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and
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ABSTRACT

The recursion relations that were proposed in [2] for implementing vector extrapolation
methods are used for devising generalizations of the power method for linear operators.
These generalizations are shown to produce approximations to largest eigenvalues of a linear
operator under certain conditions. They are similar in form to the quotient-difference algo-
rithm and share similar convergence properties with the latter. These convergence properties
resemble also those obtained for the basic LR and QR algorithms. Finally, it is shown that the
convergence rate produced by one of these generalizations is twice as fast for normal opera-
tors as it is for non-normal operators.

*Work funded under Space Act Agreement C99066G.



1. INTRODUCTION

LetBbea nonned linear space over the field of complex numbers, and denote the norm associ-
ated withBby [l -11. In case B is aléo’ an inner product space, we ad-opt the following convention for
the homogeniety property of the inner product: for y,z € B and o, complex numbers, the inner pro-
duct (-,) satisfies (oy ,Bz) = &B(y ,2). The norm in this case is the one induced by the inner product,
ie,ifxeB, [lx 1l =V(xx)

Letx;, i =0,1,..., be a sequence in B. We shall assume that

X~ YA as m oo, (1.1)
i=1
Here v,,v,, . . ., are linearly independent vectors in B, A; are distinct scalars ordered such that
A L 212 2100 2, (1.2)
and satisfy
A #0, i=12,.; A 2A; ifi#). (1.3)

Also there can be only a finite number of A;’s having the same modulus. The meaning of (1.1) is that
for any positive integer N there exist a positive constant X and a positive integer m that depend only

on N, such that for every m 2 my,

T N—] - -
Hxw— SvAMH <K 1Ay 1™, (1.4)

i=1

Sequences of the form described above arise naturally, for example, in the matrix iterative pro-

cess
xj =Ax;, j=01.., (1.5)
in which x, is an arbitrary column vector, and A is a square matrix whose nonzero eigenvalues have

only associated eigenvectors and no principal vectors. In this case A;,Az, . .., are some or all of the

nonzero eigenvalues of A, depending on the spectral decomposition of xg, and vy,vy, . .., are propor-

tional to its corresponding eigenvectors. Also the infinite sum 3 v; A" in (1.1) is now finite, and the

i=]

asymptotic relation there becomes an equality.
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In the next section we present three recursive techniques, which we designate the qd-MMPE,
qd-TEA, and qd-MPE algorithms, that are based solely on the vector sequence xg,x.Xy, . . ., and that
can be used for obtaining approximations to A;,Az,A3, . . ., in this order. These techniqués generalize
the well known power method and resémble the quotient-difference (qd) algorithm. In Section 3 we
analyze the convergence properties of these techniques and show that they indeed behave like the qd
algoﬁthm, We recall that the qd algorithm is used in approximating the poles of meromorphic func-
tions in general, and the zeros of polynomials in particular. For detailed descriptions of the qd algo-
rithm, see, for example, Henrici [3, Chap. 7] and Householder [4, Chap. 3]. The convergence rates
derived for the methods of the present work are also very similar to those derived for the basic LR

and QR algorithms, see, for example, Parlett [5].

In Section 4 we will analyze one of the recursive techniques of Section 2, namely the qd-MPE
algorithm, in conjunction with vector sequences x,,, m =0,1,..., that are generated by iterating with a
normal operator, and we will show that the rate of convergence for this case is twice that obtained for

an arbitrary non-normal operator that has the same spectrum.,

Finally, we mention that the recursive techniques developed in this work are based on the recur-
sive algorithms that were developed by Ford and Sidi [2] for implementing some vector extrapolation
methods, such as the modified minimal polynomial extrapolation (MMPE), the topological epsilon
algorithm (TEA), and the minimal polynomial extrapolation (MPE), from which their names are
derived. The methods of proof relating to the convergence of these techniques are similar to those that
were used in Sidi, Ford, and Smith [8] and in Sidi [6] in the analysis of the above mentioned vector
extrapolation methods, and in Sidi [7] in the analysis of some other recent extensions of the power
method as they are applied to normal operators. We also mention that the scalar and vectbr epsilon
algorithms of Wynn [9,10] can also be used as generalizations of the power method and produce

results similar to the ones given in Section 3 of the present work. This has been shown by Brezinski

[1].
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2. DEVELOPMENT OF THE ALGORITHMS

In this section we follow very closely the developments and notation of [2].

In all three methods that we develop in this section we assume that the vector sequence

XoX1:X2, - .., is given. We also assume that a sequence of scalar quantities ", m,n 20, is given.

These quantities are determined in different forms from the vectors x;. Their exact definition will be

given later in this section. In addition, we denote by b an arbitrary sequence bg,b,b5,... . Thus w

stands for the sequence pd,uf.pd,... .

We define G ™ to be the determinant

and f§”"(b) to be the determinant

We also define

Finally, we let

Note that by (2.3) and (2.4)

K Har

m+1 m+l
1

m+k—1 m+k-1 .

Hn+1
bn bn+l
uf;" l"-r’an+l

um;k—l Ll"'ﬁk—l .
G3™ =1 and f3™(b)=b,.
TE™(b)=fEb )G,

TE™(b)=b,.

@.n

(2.2)

2.3)

24

2.5)



2.1 The qd-MMPE Algorithm

Let 0,05, . .., be a sequence of linearly independent bounded linear functionals on B, and let
wr=0ni(x,), mun20. (2.6)

We recall that in case B is a complete inner product space each Q; has a unique representer ¢; in B in
the sense that Q;(z) =(g;,z) forall z in B.
As is shown in [2, Theorem 2.1], the quantities T5(b) =T, O(b) satisfy the 3-term recursion rela-
tion
THb)=Ti 1 (b) - diT{H (), @.7)

where
P S (T Vs gl (Tl B (2.8)
Note that @7 = p/p2,, from (2.5) and (2.8). Note also that T{(w/) =0for0<j < k-1.

As will be shown in Section 3, for the vector sequences XXX, . .., described in the begin-
ning of Section 1, 1/d} — A, as n — == under certain conditions. Thus the developments above pro-
vide us with a technique that can produce approximations to A;,A,, . . ., in this order. This technique

is summarized below:

qd—MMPE Algorithm 2.9)

Given the Sequence Xo.t;Xs...., compute ™, m,n 20, by (2.6), and set T§(w) =pJ. For
k =1.2,..., use (2.8) to compute dj, and then use (2.7) to compute T¢(1/), j 2 k.

We note that di} is constructed from the k+1 VeCtOrS X, JXp 41, Xn +k -

Finally, we observe that 1/d} = 2, /n0 = Q 1(x,+1)/Q1(x,), which is exactly the approximation
provided by the power method for A, the largest eigenvalue in modulus of a linear operator, provided

this eigenvalue is simple, and satisfies 14,1 > IMI. In this sense the qd-MMPE algorithm general-

izes the power method.



2.2 The qd-TEA Algorithm

Let Q be a bounded linear functional on B, and let
=0 Xpin)» m.n20. 2.10)

Again, in case B is a complete innér product space Q has a unique representer ¢ in B in the sense that
Q(z) =(q.z) for all z in B. The rest is exactly as in the qd-MMPE algorithm. We only have to observe
that df now is determined by the 2k VECIOIS X,, X, 411X, 4261 We also observe that for k =1 the qd-
TEA and qd-MMPE algorithms are the same when @ = Q. Consequently, as with the qd-MMPE
algorithm, also with the qd-TEA algorithm the power method is obtained for k=1. Hence the qd-TEA

algorithm also generalizes the power method.

2.3 The qd-MPE Algorithm
The scalar quantities p,;" are now defined by

W= (Xp Xn )y m.n20. .11
As is shown in [2, Theorem 3.1}, the quantities T7(b) =T;"(b) and Ti(b) = T 7 1(b) satisfy
the coupled recursion relations
THb)=Tp (b) - dfTeY (B), n 20,
(2.12)
Tob) =T (b)Y - dgTi (b), n 21,
where

df =Tp =ty ), n 20,
(2.13)

E=TL WYL @™, a2l
In fact, there exists a very interesting 4-term (lozange) recursion relation among T, o1 (), TE(D),
T2+\(b), and T2 (b), see [2]. Note that d} = w2/, n 20, and df = w2l n 21, from (2.5)
and (2.13). Note also that T2/ ) =0 forn < j < n+k~1,and Tf(w/)=0forn—-1<j Sn+k-2.

As will be shown in Section 3, for the vector sequences xo,x Xz, . . . , described in the begin-

ning of Section 1, 1/df — A, and 1/d} — A, as n — o under certain conditions. Thus, the develop-

ments above provide us with yet another technique that can produce approximations to Ap,A,, . .., in



this order. This technique is summarized below:

qd-MPE Algorithm 2.14)
Given the sequence XXX, ..., compute M, m,n20, by (2.11), and set

TaW) =i =T§@'). For k =12,.., use (2.13) to compute df and d, and then use (2.12)
to compute Tf(W), j Sn-1, j 2 n+k,and T{(W), j Sn-2, j 2 n+k-1.

Observe that dff and dj are constructed from the k+2 VECIOTS X,,_ Xy X 411 Xp 4k ORLY.

Finally, we observe that 1/d} = 2, /ur = (x, X, +1)/(x, X, ), which is exactly the Rayleigh quo-
tient that provides an approximation to A, the largest eigenvalue in modulus of a linear operator, pro-
vided this eigenvalue is simple, and satisfies |A,1 > IA;1. In this sense the qd-MPE algorithm gen-
eralizes the power method (the Rayleigh quotient). It is known that in case the vector sequence
XgX1.X2, ..., is generated by a normal operator, the Rayleigh quotient converges to A, twice as

quickly as it does for a non-normal operator.

So far we have shown that the three algorithms above generalize the power method for a linear
operator. We would now like to explain why they are of the quotient-difference type. First, the algo-
rithms are somewhat similar in form to the quotient-difference method. Second, as is shown in the
next section (see (3.20) and (3.24)), the 4 are all expressed in terms of four determinants the way the
quantities in the quotient-difference method are. Furthermore, again as will be shown in the next sec-
tion, these determinants have asymptotic expansions very similar in form to those obtained for the
determinants involved in the quotient-difference method. We note in passing that the determinants that
appear in the quotient-difference algorithm are Hankel determinants. The same holds true for the qd-
TEA algorithm as will be clear in the next section, although the indices of these determinants are dif-

ferent in the two methods.
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3. CONVERGENCE ANALYSIS OF THE ALGORITHMS

We now state the main convergence results for the qd-type algorithms that were devised in the
previous section.

The following assumption is common to all three methods:

FAg_y] > 1A, 1 > 1A, | for some integer k 2 1; Ag=oo. 3.1
Let us also define
Ay Ar1
= S L k21 2
& max[ s 2 3.2)

'Ihus, <l1.
Theorem 3.1: In the qd-MMPE algorithm denote
ovy) - Ql("j)

S;=| . Co.i=12. (3.3)

Q;vy) - Q;(v)
Provided (3.1) holds, and

S;1#0 and S, 20, (3.4)

we have

Vdf =X, +O(e) a5 n — . (3.5)
Theorem 3.2: In the gd-TEA algorithm provided (3.1) holds and

k
[1Q ;) =0, (3.6)

i=]

(3.5) is satisfied.

Theorem 3.3: In the qd-MPE algorithm provided (3.1) holds, (3.5) is satisfied. (3.5) is satisfied also
when df is replaced by dj.
Note: In relation to Theorem 3.3 we realize that if the SeqUENCe XX (X2, - - - » is generated by the

matrix A in the way x;,3 =Ax;, j = 0.1,..., xo being arbitrary, then the qd-MPE algorithm performs
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asymptotically like the qd-MMPE and qd-TEA algorithms, although it does not require additional
conditions like (3.4) and (3.6).
In the proofs of Theorems 3.1-3.3 we shall make use of the following results, which are of

interest in themselves.

Lemma 34: Let G,,05,..., and {;,{5,..., be two sequences of nonzero scalars, such that the o;

are distinct, and

_ G212 . 3.7
Assume, furthermore, that there can be only a finite number of Cj ’s having the same modulus. Con-
sider the determinant

uf) wf o uf
uf uf) - ufil
v = : G.8)
ur(,’(‘)) ur(.’i) T ur(;)—l
in which
u") ~ gzj'pcfc,’-' as n — e, (3.9
1=
z; , being some scalars. Define
Zjyl %2 7T Ziyr
Zjal Zj2 77T oy
_ ‘ (3.10)
Zj jruds =
Zid %2 T
Then y/, for n — o, has the asymptotic expansion
- oo r n
\I!r" -~ E ZjnJa,---J,V(cjn’cjz' e ,Cj’) HCJ' ’ (3.11)
18j1<j2< <) p=l

where V(a,, . . . ,a,) is the Vandermonde determinant defined by
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la, -~ ai™!
1 as; " 05—1
Viay,...q,) = (.12)
la, - at
(When ~ is replaced by = in (3.9), ~ is replaced by = in (3.11) too.) If, in addition,
151> 18,4 and Z,, ,=#0, (3.13)
then
r Cr+l "
V=2, ,V(O102....6) [IEf||1+0 z asn— oo, 3.14)
j=1 v

Lemma 3.4 can be obtained from [7, Lemmas 2.2 and 2.3], whose technique is a generalization

of that employed in [8, Theorem 3.2].

Lemma 3.5: Let {;,{5,..., be a sequence of nonzero scalars exactly as described in Lemma 3.4.

Consider the determinant y; as given in (3.8), but with

o oo
n Fa+p—ly n+
u ~ T Tl as n e (3.15)
i=] j=1
z;; being some scalars. Define
Zigy %, 77 Ey
Zighh Ziga T T
Btk — (3.16)
Z/,,...J, h
Zijy Zija "7 T

Then 7, for n — oo, has the asymptotic expansion

v- % % zZj
(i<, 15/1<)3< <)y
i ! P (o (3.17)
x V@i 8V G- 8| TIE | TISH -
p=1 p=1

(When ~ is replaced by = in (3.15), ~ is replaced by = in (3.17) too.) If, in addition,
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1§, 1> 184! and Z{=7=0, (3.18)
then
n 1,..r 2 e C”’l ’ .
W =Zp TV, LY T 1+0 3 asn —» oo, (3.19)
Jj=1

Lemma 3.5 can be proved exactly as in [6, Lemma 3.2 and Theorem 3.1].
Proof of Theorem 3.1: Combining (2.8) with (2.4), (2.2), éﬁd 2.1), aﬁd recalling that
THb) = TFOb), we obtain

Gp O G’

kn: Gkn+1'0 G;:ll,o . (3'20) »
Now by (2.6) and (1.1) we have
By~ 2 Qmu(V)A] as n — oo, (3.21)

j=1

Substituting (3.21) in the determinant expression for GJ°, we see that G0 is simply W7 of Lemma

3.4 with u®=pfl thus z;, =Q,(v;), {; =;, and o; =4;. Furthermore, §; in (3.3) is Zy,.; in

Lemma 3.4. Therefore, Lemma 3.4 applies, and we have

n
7‘k+l

A

k
Gro=8, V(A ... ,xk){nx;] {1 +o[ ] asn — oo, (3.22)
j=1

Treating G 0,640, and G20 similarly, and combining the results in (3.20), we obtain (3.5). O

Proof of Theorem 3.2: We observe that by (2.10) and (2.1)

Hy ~ S IQHAIA] as 1 — oo, (3.23)
j=l '
The rest of the proof is exactly the same as that of Theorem 3.1, with Qm+1(v;) in the latter being

j
replaced by Q(vj)l;" now. On account of this, Z, ; now becomes [ I1e (vj)J V(A ..., A). We
i=1
leave out the rest of the details. [
Here we note that G for the qd-TEA algorithm is a Hankel determinant. Thus the qd-TEA

algorithm resembles very strongly the qd algorithm. Furthermore, when the sequence xg,X (X2, - - - »
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is one of scalars, then the qd-TEA algorithm can still be employed by picking the functional Q to be
the identity operator, in which case [, = X, Thus for scalar sequences satisfying all the conditions

mentioned in Section 1 of this work the qd-TEA algorithm provides another form of the gd algorithm.

Proof of Theorem 3.3: Combining (2.13) with (2.4), (2.2), and (2.1), and recalling that

TXb) = TP"(b) and Tg(b) = T¢ " '(b), we obtain
2
. GE™GEN”
©GrtrGpn
(3.24)
G G

G,:H-l,n—l Gl:lj—ll,n

n

k

Substituting (2.11) in (2.1), and comparing with (3.8), we see that Gl}"¥=yp with

n+s+p—1 _

up(f'q) = Hpig = (Xy454p-1¥n+q)- INVOKING NOW (1.1), we see that up(f'q) is of the form (3.15), with

z;; =V ,)X,-’ and {; =A;. Also Z 1‘;_'_‘;1‘ in Lemma 3.5 now becomes

viv) - (VW)
. k_ : : ko
ZlF=TIM . . ={TIM| Uro- (3.25)
i=1 i=l
(vk »V l) T (vk ,Vk)
Since the vectors vy,vs, . .., in (1.1) are assumed to be linearly independent, the Gram determinant

U, of the vectors vy,...,v, is positive. Thus le"_‘_'_'f # 0. Consequently, Lemma 3.5 applies, and we

k 2n
et

Invoking (3.26) in (3.24), we obtain the required result. O

obtain

x'k+l
A

H asn oo (3.26)

k_
G:,;H-s: [Hx"] Ul,...,k IV()\,I, “e ,)»k)lZ
i=1
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4. THE qd-MPE ALGORITHM FOR NORMAL OPERATORS

As we have shown in Theorem 3.3, the convergence rate of the qd-MPE algorithm is the same as
those of the gd-MMPE and qd-TEA algorithms, in general. When the vectors v,,v,, . . ., in the expan-
sion (1.1) are orthogonal with respect to the inner product (-,"), however, the convergence rate of the
qd-MPE method becomes twice that given in Theorem 3.3, as will be shown shortly in Theorem 4.1.
When the vector sequence Xg.X;,..., is generated by the matrix iterative process x;,, =Ax;,
j =0,1,..., with x arbitrary, then, as we mentioned in the introduction to this work, x,, satisfies (1.1),
with A; there being nonzero eigenvalues of A that possess only eigenvectors and no principal vectors,
and v; there being proportional to the corresponding eigenvectors. Now when A is a normal operator
it has only eigenvectors, and these form an orthogonal set with respect to the inner product. We recall
that hermitian and antihermitian operators are normal. Thus Theorem 4.1 below applies to vector

sequences generated by matrix iterative processes with normal matrices.

Theorem 4.1: In the qd-MPE algorithm, provided (3.1) holds and the vectors vy,v5, ..., in (1.1)
satisfy
(vivvj)=zj8ij9 (thus Z; > 0), “.1)
we have
1Vdl=h, +O(EF) as n — oo, 4.2)
When Xj >0, j=1.2,.., (4.2) can be refined considerably. (In this case the condition in (3.1) is

automatically satisfied.) If A, 1/A, > A /Ay, then

2
n }"k+l
Vdf ~ APy A asn —> oo, some B, >0, 4.3)
&
Le., the sequence {1/d}}} =, converges to A, monotonically from below, and if Ag,1/A; < Ag/Ag-, then

K
Vdg ~ A + yk[—;;—'fl—] as n — e, some Y, >0, 4.9

i.e., the sequence {1/d}s, converges to A, monotonically from above. B, and ¥, are given in the

proof below.
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All the results above hold when df is replaced by dy, though with different B, and ;.

Proof: We saw in the proof of Theorem 3.3 that G§ ** =y with uP(f:,) = (Xp 4s4p~1-Xn+q ). INvOKing
now (1.1) and (4.1), we see that u, ) is of the form (3.9), z;, =z;A{”7", 6; =};, and {; = 12,12

Also Z; _; in Lemma 3.4 becomes

k k _ - —
Zjl.---Jl = {HZJ’} {H}\.;J V(A.J‘, v ,A.j.). (45)
p=l1 p=1
Substituting all this in (3.11), we obtain for n —
K _ k ; o X 2
Gkn"H-: -~ z I—Il;’ sz, IV(le' . ,Xh)l ij, (4‘6)
lgjl<---<j. p=1 p=1 p=1

Consequently, all the conditions of Lemma 3.4 are satisfied, and
2
1+0{

Now when the A;’s are all real, from (4.6) and (4.1), we see that GJ """, s =0,£244,..., are all

}"k+l

A

2
H asn e, (4.7)

k
I,
j=I

k _ k
Gp s = [1—?}'} [qzj} VAL .. )12
J= =

Invoking (4.7) in (3.24), (4.2) follows.

real and positive. When the A;'s are all positive G¢ * are positive for all s. In case all A;’s are posi-
tive, (1.2) and (3.1) become

A’l > M >"'>lk—l > lk > kk+1 >0, (4.8)
so that (3.1) is automatically satisfied now. The two most dominant terms in the summation in (4.6)

are those with the indices ji,....ji = 1.2,....k and jy,...Jp = 1,2.....k=1,k+1. Thus

k A‘k+l s }‘k+l =
IV, ... ,xk)lz{nx}"“} 1+ 0y +0 asn — oo, (4.9)
j=1 }-k A-Ic

k
RAA+s _ R
Gk = HZJ
j=1

where

o =

2 2
Zea | VA, .o Ao Aes) Zeer Y AearA;
, i = >0. 4.10)
2z [ VA, ... S A A) % 113 xk"xj

Consequently, forn — oo,
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4.11)

r Y 2 2n+
1 Aist || Aen Ag Ag
~ | 140y | 1- -0 y| 1-—| | 7

2n+l]
. lk+1 .
The rest of the proof can now be completed easily. We only note that B, = o | 1~ 2 in (4.3), and
k

N

_ 1 l4a 1_1k+1 ( 7»1:+1‘ 2 —a - lk A
Ae * Ak A S VIR o VI

PARN J

I M | M @44). O
Ve = 0g_y| 1- —— in (4.4).
£ A1) Mo
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