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ABSTRACT

A method for calculating a component's design
survivability by incorporating finite element analysis
and probabilistic material proper:ies was developed.
The method evaluates design parameters through direct
comparisons of component survivabi.lity expressed in
terme of Weibull parameters. The analysis was applied
to a rotating disk with mounting bol: holes. The
highesat probahility of failure occurred at, or near,
the maximum shear stress region of the boit holes.
Distribution of material failure as a function of
Weibull slope affects the probability of survival.
Where Weioul. parameters are unknown for a rctating
disk, i~ may be permissible to assume Weibull para-
meters, as well as the stress-life exponent, in order
to determine the effect of disk speed on the proba-
bility of survival.

NOMENCLATURE

c material atrcll—iife exponent

e Weibull slope of material modulus

L stress cycles to failure

L, stress cycles to failure of i*" component
L stress cycles where 37.7 percent of

specimens survive

L, stress cycles to failure of total system
Lu stress cycles where all specimens survive
S statistical fraction of specimens that survive

a given number of stress cyclee

‘Fellow, ASME.

s, total system survivability

v stressed volume

T screse level applicable for failure theory
Subscripts:

a, b states a and b, or bodies a and b

INTRODUCTION

A key component in any structural des.ign process
is establishing a minimum acceptable service life and
then determining the potential of componeat or struc-
tural failure before that minimum life is achieved.
Although components may be tested to faji.ure t~ deter-
mine their functional life, this method is certainly
impractical in terms of time requirement.s, the Jiffi-
culty in simulating all possible loading conditiona,
and the expense involved in full-scale testing. Also,
early-stage designs generally undergo Juite a few
iterations until a final set of specifica“ions is
formalized.

Many applications, especially in the aerospace
industry, include size and weight constraints. This
precludes utilizing life-enhancing design features,
such as ultraconservative safety factors, or using
stronger, but heavier, materials. In order to realize
the lightest, mcst compact design, components are
purposely designed for finite life (i.e., expected
failure), with very high probability of survival
throughout the entire duty cycle. The most etficient
system operation then involves regularly scheduled
component replacement, so that the prede-ermined time
between replacements .s only slightly shorter than the
anticipated life of the component.

Often, empirical-based design techniques are
employed for fatigue-tolerant designs. Although such
procedures may result in su-cessful designs with
respect to fatique considerations, the designs will
probably not be efficient with respect to size or




cost. Also, the ure of new materials without an expe-
rience data base will pose a problem in making design
decisions. For these reasons analytical-based life
design methodologies are required to predict component
life and survivability without the need for extensive
testing or field experience.

First-order life prediction methods are generally
based simply on yield and fatigue-limiting stresses.
Often, they do not account for geometry and size
effects, surface condition, duty cyclee, end environ-
mental factors. The material life data are also fre-
quently misinterpreted. Stress-life curves are often
assumed to be completely deterministic when in fact
the stress-life data are presented as statistically
averaged values. Finally, most l.fe analyses are pri-
marily concerned with a few critical areas in the
component (i.e., the areas of highest strees). How-
ever, for designs with low stress gradients areas of
probable failure are not intuitively obvicus.

Finite-life component design requires a probabi-
listic approach that couples operating life with an
expecced rate of survival. Weibull (1939) demonstra-
ted a statistical analysis that was parcicularly
effective in describing experimental fatigue data.
Lundberg and Palmgren (1947) applied Weibull analy-
€i8 to contact-stress, high-cycle-fatigue bearing
problems. Grisaffe (1965) demonstrated the applica-
bility of a Weibull-based analysis to other types of
durability problems. Iloannides and Harris (1385) and
Zacetsky (1987) proposed a generalized Weibull-based
methodology for structural fatigue life prediction
based on a discrete-stressed-volume approach.

Zaretsky et al. (1989) cougled this methodology to a
stress field determined by finite element methods to
predict the life and reliability of a generic, rotat-
ing disk. They also demonstrated the applicability of
the methodology to the design process through para-
metric stud.ee that showed component life sensitivi-
ties to such design variables as disk diameter and
thickress and bolt hsle size, number, and lccataion.
Nemeth et ai. {1990) developed a computer program for
quantifying reliability that is based on inherent
flaws found in ceramics. T.e program calculates the
fast fracture reliability of macroscopically isotropic
ceria.c componente. This method is also based on the
component ‘s entire stress state, not just the maximum
stress point.

Although these methods allow the determination of
a total component life, it 1s often necessary to exan-
ine critical areas of the cumponent i1n order to pre-
dict the probability cf locai failure. 1In this manner
designs could potentially be optimized away from known
criiical areas through appropriate 8121ng. Therefore,
the otjectives of this investigation are (l) to extend
the method of Zaretsky (1987) to allow for calculating
the local probability of failure within any compc-
nent’'s stressed volume as well as within the entire
component and (2) %o demonstrate the technique on a
generic disk by examining the sensitivity of stressed-
volume survivability to uncertainties in the material
properties.

ANALYTICAL METHODOLOGY

Statistical Failure Theory

Exper imental fatigue data can often be plotted as
a straight line on Weibull probability paper. For a
constant stress level the number of siress cycles to
failure (i.e., life) is plotted on the abscissa. The
percentile of specimens that survive at a given life
18 plotted on the ordinate. The transformation of

stress cycles and survivability into Weibull coordi-
nates is given by the equation

1
Inln — =e1ln (L-L)) -e ln L, (1)
S

where S 18 statistical fraction of specimens that
survive a given number of stress cycles, e is the
Weibull slope, L is etress cycles to failure, L is
stress cycles where all specimens survive, and N
is stress cycles where 37.7 percent of specimens sur-
vive. This is referred to as a three-parameter
Weibull equation. A two-parameter Weibull eguation is .
obtained by setting L = 0. The Weibull slope pro- F
vides an indication of the scatter of the statistical
properties, with e = 1, 2, or 3.57 being represernta-
tive of exponential, Rayleigh, and Guassian distribu- :
tions, respectively.

The number of stress cycles to failure at a g.iven
stress level can be related to stress cycles to fail-
ure at « new stress level by the egua:ion

where L, is the knowr life at stress level 7, and
C is the stress-life exponent obtained from coupnn
testing. Weibull (1939, 1951) expressed the p vbabil-
ity of survival as

1 — B
In 2 - 1L (3
s
where ' :s the stressed component volume. By using
Eq. (3), the siz. effects on survivabil:ty for egaally

stressed vclumes can be expressed as

S

After component (ife and survaivability have teern
adjusted on the basis of stress levels and stressec
volume, all other combinations of life anc survivab.:.-
1ty can be calculated. This allows valid comparison
of relative component life at equal survivability or
relative component survivability at equal laite.

Using Egs. (1) to (3), Zaretsky (1987) devei.pea
an expression for predicting life at a giver surv:va-
bility of a stressed component b relative to the
known life of a stressed component a:

. e

This equaticn gives the component ‘s .ife reiat.ve ¢
another similar component when both have the same
survivability. The system life can then be ca.cu.a*ed
from the individual component lives as fcl;ows:

where L 18 the total system . .fe an. L 18 the
component life (Zaretsky, 1987). Zaretsky s meth:d
can be extended further to examine relative component
survivability at equal life. Thie 1is given by
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EqQuation (7) can be used to identify critical fatigue
components within a system and to optimize noncritical
ones. Because a minimum life is required of all com-
ponents in the system, individual component surviva-
bility at that iire can be assessed relative to a
predetermined critical component. In this manner,
components whose survivabhility is judged to be too low
can be redesigned for greater survivability. Aleo,
components whose survivability is much greater than
that of the critical component can be redesigned for
smaller size or lower weight while still maintaining
adequate protection against failure.

Finally, the component’'s survi.ability is equal
to the product of all the elements’ survivabilities:

s =1s (8)

Incorporating Finite Element Analysis

The methodology just described can easily be
incorporated into the finite element method to deter-~
mine the life and survivability of a structural compo-
nent. The entire component is8 analogous to a system.
The finite element model of the component discretizes
its geometry into elemental volumes. These elements
are considered to be the base members of the “system."
The time to crack initiation for each element is cal-
culat2d from the elemental stress levels and volume as
descr .bed previously to determine the component's
incipient failure time. Elemental survivability is
also calculated to find areas that have either too low
survivability or are overdesigned.

A relative comparison approach is used in this
methodology. A critical element . th: model is
selected on the basis of a maximum stress state. The
selected stress failure criterion can be based on the
material used in the component. If no fatigue data
are available, the stressed element can be arbitrarily
éss;gned a life and a survivability tHat is used to
normai:ze the life and survivability of the other ele-
ments. This approach allows easy, qualitative compar-
i1sors between designs. Also, only one set of coupon
fatigue tests at operating temperatures is necessary
to fix the Weibull parameters and to establish
quantitative component lives if the stress-life
exponent of the material is already knowa. However,
1f the stress-life exponent is not known, at least two
additional sets of coupon fatigue tests will be
necessafy.

A methodology for predicting elemental surviva-
bility at a fixed life is illustrated in Fig. 1. The
critical element’'s life and survivability is set at
unity and 90 percent, respectively (point 1). This 1s
the analysis point to which all the other elements’
lives and gurvivability will be referenced. Other
designs can also be referenced to this point by using
the same critical volume and streas. The expected
survivability at any number of strees cycles can be
determined by using Eq. (1). This is shown in the
figure by drawing a line through the reference point
with a slope equal to e, the material's Weibull
slope.

Next, an element’'s survivability is adjusted
based strictly on volume effects by using Eq. (4)
(point 2). This adjustment ie done independently of
the stress levels. Because stress is not involved,
elemental life .8 not affectad, and the adjustment
results in purely vertical displacement from the
reference point. In the example shcwn, the second
element 's volume i8 greater than the critical volume
and contains more potentiai crack initiation sites.
Therefore, the adjusted survivability is lower.

The element ‘s life is then adjusted strictly on
the basis of elemental stress relative to the critical
stress by using Eq. (2, (point 3). This adjustment is
done independently of vcolume considerations. Conse-
quently, elemental survivability is not affected, and
the life adjustment results in purely horizontal dis-
placement at constant survivability. In the example
shown, the second element’'s stress is lower than the
critical stress. Therefore, its life is greater and
shiftes to the right.

A new material Weibull lire is now drawn through
the adjusted life/survivebility point. Because the
compared element’'s material is the same as the criti-
cal element's material, the line i1e drawn parallel to
the original line. However, if the elements had dis-
similar materials, the new line would be drawn with
the new Weibull slope. Thus, designs incorporating
different materials can be compared with respect to
survivability.

By using Eq. (7), the compared elenent‘'s surviv-
ability is adjusted once more to the critical ele-
ment ‘s assigned life of unity (point 4). This *jne
the displacement is along the Weibull line and gives
the survivability of an element relative tc the criti-
cal element, with both elements having the same life.
Repeating this procedure for all *he elemencs in the
finite element model givee the sur. .vability for any
section of the design at any time.

It should be mentioned that clume-“c el elemen
tal survivability will be somewhat in luencea >v the
finite element mesh, especially w.ith components that*
experience fairly uniform stress. For this case
volumetric ratios will have more effect on elemental

survivability. For components with nonuniform stress
distributions, exponential stress 1atice will have
more 1influence on elemental survivability. For thn:e

case the methodology complements traditional finite
element modeling philosophy, in that high-stresc-
gradient areas should be modeled with smaller ele-
ments. In this way sizing effects are minimized. In
both cases an adaptive meshing techniy:e could be used
to explicit!y optimize the finite element model sizing
and to implicitly minimize the mesh size effects on
elemental survivability. From Egs. (4) and (8) 1t

can be shown that component survivability remains
inaffected by the individual element mesh.

RESULTS AND DISCUSSION

Parametric analytical studies were conducted to
calculate speed effectsa on the survivability of a
generic disk and to examine the probabilistic effects
of material properties on disk survivability. The
generic disk represents the first step in the invest:-
gation of aerospace propulsion turkine disks. It 1s
61 cm (24 in.) in diameter and has \welve 1.02-cm
(0.40-1in.) diameter bolt hnles.

Figure 2(a) shows the finite elemont model of the
diek used in these studies. From the axisymmetric
conditions of th disk a 15 degree Bectior of the disk
is modeled with 62 grid points and 42 eight..noded
solid elements. Boundary conditions, definea in .erms
of the model's cylindrical coordinates, constra.n dis-
placement in the circumferential direction and al ow
displacement in the radial and axial directions. The
disk stressee are a result of the centrifugal loads
due to disk rotation. No thermal loads were yncluded.

MSC/NASTRAN was used fo: the finite element code.
The linear elast.c analysis option, SOL 24, was used
to calculate the stresses. Although this analysis 1s
limited to strese levels below the yield point, it can
be used for high cycle fatigue where stresses are



lower and the occurrence of failure is less determin-
istic and more probabilistic. However, because the
statistical failure theory is based on stress levels
and distribution, the life and reliability methodology
can also be adapted for nonlinear analyses.

Table I lists the assumed isotropic material pro-
perties used in the analyses. The probabilistic
aspect of the material strength is given in the L
life of the material. This L, life represents the
life in the number of stress cycles in which 90 per-
cent of the tested coupons survive at a constant maxi-
mum shear stress. By using the values of Table I, a
finite element stress analysis was performed on the
yeneric disk of Fig. 2(a) at a speed of 12 800 rpm.
Figure 2(b) shows the results of the stress analy-
sis. The maximum shear stress was approximately
275 800 kN/m’ (40 ksi at the bolt hole. The failure
probability analysis for each of the model‘s elements
was then calculated by using Bq. (7). The results
shown in Fig. 2(c) indicate that the region with the
lowest reliability (i.e., the highest probability of
failure) occurred at, or near, the maximum shear
stress region at the bolt hole. However, outside this
region the disk had relatively high regions of
survivability.

Figure 3 graphically shows the relation between
life and survivability for the material in Table I at
an assumed Weibull slope. For a Weibull slope of
3.57, 99 percent of the samples survived 6000 cycCles,
90 percent survived 10 700 cycles, and 10 percent sur-
vived 20 000 cycles. A higher value of Weibull slope
would demonstrate iess scaiter, with failures occur-
ring over a smaller number of stress cycles. A lower
value would show failur>s over a broader range of
lives and therefore might be indicative of more
uncertainty in the material lives.

Figure 4 shows the effect of a disk’'s rotational
speed on its probability of achieving a life of 10 000
stress cycles. The speed effect was plotted for an
assumed Weibull slope of 3.57 and a stress-life expo-
nent of 9. The disk firet experienced a maximum shear
stress of 275 800 kN/m’ (40 ksi) at a speed of
12 800 rpm. This disk had a probability of survival
of about 36 percent at this speed, which was higher
than the coupon survival rate of 90 percent at the
same stress and number of cycles.

The higher probability of survival was due to the
volumetric effects. The 275 BOO-kN/m2 (40-ksi) stress
region in the disk was much smaller than the gage vol-
ume of the coupon. The location cf the maximum stress
in the model occurred at the elements adjacent to the
bolt hole, at the three o’'clock position. Also, the
etrusses in the remainder of the disk elements were
much lower than 275 800 kN/m" (40 ksi) and had individ-
ually high survivability. Therefore, they had hardly
any effect on degrading the disk's survivability. As
a result, the disk showed a probability of survival
Qreater that the coupon L, life.

The individual calculated elemental survivabili-
ties can also be examined for design optimization.
Regions with low-survivability elements can be rede-
signed to increase reliability. Similarly, regions
containing elements with unnecessarily high surviva-
bility can be optimized through redesign to reduce
weight.

Figqure S shows the effect of speed on the cumula-
tive probability of failure (i.e., 1 minus the surviv-
ability) with varying Weibull slopes. This figure
demonstrates how the distribution of failure as a
function of Weibull slope affects the probability
of survival. All three curves intersect at
12 800 rom, with a 4 percent failure (96 percent
survival), because the Ll life reference stresc of
275 800 kN/m’ (40 kei) firet happens at 12 800 rpm.

Above this speed the rate of failure was definitely
higher with higher Weibull slope. The 50 percent
failure probability occurred at 13 100 rpm for a
Weibull slope of 2, at 13 300 rpm for a Weibull slope
of 3.57, and at 14 000 rpm for a Weibull slope of §.
Below 12 800 rpm the value of the Weibull slope had
little effect on survival probability.

Often, material Jdata will be incomplete, if
available at all, and designers must use engineering
judgment in estimating material uncertainties. Where
Weibull parameters are unknown for a rotating disk, it
may be permissible to assume the Weibull slope and the
stress-life exponent, in order to determine the disk
speed at which the probability of survival will be
high. From Fig. 5, the estimate of the Weibull slope
should be high for conservative design by anticipating
a higher failure rate than would probably occur.

Figure 6 shows the effect of speed on the cumula-
tive probability of failure with varying stress-life
exponents. There is not the degree of divergence of
the three curves above 12 800 rpm as there was with
Weibull slope variations. The same general trends
hold, higher failure rates witi higher stress-life
exponent, but not to the same extent as in Fig. 5.

At high eurvivability values, the value of the stress-
life exponent hac little effect at any given 3peed.

CONCLUDING REMARKS

Probabilistic material properties expressed in
terms of Weibull parameters were coupled with the
stress field determined from MSC/NASTRAN finite
element analysis to determine fatigue life based on
crack initiation. This methodology can be applied to
predict the probability of survival of the complete
structural component as well as to identify critical
failure regions of the component. A unigue advantage
of this approach is that only coupon fatigue testing
i8 needed to establish the material fatigue parameters
necessary for full-size componert life and survivabil-
ity analysis. Thus, this technique can be used in the
carly design stages to optimize life-based designs,
thereby reducing the amount of full-size component
testing required to validate these designs.

SUMMARY OF RESULTS

A method for calculating a comporent's design
survivability that incorporates finite element analy-
sis and probabilistic macerial properties was deve)-
oped. The method evaluates des.gn parameters through
direct comparison of component survivability expressed
in terms of Weibull parameters. The method considers
the compcnent’'s total stress state in the survivabil-
ity calculatiorm. Critical regions with respect to
survivability can be identified for optimization
purposes: Reliability can de improved at low-
survivability regions; and «3ight can be reduced in
high-survivability regions. The analys.s wae applied
to a rotatiny disk with mounting bolt holes. The
following results were obtained:

(1) The highest probability of failure for the
disk occurred at, or near, the maximum shear stress
region at the bolt hole.

(2) Distribution of failure ae a function of
Weibull slope affected the probability of survival.
For speeds that irduced stresses above the L, life
reference strees, higher Weibull slope predicted lower
survival probabilizy. However, the value of the
Weibull elope had _ittle effect at any given speed at
high probabilities of survival.
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(3) The stress-life exponent affected the
reliability predictions. For speeds that induced
stresses above the L life reference stress,
higher stress-life expcnents predicted lower survival
probability. However, the vaiue of the stress-life
exponent had little effect at any given spced at high
probabilities of survival.

(4) Where Weibull parameters are unknown for a
rotating disk, it may bte permissible to assume Weibull
parameters as well as the stress-life exponent in
order to determine the disk speed at which the
probability of survival will be highest.
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TABLE 1. - ASSUMED ISOTROPIZ MATERIAL PROPERTIES

Poisson‘s ratio .
Density, kg/m’ (1b/in.’)
Gage volume, m’ (in.ﬁ

Elastic modulus, kN/m’ (psi;

L life, number of cvcles . .
Shear stress at L , kN/m' (ksei)

1.10x10%" (16X10%)
e e e ... 0.33
4.61X107° (0.16)
5.74X10°°% (0.3s)

. 10 000
275 80O (40)
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in In (1/5)
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i
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Figure 1.—Element survivability methodology.




(a) Disk finite element model.
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Figure 2.—Disk finite element model and analysis
results. Nominal disk configuration: disk diameter,
0 061-m (24-in.); disk speed, 12 800 rpm; twelve
1.02-cm (0.40-in.) diameter bolt holes located on
0.030-m (12-in.) diameter.
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Figure 3.—Assumed matenal survivability at
275 800 kN/m2 (40 ksi). Weibull slope, 3 57.
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Figure 4 —Effect ot speed on surviv-
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Figure 5.—Effect of Weibull slope on survivabiiity at
10 000 cycles. Stress-life exponent, 9.
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Figure 6. —Etfect of stress-life exponent on surviv-
ability at 10 000 cycles. Weibull slope, 3.57.
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