  t h e  spar, 
and t h e  t i p  sweep ang le  A a r e  shown i n  Figs.  7, 8, and 9 , r e s p e c t i v e l y .  The t i p  
sweep ang le  corresponding t o  t h e  b e s t  des ign i s  A = 9'. 

Next, i t  is r e l e v a n t  t o  corrrnent on t h e  computat ional  requi rements encountered i n  
t h i s  study. The r e s u l t s  were ob ta ined  on an I B M  3090-200 computer. Each p r e c i s e  
a e r o e l a s t i c  a n a l y s i s  r e q u i r e d  t h r e e  t o  f o u r  i t e r a t i o n s  o f  q u a s i l i n e a r i z a t i o n  ( r e f .  
16). Each i t e r a t i o n  o f  quasi  1 i n e a r i z a t i o n  r e q u i r e d  80-110 CPU seconds f o r  a s t r a i g h t  
b lade  and 140-180 CPU seconds f o r  a swept t i p  blade. Because a v a r i a b l e  step, 
Adams-Bashforth technique was used t o  i n t e g r a t e  t h e  equat ions o f  mo t ion  ( r e f .  4) ,  t he  
exac t  CPU t i m e  r e q u i r e d  t o  complete an i t e r a t i o n  o f  q u a s i l i n e a r i z a t i o n  was problem 
dependent. 
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The remaining p o r t i o n s  o f  a complete o p t i m i z a t i o n  step, namely t h e  c a l c u l a t i o n  of 
t h e  cross s e c t i o n a l  p r o p e r t i e s  o f  the  blade, the  c a l c u l a t i o n  o f  t h e  v e r t i c a l  hub 
shears f rom t h e  a e r o e l a s t i c  response o f  the  blade, t h e  d e r i v a t i o n  o f  the  polynomial  
approx imat ions t o  o b j e c t i v e  f u n c t i o n  and behavior  c o n s t r a i n t s ,  and t h e  s o l u t i o n  o f  
the  approximate cons t ra ined o p t i m i z a t i o n  problem, r e q u i r e d  an average t o t a l  1-2 CPU 
seconds. 

5. ONGOING EXTENSION OF THE RESEARCH ON ROTOR BLADE 
OPTIMIZATION WITH AEROELASTIC CONSTRAINTS 

Ongoing research a t  UCLA i s  aimed a t  extending t h e  work descr ibed i n  t h e  pre- 
v ious  s e c t i o n s  i n  severa l  d i r e c t i o n s .  F i r s t ,  more e f f i c i e n t  means o f  genera t ing  t h e  
approximate problem a r e  be ing  considered us ing  in te rmed ia te  des ign v a r i a b l e s  repre- 
s e n t i n g  c ross-sec t iona l  s t i f f n e s s  proper t ies .  Next, t h e  s t r u c t u r a l  model o f  t h e  
b lade i s  be ing  improved by r e p l a c i n g  the  i s o t r o p i c  s t r u c t u r a l  b lade model by a model 
which i s  capable o f  model ing a composite r o t o r  b lade w i t h  m u l t i c e l l  c ross sect ions.  
A more accura te  r e p r e s e n t a t i o n  o f  the  unsteady aerodynamic loads i s  a l s o  be ing  
pursued. 
s idered  so t h a t  t h e  m u l t i d i s c i p l i n a r y  na ture  o f  our c u r r e n t  o p t i m i z a t i o n  c a p a b i l i t y  
i s  enhanced. 

F i n a l l y  a l t e r n a t i v e  choices f o r  t h e  o b j e c t i v e  f u n c t i o n s  a r e  a l s o  being con- 

6. CONCLUDING REMARKS 

The main conclus ions obta ined i n  the  present  s tudy a r e  summarized below. T h e i r  
a p p l i c a t i o n  t o  t h e  s t r u c t u r a l  o p t i m i z a t i o n  o f  a h e l i c o p t e r  b lade should be l i m i t e d  by 
t h e  assumptions used i n  o b t a i n i n g  the  numerical r e s u l t s  presented i n  t h i s  study. 

1. The optimum design procedure descr ibed i n  t h i s  study i s  very  e f f i c i e n t ,  and can 
produce improved designs w i t h  a very  l i m i t e d  number o f  p r e c i s e  analyses. The 
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method o f  c o n s t r u c t i n g  t h e  approximate problem i s  such t h a t  p r e v i o u s l y  conducted 
a e r o e l a s t i c  analyses can be reused i n  a new o p t i m i z a t i o n  problem. For example, 
i f  an o p t i m i z a t i o n  s tudy i s  preceded by a pa ramet r i c  s tudy i n  which t h e  e f f e c t  o f  
v a r i o u s  combinat ions o f  b lade  des ign parameters i s  examined, a l l  t h e  a e r o e l a s t i c  
analyses performed f o r  t h e  pa ramet r i c  s tudy can be r e u t i l i z e d  i n  t h e  o p t i m i z a t i o n  
study. 
s e r i e s  expansions. 

T h i s  i s  n o t  p o s s i b l e  when t h e  approximate problem i s  b u i l t  f rom Tay lo r  

2. The r e s u l t s  o f  t h e  o p t i m i z a t i o n  a r e  q u i t e  s e n s i t i v e  t o  t h e  a e r o e l a s t i c  s t a b i l i t y  
margins r e q u i r e d  o f  t h e  blade. I n  t h e  o p t i m i z a t i o n  o f  case 2 ,  changing t h e  aero- 
l e a s t i c  s t a b i l i t y  c o n s t r a i n t s  f rom s imp ly  r e q u i r i n g  t h a t  t h e  b lade be s t a b l e  i n  
hover, t o  r e q u i r i n g  t h a t  t h e  s t a b i l i t y  margins be ma in ta ined  d u r i n g  the  course o f  
t h e  o p t i m i z a t i o n ,  reduced t h e  ga ins  i n  n / r e v  v i b r a t i o n  l e v e l s  by more than 50%. 

3. The i n t r o d u c t i o n  o f  t i p  sweep can reduce t h e  n / r e v  v e r t i c a l  hub shears beyond the 
l e v e l  t h a t  can be ob ta ined  by  j u s t  m o d i f y i n g  t h e  mass and s t l f f n e s s  d l s t r l b u t l o n s  
o f  t h e  blade. 
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