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ACOUSTIC PROPAGATION I N  CURVED DUCTS WITH EXTENDED REACTING WALL TREATMENT 

Kenneth J .  Baumeister  
N a t i o n a l  Aeronaut ics  and Space A d m i n i s t r a t i o n  

Lewis Research Center  
C leve land,  Oh io  44135 

n i t e - e l e m e n t  G a l e r k i n  f o r m u l a t i o n  has been 
t o  s tudy  t h e  a t t e n u a t i o n  o f  a c o u s t i c  waves 
ng i n  two-d imensional  S-curved d u c t s  w i t h  

w a l l s  w i t h o u t  a mean flow. The r e f l e c t i o n  
and t r a n s m i s s i o n  a t  t h e  en t rance and t h e  e x i t  o f  a 
curved d u c t  were de termined by c o u p l i n g  t h e  f i n i t e -  
e lement  s o l u t i o n s  i n  t h e  curved d u c t  t o  t h e  e igen-  
f u n c t i o n s  of an i n f i n i t e ,  u n i f o r m ,  h a r d  w a l l  d u c t .  I n  
the  f requency range where t h e  d u c t  h e i g h t  and a c o u s t i c  
wave l e n g t h  a r e  n e a r l y  equa l ,  t h e  e f f e c t s  o f  d u c t  
l e n g t h ,  c u r v a t u r e  ( d u c t  o f f s e t )  and absorber  t h i c k n e s s  
were examined. For a g i v e n  o f f s e t  i n  t h e  curved duc t .  
t h e  l e n g t h  o f  t h e  S-duct was found to  s i g n i f i c a n t l y  
a f f e c t  b o t h  t h e  a b s o r p t i v e  and r e f l e c t i v e  c h a r a c t e r i s -  
t i c s  o f  the  d u c t .  A means o f  r e d u c i n g  t h e  number of 
e lements i n  t h e  absorber  r e g i o n  was a l s o  presented .  I n  
a d d i t i o n ,  for a curved d u c t ,  power a t t e n u a t i o n  contours  
were examined t o  determine c o n d i t i o n s  for  maximum 
a c o u s t i c  power a b s o r p t i o n .  Aga in ,  w a l l  c u r v a t u r e  was 
found t o  s i g n i f i c a n t l y  e f f e c t  t h e  o p t i m i z a t i o n  process.  

INTRODUCTION 

A c o u s t i c  p r o p a g a t i o n  i n  d u c t  bends or elbows i n  
t h e  absence of f l o w  or w i t h  low Mach number flows p l a y s  
an i m p o r t a n t  r o l e  i n  i n d u s t r i a l  v e n t i l a t i o n  systems and 
o t h e r  s p e c i a l  a p p l i c a t i o n s  such as p r o p a g a t i o n  i n t o  an 
ear  c a v i t y .  R o s t a f i n s k i  (1972 and 1976), L i p p e r t  (1954 
and 1955), M i l e s  (1947) ,  Cummings (1974), C a b e l l i  (1980). 
F i l l e r  dnd B l i e s  (1978) ,  Osborne (1976) and von S a i d  
(1975) have examined v a r i o u s  t h e o r e t i c a l  and experimen- 
t a l  aspec ts  o f  a c o u s t i c  p r o p a g a t i o n  i n  curved d u c t s  
w i t h o u t  f low. I n  sound a b s o r b i n g  d u c t s ,  t h e  a b s o r p t i v e  
c h a r a c t e r i s t i c s  of l i n e d  curved d u c t s  and l i n e d  
s t r a i g h t  d u c t s  have been modeled by a p p l y i n g  t h e  c l a s -  
s i c a l  admi t tance boundary c o n d i t i o n s  a t  t h e  d u c t  w a l l s .  
The p r e s e n t  i n v e s t i g a t i o n  w i l l  broaden these p r e v i o u s  
s t u d i e s  o f  curved d u c t s  t o  i n c l u d e  a b s o r p t i o n  i n  
e i t e n d e d  r e a c t i o n  w a l l  l i n i n g s  where t h e  sound can move 
a r i a l l y  th rough t h e  l i n i n g  p a r a l l e l  w i t h  p r o p a g a t i o n  i n  
t h e  main d u c t .  

resonator  a r r a y  beh ind  a p e r f o r a t e d  p l a t e ,  t h e  sound 
I n  a l o c a l l y  r e a c t i n g  l i n e r ,  such as a He lmho l tz  

energy i n t e r a c t s  n o r m a l l y  t o  t h e  l i n e r  and depends o n l y  
on t h e  l o c a l  v a l u e  o f  a c o u s t i c  p r e s s u r e  i n  t h e  a d j a c e n t  
a c o u s t i c  f i e l d .  I n  c o n t r a s t ,  t h e  extended r e a c t i o n  
l i n e r  p e r m i t s  wave p r o p a g a t i o n  i n  t h e  a x i a l  d i r e c t i o n ,  
as shown i n  F i g .  1 ,  and i t s  a t t e n u a t i o n  c h a r a c t e r i s t i c s  
depends on t h e  e n t i r e  a c o u s t i c  f i e l d .  Baumeister  and 
Dah1 (1987 and 1989) deve loped a f i n i t e - e l e m e n t  model 
t o  s t u d y  wave p r o p a g a t i o n  i n  b u l k  m a t e r i a l s  as w e l l  as 
i n  any heterogeneous medium. The a b s o r p t i v e  c h a r a c t e r -  
i s t i c s  o f  t h e  b u l k  m a t e r i a l s  used i n  those s t u d i e s  
r e l i e d  on t h e  s e m i t h e o r e t i c a l  development p resented  by  
Hersh (1980). The p r o p a g a t i o n  t h e o r y  and p r o p e r t y  
f o r m u l a s  were v a l i d a t e d  b y  a number o f  exper iments  one 
o f  wh ich  i s  d i s p l a y e d  i n  F i g .  2 .  As seen I n  t h e  upper 
schemat ic  d rawing ,  a s e c t i o n  of b u l k  a b s o r b i n g  t r e a t -  
ment has been p l a c e d  on  t h e  upper  s u r f a c e  o f  t h e  a i r  
d u c t  so t h a t  a c o u s t i c  energy  can be absorbed.  The 
p l a n e  a c o u s t i c  wave r e p r e s e n t e d  b y  t h e  v e r t i c a l  l i n e  i n  
t h e  e n t r a n c e  of t h e  s t r a i g h t  d u c t  w i l l  pass under  t h e  
b u l k  absorber  and be p a r t i a l l y  absorbed. F l g u r e  2 
i l l u s t r a t e s  t h e  t y p i c a l  agreement between t h e  p r e d i c -  
t i o n s  and t h e  e x p e r i m e n t a l  r e s u l t s  fo r  t h e  decrease i n  
root-mean-square p r e s s u r e .  

I n  t h e  p r e s e n t  paper ,  t h i s  f i n i t e - e l e m e n t  model 
w i l l  be used t o  s t u d y  wave p r o p a g a t i o n  i n  curved 
S-shaped d u c t s  w i th  a b s o r b i n g  w a l l s .  T h i s  paper  w i l l  
f o c u s  on t h e  i n t e r a c t i o n  of a p l a n e  wave t r a v e l i n g  
down t h e  uniform e n t r a n c e  d u c t  w i t h  t h e  curved w a l l s  
as shown i n  F i g .  3 .  I n  t h e  f r e q u e n c y  range where t h e  
d u c t  h e i g h t  and a c o u s t i c  wave length  a r e  n e a r l y  equa l ,  
t h e  e f f e c t s  o f  d u c t  l e n g t h ,  c u r v a t u r e  ( d u c t  o f f s e t )  
and absorber  t h i c k n e s s  on  w a l l  a b s o r p t i o n  w i l l  now be 
examined. A means o f  r e d u c i n g  t h e  number o f  e lements 
i n  t h e  absorber  r e g i o n  w i l l  a l s o  be presented .  I n  
a d d i t i o n .  power a t t e n u a t i o n  c o n t o u r s  w i l l  be examined 
t o  d e t e r m i n e  c o n d i t i o n s  fo r  maximum a c o u s t i c  power 
a b s o r p t i o n .  

NOMENCLATURE 

A p r o p e r t y  term, Eq. (9)  

B p r o p e r t y  term, Eq. (10) 

b '  c h a r a c t e r i s t i c  d u c t  h e i g h t  
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o n l e s s  a t t e n u a t i o n  c o n s t a n t ,  Eq. (7) 

phase c o n s t a n t ,  Eq. (8) 
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wavelength 
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S u b s c r i p t s :  

a I n l e t  d u c t  c o n d i t i o n  

o ambient c o n d i t i o n  

x x-component 

y y-component 

S u p e r s c r i p t s :  

' d imens iona l  q u a n t i t y  

R r e a l  p a r t  

I imag inary  p a r t  

GEOMETRIC MODEL 

Again cons ider  the  i d e a l i z e d  a c o u s t i c  d u c t  shown 
i n  F i g .  3 which can be used t o  s i m u l a t e  a c o u s t i c  wave 
p r o p a g a t i o n  i n  a r e c t a n g u l a r  two-d imensional  curved 
duc t  i n  the  absence o f  f l o w .  The i n t e r i o r  passage i s  
assumed t o  c o n t a i n  a i r  w h i l e  an a c o u s t i c  absorber  1s 
mounted i n  the c a v i t y  above and below the  d u c t  i n  the  
c e n t r a l  p o r t i o n .  

I n  the  f i n i t e - e l e m e n t  model ing o f  t he  c e n t r a l  
r e g i o n ,  an S-shaped has been chosen to approx imate the 
two-dimensional c r o s s - s e c t i o n a l  p r o f i  l e  t h a t  m i g h t  be 
found i n  a t y p i c a l  bend, as shown i n  F i g .  3. The 
S-shaped p r o f i l e  can be p r e s c r i b e d  by a s imp le  t h i r d -  
degree po lynomia l  of the  f o r m  

( 1 )  
L 

where t h e  d imens ion less  d u c t  c o o r d i n a t e s  a r e  d e f i n e d  as 

and b; i s  t h e  d imens iona l  h e i g h t  o f  t he  s t r a i g h t  d u c t  
l e a d i n g  i n t o  t h e  curved d u c t  and h i s  t h e  d imension-  
l e s s  o f f s e t  h e i g h t  o f  t h e  d u c t .  
by Eq. ( 1 )  has z e r o  s l o p e  a t  x/L of  0 and 1;  p r o v i d -  
i n g  a smooth t r a n s i t i o n  f r o m  a s t r a l g h t  e n t r a n c e  t o  t h e  
curved t e s t  s e c t i o n .  I n  t h e  f o r e g o i n g  equat ions ,  t he  
pr ime i s  used to  denote a d imensional  q u a n t i t y  and the  
unprimed symbols de f ine  a d imens ion less  q u a n t i t y .  T h i s  
c o n v e n t i o n  w i l l  be used th roughout  t h i s  paper.  These 
and a l l  o t h e r  symbols used I n  the  paper a r e  d e f i n e d  i n  
t h e  nomenclature.  

Some sort o f  a c o u s t i c  p ressure  d i s t u r b a n c e  i s  
assumed to  genera te  a harmonic p r e s s u r e  f i e l d  a t  minus 
i n f i n i t y  i n  t h e  en t rance d u c t .  Th is  f i e l d  w i l l  propa- 
g a t e  down t h e  d u c t  and a c t  as the  i n p u t  d r i v i n g  bound- 
a r y  c o n d i t i o n  for  t h e  problem. 
a c o u s t i c  wave o f  known magnitude i s  assumed a t  t he  
en t rance ( x  I 0.0) o f  the  f i n i t e - e l e m e n t  p o r t i o n  o f  t he  
d u c t .  The p r e s s u r e  wave may be p l a n e  or have s i g n i f i -  
c a n t  t r a n s v e r s e  y p r e s s u r e  v a r i a t i o n s .  The p r e s e n t  
paper w i l l  f o c u s  on t h e  i n t e r a c t i o n  o f  p l a n e  propaga- 
t i n g  a c o u s t i c  waves w i t h  the  extended r e a c t i o n  absorb-  
i n g  m a t e r i a l s .  

I n  t h e  u n i f o r m ,  i n f i n i t e l y  long ,  e n t r a n c e  and e x i t  
d u c t  r e g i o n s  w i t h  p e r f e c t l y  hard  w a l l s .  t he  e x a c t  s o l u -  
t i o n  o f  t he  g o v e r n i n g  d i f f e r e n t i a l  e q u a t i o n s  can be 
e a s i l y  w r i t t e n  i n  terms of the  d u c t  modes ( A s t l e y  and 
Eversman 1981); thus,  s imp le  a n a l y t i c a l  express ions  can 
be employed to  d e s c r i b e  the  p r e s s u r e  f i e l d  i n  these 
r e g i o n s .  I n  t h e  c e n t r a l  r e g i o n  which i n c l u d e s  b o t h  the  
d u c t  and t h e  absorber  r e g i o n ,  t he  f i n i t e - e l e m e n t  ana ly -  
sis i s  employed t o  de termine the  p r e s s u r e  f i e l d .  

t he  h a r d  w a l l  en t rance d u c t  a r e  p a r t i a l l y  r e f l e c t e d ,  
t r a n s m i t t e d  and absorbed by the  nonun i fo rm segment o f  
t he  d u c t  c o n t a i n i n g  the  a c o u s t i c  absorber .  Pressure 
mode r e f l e c t i o n  a t  t he  i n l e t  t o  the  a b s o r b i n g  r e g i o n  
and t r a n s m i s s i o n  a t  t h e  o u t l e t  o f  t h e  a b s o r b i n g  r e g i o n  
a r e  de termined by match ing  the  f i n !  te-e lement  s o l u t i o n  
i n  t h e  i n t e r i o r  o f  t h e  c e n t r a l  r e g i o n  t o  the  known 
a n a l y t i c a l  e i g e n f u n c t l o n  expansions i n  t h e  u n i f o r m  
i n l e t  and e x i t  duc ts .  T h i s  p e r m i t s  a mu l t imoda l  rep- 
r e s e n t a t i o n  a c c o u n t i n g  for r e f l e c t i o n  and mode conver-  
s i o n  by t h e  nonun i fo rm a b s o r b i n g  s e c t i o n  (Astley and 
Eversman 1981). T h i s  approach has been found to  accu- 
r a t e l y  model r e f l e c t i o n  and t r a n s m i s s i o n  c o e f f i c i e n t s  
(Baumeister  e t  a l .  1983). 

GOVERNING EQUATION AND BOUNDARY CONDITIONS 

d imens iona l  C a r t e s i a n  d u c t  and absorber  r e g t o n s  i n  
F i g .  3 .  can be modeled by s o l u t i o n s  o f  t h e  c o n t i n u i t y ,  
momentum. and s t a t e  l i n e a r i z e d  gas dynamic equat ions  i n  
the  absence o f  flow. As  developed by Baumeister  and 
Dah1 (1987),  for  harmonic p r e s s u r e  p r o p a g a t i o n  (,+!Ut) 
i n  t h e  heterogeneous absorber  m a t e r i a l ,  t h e  equat ions  

The S-curve d e f i n e d  

A p o s i t i v e  g o i n g  

The assumed known pressure  waves p r o p a g a t i n g  down 

The a c o u s t i c  p r o p a g a t i o n  th rough t h e  two- 
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o f  s t a t e ,  c o n t i n u i t y ,  and momentum were combined t o  
y i e l d  the  f o l l o w i n g  wave e q u a t i o n  i n  d imens ion less  form: 

The usual  symbols f o r  a c o u s t i c  p r o p a g a t i o n  are  employed 
and a l l  a r e  e x p l i c i t l y  de f ined i n  the  nomenclature.  

The r e l a t i o n s h i p  between c and p and the  phys- 
i c a l  p r o p e r t i e s  o f  the  medium i s  compl ica ted .  For 
p r o p a g a t i o n  i n  a i r ,  c equa ls  the  f l u i d  d e n s i t y  and p 
i s  t he  i n v e r s e  o f  t he  p r o d u c t  o f  d e n s i t y  and the  speed 
o f  sound squared. For b u l k  absorbers ,  Baumeister and 
Dahl (1987, Eqs. (25) to  ( 2 7 ) )  employed Hersh 's  model 
(1980) i n  e x p l i c i t l y  r e l a t i n g  E and p t o  the  poro-  
s i t y ,  a v i s c o u s  l o s s  c o e f f i c i e n t ,  a h e a t  t r a n s f e r  
parameter and an e f f e c t i v e  speed o f  sound o f  the  med- 
ium. Morse and I n g a r d  (1968. p. 253) a l s o  developed 
more genera l  parameters f o r  d e s c r i b i n g  p r o p a g a t i o n  i n  
porous media for which c and p can be r e l a t e d .  

I n  the  p r e s e n t  paper,  t he  parameters E and p 
w i l l  be t r e a t e d  as mathemat ica l  q u a n t i t i e s  independent  
o f  p r o p e r t y  c o r r e l a t i o n s .  I n  p a r t i c u l a r ,  t h e  va lues  
o f  E and p a s s o c i a t e d  w i t h  t h e  optimum a b s o r p t i o n  
p r o p e r t i e s  w i l l  be examined. 

A t  t he  h a r d  w a l l s  shown by  the  d a r k  t h i c k  l i n e s  
i n  F i g .  3, the  a c o u s t i c  v e l o c i t y  normal t o  the  w a l l  i s  
zero .  Aga in ,  u s i n g  the  momentum equat ions  t o  r e l a t e  
the  a c o u s t i c  v e l o c i t y  t o  the  p r e s s u r e  f i e l d s  r e q u i r e s  

- 
V D * ~ = O  ( 4 )  

I n  a d d i t i o n ,  r e c a l l  t h a t  a model s o l u t i o n  (Morse 
and I n g a r d  1968, p .  504) i s  used t o  r e p r e s e n t  the  pres- 
sure i n  the  s e m i - i n f i n i t e ,  hard  w a l l  en t rance and e x i t  
r e g i o n s  w h i l e  a f i n i t e - e l e m e n t  s o l u t i o n  i s  used t o  gen- 
e r a t e  the  s o l u t i o n  i n  the  curved p o r t i o n  o f  t he  d u c t .  
Consequent ly ,  b o t h  p ressure  and v e l o c i t y  c o n t i n u i t y  a r e  
r e q u i r e d  o f  t he  modal and f i n i t e - e l e m e n t  s o l u t i o n s  a t  
the en t rance and e x i t  i n t e r f a c e s  s e p a r a t i n g  the  f i n i t e -  
element and modal r e g i o n s .  T h i s  i s  e a s i l y  en forced as 
d iscussed by A s t l e y  and Eversman (1981).  

F i n a l l y ,  i t  i s  n o t  necessary t o  employ any i n t e r -  
f a c i a l  boundary c o n d i t i o n  i n s i d e  the  f i n i t e - e l e m e n t  
r e g i o n .  For example the  t h i n  b l a c k  l i n e  i n  F i g .  3 sep- 
a r a t i n g  the  a i r  d u c t  f r o m  the  absorber  r e g i o n  r e q u i r e s  
no s p e c i a l  c o n s i d e r a t i o n .  The heterogeneous f o r m  o f  
the  wave e q u a t i o n  (Eq. ( 3 ) )  a u t o m a t i c a l l y  handles the  
change i n  p r o p e r t i e s  (Baumeister  and Dahl 1989, 
Fig. 7 ) .  

FINITE-ELEMENT THEORY 

In t he  c e n t r a l  p o r t i o n  o f  t he  d u c t  c o n t a i n i n g  the  
curved r e g i o n ,  the  cont inuous  domain i s  first d i v i d e d  
i n t o  a number o f  d i s c r e t e  areas as shown i n  F i g .  3 .  I n  
the c l a s s i c a l  we igh ted  r e s i d u a l  manner, t he  pressure  
f i e l d  i s  c u r v e - f i t t e d  i n  t e r m s  of a l l  t he  unknown nodal  
values p j ( x i , y \ ) .  The f i n i t e - e l e m e n t  aspec ts  of 
c o n v e r t i n g  Eq. ( 3 )  and the  boundary c o n d i t i o n s  i n t o  an 
a p p r o p r i a t e  s e t  o f  g l o b a l  d i f f e r e n c e  equat ions  can be 
found i n  t e x t b o o k s  ( B u r n e t t  1987) o r  more e x p l i c i t l y  i n  
the  paper by Baumeister  (1986) and f o r  conc iseness w i l l  
n o t  be presented  h e r e i n .  

RESULTS AND COMPARISONS 

A number o f  example c a l c u l a t i o n s  are  now presented  
t o  i l l u s t r a t e  the  use o f  the  f i n i t e - e l e m e n t  t h e o r y  as 
a p p l i e d  t o  curved d u c t s  w i t h  extended r e a c t i o n  absorb- 
i n g  w a l l s .  F i r s t ,  t y p i c a l  d u c t  geometr ies and element 
arrangements used i n  the  numer ica l  examples a r e  d i s -  
cussed. N e x t ,  t he  e f f e c t s  o f  o f f s e t  and d u c t  l e n g t h  

on the  t r a n s m i t t e d  a c o u s t i c  energy a r e  examined for a 
f i x e d  w a l l  a b s o r p t i o n  l a y e r .  Then, the  e f f e c t  o f  
absorber  t h i c k n e s s  i s  cons idered.  To reduce s to rage 
requ i rements ,  t he  e lement  spac ing  requ i rements  i n  the  
absorber  m a t e r i a l  a r e  examined. F i n a l l y ,  the  power 
a t t e n u a t i o n  c o n t o u r s  for a curved d u c t  which maximizes 
the  i n p u t  s i g n a l  a b s o r p t i o n  a r e  examined. 

Duct Geometr 
The art: a e n e r a t i o n  oackaqe qenera tes  the  geome- 

t r i e s  and- the  i i n e a r  t r i a n g u l a ;  f i n i t e - e l e m e n t  g r i d  
shown i n  F i g .  4, for a t y p i c a l  s t r a i g h t  d u c t  ( F i g .  4 ( a ) )  
and curved d u c t  w i t h  maximum of fset  ( h  = 1 ,  F i g .  4 ( b ) ) .  
The absorber  has been p l a c e d  above and below the  d u c t s .  
A l l  o f  t h e  curved d u c t  geometr ies a r e  o f  t he  f o r m  shown 
b u t  w i t h  d i f f e r e n t  l e n g t h s ,  o f f s e t s  and absorber  
t h i c k n e s s .  

Example 1: T r a n s m i t t e d  Power 
The e f f e c t  o f  d u c t  c u r v a t u r e  and l e n g t h  on t r a n s -  

m i t t e d  power i n  a d u c t  a r e  examined i n  F i g .  5 f o r  
v a r i o u s  va lues  o f  d u c t  o f f s e t .  The g e o m e t r i c a l  c o n f i g -  
u r a t i o n  i s  shown by  t h e  s k e t c h  i n s e r t e d  i n  F i g .  5. 
t h i s  case. t he  e n t r a n c e  and e x i t  d u c t s  s t r e t c h  f r o m  
minus i n f i n i t y  t o  p l u s  i n f i n i t y  which s i g n i f i e s  the  
absence o f  r e f l e c t e d  energy a t  t h e  e x i t  t e r m i n a t i o n .  

The w a l l  p r o p e r t i e s  were taken t o  be cW = 1.0 - 
i 2.83 and pw = 4 . 1 .  These p r o p e r t i e s  a r e  a s s o c i a t e d  
w i t h  n e a r l y  maximum a b s o r p t i o n  o f  a p l a n e  pressure  wave 
i n  a s t r a i g h t  d u c t  a t  t he  f requency  of u n i t y ,  as w i l l  
l a t e r  be examined i n  E x .  4 .  For a f i x e d  l e n g t h  of d u c t ,  
as seen i n  F i g s .  5 ( a ) ,  (b ) ,  and ( c ) .  an i n c r e a s e  i n  the  
d u c t  o f f s e t  parameter  h inc reases  t h e  a t t e n u a t i o n  o f  
t he  t r a n s m i t t e d  a c o u s t i c  power ( i n t e g r a l  of the  p r o d u c t  
o f  pressure ,  a c o u s t i c  v e l o c i t y  and c r o s s - s e c t i o n a l  area) 
a t  t h e  e x i t  of t h e  curved l i n e d  p o r t i o n .  Th is  e f f e c t  i s  
most pronounced for t h e  s m a l l e r  d u c t  l e n g t h s  as shown 
i n  F i g s .  5(a) and (b ) .  The root-mean-square pressure  
f i e l d s  i n s i d e  t h e  d u c t  a r e  I l l u s t r a t e d  i n  F i g .  6 f o r  the  
d u c t  w i t h  0.75 l e n g t h .  A s  seen i n  F i g .  6 (a)  t he  pres-  
sure remains h i g h  i n  the  c e n t r a l  p o r t i o n  o f  t he  d u c t  
w i t h  g r a z i n g  c o n t a c t  a l o n g  the  a b s o r b i n g  w a l l  u n t i l  i t  
reaches t h e  e x i t  w i t h  v e r y  l i t t l e  a t t e n u a t i o n .  I n  con- 
t r a s t ,  i n  F i g .  6 (e)  t he  p r e s s u r e  f i e l d  comes i n  n e a r l y  
normal c o n t a c t  w i t h  the  w a l l  and q u i c k l y  d i e s  o u t  g i v i n g  
r i s e  to  the  much l a r g e r  power a t t e n u a t i o n  shown i n  
F i g .  5 ( a ) .  

I n  

Example 2: Absorber  Thickness 
I n  t h i s  s e c t i o n  t h e  e f f e c t  o f  absorber  t h i c k n e s s  

i s  b r i e f l y  e x a m i n e d .  -The configuration considered is 
a g a i n  shown by the  s k e t c h  . i n  t h e  upper p o r t i o n  o f  
F i g .  7. 
be h e l d  f i x e d  a t  u n i t y ,  t he  w a l l  p r o p e r t i e s  h e l d  a t  the 
v a l u e  o f  t h e  p r e v i o u s  example, and the w a l l  absorber  
t h i c k n e s s  w i l l  be v a r i e d .  A s  seen i n  F i g .  7 f o r  t h i c k -  
ness o f  0.1 or g r e a t e r ,  t h e  power v a r i a t i o n  a l o n g  the  
a x i a l  l e n g t h  o f  the  d u c t  remains s i m i l a r  i n  shape and 
about  t h e  same magni tude.  C l e a r l y ,  o n l y  the  absorber  
l a y e r  immedia te ly  a d j a c e n t  t o  the  s u r f a c e  c o n t r i b u t e s  
t o  the  a b s o r p t i o n  o f  t h e  a c o u s t i c  energy.  For t h i c k -  
ness o f  0.05 and 0.01 s i g n i f i c a n t  decreases i n  the  
energy absorbed a r e  seen. 

I n  t h i s  case the  d u c t  l e n g t h  and o f f s e t  w i l l  

Example 3: A x i a l  D i s c r e t i z a t i o n  i n  Wal l  Absorber  
For  l i n e a r  e lements employed i n  f i n i t e - e l e m e n t  

s o l u t i o n s  o f  t he  wave equation; r o u g h l y  12 g r i d  p o i n t s  
per  wavelength o f  t he  dependent v a r l a b l e  a r e  r e q u i r e d  
to  a c c u r a t e l y  r e s o l v e  the  complex p r e s s u r e  f i e l d  and 
the  t r a n s m i t t e d  o r  r e f l e c t e d  a c o u s t i c  power. I n  per -  
f o r m i n g  f i n i t e - e l e m e n t  c a l c u l a t i o n s ,  t he  number o f  
a x i a l  nodal  p o i n t s  shou ld  be h e l d  t o  a minimum t o  
reduce computer s t o r a g e  as w e l l  as s o l u t i o n  t i m e .  Th is  
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i s  e s p e c i a l l y  t r u e  i n  c a l c u l a t i o n s  w i t h  l a r g e  va lues  of 
t h e  w a l l  p r o p e r t i e s  E and p which lead t o  v e r y  
smal l  wavelengths i n  t h e  m a t e r i a l .  The wave l e n g t h  for  
p lane wave p r o p a g a t i o n  i n  l o s s y  m a t e r i a l  w i l l  now be 
determined f r o m  a s o l u t i o n  o f  t h e  wave e q u a t i o n  and a 
s t r a t e g y  f o r  r e d u c i n g  computer s to rage w i l l  be 
p resented .  

m a t e r i a l ,  Eq.  ( 3 )  reduces t o  
For  p lane waves p r o p a g a t i n g  i n  a homogeneous l o s s y  

The s o l u t i o n  o f  which can be w r i t t e n  as 

-ax - iBx  p = e  e 

where 

R I  A = clpR + E p 

R R  I 1  
B = c p  - c p  

( 6 )  

( 7 )  

(8) 

( 9 )  

(10)  

The s u p e r s c r i p t s  R and I s tand fo r  r e a l  and 
imag inary  p a r t s  and t h e  wavelength can be expressed i n  
terms o f  t h e  p r o p a g a t i o n  phase c o n s t a n t  13 as f o l l o w s :  

2n  A =  - 
B (11)  

The number o f  g r i d  p o i n t s  Nx I n  t h e  a x i a l  
d i r e c t i o n  t o  a c c u r a t e l y  r e s o l v e  t h e  a c o u s t i c  f i e l d  i s  

12L 6RL N = - = -  x x  n (12)  

For t h e  s p e c i a l  case where t h e  d u c t  l e n g t h  i s  j u s t  
equal t o  t h e  a x i a l  wavelength o f  t h e  a c o u s t i c  wave, 
12 nodal  p o i n t s  a r e  r e q u i r e d  i n  t h e  a x i a l  d i r e c t i o n .  
If the d u c t  l e n g t h  i s  t w i c e  t h e  wavelength t h e n  
24 nodes would be r e q u i r e d .  Thus t h e  number o f  nodes 
i s  j u s t  12 t imes the  d u c t  l e n g t h  t o  wavelength r a t i o .  

For  l a r g e  va lues  o f  E and p a s s o c i a t e d  w i t h  
w a l l  absorbers ,  t h e  phase c o n s t a n t  R i n c r e a s e s  accord-  
i n g  to Eq. ( 8 )  which leads  t o  s m a l l e r  va lues  o f  t h e  
wavelength a c c o r d i n g  t o  Eq. ( 1 1 )  and a c o n s i d e r a b l y  
l a r g e r  number o f  a x i a l  nodes a c c o r d i n g  t o  Eq. ( 1 2 ) .  
However, a p l a n e  wave i n c i d e n t  o b l i q u e l y  a t  an i n t e r -  
face  w i t h  an absorb ing  medium w i l l  g e n e r a l l y  be bent  
toward t h e  normal (Reynolds 1981, p .  298 and 
At tenborough 1982. p .  210) making t h e  energy t r a n s f e r  
i n  t h e  w a l l  absorber  normal t o  the  d i r e c t i o n  o f  t h e  
energy t r a n s f e r  i n  t h e  d u c t  i t s e l f  and thereby  par -  
t i a l l y  r e d u c i n g  t h e  a x i a l  energy t r a n s f e r  i n  t h e  w a l l  
absorber .  S ince  t h e  a x i a l  a t t e n u a t i o n  i n  t h e  d u c t  w a l l  
w i l l  be much l a r g e r  than i n  t h e  a i r  d u c t ,  c o n s i d e r a t i o n  
i s  now g i v e n  t o  b a s i n g  t h e  a x i a l  g r i d  spac ing  on t h e  
wavelength o f  t h e  a i r  d u c t  r a t h e r  than t h e  w a l l  absorber  
wavelength.  I n  t h i s  case t h e  a x i a l  g r i d  p o i n t  spac ing  
wou 1 d be 

(13)  

I f  such an approx imat ion  i s  v a l i d ,  l a r g e  sav ings  i n  
computer s t o r a g e  a r e  p o s s i b l e .  

power a t t e n u a t i o n s  and pressure  f i e l d s  i s  now examined 
for  two ext remes o f  w a l l  p r o p e r t i e s .  F i r s t  t h e  moder- 
a t e  v a l u e  l i s t e d  i n  F i g .  8(a)  and then t h e  much l a r g e r  
v a l u e  l i s t e d  i n  F i g .  8 ( b ) .  A s  seen i n  t h e  upper por -  
t i o n  o f  F i g .  8 (a) ,  a x i a l  spac ing based on t h e  w a l l  p ro-  
p e r t i e s  u s i n g  Eq. (12)  r e s u l t s  i n  a much denser g r i d  
t h a n  t h e  lower  f i g u r e  based on t h e  wavelength I n  air 
u s i n g  Eq. ( 1 3 ) .  For  t h e  l a r g e  w a l l  p r o p e r t y  va lue ,  t h e  
g r i d  d e n s i t y  i s  even g r e a t e r  as seen i n  t h e  upper por -  
t i o n  o f  F i g .  8 ( b ) .  

For  t h e  d u c t  c o n f i g u r a t i o n  shown i n  t h e  upper por -  
t i o n  o f  F i g .  9, e x a c t  c a l c u l a t i o n s  for d u c t  a t t e n u a t i o n  
d i s p l a y e d  i n  F i g .  9 i n d i c a t e  t h a t  t h e  a x i a l  spac ing  
b a s e i  on a i r  p r o p e r t i e s  (Eq. ( 1 3 ) )  g i v e s  n e a r l y  t h e  
same r e s u l t s  f o r  d u c t  a t t e n u a t i o n  as t h e  a x i a l  spac ing  
based on t h e  w a l l  m a t e r i a l  (Eq. ( 1 2 ) ) .  The a t t e n u a t i o n  
i n  dB on  t h e  o r d i n a t e  i n  F i g .  9 i s  d e f i n e d  by  

The v a l i d i t y  o f  Eq. (13)  i n  p r e d i c t i n g  a c o u s t i c  

dB = 10 loglo 
(E 1 (14)  

where E i s  t h e  t o t a l  a x i a l  power a t  t h e  e x i t  and Eo 
t h e  power a t  t h e  en t rance.  

f i e l d  i n s i d e  t h e  a i r  d u c t  ( F i g s .  10(a)  and ( b ) )  show 
t h a t  t h e  p r e s s u r e  f i e l d  i n  t h e  d u c t  i s  fo r  a l l  p r a c t i -  
c a l  purposes i d e n t i c a l  when e i t h e r  Eq. (12)  or (13)  i s  
employed t o  s e t  t h e  a x i a l  g r i d  p o i n t  d e n s i t y .  

v e r s e  nodes i n  t h e  wa l l  absorber  i s  determined i n  
F i g .  11. As seen i n  F i g .  11 o n l y  f i v e  t r a n s v e r s e  nodes 
a r e  r e q u i r e d  t o  a c c u r a t e l y  e s t i m a t e  t h e  a t t e n u a t i o n  i n  
a 0 . 1 - t h i c k  absorber  c o a t i n g  w i t h  t h e  same range o f  
p r o p e r t y  v a r i a t i o n s  p r e v i o u s l y  cons idered.  

I n  a d d i t i o n ,  t h e  contour  p l o t s  o f  t h e  pressure  

F i n a l l y ,  t h e  s e n s i t i v i t y  t o  t h e  number o f  t r a n s -  

Example 4: A t t e n u a t i o n  Contours 
O p t i m i z i n g  t h e  w a l l  absorber  for maximum at tenua-  

t i o n  can be an i m p o r t a n t  p a r t  o f  t h e  d e s i g n  o f  an 
a c o u s t i c  d u c t  suppressor .  I n  d u c t  a c o u s t i c s  employ ing 
l o c a l  impedance boundary c o n d i t i o n s ,  t h e  maximum pos- 
s i b l e  a t t e n u a t i o n  o c c u r s  a t  t h e  s o - c a l l e d  optimum 
impedance. For  a p a r t i c u l a r  a c o u s t i c  mode or more 
g e n e r a l l y  f o r  modes w i t h  common c u t - o f f  r a t i o s ,  t h e  
optimum impedance can be de termined a n a l y t i c a l  from 
s e m i - i n f i n i t e  d u c t  t h e o r y  u s i n g  a s i n g l e  s o f t - w a l l  
mode ( R i c e  1979). Unruh (1976) has de termined the  
optimum impedance fo r  f i n i t e - l e n g t h  l i n e r s .  

Cons ider  a p l a n e  wave p r o p a g a t i n g  down a d u c t ,  as 
shown i n  t h e  upper  schemat ic  of F i g .  12. By an i t e r a -  
t i o n  process  ( h o l d  one w a l l  p r o p e r t y  f i x e d  and v a r y i n g  
t h e  o t h e r ) ,  t h e  a t t e n u a t i o n  contours  were determined 
th roughout  t h e  E p l a n e  w i t h  inc rements  o f  0.5 taken 
i n  t h e  r e a l  and imag inary  p a r t s  of E .  The optimum 
w a l l  v a l u e  a s s o c i a t e d  w i t h  maximum s i g n a l  r e d u c t i o n  i s  
seen i n  F i g .  12 t o  o c c u r  a t  a E of  1 .5  - i 3.5 w i t h  
p equal  t o  4.1. The magni tude of t h e  imag inary  p a r t  
o f  E i s  shown p o s i t i v e  i n  F i g .  12. The optimum w a l l  
E i s  r e p r e s e n t e d  by  t h e  peak contours  enc losed i n  t h e  
s m a l l e s t  c i r c l e  o f  F i g .  12. The dB contours  i n  F i g .  12 
have been n o r m a l i z e d  between 0 and 1 by  t h e  s imp le  
e x p r e s s i o n :  

The maximum a t t e n u a t i o n  o f  t h e  incoming wave i s  36.5 dB 
a s s o c i a t e d  w i t h  t h i s  l o c a l  optimum p o i n t  as d i s p l a y e d  
i n  F i g .  12. 
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For the  same geometry as cons idered i n  F i g .  12, 
t h e  s e n s i t i v i t y  o f  the  i n i t i a l  s t a r t i n g  m a t e r i a l  va lue  
on t h e  contours  was examined and found to  be q u i t e  s i g -  
n i f i c a n t .  The optimum p r o p e r t i e s  can v a r y  depending on 
t h e  i n i t i a l  s t a r t i n g  va lue  o f  p used I n  t h e  optimum 
search.  I n  F i g .  12, t h e  r a t i o  o f  ( P I E )  a t  t h e  optimum 
p o i n t  i s  0 .424 + j 0.989.  P e r f o r m i n g  a d d i t i o n a l  ca lcu-  
l a t i o n s  w i t h  d i f f e r e n t  s t a r t i n g  p o i n t s ,  i t  was found 
t h a t  any combina t ion  o f  m a t e r i a l  p r o p e r t i e s  w i t h  
a p p r o x i m a t e l y  the  same r a t i o  o f  (p/c) w i l l  have 
y i e l d e d  s i m i l a r  va lues  o f  t h e  maximum a t t e n u a t i o n .  A s  
commonly used i n  e l e c t r o m a g n e t i c  t h e o r y ,  fi can 
cie de f ined as an i n t r i n s i c  impedance o f  t h e  w a l l .  

The c u r v a t u r e  of t h e  d u c t  w i l l  p l a y  a s i g n i f i c a n t  
r o l e  i n  d e t e r m i n i n g  t h e  w a l l  m a t e r i a l s  t o  o b t a i n  t h e  
maximum a t t e n u a t i o n .  For  a s t r a i g h t  d u c t  ( h  = 0) o f  
u n i t  l e n g t h ,  t h e  optimum i n t r i n s i c  impedance has 
s h i f t e d  t o  a new v a l u e  of a p p r o x i m a t e l y  0.033 t i 0.373 
and the  l o c a l  optimum a t t e n u a t i o n  has a maximum va lue  
o f  22.113. 

CONCLUDING REMARKS 

A f i n i t e - e l e m e n t  G a l e r k i n  f o r m u l a t i o n  was used to  
s tudy  a c o u s t i c  wave p r o p a g a t i o n  i n  two-d imensional  
curved S-shaped d u c t s  w i t h  extended r e a c t i o n  absorb ing  
w a l l s .  Example s o l u t i o n s  i l l u s t r a t e d  t h e  r e l a t i o n s h i p  
o f  a b s o r p t i o n  on t h e  l e n g t h ,  t h i c k n e s s  and o f f s e t  o f  
curved d u c t  a b s o r b i n g  w a l l s  and t h e  mesh spac ing  
requ i rement  i n  h i g h l y  absorb ing  m a t e r i a l s .  Optimum 
p r o p e r t i e s  t o  maximize w a l l  a b s o r p t i o n  were a l s o  
exami ned. 

inc reased o f f s e t  g r e a t l y  i n c r e a s e s  t h e  power a t tenua-  
t i o n .  Fur thermore ,  i t  was shown t h a t  i n c r e a s i n g  t h e  
absorber  t h i c k n e s s  beyond a s p e c i f i c  v a l u e  w i l l  have 
l i t t l e  a f f e c t  on t h e  sound power a t t e n u a t i o n .  A l s o ,  
t h e  g r i d  spac ing  i n  t h e  h i g h l y  absorbent  w a l l  can be 
t h e  same as i n  t h e  a i r  d u c t  w i t h o u t  l o s s  o f  accuracy 
i n  the  numer ica l  s o l u t i o n .  

f o r  a g i v e n  w a l l  absorber  and f i x e d  l i n e r  l e n g t h ,  
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FIGURE 1. - EXTENDED REACTING ABSORBING BOUNDARY. 
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FIGURE 2. - EXPERIMENTAL AND THEORETICAL AXIAL PRES- 
SURE PROFILE ALONG LOWER WALL FOR CAVITY WITH BULK 
ABSORBER TREATMENT. 
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( A )  STRAIGHT DUCT. 

(B> CURVED DUCT. 

FIGURE 4. - DISCRETIZATION OF A I R  FILLED DUCT WITH AB- 
SORBERS MOUNTED ALONG BOTH UPPER AND LOWER WALLS. 
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FIGURE 5 .  - EFFECT OF DUCT OFFSET ON THE MAGNITUDE 
OF THE AXIAL POWER AS A FUNCTION OF POSITION 
(WALLS E = 1. - 2.83: pw = 4.1 AND f = 1). 
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(B) L = 1.0. 

FIGURE 5. - CONTINUED. 
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FIGURE 5. - CONCLUDED. 
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(B) h/b,  = 0.25. 

(D) h/b, = 0.75. (E )  h/b, = 1.0. 

FIGURE 6.  - EFFECT OF OFFSET OF ABSORBING WALL ON THE CONTOURS OF THE PRES- 
SURE FIELD WITH NONREFLECTING E X I T  FOR L = 0.75 AND f = 1. 
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FIGURE 7. - EFFECT OF ABSORBER THICKNESS ON THE MAGNITUDE 
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(A) MODERATE CASE E o  = 1.5-3.51. 

FIGURE 8. - DISCRETIZATION OF AIR FILLED DUCT WITH ACOUSTIC 
ABSSORBERS MOUNTED ALONG BOTH UPPER AND LOWER WALLS. (T = 
0.1, h = 1, f = 1). 
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FIGURE 8. - CONCLUDED. 
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( A )  MODERATE CASE EW = 1.5-3.51' p, = 4.1. 

FIGURE 10. - CONTOUR PLOTS OF PRESSURE FIELD AMPLITUDE. 
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FIGURE 10. - CONCLUDED. 
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