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ABSTRACT

The development of systems such as acoustic levitation chambers will allow for the
positioning and manipulation of material samples (drops) in a microgravity environment. This
provides the capability for fundamental studies in droplet dynamics as well as containerless
processing work. Such systems utilize acoustic radiation pressure forces to position or to further
manipulate (e.g., oscillate) the sample. The primary objective of this report was to determine
the effect of a viscous acoustic field/tangential radiation pressure forcing on drop oscillations.
To thi# end, the viscous acoustic field is determined. Modified (forced) hydrodynamic field
equations which result from a consistent perturbation expansion scheme are solved. This is done
in the separate cases of an unmodulated and a modulated acoustic field. The effect of the
tangential radiation stress on the hydrodynamic field (drop oscillations) is found to manifest as
a correction to the velocity field in a sublayer region near the drop/host interface. Moreover,
the forcing due to the radiation pressure vector at-the interface is modified by inclusion of

tangential stresses.
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I._INTRODUCTION
IA. BACKGROUND

The development of acoustic levitation systems has provided a technology which will
enable containerless processing in a microgravity environment. Such systems also provide the
capability to undertake fundamental studies of droplet dynamics. Acoustic levitation devices
utilize radiation pressure forces to position the sémple away from the chamber walls. Specific
types of systems are the single axis system (Barmatz, 1981) as well as a three-axes design (Wang
et. al., 1984). In the case of a three-axes system, acoustic drivers (speai(ers) centéred in the
three orthogonal sides of a parallel piped chamber are driven at its resonaﬁt frequency. Liquid
drops can then be positioned in the region in which the pressure is at a minimum (i.e., the wave
pressure nodes). The acoustic levitation system provides for more capabilities than merely that
of drop positioning. In addition, the drop can be made to rotate via phase lagging two of the
acoustic waves. Also, drop oscillations can be induced via frequency modulaﬁon of an acoustic |
wave. |

The quadrupole resonance of simple drops was investigated by Marston and Apfel (1980)
in an experimental study. Modulated acoustic radiation pressure provided the driving force.
The experimental work of Trinh, Zwern, and Wang (1982) studied the small amplitude
oscillation and decay of a free (non-driven) drop. Furthermore, large-amplitude drop shape
oscillations have been experimentally investigated for the free and forced cases (Trinh et. al.,
1982). Both drop oscillations and break-up were studied in a visualization experiment by
Marston and Goosby (1985). All these experiments were performed in a 1g gravity field. The

drop itself was surrounded by an immiscible host fluid, with positioning accomplished using



acoustic radiation forces.

Analytical and numerical investigations have focused primarily on free drop oscillations
and decay. Miller and Scriven (1968) addressed the problem of normal mode oscillations of a
viscous liquid drop immersed in a viscous host medium, and derived analytical expressions for
limit cases. More receﬁtly, Prosperetti (1980) completed a numerical study of free viscous drop
oscillations and decay for a range of values of host medium viscosities. Both these
investigations involved a linear analysis. Also, there has been some recent work concerning the
nonlinear oscillation of inviscid drops (Tsamapoulos & Brown, 1983, Natarajan & Brown,
1987).

The work of Marston (1980) was an analytical investigation into the acoustically forced
fluid drop problem. It is the projection of the radiation stress tensor onto the surface of a drop
in order to form the radiation pressure vector which actually accounts for the forcing terms.
Marston calculated the radial component of the radiation pressure vector for a specific limit case;
that in which the acoustic field is taken to be irrotational and the correct tangential acoustic
boundary conditions at the drop/host medium interface were not enforced. Thus, no tangential
radiation stresses could contribute. The drop was forced at the boundary/interface only. There
was no forcing of the Navier-Stokes equations which govern the behavior of the hydrodynamic
field which itself results from the action of the acoustic forcing. The only coupling between the
hydrodynamics and acoustic fields is through the boundary/interface conditions.

The incorporation of viscous effects into the acoustic field has ramifications for the full
hydrodynamic problem in two ways. First, the modification of the acoustic field to include

viscous effects will allow for the enforcement of the tangential boundary condition on the



acoustic field. This will result in the existence of tangential radiation pressure forces. These
forces then enter into the boundary/interface conditions on the hydrodynamic field. Secondly,
the full hydrodynamic equations themselves are forced by nonlinear terms relating to the acoustic
field. The solution of the hydrodynamic field itself is then altered from that given by, say,

Miller and Scriven (1968).



IB. OBJECTIVES

The-primary goal of tﬁis work is to determine the effect that incorporation of the
tangential radiation pressure forces has on the drop oscillations.

Additional related considerations include: (a) possible effects of a non-axisymmetric
acoustic field, (b) efficient evaluation of the tangential radiation pressure vector, (c) the role of
bulk viscosity in the tangential radiation stresses, and (d) extensions to compound drop forcing.

In order to meet the primary objective, it is necessary to include the effects of viscosity
in the acoustic field representation. This is done in Section III of the report. Since the viscous
acoustic field will affect the hydrodynamic field both through the boundary/interface conditions
and via a modiﬁcatiqn of the hydrodynamic field equations themselves, these topics must be
addressed. The determination of the tangential radiation pressure vector which contributes to
the boundary/interface conditions is done in Section IV. The modified hydrodynamic field is
investigated in Section V for the case of forcing by an unmodulated acoustic standing wave field
and in Section VI for the case in which the acoustic standiﬁg wave field is modulated.

Thé secondary objectives are addressed in the appropriate sections (see Table of
Contents). Moreover, supporting material in the Appendices serves to further elucidate these
topics.

Conclusions are presented in Section VII.



II. ACOUSTIC FORCING MECHANISM AND GOVERNING EQUATIONS
IIA. ACOUSTIC FORCING MECHANISM

Certain definitions and an associated discussion will be useful, as they pertain to concepts
and quantities which will be calculated/manipulated in subsequent sections.

The acoustic radiation stress tensor is given by

Hij = ?Sis + f<UIU;> (OA.1)

with

E = %—(P"} - (%) KV#) (IA.2)

Adiabatic compressibility is given by ﬁ . The brackets indicate averaging over an acoustic
period. The projection of the radiation stress onto the drop surface is given by

pr =.(T\—ri-—n;:)ér
+ (T\—; - -)T;) 89 + (-ﬂ;:. - m)é} (IA.3)

Superscripts indicate the regions interior and exterior to the drop’s surface. The tangential
component of the radiation pressure vector is given by the & and &, components of equation
(ITA.3). Note the velocity and pressure fields indicate acoustic quantities.

The drop oscillation is induced through frequency modulation of the acoustic wave.



Given an acoustic frequency, ®, , a second wave with frequency w, is required, such that

the drop frequency of oscillation is given by the difference of those of the acoustic waves. That

iS, ® propy= ®W,~ W, . The carrier frequency is given by the average of the two acoustic

frequencies. Note that the wavelength of the acoustic carrier wave should be such that it couples
reasonably to the drop diameter. The representation of the acoustic radiation pressure vector

is best done through the use of spherical harmonics. That is,

FF = { Prsrarze T FF eos (Wi + ) jfmle’(ﬂ
Am (ITA.42)

Am

The projection is

(PT)s

STATIC

_ . B
+ (pF), eos(w-khz\ = g jﬂm { (pr)y ) AL
n

Lon
(IA.4b)

and similarly

r

. - ¥ . (=YTANG dﬂ
N { (pr )smrrc + (P cos(wthz)} ,( ‘jxm <v4. (pr >
| moon (IIA.4¢)

TANG ( _)-rma.

Note that dQ-sin6d8d$ . The static part of the radiation stress vector as well as the
oscillating contribution (which oscillates at the drop frequency) are given. If the acoustic wave

9



is not modulated, there will NOT be an oscillating forcing term. Note that the tangential
radiation pressure appears in an odd operator form. This is due to the fact that the unforced
drop oscillations were originally determined (Miller and Scriven, 1968) using this form.

For further discussion of the radiation stress as related to drops, see Marston et. al.,

(1982).

10



IIB. CASE OF NON-AXISYMMETRIC FORGING

This section pertains to a qualitative investigation into the possible forcing of shear waves
(in the hydrodynamic field) due to the acoustic field. As such, the acoustic field will be
assumed to be viscous, and to generate non-zero tangential radiation stresses at the interface.
As effects can be seen even if the coupling between the acoustic and hydrodynamic fields is
restricted to the boundary conditions, this will be the taken to be the case. That is, no forcing
of the governing equations themselves will be taken into account. Again, this is making the
inviscid acoustic approximation in the governing equations of the hydrodynamic field, but not
in the boundafy conditions. This introduces the simplification that the general solutions to the
unforced hydrodynamic equations are those given be Miller and Scriven (1968).

The task of this section ‘is to investigate the result of boundary/interface forcing on the
behavior of these solutions. The boundary conditions which must hold at the drop/host interface
-are 4(1) the kinematic condition, (2) the stresses are balanced, and (3) the velocity components
are cdntinuous. Both the second and third conditions generate three equations. Moreover, all
the boundary conditions can be expressed using only the radial component of the velocity and
vorticity fields. This can be done via operations of taking the surface divergence of the
tangential balances in conditions (2) and (3), and of taking the radial component of the surface

curl of these same conditions. A spherical coordinate system is used.

For clarity, the radial velocity (Q,) and vorticity (®,) components are listed below

A -k‘# ' -

11



Ao ‘2Rt .l. Q)] A
= Zg (4 {Clz" * + aq_":.}\l (X,P)} \jﬂmlal¢)

We =

(IIB.1b)
Al - -2, .
e 29_ e ™ { \o\-%-{,;(nr)} \jgmlb;cﬂ (IIB.1c)
br = Zﬂ émi A0 ] Yo (8)) (IB.1)

The functions are spherical Bessel and Hankel functions of the first kind. The caret indicates
the hydrodynamic velocity field. The Y,,(6,¢) are spherical harmonics.
Note that the "a" and "b" coefficient are determined via application of the boundary

conditions. In this case, the boundary conditions will involve forcing due to the radiation
stresses at the interface. The forcing of the shear waves is constructed via performing the

aforementioned operations involving the surface curl. This yields (at r=R)

b (L1250 = by (R ALRRY) =© B 22
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b' _,u_i_ﬁu'l)é'g(?,;lz) = (?LR)IJ‘“, (&R)}
»Ra.

)

- bl ﬁ;__&(ﬂ‘l),g\z)(?ok) - (&R)j\[ﬂ (?OR)E
Rl

= -4 d [smb or)p - (_F)}eﬂc&'“
Rsk\e{%( o Prle %F Pre (I1B.2b)

The exponential term indicates the phase. Without the forcing term on the right hand side of

equation (IIB.2b), this system will reduce to two homogeneous equations in two unknowns. The
| resulting dispersion relation describes the behavior of shear waves and is well known.
Physicauy, it describes waves which are purely rotational and decaying. The presence of the

forcing term is due itself to the components of the tangential radiation stress vector. Note that
if axisymmetry is assumed, and pr, is zero, then there is no forcing. However, if the

axisymmetry of an acoustic field is not maintained in, say, an experiment, then the forcing of
hydrodynamic shear waves appeaxs possible. Of course, a full investigation would require that
the hydrodynamic field equations themselves be forced in addition to the boundary/interface

forcing described above.

13



OC. GOVERNING EQUATIONS

The governing equations of those of fluid mechanics; the conservation of mass,
momentum, and energy equations. Since the fluid (acoustic field and hydrodynamic field) is
considered to be isothermal, the energy equation will simplify considerably, and result in a
relationship between the pressure and density fields.

The general form of the governing equations will include contributions due to
compressibility. Although the hydrodynamic field is considered incompressible, the acoustic
field clearly cannot be. |

The ambient mean pressure and density are constant. The acoustic field (or sound field)
can be viewed as a perturbation of the ambienf environment. A consistent perturbation
expansion scheme will be developed whereby the hydrodynamic field will arise naturally (at
second order), forced by terms which are quadratic in the acoustic field quantities.

The governing equations must be satisfied in the regions interior and exterior to the drop.
In dimensional form they are given by:

(Conservation of Mass)

K/ WVp + pN¥:uw = O
ot (IIC.1)

(Conservation of Momentum)

W 4 wevy
P+ )
= -VP + Iuvz'_l,i__ + (A;_ +,uMK)V(V°L_L.) (IIC;z)
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(Conservation of Energy/Equation of State)

b = c,"F | (IIC.3)

The variables p, u , and p denote the pressure, velocity and density fields. The material

properties of dynamic viscosity, p , and bulk viscosity, Rz;. , are constants. Of course, the

values will be different according as to which fluids form the drop and host media. The

conservation of momentum equation is the compressible Navier - Stokes equation in which no

body forces are present. In equation (IIC.3), ¢, refers to the speed of sound.

15



1. VISCOUS ACOUSTIC FIELD

A. DISCUSSION OF APPROACH: VELOCITY DECOMPOSITION METHOD VS.
METHOD OF COMPOSITE EXPANSIONS

Attention is restricted to the case in which the acoustic field is axisymmetric. In the case
of the velocity decomposition approach, the acoustic velocity field is comprised of a solenoidal

and an irrotational contribution. That is,

V. VxA t+ V9 (IL.1)

Moreover, A is of the form (o,0,§) , with { a scalar function. Equations can be developed

for ¢ and ¢ . The details of such a development, and the resulting solutions, are found in
Appendix 1. That is, for the axisymmetric case, the problem of determining the acoustic field

which incorporates the effects of viscosity is analytically very tractable.

In particular, note that arguments (of spherical Bessel functions) arise in the form of

[SQR?(iw/vo)]R , with @ the acoustic frequency and R the radius of the drop. Specifically,

these arise in the solution for ¢ . (Of course, W itself contributes to the boundary conditions
at the drop/host interface.) The acoustic frequency is on the order of hundreds.of kilohertz, and

the drop radius is, in general, several millimeters. Moreover, it is necessary to allow for
reasonable values of v, , so it is doubtful that realistic values of the kinematic viscosity would

serve to decrease the magnitude of the argument.

This leads to difficulties in the numerical evaluation of the unknown coefficients (listed
in the boundary/interface conditions given by equations [Al.11a - Al.11d]).

An alternate approach which avoids these difficulties is to utilize a boundary layer
formulation. Moreover, this approach has the:capability to elucidate the flow field structure in

the region near the host/drop interface.

16



It is this second approach which will be employed. However, note that the first approach
has been developed, also, and is discussed in de@ in Appendix I.

The boundary layer approach which is to be used is termed the method of composite
expansions (see Nayfeh, 1973). The details of this method as they pertain to this problem are

found in succeeding sections.

17



III B. SOLUTION OF THE VISCOUS ACOUSTIC FIELD VIA THE METHOD OF
COMPOSITE EXPANSIONS

The governing equations are those listed in Section II C. They will be

‘nondimensionalized with respect to acoustic field variables. Let

(@' Yf=2t ()K= x

()1¥ =y 5 pf=pi p(p=p amy
The velocity scale is given by the sound speed in the outer medium. The acoustic frequency is
used to define the time scale. The length scale follows from these two quantities. Density is
nondimensionalized with respect to the ambient density in the outer medium. Tildes indicate
nondimensional quantities. The nondimensionalization scheme is the same in both regions,
interior and exterior to the drop.

The method of composite expansions is a generalization of the method of matched
asymptotic expansions which has been used successfully in boundary layer applications (Nayfeh,
1973). The basis idea is that the viscous effects on the acoustic field are of primary importance
in a region near the drop/host interface. The scale of this region is proportional to SQRT (v/w),
with » the kinematic viscosity and w the frequency of the acoustic wave. In levitation systems,
this quantity is quite small due to the relatively large magnitude of the acoustic frequency. The
choice of the acoustic frequency is driven by the selection of the acoustic wavelength to be on
the order of the drop dimension.

The full nonlinear nondimensional governing equations of compressible isothermal fluid

dynamics are to be expanded in a small parameter, 6 . In this analysis, & is a formal

18



parameter. It is interpreted as the ratio of the natural frequency of oscillation of the drop to that

of the acoustic frequency. Another small parameter arises naturally in this "boundary/interface

layer” approach. This second small paramter, € , is equal to SQRT (1/Re) , with Re a
Reynolds type number which is defined later in this section.

It is possible to relate the formal structure of this analysis to work done by Riley (1967)
in his consideration of the flow induced by a solid body that is in oscillatory motion in an
infinite viscous fluid which is otherwise motionless. Of course, the problem being considered
here is very different. The fluid drop has no translatory motion. Oscillations of the drop would

be due strictly to the action of a modulated acoustic field. However, a formal comparison may
be made with Riley’s work. He defined three parameters, R, Rs, and M?. These are equivalent

to (8/€?), (8/e)* , and (1/€?) , respectively. The region of interest in the acoustically forced

drop problem would correspond to the case of M > 1, R, Rs > 1 .
Consider the fluid region exterior to the drop (host region). The system of governing

equations (Section IIC) is nondimensionalized and then is linearized after a perturbation
expansion in a small parameter, 8 . The base state about which the perturbation occurs is that
of zero mean motion, and constant ambient pressure and density. The lowest order perturbation
is the sound field. The tildes are dropped for convenience. The resulting system (to lowest

orderin & )is

o, + V- \ll" =0 | (IIB.2a)

19



%ayf = =Vp* + () VW
y |

- (5 ) ) s
P\o - ﬁo (IIIB.2c)

The superscript "0" denotes the fluid region exterior to the drop. A subscript of "1" indicates
sound field quantities. At this stage, higher order terms have been neglected. The

nondimensional parameters which appear are

_l_.:-.. v, . ° = ,U-om_ °
Re T E@aY ¢ o /1

In the fluid region interior to the drop, the governing equations (to lowest order in

small expansion parameter & ) are

¥+ pvey =0 o
Mt
i F 2,4
N AR I A
FERF) ) V) ama
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. o\ s |
P = (C§ \) f\ ' (IIIB.30)

with « - p;m:;, g - pypf, ,and t! - p;u,,/pg . The system of equations (IIIB.3a-c) in the
region interior to the drop (and (IIIB.2a-c) exterior to the drop) are subjected to a "boundary

layer” type analysis. That is, in the interior of the drop, the fluid will be considered to be
comprised of an "inner" layer and an "outer" region. Note both the "inner" and "outer" regions
lie within the drop. In the "inner" region, the effects of viscosity are important, and in the
"outer" region they are absent. This analysis itself is termed the method of composite
expansions. The same methbdology is employed in the (host) fluid exterior to the drop. See
Figure HIB. 1.

The subscript "1" which heretofore has referred to sound field quantities is now dropped.

Subscripts will now refer to inner and outer expansion quantities.

Application of Method of Composite Expansions to Linearized System of Equations

In the method of composite expansions, the dependent variables are expressed in terms
of functions having different independent variables (in the é, direction). One is a stretched -
variable. In the outer region, the variable is given, of course, by r. In the inner region, the

independent variable is given by & (if interior to the fluid drop) or { (if exterior to the fluid
drop). The small parameter in the expansion which is part of the method of composite

expansions is € . This small parameter is taken to be larger than the small

parameter & (found in the & expansion). That is, this method is valid for the case in which
the nonlinear terms arising at next order are smaller than the viscous contribution.

21



Although this approach is valid when the acoustic field is non-axisymmetric, the equation

development will be done for the less algebraically involved case (i.e., axisymmetric).

Consider the fluid region interior to the drop. Let r-R-ek. The constant

R - aw/c: , and "a" is the nondimensional drop radius. The small parameter, e , is taken

to be sqrt(1/Re). Rewriting system (IIIB.3a-c) in terms of the inner layer variable, § , yields

W Hplrd v 2 v o+ L 3 (s V) =0
€ % (R-ex) (R-¢8) sme 98
(IIB.4a)

vt [, 2f) 2 + L 2 (simed_Y|V°
¢ (FWE (R-<¥) 98 (R-e¥)sim0 08 ae) r

(IIIB.4b)
¥ o2 V¢ o+ 2 e 26 V3 )
(B-¢¥)? ) (R-e¥)* S8 36( ®
o i) L g2,
+ ( 3 th ) P €
SEIETR N R R (Sheva)}
(t “i €W (Rey) (R-£8)5%6 W )
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3Vel : -4 @ gp"

0" P (R-e¥%) 20
tX [, ae 2 e 3 (sib?_ )]
8 11y <i£-mﬁ (R-cv) Srodb B ¢
+ 2 €* .3_!,{ _ g? Vbi'
(R-ex)* W (R-e¥)* sim*0
(i ).‘:.-
* ¢ _ (L0B. 4c)
?- W\- + 26e" vy -\-_E____Q(su.ava)
) (R-€%) (B-€5)Smb 0B

The dependent variable ' € {v,, v/, p', o'} is expanded in the inner layer region as
follows:

§ = (Fr + 3 0e)
AKX - Ape 24
e (W - 18 ¢ )
+ HoOT. HIB.5)
The notation "™ indicates the outer region dependent variable. It is expanded in a Taylor series

expansion in terms of the inner region variable. The " =" denotes the inner region dependent

variable. Superscripts "i" indicate that these quantities are defined in the fluid region interior

to the drop. The inner region functions must decay to zero as § - « .

23



The functions which are dependent upon the outer region variable, r, can be obtained via

solution of outer region system. To lowest order in e , this system is simply that which

represents the inviscid acoustic standing wave field. For completeness, these equations and the
resulting '

solution are listed below

rot (II1B.6a)

QL
<
~
]|
¢
o~
Ir—
——
4
v
»

— ~ (IIIB.6b)
%® P
A i C& 2 A
o (@) F . oo
A solution is obtained in $' , whichis ¥ ° = <d,
o0

A - 2 i ° _"#
¢ (r,6,t) = & o «31(%‘-)@’2(0,059)&

e (IIB.6d)

D

N
ji is a spherical Bessel function. The coefficient 8, is

9 = (ﬂl (2247) {exp (ioig)h)* (-nlexP(-,i WIG)IA)
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with h the distance from the acoustic velocity nodal plane to the center of the drop. If this

8
distance is zero, then §| is zero for odd 1. The coefficient &, should not be confused with

the small expansion parameter é. P, is a Legendre polynomial. The other dependent variables

in the outer region (still interior to the fluid drop) can be constructed from knowledge of ¢ .

Note that the unknown coefficient (at each value of 1) is given by a: .

Substitution of the expansions (IIIB.5) into the system (IIIA.4a-c) yields

A

? Al
gl&t(g’\ﬁ*"*e[fng_ifla f\ )

-N d xi Ad ALl 2
(3 (vl'olg + V‘. + e[ V‘-‘\i’ "'SV,.O‘E + Vr.]f"')

AL xi Al Ayl ~y oo\
A Vg v el - v + WD)

+_£__(3_____3 M8 Vo 13 € T574...] (IIB.7a)
(R-£%) Simb aa( {” W" M [V"Ia 5"61”\'9.] })

=0

" ad ai’ i
%t % odf * Vo v ELVog T ¥t ) (IIIB.7b)
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Note that

aﬁg‘,‘R = -1 13
% B R 12

from the outer region analysis (that is, from the solution of the inviscid acoustic field interior

to the drop, which is then expanded in a Taylor series expansion in terms of £ , the inner
region variable . This equation is embedded in (IIIB.7c). Similarly,

e(%§§|a)+ i@(v,m)+¢.(3__q,l..+ B3 (el =

Rsmo B

which is embedded in (IIIB.7a). Also,

9 = =4 fa
,H:(V'b‘n) -ﬁ.(P ’R

which is found embedded in (IIIB.7b). From the remaining terms in (IIIB.7a-c), it can be seen

that ¥ v‘ = (1) = \50 z‘ = 0(¢) = vn ,and p', p'- O(e®) = p,, b, . Then, to lowest
order, the inner region equations (interior to the drop) are
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-5 %
Ty

The solution for A

F- 4
¥ P 3(smbVy) = O

R smb 00

”.
V‘
-4

(I1IB.8a)

(I11B.8b)

QL[ oty 4 x4
)24 220 - 2 3 (sheddg,)
)(" 2 Rswo W ag}

(I1IB.8¢)

can be readily obtained, Following that, it is straightforward to

. Ak = . L. .
obtain V:t , and then p; . The solution for 59: is given as
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00
% 2 T onye\ 4B -k
R z : i SE Qi) ) 9% -it
Vo, (8,6,4) = % Aev.ﬂ exp ( A $ do € (IIIB.9)
L=
The determination of the acoustic field quantities in the fluid region exterior to the drop

(ie., host region) may be done in a similar fashion. An inner variable, { is defined. Let

r-R+e{. Again, the small parameter e equals sqrt (1/Re). Also, R - aw/c, , with "a"

the dimensional radius of the drop. As was the case in the fluid region interior to the drop, the

dependent variables are to be expanded as

= (Er +HFGen)

+ € (_%:‘5 + 3 a,':,’m t ‘%.’(S,e.t))
.10
+ MH.o.T. (B.10)

where @° € {v,°, v,°, p°, p°}. The superscript "o" denotes the fluid region exterior to the drop.

The outer region dependent variables are indicated by "*", and the inner region dependent

variables are known by the "=". Functions in { must decay to zero as { ~ « . Note the
Taylor series expansion form of the outer region dependent variables are expressed in terms of

{ , the inner variable.
The functions which are dependent upon (7,0,f) can be obtained by solving the outer

region system. To lowest order in e , this is the inviscid (scattered) acoustic standing wave
field. For completeness, the equations and resulting solution are listed

AO
Bf— LA (LIB.11a)
ot
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8o o ) )
(A% Vp (IIB.11b)

A0 Ao

P R | | (IIB.11¢)

A - A .
withve = V (b;_T. A solution is obtained for ‘qu’ which is

o0

Ao - o A () -t

¢u(1r.e,t) = Z Rs, § Iy (r)B,(cose)C (LOB.11d)
£20

h® is a spherical Bessel function. Both P, and §‘ are as given previously in this section. The
unknown coefficient (for each 1) is given by «§; . The other dependent variables (in the outer

region and exterior to the drop) may be generated from knowledge of 4’:«.1
The system of governing equations exterior to the drop (IIIB.2a-c) rewritten in { (inner

variable), yields, to lowest order in € ,

N %o |
V% 4+ L 8 (smeVg) =0 (IIB.12a)
A% Rswme 0
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&, xo
B - o
9% Mt

& o (IIIB.12b)
- e - (5+7) (“\7r. + L2 (s 2%,) ) |
%2 3 9 Rimp 98 9%
Xo 20
E.\_Ifo = '21_\./90 (ITIB.12¢)
ot ) 4o

The solution for "\",: can be readily obtained. Following that, it is straightforward to obtain

£0 = . 20 .
V¢ and the p, . The solution of Y% s

n

00
%o - T ° - ) < ) dR -t
Ve,, (3;9;*-) Z‘ 8" Batl exP( /z S) d: & (II1B.13)

. ¥4 xo ~ . . .

The solutions for v;" s Viyo ﬁ; , and p, are listed in the following. For
completeness, ¥y, and Vg, are included. Note that to lowest order, only the &, component
of velocity has a contribution in the inner variable ({ for '50‘. , { for "\:"; ). It is at higher orders

(] (-]
that the other components will contribute terms which are strictly functions of the inner variable.
. _— . %,
In order to determine the total contribution at order € , it would be necessary to find val‘ and

Ro . . . . g e .
W - In a similar fashion, in order to determine the total contribution at order € , it would
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T 20 x . .
be necessary to calculate \;.‘_ » Veg ve‘ vo‘; Moreover, the "outer” region solution must be
modified at this order.

These complete sets of higher order contributions are not needed. However, if there

were to be interest in, say, the function 5; (at order € ), it is noted that simply solving for

them via the order e equations which derive from (IIB.7a-7c) would not yield a uniformly valid
expression for \5, That is, secular terms arise. These can be eliminated via introduction of,

say, a slow time scale. Such calculations are not required in the execution of this project, and
so are not presented here.

It is found that

VB, (3 eri) =

z &Bmﬁ exp (m)g)di’z “'* (IIIB.14a)
=

vgo (gl 9,*) =

i ?,_ Ag,_l exp(\/—w(hng) g 'it (ITIB.14b)

X
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.VT\(S 95#)

Z i () Y2 - AL+
2

A=\

2 1 °

Sg T{ BBL)_

. exp(- 0ty .
P S)Pz ; S
(ITIB.14¢)
Ve, (§,8,%)

2 r{_ (\- Qﬂ(lﬂ)
A=

51 -=- RB‘I
cenp(/E %) T, &
(IB.14d)
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2‘5‘: (3,0,%)

od

= Z{amm 5y £ Ba,

{=
v exp(—-(t«u) 3)?x(wse)e it &

(I11B.14e)

?& ('g: e) *')

* R A
- z ‘ 1.‘*1“.'\'\) S’.-;t"'ABLg
R
A3
. EXP("L.é—; (\*L)S)'?l(wsb) P:Lt }

(IIIB.140)

e velocity field and pressure fields are given by

It is stressed that, to lowest order, th

(0)
V:° = "“°‘(”¢\ y 0C€)

110) A Lo 'n‘.'a‘(b\
W = e Pee ) t Voo (3(0,8) * 06
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and
A (0) A A(o)

= p, (reg) t 0(e)

AN

To reiterate, the indicate the solutions in the outer regions, which correspond to inviscid

acoustic field solutions.
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HOIC. BOUNDARY/INTERFACE CONDITIONS
Solutions have been obtained for the inner and outer regions, both interior and exterior

to the drop. All solutions are finite in their respective regions of validity. The unknowns (for
each value of 1) are a;, ag, Ay, By .

There are four boundary/interface conditions which must be imposed. Use of these
conditions will generate a set of algebraic equations (at each 1) which can be solved for the
unknowns. Since the equations are nonhomogeneous, that is, they are forced by (functions of)
the incident acoustic wave, this is not an eigenvalue problem. Once the coefficients are known

the viscous acoustic field, both interior and exterior to the drop, is known.

The four boundary/interface conditions at r=R

Vi o= Ve
’ © (SCATTERED + Tnezdent)  (IIC.1a)

[
mcC.1b
Trr (SCATTERED + ENCEDENT) ( )
A °
Vo Ve ¢ searrered + zne dENT) (IIC.1¢)
T °
6 = Tre (earrepep + INCTDENT) (IC.1d)
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The boundary/interface conditions must be applied at r-R , which corresponds to ¢ = 0 and
¢ = 0. Note that in this context r refers to the stresses. Physically, these boundary conditions

represent the velocity and stress balance in the normal and tangential directions to the interface.
If the solution of interest had been restricted to just the inviscid acoustic field, only
conditions (IIIC.1a-b) would be applicable. Moreover, 7, would be replaced by pressure.

To lowest order in € the conditions are

G (£R® - 40 0) oy
- Aznc (-%:'3‘2(” 111\(R))
°‘:Qi ( R ék (C; §)) - «51 /&r)( R) (IIC.2b)

£ 4. O o ° ° '
As:.ﬁ‘ + %"ﬁ'ﬁl(‘%’k) = Bay ~ u&%,&;)(ﬁ) (IC.2c)



\/o(ﬁ Ag*._ﬂ = - 'Ba; (IIC.2d)

In (IIIC.2a-b), L = 1. If the acoustic field were inviscid only, then the acoustic field variables

would be known once a: and a:, were known (at each 1 value). That is, a system of two

algebraic nonhomogeneous equations in two unknowns would have to be solved. The forcing
term is due to the presence of the incident acoustic standing wave field, without which there is
no levitation system or flow field. |

In the first boundary/interface condition, it is the radial components of the acoustic
| velocity which must balance at the interface (r-R, {-£-0) . Note that this condition involves
only the contributions from the outer regions (i.e., inviscid solutions), as the viscous correction
occurs at a higher order. This is also the case for the second boundary/interface condition in
which the viscous contribution to the normal stresses occur at higher order.

It is in the tangential acoustic velocity balance at the interface that contributions from the
"inner" region enter, along with those which represent the inviscid solution. Finally, in the
tangential stress balance, only the inner region solutions contribute. Therefore, it is tangential
velocity balance which provides the coupling between the inviscid "outer” system and the
"inner" region corrections.

Since viscous effects are to be taken into account, conditions (IIIC.2¢-d) also contribute;
resulting in four equations in four unlmdwns which must be determined.

This solution is done numerically using paraxheters of interest. Such quantities include

those of viscosity and density inside and outside the drop, as well as the drop radius. Note that
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the bulk viscosity does not appear (at lowest order) in either the outer or inner region equations.
Knowledge of the viscous acoustic field is necessary in order to determine the tangential
stress component of the radiation pressure vector. This is done in the next section.
Moreover, if the acoustic field is viscous, the acoustic field will couple to the second
order hydrodynamic field not only through the boundary/interface conditions, but also act as a
forcing term in the hydrodynamic equations themselves. This is presented in upcoming sections
for both the unmodulated acoustic standing wave field case and the modulated acoustic standing

wave field case.
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IID. COMMENTS ON THE ROLE OF BULK VISCOSITY

In the previous section, it was shown that part of the contribution to the attenuation of
the acoustic field is due to the presence of bulk (expansive) viscosity which enters into the
governing equations. The equations governing the acoustic pressure and velocity fields a:e.
solved retaining this physical contribution, in general.

However, in the determination of the viscous correction to the acoustic field via the
method of composite expansions, it is found that those terms involving the bulk viscosity only
contribute at higher orders. Thus, in this approach, the bulk viscosity is not relevant.

If the vector decomposition approach had been utilized, the bulk viscosity would enter
into the analytical sqlution. This can be seen in Appendix I (see for example, AI.6B). It acts
to attenuate the acoustic wave.

However, in order to determine actual numerical values, it is necessary to know physical
property data. This necessity is not restricted to the value of the bulk viscosity, but also applies
to ambient medium density, shear viscosity, speed of sound in the medium, etc.

Of course, for a monatomic gas, the bulk viscosity is zero. Among the empirical
formulas which give values for u is the classical work of Greenspan (1959) conceming

attenuation in diatomic gases. He found (using a polynomial fit to the data)

Moo= p(rye -1333 -(x-1)[Pr)

where u (the shear viscosity) is taken to be constant, « is the empirically determined constant,
~ the ratio of specific heats, and Pr the Prandtl number. For air, a = 0.8903, and for nitrogen,

a = 0.9104.
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When a specific physical system is under consideration, it is necessary to have at hand
the relevant physical property data in order to determine numerical values. However, the effect
of the physical phenomenon of bulk viscosity (among other contributing factors) is retained in
the analytical formulation which involves the exact solution (rather than the approximate

expansion method).
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IV. TANGENTIAL RADIATION PRESSURE VECTOR

The calculation of the radial component of the radiation pressure vector was done by
Marston (1980) for the case in which the acoustic field was considered to be strictly inviscid.
This topic will not be readdressed in the report. That is because the additional complexity due
to the viscous contribution wiil be evident from the full discussion of the tangential contribution
to the radiation pressure vector. Also, the recalculated radial radiation pressure would be, in
some sense, a correction to that done for the inviscid case. Moreover, in the case in which the
acoustic field is considered to be fully inviscid, as was done by Marston, there is no contribution
whatsoever to the tangential radiation stresses. Thus, no counterpart to the following work

exists.

IV.A. CALCULATION OF THE TANGENTIAL RADIATION PRESSURE VECTOR

The calculation of the tangential radiation pressure vector, denoted by pr™N°, involves

the computation of (g~ II§) and (I~ 1) , with

i . : ¢ . i
Trer = f‘( VolVo)) Tge = p<ve v¢‘ > (IVA.1a)

-

o .-
Tor = po<vwvey 5 Ter = pXw2vy D (IVA.1b)

This obviously means that v,*°, v,*°, and v,"°'must be calculated in regions interior and exterior
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to the drop interface. This has been done in the previous section. The time averages are done
in the same manner as Marston (1980), and are taken over an interval of 2x/w.. The acoustic
carrier wave frequency is denoted by w.. It can be shown that, in the case in which the acoustic
wave was modulated, the resulting oscillation will be at the drop frequency (with a phase factor
also present). In the case of the unmodulated standing acoustic wave, the averaging eliminates
any time dependence.

From the results of the previous section it is clear that the acoustic velocity components
are expressed as a series in "1". The r dependence is seen to involve spherical Bessel and
Hankel functions. Also, the "inner" region stretched variables appear in exponential functions.
The 6 dependence occurs through the expressions involving Legendre and associated Legendre
polynomials. These functional dependencies involve infinite series.

In particular, in nondimensional form

e TANG - $ g 4 '
(FF™)e = PV Ve D = SV2Vg) (IVA.2a)
Note that the velocity components are also nondimensional quantities. To lowest order (in ¢)

this can be written as

== TANG - Al AL 5L
(pr ™o B L o °“_’)(V9.|i * Vooiy. o ))  avam

- <<0":l§ *O(&))(:’:’ﬁ + %0:\5.-0))
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“0

- +V
= BV Yoy ¥ VgV, 7 " o Yo * Vo V°°ls-o> (IVA.2¢)

Recall that <v® > = <\® > at the interface, and thus
ko e

o TANG\ = , A ad Ao
0 = Ul e = Fos) + S (00~ 900))

(IVA.24d)

However, B\bi - v,: = 0 at the interface (based upon periodicity and continuity of pressure,
see Marston, 1980). Therefore,

== TANG )

( pr - < v"O‘R P \T;o\po i} 53’\!;:0 >>

(IVA.3)

In a similar fashion, it is possible to calculate (T"2N°),. However, the calculation of the
tangential radiation pressure vector will only involve the é, component, as axisymmetry has

been assumed. Even so, the manipulations will involve multiplication of the aforementioned
velocities, each represented by an infinite series. Moreover, an integration over © must be
performed.

If the arguments of the Bessel functions are small, simplifications will result. Only a few
terms of each series then need be retained. Of course, the arguments are composed of factors
which involve physical property data. Enough terms must be retained so as to insure that the
solution is adequately represented.

From inspection of equation (IIA.4c), it is clear that for any projection in which
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the Y, does not have m = O the integral will be zero. An evaluation of such integrals will

involve products of expressions comprised of Legendre polynomials, with Y[: ultimately to be

rewritten in terms of Legendre polynomials.
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IV.B. SPHERICAL HARMONICS/COMPUTATIONAL CONCERNS

In order to calculate (Pt™*N%s, it is necessary to calculate integrals such as

1T = &TL i(“””" }s»‘ueda
(IVB.1)

where ‘v‘,;-°, 390" are evaluated at r=R ({=£=0), the drop radius, and the remaining functional
dependence is that of 6.

The primary interest will be in the lowest order shape oscillation, and [ will be taken
to be equal to two. The resulting integrals which must be evaluated will have §-dependence of

the form

(¥

T, = caS ?z{fz' i_gakmeda
o

(IVB.2)

¢, is a constant.

As many [ and [ values must be used as those used to represent the Bessel functions.
Moreover, it is possible that some of the resulting integrals will be zero.

Another form in which the tangential radiation pressure forcing could appear is in that
given in equation (IIA.4c). This occurs if the stress balance equations are manipulated through
such operations as taking the surface divergence. In this case, the tangential derivatives of the

product of, say, <<7m‘ \7;£> with respect to § must be taken. This will be reflected in that the
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type of terms in the integrands of the resulting integrals will become hore complicated than that
in (IVB.2).

It is clear that this is a manipulation involving intensive calculation which is best done
using computational resources. To that end, software development was done; the strategy is to
make use of representations of Legendre polynomials and efficient computational schemes which
have appeared in the literature (Press et. al., 1986).

In particular, the integrands may be represented by Chebyshev polynomials. Also, the
integration of a Chebyshev series can be done without quadrature per se, as relationships
between the coefficients of the integrand and of the would be‘integra-l are known. This isv
discussed in more detail in the MSAE thesis of Ferguson.

Of course, the Bessel functions themselves have to have been evaluated at whatever the
constant value of the argument is. It is important to include enough terms in the series to satisfy
that the solution is adequately represented; that is, the truncation of the terms will have to be

done in order to obtain numerical results.
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IV.C, EXAMPLE CALCULATION

This section will consider the forcing in the boundary/interface conditions which will

occur if the description of the acoustic standing wave field includes viscous terms.

Note carefully that this section will not determine the forced hydrodynamic field. That
is to be done in Section V and VI for the cases in which the acoustic standing wave field (with
viscous effects included) is unmodulated and modulated, respectively.

In a sense, this is an intermediate approach to the problem of acoustic forcing of a liquid
drop. The work of Marston considered the acoustic field to be inviscid and the hydrodynamic
field to be strictly represented by the natural oscillating drop field determined by Miller and
Scriven (1968).

The primary work of this project is to determine the viscous acoustic field and
hydrodynamic field which is a solution to the forced governing equations. This hydrodynamic
field will be a modification of that known to Miller and Scriven. [These are given in Sections
I, V, and VI].

In this section, the acoustic field will include viscous terms. Therefore, the

boundary/interface conditions will include tangential stresses. However, the hydrodynamic field

will remain that of the naturally oscillating (unforced) drop.

The focus will be on the determination of the deformation to the drop due to the
(modulated) acoustic field; referred to as the "sfatic part" by Marston (1980). The problem will
be done in dimensional form as to most easily compare with Marston (1980).

It is emphasized that very few experimental measurements on a variety of drop/host

systems have made. Therefore, calculations will be done for the case of a 1 mm drop of p-
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xylene in water. This was the system consider by Marston (1980) and Marston and Apfel
(1980), so some comparisons between calculations will be possible. Also, the physical property
data is taken from the aforementioned sources.
- The other physical system with extent experimental results is a silicone oil drop in water

(Marston and Goosby, 1985).

The effeqt of parameter variation has been considered numerically (Ferguson, see MSAE
thesis).

The radial component of the hydrodynamic velocity field for this "static" problem is

given (in dimensional form) by

u: < Z (ax r\f"l + Cg "Lﬂ)q‘gmle)¢) (IVC.1a)
Aim

and

U\: = Z (bo P-R*Z + do l‘-l) “Qm(9'¢\ |

Lim | (IVC.1b)

The Y,,(0,¢) represent spherical harmonics. However, since the problem is axisymmetric,

o . 0 , and the value of m is strictly zero. The superscripts "i" and "0" indicate the

¢
regions interior and exterior to the drop.
Boundary/interface conditions are applied at r = R, with R the undisturbed drop radius.
Note that only the radial component of the hydrodynamic field is given. In the original work

of Miller and Scriven (1968) essentially a poloidal/toroidal field decomposition method was used
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in the theoretical investigation. Use of surface divergence and surface curl operators on the
boundary/interface conditions resulted in a set of relationships which involved on v/, u,°, and
the radial vorticity component. (They allowed for a ¢ variation.) Moreover, the conditions
involving the vorticity decouple form those involving the velocity. (The resulting conditions
involving vorticity pertain to fhe existence of shear waves.)

In this example, only the radial (hydrodynamic) velocity components are necessary. The
boundary/interface conditions of continuity of radial velocity across the interface and the

kinematic condition result in

Ay = -c¢g R? (IVC.22)

b = -4°R*
(IVC.2b)
as well as a consistency check.

The continuity of the tangential component(s) of the hydrodynamic velocity is addressed

using the surface divergence operator, with V, -u' -V, -4’ at r = R
Also, V, - me -V-é % . This yields (after making use of relations is (IVC.2a-2b))
L 0 ~ ~£-1 _
¢zR° - 'R =0 (IvC.3)

The surface divergence of the tangential stress is given by the following equation. Note that it

is forced by the surface divergence of pr™*N°, discussed in Section IVA. The constituents of
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PrANe are the acoustic field quantities. It is

. . 1 t
'y { 2(1-2%) 0y RI >4 (-ap)(Le2) &g Rt"'} HM(E,M £ Te
= 0 | maesn p R7YY int
Lj,m(enﬂ t
tocaleta) L0 gttt
.t
_ A N
+ <Vsunrme " er TA%) e
(IVC.4a)

Henceforth, abbreviate Vgprace by V,. The only component of Pt™N° will be (Fi™N%),, as there
is no ¢ dependence. Moreover, m = 0. The brackets "< > " indicate time averaging (over
the acoustic period).

It is understood that a summation appears in Equation (IVC.4a). Utilizing the
orthogonility properties of spherical harmonic functions as well as Eqns. (IVC.2a-2b) yields,

after manipulations
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Mm@ e RYY 4 ey d’ RTEE

= -+ S:lf: sino Yy < U+ BEY) aled4»> g 1o te)

(5715 oo 4l Yy, dodd)

(IVC.4b)

The exponential represents the phase; with 7y, the imposed phase and » ;' the response. Let
Nor' = N - M. Also, via orthogonality properties, the integral which appears in the numerator

is known to have a value of one. Therefore, Equation (IVC.4b) can be rewritten as

il rt ep ¥ wllan RV

(4

(0T e gl (9 Fiont )

» exp (i nb,)

(IVC.4¢0)
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The final condition is that of the normal stress balance. It is given by

&p" Wy - -i;(i duy
BT r

I

5 A 8
- ‘E; (11’1)(!"[) Rﬂ,nﬂo Hlm (9)¢) ei’l&

+ < - ERADIAL > e‘i,l'xn
(IVC.5a)

As before, a summation is implied. After substitutions, manipulations and use of orthogonality

properties, this is given by

~A-1

TARCRTN v aifRYe

1 -6-..2. (2* 1)(2“) R.Q,m:o
R

- ( L“ j:t S8 H:m <FFMDIM)d9d¢)

’ exP( R P ”’le”

(IVC.5b)
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The "static" deformation is given by &, _, . The surface tension/curvature term is third on the

L.h.s., with & indicating the surface tension. Let npE = npy - 7z; With g, the phase of the
forcing and 7y the phase of the response.

The system of equations can be written in matrix form:

i -4 o) R! ¢
(19+\)u‘. (a}ﬂ),u"’ 0 R'“ A°
-4,° i i »
4u 4u _g_g!ﬂ)(! V) Kl,m-o
0

T x

- ot
L (L' sholn <o m™ydoag) 0w

-'—t- ( S:.nLt 3@99:‘,, ( F‘.'”“M ) 49d§> ef» 'ylbxr-'.
(IVC.6)
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This is a forced system in three unknowns. The expression for k,, can be obtained easily via

Cramer’s rule. Itis

A

= i : ' .
[ s wraa-y/RY]

L, m=0

( K:ugu s lj:m; CE™) 46&4,) &_1 ozr

(4

*oa(pt-p)
(ag+1) (m* + uo)

, &
. ( L’-‘I“ Sinb y: <Vs' p-‘-_nm») dbd(}) e" 7(_0::

(-] VM Z0

avce.n

Clearly, the tangential radiation stress will contribute to the deformation. Moreover, the

incorporation of viscous effects into the acoustic field will modify the value of <pr™®®'>,
Marston calculated &, for a 1 mm p-xylene drop in water, assuming an inviscid

acoustic field. He took the acoustic carrier wave frequency to be 217.5 kHz. The drop’s center
was taken to be located at the velocity modal plane of the incident carrier wave. The incident
pressure wave had amplitude of 10° dyn/cmzf

His calculation of pr™#* was based on an approximate formula as opposed to expansion
of the Besse] function series, later improved (Marston et al., 1981). His improved formula

calculated <pr,™¥®'> as<,12 7 dyn/cm?. Note that1 = 2. Deformation was found to be on the
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order of 1 micron.

The calculation of <pr™®'> in this work utilized the full series solution for the inviscid
functions of y;, p,; the velocity and pressure fields of the acoustic wave [V}, v°, vg', vg’, ', P°1;
also projected onto the 1| = 2 mode. Of course the series had to be truncated. Four terms were
kept in the series (from j, to j;, h,¥ to h;®, with j, h” representing spherical Bessel functions).

Physical property data was taken from Marston (1980). In this work, the incident wave
field amplitude was expressed in terms of the acoustic velocity potential. Therefore, the value
used by Marston for the acoustic pressure had to be converted to the corresponding value for
the acoustic velocity. This was done.

It was found that <PT,,™™* > equaled -.12 dynes/cm®. No viscous effects were taken into
account in the calculation of the radial pressure forcing in order that its value be compared to
that obtained by Marston.

In the calculation of the tangential forcing effect it was found that

at ¢

2(;4“.-“’). S

R
TR — LY
- . SWo o (vs.prtnua.)“d‘? (333
(2841) (a4n°) & £

{ T =0}

for 1 = 2 was equal to -0.05 dynes/cm®. This then modifies the amount of deformation - which

still remains quite small relative to the drop size.
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The above number is with 7'y set to zero. That is, the phase of the hydrodynamic field
response was assumed equal to that of the imposed driver - which is not likely. Thus, the
magnitude of this deformation represents a maximum.

It is in Section V that the static deformation will be re-addressed. In that section, it will
be shown that the newly found form of the hydrodynamic field will result in modifications
(potentially very significant) to the aforementioned resglt.

Also, in the work of this project, expansions for the hydrodynamic field were done in
terms of Legendre polynomials, as opposed to the spherical harmonics used by Miller and
Scriven (1968) and by Marston (1980).

The work of Marston et. al., (1981) determined <pt,™*'> to be -.127 dynes/cm’ using
- an approximate scheme. The calculation of the effect of the tangential acoustic radiation
pressure forcing could not be determined by Marston’s fomulation.

Further discussion of details on the calculations of this section can be found in Ferguson

(see Reference section).
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V. HYDRODYNAMIC FTELD: FORCED BY AN UNMODULATED ACOUSTIC WAVE
FIELD

In this section, the hydrodynamic field which exists (at second order in the expansion
parameter §) as a result of the unmodulated acoustic standing wave field is investigated. In this
case, the steady state hydrodynamic field is simply the streaming field. Moreover, the radiation
pressure vector is comprised of static contributions only. The static radiation pressure results
in drop deformation. This is the situation which would occur if the acoustic levitation system
were to be used solely to position the sample rather than to induce oscillations as well. It is
noted, however, that if the modulated standing acoustic wave field was the acoustic field, static
deformations would exist. That is, in the case of the (induced) oscillating fluid droplet,
deformation of the drbplet will exist. Of course, if the deformation is very small relative to the
drop dimension, it need not be taken into account in the interface/boundary conditions.

It is remarked that equations at this order could be constructed for which the time
dependence is exp (+ 2 it). However, they are not of interest.

The hydrodynamic field is considered to be viscous and incompressible. It must be
determined both interior and exterior to the drop. The generation of the second order (in §)

system of equations will be presented explicitly in regions both interior and exterior to the drop.

VA HYDRODYNAMIC FIELD EXTERIOR TO THE DROP: EQUATIONS AND
SOLUTIONS

The nonlinear system of governing equations given in Section IIC (by equations IIC.1 -
IIC.3) is nondimensionalized via relationships given in Section IIIB (see IIIB.1).

This results in the nondimensional system
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" — (VA.1a)
oy’ + prUTVUT = - VP
IS . o
T ¥ ¥
* (%*‘V)Ele— v(v-U°)
. AC
(VA.1b)

and relationship between pressure and density which holds at order 6. Note that the "o"
superscript refers to the region exterior to the drop. The velocity field is given by U°, the
pressure and density by p° and p° respectively. The Reynolds-type number is denoted by Re, ¢,

with the subscript denoting that quantities relevant to the acoustic field are utilized. (This has

been referred to previously as Re). Thus, Re,.- c:(cflw AC)IvZ . Again, the subscript on the

frequency, w,c, indicates that it is the acoustic frequency.
Let the dependent field variables be expanded in a series in the expansion parameter 9,
(Recall § = wppep/wac, With wprep the (natural) frequency of drop oscillation). That is,

U® = sve o+ sty (VA.2a)



(VA.2b)

o= B+ s 4 g

f" z EO Sfao v zﬁo (VA.20)

Subscripts of "1" indicate acoustic field variables, "2" indicates a hydrodynamic field
variable. At order 4, the governing equations of the acoustic field are recovered. These can
be found in Section IIIB; see Equations (ITIB.2a-IIIB.2c).

The hydrodynamic field equations occur at order 8°. Recall that the hydrodyanmic field
is incompressible.

Thus,

° (VA.3a)

du;  + Vp? - 4 Vilyu;

= 2
R
At Exc
= - ° v’ 0
( FI =L t 'v\_/\o
2t
(VA.3b)
It is clear that the term (-é-w")Re—;V (V . y;) which occurs in the conservation of momentum
Ac

equation must be zero. The quantities v,° and p,° are known at this order, and act as forcing
(or source) terms in the conservation of momentum equation (VA.3b).
Interest is in the steady state streaming field. The time average of equations (VA.3a-3b)
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over a period (21:/(.) Ac) must be taken. Before doing this, it is noted (using Equation IIIB.2a)
that

apiw’) = gt o+ v g
1t ’ " At

(VA.9)
Therefore
MW+ Vp, o+ Tt NV
2" Fe
— - o °
= 2(p7w) + v ()
* .\.Ilo ¢ V\.llo
(VA.S)
Taking the time average yields
(VA.6a)
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Vi (T-y) + YIO'V\./l

+ COMPLEX CONTUGATE

(VA.6b)

The overbar indicates complex conjugation. At this step, it is now understood that u;, P> ,and
v,° are expressions that are independent of time. It remains to solve for (and p, ), using
system (VA.6a-6b).

Several facets of this problem will be discussed before proceeding to a solution. The first
aspect involves a re-nondimensionalization of the variables, and hence the system of equations.

The second aspect will address the nature of the forcing (or source) terms. In particular, it is

recalled from Section III that the acoustic field itself (i.e. v,°, pf ) has been expressed in terms

of a composite solution. The ramifications of the composite solution for this problem will be

explored.

Re-nondimensionalization Scheme

Heretofore, the nondimensionalizations employed have utilized acoustic field reference
quantities, such as w,. and c.°, the speed of sound in the outer medium. The solutions which
have be found are, of course, nondimensional.

It is found to be more convenient at this stage to re-nondimensionalize with respect to

reference quantities important in the hydrodynamic problem.
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Rewriting (VA.6b) in terms of dimensional quantities yields

L (efhand Vpr - L L (&/m)t 9

ey Renc

——
- esemsm——

L (C/woa) V) (
(eN?

R, 22 2. .
VAR AASR SR AN QAR IS c.c.) (VA.T)

The" * " indicates dimensional quantities.

The drop reference dimension is taken to be d, the reference velocity field is taken to

be (dw,,,) , and the reference pressure field is taken to be (pz) (dw DROP)2 . These are used

to re-nondimensionalize Equation (VA.7).

A key point is the fact that since the acoustic frequency was chosen so

that (c:/m Ac) would be on the order of the drop size; the drop reference dimension d can be

equated to (c:/w Ac) )

After substitution and manipulation, the re-nondimensionalized hydrodynamic field

governing equations are found to be

' 0 (VA.82a)
V' W, = o)

Vpo v -+ Ny
R—— =
€ryor

= ()] Ve o+ w(vy)

(VA.8b)
+ CoMPLEX COMIUGATE

d
Note that Regy;, = d<—w‘:‘@2 :
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Discussion of Forcing Terms

The nondimensional forcing te}'ms seen in equation (VA.8b) (or in (VA.6b)) are
composed of known acoustic field quantities. Recall that a composite solution exists for v,°.
For example, v,,° = %f (r,0) + ?&f (¢,8). Since the time dependence has been eliminated, this
is a variation on results of Section III. As {—» o, 3,,,“’ - 0. There is then an acoustic "sublayer

region” (of dimension SQRT (vz/w Ac) ) outside of which any terms involving V,.°, '\7,,°, or their

respective complex conjugates are zero.
Therefore, outside of this acoustic sublayer region, the only terms which contribute as

forcing terms are of the form

(V&,".V(Vc}’) + v@"(ﬁ"—))

t CoMPLEX CONTUGATE

However, expressions of this form can be re-written in terms of the gradient of a scalar function.
The ramification is that outside of the acoustic sublayer, the forcing function, written in terms
of the gradient of a scalar function, can be viewed as strictly a modification to the pressure field.

Therefore, outside of the "acoustic sublayer" region, the curl of Equation (VA.8b) is

(VA.923)

Let m;(-V x u;) be the vorticity. Since the velocity field is two-dimensional, only

the é, component of Q; exists. Equation (VA.9a) can be written in terms of the vorticity as

65



1 vw = o

Renypma (VA.9b)

In essence, outside of the "acoustic sublayer” region, the forcing of the hydrodynamic field is
zero, and there are no sources of vorticity.

It is inside the "acoustic sublayer” region only that the hydrodynamic field equations are
forced. Solutions to this forced vector equation will be found in terms of {, the stretched
independent variable introduced in Section III (and ©, of course). Thesé solutions will decay
as {— oo, and will represent corrections to the; unforced problem in the region of the drop/host

medium interface.

Solution in the "Quter" Region Exterior to the Drop

The governing equation is given by (VA.9a). It is reasonable to work this problem in

terms of a Stokes' stream function. Let

W, = _1% 2W° (VA.10a)

° -4 %_\Pj

Uze =  rsme v (VA.10b)

Substitution into Equation (VA.9b) yields
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(VA.11a)
The solution to this equation is simply Stokes flow. It is given by
00
0 -0+ -0 - . :
b (0) = Z (82" + F°r2) pvme Pg(w‘ﬂ (VA.11b)
£2

Solution in the "Acoustic Sublayver" Region Exterior to the Dro

In this region, the independent variable r is stretched, and is represented by

P= R+ €S
Recall that ¢ = 1/SQRT (Re,). However, the governing system of equations has been re-

nondimensionalized with respect to reference quantities important in the hydrodynamic problem.

The question arises: What relationship should e have to Reyype? Recall that 6 =

Wprop/Wac. Then

Rekgbk = S$(Rep) = Sle* | (VA.12a)

and

€ = [{ /'Re“ﬂ‘“‘ (VA.12b)

It is remarked that other nondimensional parameters can be developed which will relate this
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problem to that studied by Riley. Define

- 2 - 2 - | ’
R5 = § ReAc = 3/61 - SReH\jDR (VA.12c)

In this work, it is clear that Re,, » 1 and ¢ < 1.

In order to select the order of magnitl-xde of Reyypr, a relationship between the orders of
magnitude of § and ¢ must be stated. Moreover, selection of the order of magnitude of Reyypg
will then determine the order of magnitude of R,.

In this work, the following will be taken:

Rewyon = OD (VA.12d)

Then it follows that R, = 0o(8). Therefore, the order of § must be equivalent to that of &. (Of
'course, Re,. may then be re-expressed as being of order (5').)

A formal analogy may be made with the work of Riley. This work considered the flow
field resulting from a solid body in oscillatory translational motion. Such a problem is quite
different from that investigated in this project. However, there are mathematical similarities.
In his work, the parameters Rsgn ey, €rney, and Mgg ey Occur, with Rsppey = €lpppy Wm
Mgpey corresponds to SQRT (Re,.). €rpey corresponds to 8. Rgppy and Rspy ey correspond to
Reyypro and Rs, respectively. For the case of M » 1, Ryygy of order 1, and Rspypy <€ 1,

Riley finds that the flow outside of a shear layer region is Stokes-like. Note that outside of the

acoustic sublayer in this problem, the flow was found to be Stokes-flow.
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Since e = V3 , the relationship between r and { can be re-expressed as
Regnr

$
!

R+ 5 3
| VRe wgon (VA.13)

with Re,ypr Of order one. It now is necessary to rewrite the governing system of equations in
terms of the stretched variab.le ¢. Note that in this acoustic sublayer region, the forcing terms
on lthe right hand side of equation (VA.8b) will contribute. These forcing terms are comprised
of functions which ihvolve the acoustic velocity field. Recall that this field had a representation
in the acoustic sublayer region which involved functions of { as well as the outer region field
(representing the inviscid acoustic field) re-expressed in terms of a Taylor series expansion.
As was the case in the outer region, it is convenient to work in terms of a stream
function. After taking the curl of equation (VA.8b) and expanding in terms of the acoustic

sublayer region variable, one obtains

2_ Jkeu%gg a
v = 3 0%

(VA.14)

and
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+ CoMPLEX CONTUGLATE
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Inspection of the leading order terms in Equation (VA.15) reveals that

S Y (f_“n) 2 g
Reu:.',g smp R 5 354

SR “‘a(\‘z;’og) Rewpe 3° Vo, + ..
R I/ § 752

(VA.16)
This simplifies to

Reujpl R 8‘;"9

4 { 4§lio = - o 2’\7’ C.
X (R(s ) ?3341 (g o )

Therefore,

—

it is clear that W2 is of order(
_ €vpr

}in the acoustic sublayer,

Then %3, and ¥2, are zero ang

4

at qfh

A r———

~ Ao ‘al so
4 ’(Rfmju) R s (Vrom* o + G.C..)
0%

3§+
(VA.17)

It is necessary to solve for P2 . Recall that
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e = Y e s en(g20) &

'z
Let ‘P‘,’a ,0) - f{) sinb P,l (cosB) , and substitute this into Equation (VA.17). Continue the

manipulations by multiplying through by P; (cosB) ‘, and integrating over (o,x). This
eliminates the theta dependence, and yields a forced equation for f({), which is

i = -R ° ' -(1+¢
T e e

+ Re HYoR i -R (It‘;l')} (-1) wr(— (J_;-__i) 5)
(VA.18)

with £ = L

-] - TL i
le = gb P& (tcs8)* Somb (Z Sy B;'-z Ia )
) . A“ d “:) ﬁ‘\ dis A

« (afn)
aLL+)

and let
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1t is found that
(3) = () (rig) (-v) exy - (1S
P EICRY

S‘Fﬂrhcu\ar
v ooenenex (5 )

(VA9

with K1°= Regyor (-R) (117 and x2°- Regyon B (r27) -
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Therefore, the solution for the stream function in the acoustic sublayer region is given by

$” (s0) = z 3w P, (¢036)

S

£z -

B:+t:,5+b:3’“+_b;53 |

Y (- wy MP(—({';_&)s)

L* (3) Ky ?Acp(-(};_i)s)

(VA.20)
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YB. HYDRODYNAMIC FIELD INTERIOR TO THE DROP: EQUATIONS AND
SOLUTIONS

The nondimensionalized nonlinear system of governing equations is given by

-?-g_"_ * gi ’VP‘.‘ 3 PJV'QL =0 (VB.1a)
0t

AR AR R [ SR A

dyu’ Reac
Ut o, i)l ' |
+ (% w*)-@cV(V-P_‘) (VB.1b)

and the relationship between pressure and density which holds at order 6. The "i" superscript

refers to the region interior to the drop. The velocity field is given by U’ , the pressure and

density by p' and o, respectively. The Reynolds-type number is denoted
by ReAc-[c:(c:/wAc v:] .
Let the dependent field variables be expanded 1in the expansion

parameter &(=wpe, 0,,) as

u* = Sv' o+ Suy (VB.2a)

(VB.2b)

A A L B Y
and
4 - PO 2 A
f = § LAY AR R (VB.20)
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The quantities having a subscript "1" are acoustic field variable, "2" indicates hydrodynamic
field variables. At order 8, the governing equations of the acoustic field interior to the drop are
recovered. (These can be found in Section IIIC).

The hydrodynamic field equations occur at order §,. Recall that the hydrodynamic field

is incompressible, and thus

V- uj o (VB.3a)

pag; + VR -« Vi

ot Renc
{ ¢ N i
= —(p.%‘-t’_l-\{;y,‘-v_g,) (VB.3b)

1t is clear that (-§+r‘) v (V . “::) which appears in the conservation of momentum equation

must be zero. The quantities v, and p', are known at this order, and act as forcing terms to
the hydrodynamic field.

Interest is in the steady-state streaming field. The time average of equations (VB.3a-3b)
over a period (21t/co Ac) must be taken. Before doing this, it is noted that

20T =ty

Wt it At
=gw ¢y (-pvy) VB9
i
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Therefore

(”7: + VP 4 X Vi, = -(%<95x.f>+@y."<v-y.f>
€ac

—(@ yr"vy.")

(VB.5)
Taking the time-average yields
i
V- U = o) (VB.6a)
i A . . .
Vp, - & vy, —(A(y.‘-vy.‘ + (v-y.‘))
RC“(.
+ COMPLEX CONTUVGATE
(VB.6b)

The overbar denotes complex conjugation. AT THIS STEP, IT IS UNDERSTOOD

THAT "2‘" pzi ,and v, represent expressions that are independent of time.

It remains to solve for u,; (and pz') , using system (VB.6a-6b). The methodology will

proceed in the same manner as that of Section VA.

Re-nondimensionalization Scheme

As was the case in Section VA, it is of interest to re-nondimensionalize the hydrodynamic

field equations with respect to reference quantities of relevance.
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The reference length will be that of the drop dimension, d. The reference velocity is to

be given by dwpgrop. Finally, the reference pressure field is denoted by p‘;(dco DROP)2
A key point is that the reference length, related to the drop dimension, must also be the
reference length for the case in which the nondimensionalization scheme is carried out with

respect to acoustic-field-relevant reference quantities. These are tied together because the

acoustic frequency (w,) itself was chosen so that (c:/co Ac) would be on the order of the drop

dimension. Thus, d-c,/o,, .

The re-nondimensionalization of the governing equations yields

V- u‘ 20 (VB.7a)

Vo Uy
Chyon

= - 0 ‘ 3 .7b
- (5( VeV o+ v (V-y,‘) ) t COMPLEX CONTUGATE (VB.7b)

Note that Re .~ (d(deROP)/vf,) .

Discussion of Forcing Terms

The nondimensional forcing terms which appear in Equation (VB.7b) are composed of
acoustic field variables, which are known at this order (§%). Recall that a composite solution was
found for y,'. Recall, for example, that (v,'), = Vol (1,0) + 5’;0‘ (£,8). Since the time
dependence has been eliminated, this is a variation on the results of Section III. As{ —» o 5,,0‘-)

"0.. There is then an acoustic "sublayer region" (of dimension SQRT( (v:lw Ac) ) outside of

. . ., . . .
which any terms involving V,,', V', or their respective complex conjugates are zero.

Therefore, outside of this acoustic sublayer region, the only terms which contribute as
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forcing terms are of the form

v 9(VE) ¢ e (v2 )

+ COMPLEX CONTJU&LATE

(Recall that ¢' s the acoustic velocity field potential for the inviscid acoustic field in the "outer
region"”, still interior to the drop). However, expressions of this form can be rewritten in terms

of the gradient of a scalar function. The ramification is that, outside of the acoustic sublayer,

but still interior to the drop, the forcing function, written in terms of the gradient of a scalar
function, can be viewed as strictly a modification to the pressure field.

Therefore, outside of the "acoustic sublayer" region, the curl of Equation (VB.7b) is

-% g9x Yy, = 0
Reuyon (VB.8a)

Let o (-V x u;) be the vorticity field. Since the velocity field is two-dimensional, only

the é, component of _Q; exists. Equation (VB.8a) can be written in terms of the vorticity as

X Vw, = 2
R?uspn '

(VB.8b)

In essence, outside of the "acoustic sublayer" region, the forcing of the hydrodynamic field is
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zero, and there are no sources of vorticity.

It is inside the "acoustic sublayer” region only that the hydrodynamic field equations are
forced. Solutions to this forced vector equation will be found in terms of £, the stretched
independent variable, introduced in Section III (and ©, of course). These solutions will decay
as £ - oo, and will represent corrections to the unforced problem in the "acoustic sublayer”

region (located near the drop/host interface).

Solution in the "Quter" Region Interior to the Drop

The governing equation is given by (VB.8). It is reasonable to work this problem in

terms of a Stokes’ stream function.' Let

u

i K
L 2y
¥ - 21 ‘ (VB.9
I P2smb 30 | 2

- L gt
) fsmd JT (VB.9b)

1l

ity
Substitution into Equation (VB.8b) yields
< [l‘ ¥ ;Vhbl(_\_._j_)).
Rewyon | 0% t* 20 15mf 28
[':;‘ ¥ s?f %(S‘_N;-aﬁ)} \yi =0 (VB.10a)

The solution for ' is simply that of Stokes' flow. It is given by
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00

\p;(r,e) = Z(Airm + Ept) sime 1}' (coso)

2= (VB.10b)

Solution in the "Acoustic Sublayer" Re ion Interior to the Dro

In this region, the independent variable r is stretched, and is given by

~J

r=R- €%

Recall that e=(SQRT[Re, ))"1 . The question arises: what relationship does/should ¢ have to

Reyypr?

Recall that 8-wpe,/@,. - Then it is seen that
= = 2
Re..gm § Repe §ler (VB.11a)

or, alternatively,
€ = S&RT (5 /Renyos ) (VB.11b)

It is noted that other nondimensional parameters can be developed which will relate the
problem under consideration to the work of Riley involving a solid body in periodic motion
(Riley, 1967).

Clearly, the problem under consideration differs in a number of important aspects. The
center of the drop is motionless; no solid boundaries exist in the problem. Most importantly,
the hydrodynamic field (fluid motion) results from the existence of the acoustic standing wave
field. The analogy with the work of Riley is that which has been presented in Section VA.
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Define

_ e
RS - Sl RCAC = § /62- = SRengpa (VB.110)

In this work, it is clear that Re,, » 1 and ¢ < 1.

In order to select the order of magnitude of Reyypg, a relationship between 6 and e must
be established. Moreover, selection of the order of magnitude of Reyypg Will then determine
the order magnitude of R,.

In this work, the following will hold

Rewyor = OQ1) (VB.11d)

from which it follows that R, = o (8).

Re-expressing ¢ in terms of Re,ypy, it is seen that

€ = A
JEfngoz

so that

-G Y
Y\ - R RQHS,& E
(VB.12)

It is now necessary to rewrite the system of governing equations in terms of the stretched
variable, £. Note that in the "acoustic sublayer" region, the forcing terms which appear on the
right hand side of (VB.7b) will contribute. These forcing terms are comprised of functions

which involve the acoustic velocity field interior to the drop. Recall that this field had a
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representation in the "acoustic sublayer” region which involved functions of ¢ (representing the
viscous correction) as well as the outer region field (still interior to the drop) representing the

inviscid acoustic field re-expressed in terms of a Taylor series expansion.

It is convenient to work in terms of a stream function. After taking the curl of Equation

(VB.7b), and expanding in terms of the "acoustic sublayer" region variable £, one obtains

2 . -/ Renge 9
b1y : S 9%

and ( % )(E- ALE N
Rewype, S

. Re 3‘ 4 Sb YA .
[( Y |- ($/Rewyon) “§)* (?— 1) )

[@mm e b (s 1)) (8 () )

(VB.13)

o ol y ) .
= -p(R- (flkewt\lxg)l (f;_"m) L%S-((R‘(smeuguv g).(

[( v"olu ¢ ( IRtngu\’x (‘§ Vr, w? VP. ) ) ( (%ﬂ’_\ 3 Ve e ) ) ]
£ [ Gt (8 0 ) (F(Eormge)™ Gi\; 1)

FLGRE) Y (o) (T " 182 ) 4+ 1 (B Gt 8 5 (Tt ) ]
+ ¢ )
L5/ Rewyon ) Voo b} (R (§/Reuypn Y )3 » ( V%}E +)]
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+ (K- (s;g,,S,,)"*?J e (S\MB(VQ i \’oo LA ))‘l

S

3 33( i'—u:u "" Ve N )+ aR- (slee..‘.,\"’ (({Tw)v’&;w

+ (K- (5fRewgmn)™ 1) a (sw6 (Ve »- ))] ) )
Smo

-2 (i + (R ﬁ:,'w--}(-yar;%( A, % 1-9))]
L[] Clremn)™ S e} (VP=rs (o))

LI N '}
t [(Voo\i v Vg, +-- Y&~ f"“'“u“‘h %) —5[( v b* ](%:;'!\ *)
-\-[(\7:,“) (R'(SIRPR\JDR\ i) '5— Vrol )] |

- [(530 M \";:\'i *) (R- ("Rhgu\ 3\-\ (Ve L )‘l
= [Na )(R (sleempn\ n (Vgo\‘*‘ )]

+ ((SIRQW_‘.'.)M :\7;‘ 3 ) . C"*ﬂ h.g \lr, Wt ( lﬂeu{;n\ (Yr. EVraln )*)

tar- (slﬂeugu\'hgy‘ (\7‘»‘;\{ +eee)
+ (- GlRengen> W' 3 (sin6 (%, + U ze) |
L —_— 18 ® (VB.14)
4+ ( Q,‘; %t ) ‘-'(e?wjﬂnls\"l-:—g—( (‘slkeuﬁ,.\"" 3‘:‘ toee)
+ AR -B/Rewyen)" 8™ ( (Sleengor) Vr4--)
; t R GRey y‘_;a_(sm (& e-0) J)

Svb

+ (Vg + ) [—(S:m-yx:a_
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Inspection of the leading order terms in Equation (VB.14) reveals that

& i ( Re “sm)l 34 ?;

Rewyon, RSWp \ & %4

= (——ﬂ_ﬂ _( ge"%m)‘lz 2 (Qél; [-(K?m_‘.&)"l '3-%‘; ] )

R $ % $ %%

+ (OMPLEX (ONTUGATE

(VB.15)
This simplifies to
4 A
* 4 (Re,:,.g) A
Rthgg RS\MB S a§4
- AL 2 R
- ( (;) (V‘; |§ ‘ Ve° 4 c. C )
[ A%
It is clear that ‘P'z is of order (6/Re,mm) in the "acoustic sublayer”, such that
aq A . ¥
_:Yaa = P Rewgen (Rswd) [ 45, Ve,
—_— ol — % C.C.
& 2T> (VB.16)

Ayt
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It is necessary to solve for ‘1"22(6,6) . Recall that

5;0 (x,8) = Z ?t' H:‘r exP(-‘/;_%—'_(HA')g)%%Q,
A=)

Let 'i"n (§,0) - g(E) sinb P,' (cos0) , and substitute this and the expression for 5},‘,‘ into

. Equation (VB.16). Continue by multiplying Equation (VB.16) through by P;(cose) , and

integrating over (0, ). This eliminates the theta dependence, and renders a forced ordinary

differential equation for g(¢) which is

%434 = Rewyn (%)" R (-1) (u‘;) exp (-\/;E_;(\-i) ‘g)

+ Rewyon (_(:_‘Y R (2) (13)) WP(-\/ETL (Hi)’S)

(VB.17)

with £ =/Z
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W

b f Po (0507 -sip - (Z” 5 ‘;L’, dpg)
| ¢’

2)
(;sg o L(3(5) ?"(cosa‘))dBJ
(1)
L)
and let

with L = £ to contribute

T-a; = X Paf (eos8) * SWB - (&i SZ n;Ly dpz) ]

: ?

IZ§ g gr(h —"‘)r (w‘w\)
. (a!u) ‘

| afle)

It is found that
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%p&ch‘culu(g) s “ LK\;l exe (ﬁ“-‘:)g ) (VB.18)
ACRIN A T 1Y 3)

with

"“a = ("ﬁ) Rehspg ( Ii; )

and

Kap = (~R)Rewypn (T2¢)

Therefore, the solution for the stream function in the "acoustic sublayer" region is given by

W; (319)'

a
[ ]
\
= z ) ?R(eose)
=y A A

RS RN R

(VB.19)

v 10 () exp (-E(\-i)g)

+ D (hg) erp(- (B (14)%)
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YC. BOUNDARY/INTERFACE CONDITIONS

The boundary/interface conditions are those appropriate for the hydrodynamic field.
Moreover, the boundary/interface conditions, applied at the drop/host interface, should include
only linearized terms, as the hydrodynamic problem solved at this order is linear. In general,
the conditions are: the radial component of the velocity is continuous (across the interface), the
tangential velocity component is continudus, the tangential stress balance holds, and the change
in normal force across the interface is balanced by the surface tension/curvature term. Finally,
the kinematic condition holds at the interface. -

The velocity and pressure fields which enter into these conditions refer to those of the

hydrodynamic field. (That is, these are given by u;, 28 u;'. Pz' of Sections VA and VB.

Of course, there are surface forces which also enter into the boundary/interface

conditions. These are (ﬁ”““)) and (p_r'r‘”c)‘,) , which have been presented in Sections II

and IV.
The velocity and/or pressure fields which describe the hydrodynamic field will include

the modifications/corrections which arise as a result of the forcing by the acoustic field
variables. Simply stated, these modifications are those contributions which arose in the "acoustic
sublayer". Were the forcing of the hydrodynamic field governing equations to be neglected, the
resulting hydrodynamic flow would be strictly that of Stokes flow. In the work presented in
Sections VA and VB, it is seen that Stokes flow arises in the "outer" regions (i.e., not in the
acoustic sublayer), both exterior and interior to the drop.

In the work of Marston (1980), the acoustic field was taken to be strictly inviscid.

Then (pr™*%), did not contribute, and the hydrodynamic field itself was described entirely by

Stokes flow.

It is the intention of this section to develop the boundary/interface conditions which arise
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in the case in which the acoustic field incorporates viscous effects. In doing this, it will be
necessary to look at the velocity fields obtained in the previous two sections in more detail.

As a first step, the equilibrium interface will be defined. This will be followed by a
presentation of the general form of the interface/boundary conditions. Finally, the velocity field
(after some manipulations) and the pressure field determined in Sections VA and VB will be
utilized in the conditions, and specific equations obtained. Of particular interest is the resulting
deformation (from sphericity) of the drop.

Equilibrium Interface
Let the equilibrium interface, Fe, be defined by

Fe = p-R - Zkﬂi(c«»se) =0 ALY

<0

with the third term (on the r.h.s.) representing the deformation.

Boundary/Interface Conditions: General Form

The general form of the boundary/interface conditions will be presented. In keeping with
earlier work, there will have been nondimensionalized.
They are:

(Continuity of Radial Velocity)

VAN ) o 1ok, 5:ge0 (V€2
(Continuity of Tangential Velocity)
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A [~
Us Us at r=R, 5%%=0 (VC.2b)
(Kinematic Condition)
Ur =0 at r=R ¥:%3=0
U =o at r:=R,E:3:0 (VC.20)
(Tangential Force Balance)
ol Pi(l’é) ¥ ié_(vﬁ)
o \r o\
-{0d (Ve 123 [y
§ 'c)r(—r t 'ae(v’)
- — TANG
Re“SDR <(P“ \e>
= Re%op‘ {(‘3 Voolx Vo, = VrolgVo, + COMPLEX CoNTUGRTE )}
Q'l: V‘='§,S=§=o (VC-Zd)

Recall that a-p.:/pz and B-pijpz . Note that U:"’ and Uf,"’ refer to the hydrodynamic field

The forcing due to the (6) tangential component of the radiation pressure vector is on the right

hand side. It’s form is that discussed in Section IV. That is, for example

\ - AL L
. \Jgo - VOO ‘R t Voo (EJ 6)
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(Normal Force Balance)

-p*' + 2d 'aUr" = -p° ¥ 2 'aUr° - G,V-ﬁ
Renﬁok 'a T Re“‘:jbk b r

+ < FF RRDIAL >

(VC.2¢)

with G - (onz d’wzko,) ; and of is the surface tension associated with the interface

A

between the liquid drop and the host medium. The unit vector A is the outward pointing

normal to the interface. Specifically, fi=VFe/|VFe| .
Equations (VC.2a-2e) represent the general form of the boundary/interface conditions

which must be satisfied. Note that forcing terms, namely, the é, and é, components of the

radiation pressure vector, appear in the above system of equations. This is a nonhomogeneous
set of linear equations. The unknowns are the coefficients of the velocity and pressure fields.
Once these are determined, the hydrodynamic flow field which only exists as a result of the

acoustic forcing will be known.

Velocity and Pressure Fields

Recall that the velocity fields in both the "acoustic sublayer” region and the "outer”
region exterior and interior to the drop have been found (in general form) in Sections VA and

VB. However, the stream function formulation was employed. This is not convenient, as the

boundary interface conditions require U:"’ and Uf;” . Also, it is necessary to determine

explicitly the pressure field..
Recall that
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N .
q;° = Z ( B’ p 2t + F° I"f) $imb ‘&(wse)
2

-\-(s )R—"»" by * b5 % b5+ b, |
. -a ° - l. SBP(COS
L |+ (D (r1) exp(%*__)g) w8 T, (ose)

+ (3 ° -l i
(LK) exP( (-0 %) e

However, as { - o, the contribution that is in the "acoustic sublayer” region must decay. This

implies that b, - by- by= b;= 0 .

It is a straight forward matter to determine u,; and ug . These are given by

o= L 3y
e P2smb 28 ¢
= of
Z (g°ps +F°p‘“) L » (sv‘hefﬂ
J EX| SWMP 36
+ (5 \¢ (0 (e Yerp (- (HDE) ) L 3 (sheR))
R B2 o Smd 0D
fngson R = .
(K3 -(1-)%
(g )exp( 008
or
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u‘: Z L0040 (2 r 2+ Fop22) Py (eose)

£+2 D) eyp (- (1) 5
??uguﬂ ( ) &(COSG) (VC.4)
& () kapdexp (- gﬁzs)
.. . 3 yReyypr 3 . .
Similarly, (recalling tha > _6——6_(' in the acoustic sublayer),

Hg - -L ‘.&_“Pa

00

B Z ( @ -8t 4 1F°I"2"‘) ?l' (eo58)
A= ‘

00

‘/2_ N 1+l TS
* ( 5 ) 2—» [( ot e )R Fo lose)  ve
R?usop. '

Sl (1) (kapdexp(~4ens

Note that the contribution to u(,2 from the "acoustic sublayer” region is at o(SQR?(cS/Re HYDR)) ,

and that to u, at 0(8/Reyypg) - Recall that Reyypy is order one.

The form of u,‘, and uzi9 also proceeds from w; . Recall that
00
L\);. = Z (ATp23 + €% r 1) 550 P (eoso)
= . S .
o bo + b &+ b T4, ¥
+ (.é_ X SwB P;(wsé) “'('L)(Kl; )exp (~/Blax (1-0)%)

Rem_‘oa (VC.6)
l= .
! () (ay Jexp (4Blaw (14i) § )
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Since the contribution that is strictly in the acoustic sublayer must decay

as £ ~ o, bl =bl=-b,-by =0 .

Then
lk:-a = Z (D(2+1) (A" ity EiPJ")&(wss)
23
+(E5 )Zﬂfﬂ) (M (wig) exp (= [Blac (1-) %) P luso)
€n 2 .
=I5 o (3 ) enp (= (Blo (14 0)%)
(VC.D
: : : , Re a ..
and, recalling that in the acoustic sublayer region, > = - I;’m —aE , it is found that

sy = = Zi(m\A‘ o (QH\EiPI-'E?; (e6)
g=

(A9 [ O )
R

Rfugon
+ef 0 () (ry )erp(-[Flas()3 )

(VC.8)

2=l

The specific forms of uéz, Ug), u,'z, u;, have been determined, up to a constant. The

unknown constants which remain are B°, F° A!, E' . Of course, these depend upon "1".
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(Recall that KI;"’ and KZ:"’ are known from previous sections, and also depend upon "1".)

It remains to explicitly determine p2‘ and p, . From the governing equations for the

hydrodynamic field presented in Sections VA and VB, it is clear that the contribution

to p;"’ from the "acoustic sublayer” region cannot be greater than order (‘/GIRe m;’ at the very

most.

The determination of p;° in the Stokes layer region can utilize the results of Miller and

Scriven (1968). That is, although they solved for the hydrodynamic field of an unforced,
naturally oscillating drop, the pressure for Stokes flow can be recovered by setting their
oscillating frequency to zero. Then the contribution to pressure which depends on the radial

coordinate r is proportional to, in the Stokes’ flow region exterior to the drop,
k2 (r.& 22 -xm\))- B
or nt or T r

This is found to be zero. A similar development can be done for the pressure in the Stokes

£

region interior to the drop.

It is then found that, to lowest order, the contribution to the normal stress balance of the
hydrodynamic field will involve terms which are the radial derivative of the radial component
of the hydrodynamic field.

It is ren_larked that this result was also the case in the work of Marston (1980).

Boundag—lnferface Conditions: Specific Equations

Substitution of the forms for U, U, p;° presented in the prior subsection into

Equations (VC.2a-2e) will be done.
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Lowest order terms only will be kept. It is recalled that the hydrodynamic field itself
occurs at order & in the overall perturbation scheme.

(Continuity of radial velocity)

4441 PP &l N(S - n° 34 o3-8-2 §
AMRM vEfR +%°R)-BR + F°R +W_;)

(Continuity of tangential velocity)

S () AL RM e B REY ¢ 0 ((Shkengen))

~ ~ - : (VC.IO)
= (g-2)B°R* ¢+ gFe R O(W‘)

(Kinematic condition)

ERE 4 PRl 4 olffag) =o
MR 4 gl +%d =0 (VC.11)

(Tangential stress)
“(((fefE - g2
8 3‘.; -ﬁ R 3b S:o
- R?ugok BU: U: 1 3( °
— —=° - 1 9V
(J § % X W 2 <=0

- 5 T |
= Reyyor £ (6 ™) ) (VC.12a)

Notice that presence of the forcing term due to the tangential component of the (time-averaged)

radiation pressure vector, but only lowest order terms will be kept. The expansion

98



for U; (U:) in terms of £ ({) can be written, utilizing a Taylor series expansion, as

‘: N £
Us = up tred + {3 Ug, ( %48)
? ?ﬂmo&

- N A > ¢ A‘:, PN
= b, ®e v YE (g )

+ ’.s_’ N :
Rempn Up, (%,8) +

(VC.12b)

and

° o ]
Vp T e ¢+ [ g, (50
Reugog
- AD AL/
u (? 9) + S_ u" ) -
Bap ! SJ Rewyoq ( b20 |
J Caysr

(VC.12¢)

Substitution of (VC.12b) and use of U:"’ - u:f yields (to lowest order in ” )
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0

Z o & ~(Q+3)(2ﬂ) Ai 'ﬁj‘ - (ht)(l—l)fi R 14} ?; (058 )

L=y
00 e (-0 oyt
+ N .i.. (*4) = (MKW
ﬁ f (eass)
N + (B) LO* (1) (n3)(1)
M°< (2¢3) A*RY » (2+1YE* R f"} QQ (eoss )

M{ { f(fi—!)A R ¥ 24 E".ﬁ%z}z%% (eo58)

° a (-3 ry 2 0
(7‘:‘-)( L)“"')":i.i‘)‘ Mg (‘))ﬁ;(wse)
R
=

) (L ke (D
o] .
)
2=

(a-g)yg° R -1 4,@F°E"“} Pf‘(wsa)

t

Z‘ {flfm B R 4t Ee E""‘}ﬁf
/. o

(Reh&a& ) 4(....... TN)R ‘>
(VC.12d)
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Gathering terms yields
00

i o A (-an)(ga2) RE + AV (-.;zw-nmn'ﬁ“} Py (eose-)
L=\

T (%)(ﬁ)%m; ) \'\'Q;}PX‘lCDse)

oo

I\/J ?Ms

iBoﬁ -4 l( -)(§2-) + F° RA 3( al)(ifz)}&(wse)

+ zj | » K, *hal) Pg (cos0)

M=

.: Reﬂum <(P71m3e> (VC.12¢)

Multiply through by (sinﬁ . P:{) and integrate over (0,7) to obtain
'0(5 ALEQ (-ap)(p+2) 4 Ei?zi"‘ (Q)UZ-D(QH\\
- g R® R -1 (-a)(*-1) + F° pLe (-;\M(Qu\\

"By 4ry ) L (ki 4 ry)
X R

= Ry e

(VC.12f)

The right hand side of Equation (VC.12f) can be written as
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(axm

Kewgin
24(f+0) gﬁm’) wae {Clop (87 - )>5*3=07S 4

using Equation (IVA.3). Note that

QVr ¥ (FVBD \’?.9‘:))5;3:0

- AL Txi AL ~g
= { \"o\i(f”eo)g‘; Vro\ﬁ-(\lga)szo T COMPLEX G.onTUSATE

(VC.13)

Also recall thatl

o0

o - A o
VQO(E,B) = Z 51’ 88,_!, exp(- (1) 3) o By
1“‘ ﬁ-
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Therefore, the right hand side of Equation (VC.12f) can be further expanded as

(2141) J

. :
* Re‘,‘ . ! ‘ . R A . C:
2AL1) F 3°'~j ?i (tosp) - smB [Z gi olg %(&3(}: P\E P:g (eoso) ] .
_ ] 2‘-0
\ z S’l ABLG IB 1

i

T CoMmEX CONTUGATE

~  COMPLEX CONTUGATE %
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However, certain integrals are equivalent to pre-defined quantities. Therefore, the r.h.s. of

Equation (VC.2f) can be further expressed using the definitions of (Il;), (rzf), (I l‘,’), (rz;’) and the

continuity of the radial component of velocity of the acoustic filed across the interface. This
yields

(R.H.S.) of (Eq. VC.12f)

iRﬁH%OR}((AI\; ¥ (513£ - I\; —Iaﬁo)

(VC.14)
Therefore,
&i (‘aﬁ)(nfa)'ﬁl AL t (~a\(0’-|)E”'EL°"\
~IRRH gy ¢ B R e
-pmg) - plka) YWy 4 k)
~ - ® R
R R
- RCNSD&%@I\; t f&l‘a; - I\; - Ia;\
(VC.15)
Recall that

Klp = CR)Rewypq T 3 W37 = (R)Renge 1357

K\; = ER) Re“%hk 1'; sy “Q: = (R) Reﬂ\éb! -Iait

104



Therefore, the tangential stress balance in the hydrodynamic field is given as

oL [ ARE Cap(era) ¥ EC REAayer-n)
- ‘_Bo 'E-Q'l (‘3)”’“') + F°E-1.3 (~2£)U+2ﬂ

TH A

Rf%ogi @I\,‘ v pra; - I, - 19;}

= -4 i t - o _ °
TRSPK‘R x &Kan Ky Kay k
(VC.16)
Clearly, the contribution to the tangential stress balance which arose due to the modified flow
field (different from that of Stokes' flow) cancels the component of the forcing (radiation
pressure) vector. This is for the very restricted subcase in which the response to the forcing has

zero phase lag with respect to the forcing. This results in

oa{(-m(m) AR - a2 1) E‘E“§

o mennt- o C.1
{8 R gy + poRES (‘ai)(hz)]} Ve

Clearly, use of the kinematic condition could serve to simplify this expression.
Thus, for Equations (VC.9), (VC.10), VC.11), and (VC.17) represent the specific
boundary/interface conditions. It remains to construct the specific form of the normal force

balance condition.
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(Normal Force Balance)
From the previous discussion

Lol 3U; = _2_. 3:51" - G,v,z\ - <F?.RM1»L>
Rewjpg Ll Re“‘&m AT
(VC.18)
To lowest order (in the hydrodynamic field balance) this becomes
LSS T3 ~)-
R?w:on Z { “‘H)A R™ + (Q‘l‘Et R 9.} 2({)1,\) ?ie (COSG)
f=0
B 2'“‘91 z () &{wso)g 2@ R - (nFcRE 3‘
2=
__6_,_ oo 1
I Z;ao (1+2)0-1Kg g(wsp) + (FKHDIHL> | (VC.19a)

The theta dependence can be eliminated after multiplication through via Pgy(cos)sin® and

integration over (o,x) . This yields

o ol

((lmA“il 1+ (1-0)E" ﬁ“)

b (“ R (P ﬁ‘“) Yoedman i
Rewyon | 32 20041)

(VC.19b)

= (a)

20(141)

S P leose) 5o e > de

106



and

Let the right hand side of (VC.19b) be renamed as

( EFORLIUA\) Y‘adi; gil)_.ju

Ve (eose ) -smp L pF **=* > do
L2+ &

o

(VC.20)

The boundary/interface conditions applied at the order of the hydrodynamic field and

forced by the radiation pressure vector components at the surface (r-R, {-£-0) are listed below
for convenience. They are

ARy et R e g R R

- (VC.21a)
“() ARY -(!ﬁ+ DESRA = (goayeeR 4 QR R (VC.21b)
g° 'ﬁ"- N F°R"‘Qz =D (VC.21¢)
AR 4 LR = (VC.21d)

% 2(0+2)RY A 4 aﬁl'l(n-l){t*\)ﬁ{
= @neEt 2R ()42 (ve2te
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Au ((ﬂma"ﬁ“ +(o~nE‘”§f‘1)
R(’H\ADR

v 2 (e Rt +u+nﬁ""F°)

Remjm
G (42)(-1)
+ —-_— —_— = e .
R*  2(t41) Ko gﬂ-)""“'s“&‘d (VC.21f)
Al+)

The unknown coefficients are: «, A, B°, Ei, F°. (The two kinematic conditions are not
necessary - that is, only one should be used. Either (VC.21c¢) or (VC.21d) can be utilized).
It is possible to eliminate E' and F°. This yields a system of nonhomogeneous linear

algebraic equations for the unknowns «,, A, and B°. These are

R A + -RE¥1g° =0 (VC.223)
2y <« REAY 4 2R R° =0 (VC.22b)
and

Yo REAT 4 -4 RM g 4 604230 x,
Re.:‘”_ Qeu“on RY 2(2-\1)

(P foctim Drarat (VC.220)
L(94) |
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Final Comments

It is clear that

A . o B2 Al
" L o) 'ﬁ“‘l B°
Ad - 4d 6(2)(1) K
Re““‘& Rcmagg Elf (P *‘) j— O
(‘Trfv"%)radtal /gu.m

Therefore

Kk ‘= ( P‘.;W“"Q)raclial

(ﬁ(hz)(oﬂ\ )
"R’L

K, is the coefficient of the deformation, and is directly proportional to the radial component of

(VC.23)

the radiation pressure vector.

The tangential stress has been included in the calculations. First, the viscous acoustic
field was determined. This allowed the tangential (ée) component of the radiation pressure
vector to be calculated. Secondly, the modification of the hydrodynamic field due to source

terms in the governing equation was determined. The source terms are caused directly by the

inclusion of viscous effects on the acoustic field. Solution of the governing equations shows
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there to be enhanced flow in the "acoustic sublayer" region, particularly of the ug component.

V3

ReHYDR

The flow correction due to this enhanced flow is o ( ] for ug, which is the largest such

component in the acoustic sublayer region. Stokes'flow is the flow in the "outer” regions, -
both interior and exterior to the drop.

In the application of the boundary/interface conditions, only lowest order contributions
(at the level of the hydrodynamic field) are included. Of course, in the tangential stress balance
condition, this results in the inclusion of velocity gradient terms (of ug) from the acoustic
sublayer region. |

It was found that these contributions to the stress balance cancel the forcing due to the

tangential component of the radiation pressure vector for the special subcase in which there is

no phase lag of the hydrodynamic field with respect to the initial forcing.

It is clear that incorporation of viscous effects into the acoustic field and investigation of
the forced hydrodynamic field shows that the velocity field has a level of complexity which is
not apparent if only the inviscid acoustic field is considered. It is only through doing the
"viscous" problem that the structure of the velocity field in the "acoustic sublayer” regions -
which border the drop/host interface can be elucidated. The hydrodynamic (streaming) field
due to an unmodulated acoustic standing wave field has been considered. In the case of a

modulated standing wave field, static (streaming) contributions to the hydrodynamic field would

exist as well as the oscillating contributions. However, there would be a phase lag between
forcing a response, in general, so that the deformation would be due not only to the radial

component of the radiation pressure vector, but to the tangential component as well.
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V1. HYDRODYNAMIC FIELD: FORCED BY A MODULATED ACOUSTIC STANDING
AVE FIELD

This section details the structure of the hydrodynamic field which exists (at second order

in the expansion parameter & ) strictly as a result of the modulated acoustic standing wave

field. In this case, the resulting hydrodynamic field is oscillatory in time. The drop itself is
undergoing (small amplitude) shape oscillations due to the forcing at the natural frequency of

the drop.

Let 0 ~w/'~0"+w,,,, , with o’ the acoustic frequency of a second acoustic wave.

Clearly, w’-w”=w,,,, ,the drop oscillation frequency. The frequencies of the acoustic waves

are orders of magnitude larger than that of the natural frequency of the drop. The time-

27

averaging of the governing equations over the period ( ) will result in a set of time-

Wye
dependent equations. However, the frequency of the resulting time dependence is at the "beat"
frequency, which is that of drop’s natural frequency of oscillation. (Refer to Miller and Scriven,
1968, for a discussion of natural (free) drop oscillations.)

The hydrodynamic field is considered to be viscous and incompressible It must be
determined both interior and exterior to the drop. The generation of the governing equations
for both regions will be presented explicitly.

It is remarked that the methodology of this Section is quite simialr to that of Section V.
Of course, the tim'e dependence introduces an additional level of complexity. However, some
of the discussions, such as the need for re-nondimensionalization, apply in both cases. Where
possible, it is the intention to avoid reduplication providing clarity is not compromised.

Moreover, an expanded discussion as to the motivation behind several of the methological steps

will be included.
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VIA. HYDRODYNAMIC FIELD EXTERIOR TO THE DROP:  EQUATIONS AND
SOLUTIONS

The nonlinear system of governing equations given previously in Section IIC (see Egs.
IIC.1-3) is nondimensionalized through utilization of the relationships given in Section IIIB (see
ITIB.1). Acoustic field reference quantities were used in the nondimensionalization scheme.

The resulting sytem is

Eﬁo U 0p° 4 g°V'U° =0

Nt - ' (VIA.1a)
"I’ 4+ °y°-9U° = ~Np° +_L_ v*U°
53‘; f = 7= P e
¥ (L+p)i. V(V-U°
(3+T)Rem (V u )
(VIA.1b)

Also, the relationship between pressure and density holds at o(8) . The "o" superscript refers
to the region exterior to the drop. The velocity, pressure and density fields are given

by u°, p°, and p° , respectively. Re,. is a Reynolds-type number, and is given as

co(ca/w,g/ve , with @, the acoustic frequency.

Let the dependent variables be expanded in a series in the expansion parameter & .

(Note that 8=w ..p/ W, , With @, representing the natural frequency of oscillation of the

drop.)
That is,
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-Uc = g!‘o + 81 _; (VIA.23)
po = P°° + § ?: + §* N | (VIA.2b)
f" = 4o+ 4 P.° v ¢ f’: (VIA.20)

Acoustic field variables are denoted by the "1" subscript (v?, py, pf) , and hydrodynamic

quantities by "2" (uz", p2°) . At order §, the governing equations of the acoustic field are

recovered (see Section IIIB, Equations IIIB.2a-2c).

It is at order &2 that the hydrodynamic field occurs. It owes its existence to the
(modulated) acoustic standing wave field. The hydrodynamic field is taken to be incompressible.

Resulting governing equations are then

° (VIA.3a)
N*u =0
W o+ vpe - L vyl o= ‘(g"ﬁ + yf-w")
"a—ak. Rek(. 3*—
(VIA.3b)

113



Clearly, the term (%+t°) 1 v (V . 112") which formally appears at this order is zero due

Reyype
to the incompressibility of the hydrodynamic field.

The quantities ¥ and p: are known at this order. They act as forcing (or source)
terms in the conservation of momentum Equation (VIA.3b).
Now; the acoustic field represented by ¥? (and, of course, p? ) is a modulated

standing wave field. For example,

Ay A n

A, .
4>5C1 - ¢St-1 ¥ 4>3c'r ' (VIA.9)

~ with $2_, (the scattered) velocity potential for the acoustic wave. The "'" refers to the acoustic

gct

wave of frequency w/(=w,;) and """ refers to the wave of frequency w”.

The time average of Equations (VIA3a-3b) over a period of (—2—"—) must be taken. This

Wac
will result in having a time-dependent source term (i.e., the right hand side), of a form to

be exhibited explicitly. A solution for u? (and p;) will be sought with this same time-
dependence. Taking the time average of terms on the right hand side yields

{Rus) = “°§.°m{,1+ aus(Stq"-’l')\

—+
oD
~ o
——

iv5) i 2+ 2eos(§4 +~l"-vl')%

lo . V(\!"’ )( Ly Qws(&tnlu _,U\>

+
—~~
<>

——

PP IE ) (2 2 ws(Skeyt ) viAS

§= (Loror [ae )
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In this expression only, the caret "*" indicates a time independent general quantity. Both

n” and n’ indicate phases. Note that there is a steady state contribution to the forcing as well

as the cos ( 8 t+1-n’ ) time dependent forcing. The steady state forcing was addressed via
consideration of the unmodulated acoustic standing wave field, in Section V. It will not be

considered in this section. Rather, the focus will be solely on the response of the hydrodynamic
field to the oscillatory forcing.

The governing equations, after being time-averaged, are

N+ u, =0 (VIA.G6a)
W o+ Vp - LV
ot Rew

—

= ca v vy *‘3°(T\_7\°_\ .

¥ COMPLEX COoNTVUGATE

cos (84 +m" -7 ")
(8 = Woeeop /wAc ) | (VIA.6b)
Note that Equations (VIA.6a-6b) are nondimensional, and have been nondimensionalized
with respect to acoustic field reference quatitiies. The periodic temporal forcing contains "6t";
with § < 1. However, at this stage, the hydrodynamic field is of interest. A re-

nondimensionalization scheme will be performed following the methodology discussed in Section

V.
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Re-nondimensionalization

From a physical point of view, it is the hydrodynamic field which is the focal point. It
- is the hydrodynamic field which exists only as a result of the forcing. This is clearly shown in
Equations (VIA.6a-6b). However, in these equations all quantities have been
nondimensionalized with respect to reference quantities which are not relevant to an oscillating
drop.

The re-nondimensionalization acts as a renormalization, with the result that the oscillating
drop problem is viewed from the standpoint of the hydrodynamic field as opposed to that of the
acoustic field.

Rewrite (VIA.6b) in terms of dimensional quantities as follows

%o ' A
(_1_ W [t (o) TP
Co Wpe | 9% f,°63’“

) (Shane)* VL,
Renc \(5

2 2
= 4 (@fupe) ) Ve IV o+ g7 (3V))

€y

4+ COMPLEYX CONTUGANTE

+ £OS (SUAL i ‘\"']" -v]')

(VIA.T)
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The " " indicate dimensional quantities. Renondimensionalize as follows:

u
1%X»

-1 A '
C‘ODROP -i = *’ > 0\ .)S

(VIA.8)

The reference length is that of the drop dimension, d. This, in fact, provides the coupling to

o

the acoustic field; - d- §° . The natural frequency of oscillation of the drop provides the time
AC
scale. _
Utilizing the re-nondimensionalization scheme yields, after manipulations
V-U, =0 (VIA.92)

U, + V& - L VU,
ot Rfugon

= ‘&( URRTRI N )eosuq"«y)

T COMPLEX CONTUGATE

(VIA.9D)

with Re, .- (d*w, /vo) . The quantities are now nondimensional with respect to

hydrodynamic field quantities. Moreover, U and €7 represent the hydrodynamic/drop
oscillation field quantities. The system represented by (VIA.9a-9b) is linear. Of course, the

117



right hand side of (VIA.9b) contains nonlinear forcing terms, but these are known quantities.

It proves to be more convenient to work in terms of

o
N-Uu, =0 (VIA.10a)

W, + VR -4 VYU,

ot Rewgon

it

(- (ve VT g"(iy;’nc‘c.)a*.(“’l 1 (via.1om)

Let

’_L_l; > u;(r,%,0) eap (4 (& H]"-»]'))

€, = Ps (1,5,0) up(i(£~q"~q')) (VIA.11)

Substitution of (VIA.11) into system (VIA.10a-10b) yields

. |
N-yu, =0 (VIA.122)
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SRR NEE R A N VRE g"(W_‘.’hc.c.)

Renyen (VIA.12b)

It is the system (VIA.12) which must be solved for u® (and p;’ ).

Discussion of Forcing Terms and Resulting Decomposition
The forcing terms on the right hand side are of the form

{yf T H (1) + c. c.} , and represent real quantities. In particular,

° o Ao

Vi =V (re) + V., (5,8)
A

with 2° referring to the velocity field in the outer region (represented by V¢° ), exterior to

the drop and with fz'f(( ,0) referring to the correction to the acoustic velocity field in the

"acoustic sublayer” region. As { - oo, quantities which depend on { will go to zero.

If the curl of Equation (VIA.12b) is taken, the quantities on the right hand side which
conté.in only terms representing the inviscid outer flow will not contribute. That is, if the
vorticity equation is constructed, it will be unforced in the outer region.

With this in mind, decompose as follows

Gy () + T3 (3,0)

-
[ V]
"

ﬁ; (r0) +  PBJ(5,8)

L
]

(VIA.13)
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Solution in the "Outer" Region Exterior to the Drop

Taking the curl of Equation (VIA.12b) - and the restricting attention to the "outer" region
exterior to the drop (i.e. no remaining { dependence), one obtains
)
e -t Vi, =0
ot Rewyor (VIA.14)

with w? the vorticity in the outer region exterior to the drop. Notice that there are no sources

of vorticity; in this region the hydrodynamic field is unforced. However, this is precisely the
problem that was investigated by Miller and Scriven (1968), although their analysis was
dimensional and the notation differs somewhat from the present exposition.

The solutions can then be written for both the velocity and pressure fields in this region.

GO (r 8) = o _ -0. o
R z (ag pob2 04 _&-/g\;)(Ar\)&(w&B)

2 v (VIA.152)
u; (".le) - i . _ 1 Q; Y\-ﬂ'l
3 dh
20041 ab
o ) o ag
1 U0 A7 ar) = fag o ﬂ
r
(VIA.15b)
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p ()= ) L () . -
Pah i:“;m—_l(hl) (*,{a; o ') Py (tose)
(VIA.150)

with &%= (-1 Rey,py) .

Solution in_the "Acoustic Sublayer" Region Exterior to the Drop

In this region, the independent variable r is stretched, and the independent (radial)

variable { is related to r as
r= R + €3

Recall that e-——l—— .

However, the system of governing equations has been re-
v (Re,C)
nondimensionalized with respect to hydrodynamic field reference quantities.

1
€ac

A relationship between e (= ) and Rey,;. must be stated.

Recall that 8 = wppop/ W, . Then

angoa = §(Repe) = §fe? (VIA.16a)

and

"

€ ’\[87/'\/ Reuan

(VIA.16b)
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One can also define a third "Reynolds number-like" parameter, R, , such that

Rs SJRQM = gzlez = SRGHBDR

(VIA.16¢)

In this work, it is clear that Re,. > 1 and € < 1,8 < 1 . If the order of magnitude

relationship between 6 and e is specified, an order of magnitude for R, will follow.
The remarks concerning the relationship of this forced drop problem to the work of Riley
(1967), which involved a solid body in periodic motion which were presented in

Section V carry over to this Section. Therefore, they will not be repeated here.

Select Reyyp, = 0(1) . Since €-y8/,/Réyyp, , the relationship between rand 4 can
be re-expressed as

P = § 4+ ’ 8 g
Reunoz : (VIA.17)

with Reyypg Of order one. It is now necessary to rewrite the governing system of equations in

the variable {. Note that in this region, the forcing terms on the right hand side of (VIA.12b)
will contribute. The forcing terms themselves are comprised of functions which involve the
acoustic velocity field.

The expansion will be done in terms of the primitive variables as opposed to a stream

function.  Since the conservation of momentum equation is a vector equation, the

€, and &3 component equations will be expanded in the acoustic sublayer region. Writing

the &, and &, component equations yields:
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( &, cons. of momentum)

ar I
2
- 4
2
: T_v 23 4+t 3 (shed )\l
€uypn ] v oA fisvp 30 70 r
- o [-]
—%- uar - L _B_(SVMQ uae)
ra r*swb 20
L
- 0o A0 o o <.
= ()} P Ciwe) Ve e Ve e
Ly Y 26 »
= Ve Vor A coMmpLeY CONTUGATE
v

(VIA.18a)
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2' g‘ (L\}\g) \l\( il \

(VlA.18b)
Now, expand in terms of
Wr y
©® s\ . \~o
o s - (V1A.19a)



~o

Uap =

~ 0 ' ‘/.l ~ 0 ~ O
+ s $ - ..
Wy o ( Rfugon) uaa, t (Qe“:‘“) u;ea +

(VIA.19b)
with
9 Rewgon 3
dr = g 03
~ (VIA.19¢)

The right hand side forcing terms in (VIA.18a-b) (written terms of {) are known from
knowledge of ¥? (and p; ), which are the acoustic field quantities.

Therefore,

( é, cons. momentum - expanded)

. ~o \/ ~o
L ( Ugep ¥ (S/’zeh&ok\ ) Uary +- - )
o\ D o
'.} (Rehgo&/S) 2 7)?( 680 ¥ Re“jmz) Pa| . )
-4 :
ReH‘SDR ir M) -3—1— + & (ﬁ \ (Slﬂeugon)vlgy‘(g&ﬂtyk_%__
$ tiSy | | g 3

t (R+(S/m3.,.t)/*s) __(g,meg ) = AR+ (8 Renyoa)'*s ) ]
§1m B

( E:ro ¥ (SIRC ﬂ:pl\’/l ’C‘;r‘ t oo )
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The ¥? and p; quantities represent the acoustic field. They are expanded in the

acoustic sublayer region; and contain both terms which decay to zero out of the sublayer region
(i.e. as { - o) and terms which represent the inviscid acoustic field quantities re-expressed in

a Taylor series expansion in terms of ¢ in the sublayer region. The subscript "1"

on y? and p? is kept in order to distinguish clearly these acoustic field quantities from the

hydrodynamic field quantities, which are indicated by a “2" subscript. It should be clear that
there is not any time dependence present in Equations (VIA.18a-18b) through (VIA.20a-20b).

For more details concerning the acoustic field quantities, see Section III. '
The expanded form of the &, conservation of momentum equation will be exhibited.

The above remarks also apply to this equation.

( &, cons. momentum - expanded)

. [ ~oO Ji ~o
A( ulao +* (slefugnll}‘ - uze, t--- )

(i* (Smeugpn)v S) ( Plo (”Réaao&)vz P&| ] )

-4 {(Reuﬂ.gBEL ¥ a (“"uo K)l/ia_
Rengon § T (Re (BfRenge)S) \ § o3

t R SRenge) )23 (swb ) — (B +(SRengen)S) ]
Wnd kL 30 )

(ﬁ;ao * (SIRC Rﬁb&\'lz a;l| K )

. " 2 o \I ~ 0
+r AR (Slkeunom\ ) ao{ Uar, 4 (Slkennol) ZUar, %
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((/“"wo ‘IJN‘:l )(g%w Sai'ﬁ Q\Zo\a* Vigp * }

+ (R4 (o)™ T (Vg )& (Tt )

¥ (I*(glﬂtnbon)‘h)‘) ( GI;o k- ) -a-g Vla |‘~ t V‘Bo )

= Ao \, Roe
+ (ﬁ* (sfkeugon.\‘h S)‘ ( \'le,,\ﬁ*"') ( (glee“n“\b' Vir, * )
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+ COMPLEX CONTUGATE }

(VIA.20b)
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Note that in both (VIA.20a-20b), the terms on the right hand side involve products, as least one

factor which involves only the viscous correction to the acoustic field. Also, it is necessary to

expand the conservation of mass equation in order to relate d;, and g, . Itis

(cons. mass-expanded)

[ A O 1), ~o
(Re“ﬂm\‘ & d Uar, ¥ (S [ Rfr\gm\ * Uar, + - )
$ 19

\ ~{ ~ 0 \a~0
+ &(ﬁ* (SIRC“\;\,;’,)/ISB ( ua\ro + (SIPstuR\buaﬂ 1--“)

+ (Bl 3) " 9 (s T v (5, V0 g) =0

e B g "3

(VIA.21)

It is clear from Equations (VIA.20a-20b) that a balance can be achieved between the

forcing terms and the hydrodynamic field terms if ﬁa"o is selected to be of order V8
Reyyre

Physically, the hydrodynamic field is forced by the acoustic field. The objective of the
mathematics is to have the lowest order hydrodynamic field terms balanced by the lowest order
forcing terms.
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Inspection of (VIA.20b) shows that this is the case if the highest derivative of the
tangential component of the hydrodynamic field balances the radial derivative (normal to the
interface) of the tangential component of the acoustic field, convected by the radial component
of the inviscid acoustic velocity field. Moreover, it must be that Tya, is zero, and. that the
balance occurs with dgg ({, )

This has ramifications for the ﬁa‘"‘. component. From Equation (VIA.21), it is clear

that U{rz is the lowest order contribution to ﬁa‘" )
From (VIA.20b),

; 1ge P
! i Up, = -2 { Vir, ERUTR
Rﬁtjng %2 ] R
+  COMPLEX (OMTUGATE l[
(VIA.22)
which is




2 (Reyypr ) i (iv
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] ° ) .
(% e o i) o))
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(D65 )

t:‘

() e (40

(VIA.23)
It is possible to re-express the coefficient in 0 as expansions in E’: ; that is,
00 o0 A
Cdp :I( A‘( ‘:d (0 d i A
Y = (YR (G ay o hd fiols ) )
L=l 1=
‘ (Z g;R;L ¢P£'>
l 1]
' L de
(VIA.24a)
and
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o ab - iﬁ“( o) '
Z\b.“ 1 ( i\ & (b la)*Amc%,(az\a)V’f(w&e))

=0
¢ U A 4 d?ll
(z, by %BLz' do >
2=\
(VIA.24b)
SO
Ve = RReyge) (-D(1-1) AP,
_S—S:e' Hyor _J__i._<z CLdaL)
»ep (=0-0) [T %)
t AlRepee ) (D) (S T d
" = (ZH —E“ E%’>
T (-0+ /R g) (VIA.25)
Let
Uge = 9°(s) df
! 46 (VIA.26)

dPy
Then, using (VIA.26) in (VIA.25), and multiplying through by ( B )s in® , and integrating
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yields,

d¥
_ﬂ_ (L SW\Bz:&_‘IEL da)

. _ |
= QRen (‘l) -U) de, \ d?f .
Ehyor (}I j ( z CL I91.) Zeoe Ainodo

D L=l

" Exp ( ~(-NZ 5)

¥ QRPH&DR (‘l)(\‘\l:) W < c{ﬂ_)d&_f d
'EY (o (E,C de noce

“p (-0 VT T)

(VIA.27a)
Let
L = aw [ (T 4%\ dp X
yi C, ,f Simé db
QL4+ [ gb (%l )
(VIA.27Dh)
and
To= @) [ (R
| g ) s
20(0+) ° do /dp
(VIA.27¢)
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dlao = 4(R€H ) )(")("i) (cio ) ey ‘-\.M"" 3
dS’* = \JS& : P( I )
T QAURe )(-l)(Hi) tn’° ey ~(140)
. va ( 1) P( }%‘ 5)

(VIA.274q)
The solution to (VIA.27d) can be written a5

o0

™ = : + aQo S
221 )t Reurden VT (1) @) | 73
i IV
+ (Renspk) (") E ("L)(C&o)
" EXp(-naiyg 3)
_ (VIA.283)
and |
oo ~o

'7&91 o uaei %P (itt+ 1" ')) (VIA.28)
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VIB. HYDRODYNAMIC FIELD INTERIOR TO THE DROP: EQUATIONS AND

SOL NS

The nonlinear system of governing equations (see Section IIC) is nondimensionalized with
respect to acoustic field reference quantities. The resulting system, governing flow interior to

the drop is:

= (VIB.1a)

)R, T

(VIB.1b)

with a-p.',/pz and t‘-p:,u,_xlpz . The "i" superscript refers to the region interior to the drop.
(Also, the relationship between pressure and density holds at order & .) The velocity, pressure,

and density fields are given by U', p’, and p' , respectively. Re,. is a Reynolds-type

number, and equals c:(c:/w Ac)lv: , with @, the acoustic wave frequency.
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Let the dependent variables be expanded in a series in the expansion parameter, & .

(Note that 3=wpe w0, ,with wp,,. indicating the natural frequency of oscillation of the

drop.) That is

Q*‘ = | SY\*‘ v 2‘(_13.
(VIB.2a)
Iy - L ¥ A 2. A
P v Pt Sh (VIB.2b)
= + §of o+ §%pt
? P § f * (VIB.2¢)

Acoustic variables are denoted by the "1" subscript. (v,', p,, p.), and the hydrodynamic
quantities by 2" (u;, Pz') . At order & , the governing equations of the acoustic field are

recovered (see Section III).

It is at order &2 that the hydrodynamic field occurs. It owes its existence to the
(modulated) acoustic standing wave field.

The hydrodynamic field is taken to be incompressible. Resulting governing equations
are then

V. u‘a =0 (VIB-33)
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poU + Vp -t V3]
3t Reac

\
3t
(VIB.3b)

1

ReAC

Clearly, the term ‘(‘—;-*-1"') v (V . u;) which formally appears at this order is zero due to the

incompressibility of the hydrodynamic field.
The quantities v,' and p'1 are known at this order. They act as forcing or source terms

in the conservation of momentum Equation (VIB.3b).

The acoustic field represented by v,' (and p{, p'1 ) is a modulated acoustic standing wave

field. For example,

(VIB.9)

with §' the velocity potential for the acoustic standing wave. The "'" refers to the acoustic
wave of frequency w/(=w,c) , and """ refers to the wave of frequency " .

The time average of Equations (VIB.3a-3b) over a period of 2n/w,. must be taken.

This will result in having a time-dependent source term (i.e., the right hand side), of a form to
be exhibited explicitly. A solution for u! (and P, ) will be sought with this same time
dependence.

Taking the time-average of terms on the right hand side yields
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{RHs) = S)“ (iv)) ia‘\‘ Q eos (54 n’”-q‘)}

) (i!ﬂ%l-\-» QCos(Sttvl"wl')i

————

+ (% ( yf -V\.I\‘) (;z+ &us(&t»n"-q'))

Y [B(TV\!:)(Q + deos(§t "'*1“-»,‘))

§ 2 Logor /LJAc, (VIB.S)

In this expression only, the caret "~" indicates a time independent, general quantity.

Both n” and v/ indicate phases. Note that there is a steady state contribution to the forcing

as well as the cos(6¢ + n”- n/) time-varying dependent forcing. The steady state forcing was
addressed via consideration of the unmodulated acoustic standing wave field (see Section V).

It will not be considered in this section. Rather, the focus will be solely on the response of the
hydrodynamic field to the oscillatory forcing.

The governing equations, after being time-averaged, yield

Ve U, =0 - (VIB.6a)
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i+ It - & YRy
B s T

= '&i ¢ \_l\‘. : Vy(i + g.‘ ( i\_l\") + CoMPLEYX (_owue.ATt_%

+ Cos (§4 ') (VIB.6b)

Note that Equations (VIB.6a-6b) are nondimensional, and have been nondimensionalized with
respect to acoustic field reference quantities. The periodic temporal forcing contains "6t", with
& < 1. However, at this stage, the hydrodynamic field is of interest. A re-

nondimensionalization scheme will be performed following the methodology discussed in Section

V.

Re-nondimensionalization

The hydrodynamic field is the focal point. It is this flow which exists as a result of the
acoustic forcing. This is clearly shown in Equations (VIB.6a-6b). However, in those equations,
all quantities have been nondimensionalized with respect to reference quantities which are not
relevant to an oscillating drop. In particular, the "6t" in the periodic time dependence

indicates a very slow scale - yet the drop oscillation time should define the time scale of the

hydrodynamic field.

The re-nondimensionalization acts as a re-normalization, with the result that the
- oscillating drop problem is viewed from the standpoint of the hydrodynamic field as opposed to
the acoustic field.

Rewrite (VIB.6b) in terms of dimensional quantities as follows
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(VIB.7)
The "“" indicates dimensional quantities. Re-nondimensionalize as follows:
-1 ‘I‘\ ' k
Worce £ = 1 > d X = A
A . ° 2 2
duwpgee U = W > b (A worep ) P=p
(VIB.8)

The reference length is that of the drop dimension. This, in fact, provides the coupling to the
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acoustic field; d - ¢)/w 4c - The natural frequency of the drop oscillation provides the time

scale.

Utilizing the re-nondimensionalization scheme yields, after manipulations

Ve U =0 : (VIB.9a)

Qeugoo.
= 'Qi By - Ty )+ g."(iy\") t COMPLEX comue,mz}

« tos( 4 +m" -,1') (VIB.9b)

with Reyypr = (d? wy/V,%). The quantities are now nondimensional with respect to acoustic field

quantities. Moreover, 'll;and 9'2 represent the hydrodynamic/drop oscillation field quantities.

The system represented by (VIB.9a-9b) is linear. Of course, the right hand side of
(VIB.9b) contains nonlinear forcing terms, but these are known quantities. It proves to be more

convenient to work in terms of

A R
- ua. =0 : 4 (VIB.10a)
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¢ e

4+ CompLEX CONTULRTE

Let
N, = Ualn%.e) exp (Lt 1))
& = p(ny0) onp(elea’ 1))
Substitution of (VIB.11) into system (VIB.10a-10b) yields

V-u‘; =0

—

A
¥ Np, - v Uy

APy,
R?mdm-

= (-a) gy."-w } (g.‘)(‘f\f\)

X COMPLEX (ONTUGLATE

It is the system (VIB.12) which must be solved for u; (and P )
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Discussion of Forcing Terms and Resulting Decomposition

(iy;') + c.c.} ,

and represent real quantities. In particular, the field variables y: and p‘l are functions

The forcing terms on the right hand side are of the form {ﬂyi W{ + p‘;

of (r,0) and § . For example

v,

Vo= U (ee) V(%8
with 9, referring to the velocity field in the outer region interior to the drop and with f,‘
(£,0) referring to the correction to the acoustic velocity field in the "acoustic sublayer” region.
As £ - oo, quantities which depend on ¢ will decay to zero.

If the curl of Equation (VIB.12b) is taken the quantities on the right hand side which
contain onIy terms representing inviscid outer flow will not contribute. That is, if the

(linearized) vorticity equation is constructed, it will be an unforced equation in the outer region.

With this in mind, decompose as follows:

Wy = U(re) + W(¥%,e)

;= Be) + BA(y,e)
(VIB.13)

Solution in the "Quter" Region Interior to the Drop

Taking the curl of Equation (VIB.12b) - and restricting attention to the "outer" region

exterior to the drop (i. e., no remaining ¢ dependence), one obtains
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Bw; - o V' = o

7&? ’ Rekgu&

(VIB.14)

with m; the vorticity in the outer region interior to the drop. Note ther are no sources of
vorticity; in this region the hydrodynamic field is unforced.

However, this is the problem investigated by Miller and Scriven (1968), albeit their
analysis was dimensional, and differed somewhat from the present exposition.

The solutions can then be written down for both the velocity and pressure fields in this

region. They are:

e (v,9) = Z(a,* N, 4 (A r))Pz(aose) (VIB.153)
Il .

(Lyptr,0) = i)

Ugplried = ) L A (faday r df,
: A0n) 03 [(9+\) §(31) = B fan(30)] o

(VIB.15Db)

and
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Al -4 4 R
pa(r\e) = 2+ (aﬂ) ar )ﬁ (eos0)

AL | (VIB.15¢)

with

At = (-,i RCHgoRF/“)

Solution in the "Acoustic Sublayer"” Region Interior to the Drop

In this region, the independent variable r is stretched, with the independent (radial)
variable £ related toras P = 'ﬁ - < ’5'
Recall the ¢ = 1/SQRT(Re,c). This system of governing equations has been re-
nondimensionalized with respect to the hydrodynamic field reference quantities. A relationship

between e and Reyypr must be stated. Recall that

Rewgr = & (Repc) = & [e* (VIB.16a)

and

€ = ﬁ / Rewyor 4 (VIB.16b)

One can also define a third Reynolds like number, R,, with
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- 2 - 2] 4 -
Rs § RCAc = 3§ /6 = SRe HYyor (VIB.16¢)
In this work, Re,c > 1, and e € 1, § < 1. Now Reyypy is taken to be order one, and so R,
< 1.

The remarks concerning the relationship of this forced problem to the work of Riley
(1967), which involved a solid body undergoing periodic motion; which was presented in Section
V carry over to this section. They will not be repeated here.

Since Reyypr = O(1), € = &/ Reyypy is then of order SQRT (8). The relationship

between r and £ is given by

~ /5
QL
HYoR ‘ (VIB.17)
with Reyypg Of order one. It is now necessary to rewrite the system of governing equations in
the stretched variable £. Note that in this region, the forcing terms on the right hand side of
(VIB.12b) will contribute. The forcing terms themselves are comprised of functions which
involve the acoustic velocity field.
The expansion will be done in terms of primitive variables as opposed to the stream
function. Since the conservation of moméntum equation is a vector equation, the & and &,
component equations will be expand.ed separately vin the acoustic sublayer region. Writing the

€, and &, component equations yields:
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(€, cons. momentum)

Bliy ) + Ypi

v
- X o+ 22 4t (Slmea
Renyor, 1o rd t‘swaSE )]( uar
"2 -2 (SEou,)
y

r3smb J0

= (2) B (v 'bvi ‘ ﬁ - ) \—,T
——tt -4
S T D) o )
4 . N
t P (iVie ) *+ COMPLEX CONJUGRTE
(VIB.18a)
(€, cons. momentum)
P( Uze) + Lop
T ¥
- ¥ o+2 3+ L2 (ske &
") > ¥ o Tismb ’ae( " %’ (uae
eﬂsnz
i A
+ 2 dar -~  Uap
r* e £ 28ini0
= /. i 3_\,7 ¢ T3 = )
(-2) @( Vir .s_\o * Ve We t Vi Ve
Y 20 o _=r
' v v v (VIB.18hb)

L .
b (iVip ) + COMPLEY CONTUGRTE

J
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Now, expand as

=

-t

o’
th

A
Wap =

with

/2.:\,;

Uar, + ( /Reugm3 Uar, * (IREHW) u-‘"‘a

~i Ya ~ 4 ~ L
Uasp, t (S/Reuuaon) - u;e. T (Slkt‘ugnnyuaea +

= [

A similar expansion is done for p,'. All functions overbarred with a " ~

(VIB.19a)

(VIB.19b)

(VIB.19¢)

" are dependent upon

£ and 6. The right hand side forcing terms in (VIB.18a-18b) (written in terms of §) are known

from knowledge of vy, (and p,), which are acoustic field quantities.

Therefore,

(€, cons. momentum - expanded)

B T (IR(».‘:‘.,.J/z (Lar, )

+ (Reu3on. /s )‘/L (-%S [ F;D * (SIRemdonylz ';:: t (J/Reusn)a\ * ] )
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I { { (E‘:mo_) 3‘__ - a(R- (Slzenau\v“ay‘(&*n-_&)wi.

Remjok ’aE $ ag
+ (‘R - (Slﬂeuam) ' 53 3 ( Smb 3 ) - (’k'(is("n_\luY/AS\)-& °
S b Yy W

~i Uy A w
{ ua"o * (S’P?H:Jnl\ * u.ar| * (JIRCNBDQ) u;“d L EXL }

+

- (i - (Slteugu\"‘ ¥ ).2_3_ (Sﬁhb[ Tl-)o, + ( lgeug,u)‘ asel "] ) }
Smo 30

= “"i( o) fin W 10t (o) (3 &g+ T} )

T 1)

t (Bl ) (11 (SRengor)™ Vir, +

t p( G:Polﬁ' t- )(%ﬁ)h( 33‘.( SR emjmy 5!?. -])

' (5 ( (s'kemm\"l q‘:' b ) (R_;“Lﬁ"l(% [G:"o ‘" (%"‘uu (-EGG’: \® M %“L'-l )"])

Y P(i‘(shea%m\‘hg)“ ( ,\\’lf’oﬁ*"' )%5( (8 /R"S"\‘h Ve, )
+ (&(Tl ~(slneagm)'l,. gY' (vl;., ") 733 ( 0:,‘;,' t (S/Rfu:,oa)('ggtiolﬁ * 3"‘_')*...)

- P"( l\\’l‘:ebr; *+ )(R (s RewanzYI E) ( Vl9¢ T )

T ' -1 AL L
-p( {’7‘90 b ) (R - (S/Rem‘,.n)/"n ( Vieow * Vi, * )
+ CoMPLEX COMTVGATE j

- (VIB.20a)
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The v, and p,' quantities represent the acoustic field. They are expanded in the acoustic
sublayer region; and contain both terms which decay to zero as { » o and terms which
represent the inviscid field quantities re-expressed in a Taylor serves expansion in terms of £ in.
the sublayer region. The subscript "1" on v,' and p,' is kept in order to distinguish clearly these
acoustic field quantities from those of the hydrodynamic field, indicated by a "2" subscript.

Note that the terms on the right hand side involve products, at least one factor of which
involves only the viscous correction to the acoustic field. It should be clear that there is no
time-dependence in Equations (VIB.18a-18b) through (VIB.20a-20b). For more details on the
acoustic field quantities, see Section III.

The expanded form of the &, - conservation of momentum equation is needed at this
point. Itis

(€, cons. momentum - expanded)

@(L)( G”fo + '(Slktmsu\'ll a;ﬁ + (”Reuuon) u;:ea ¢ '.)

+ (§ N (slﬂeu\gm\yz Bd‘ai'e ([ ?:o + (Slpeuaon)\h F:, + (S/R(ugnx) Fa: $-- .])

-
Ren Rew Bl - 1{ -(5]gew u\lh S‘-l (e?u Y )
3DQ ‘35&) g4 3 4o
( RS 5 ) %

bR (5[Rengoe) 320 (50 3_ ) = (R- (5ftewyon)> ) | #
SV B (L L SO

(Wasp + SRewgnY™ Uap, + (8/Rewgon) Us, +---) t
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- (R ‘(S/Rf“‘snn\'/z 3)-9. 72_9' ( azeo M (Slfen‘jok)'llazeu v ) R

(a){ () (iDL T, +1)

Y ( (SIR““ML) ?‘; L )( l[ Ql‘;om M ;\?\‘;o +])

TR er.,\ﬁ +)(1§‘w) (33[ T, * ])

t (3( (8/‘3"‘5")% V“\ )(E?J,_lez(%[ Q;eo\i ¥ 3‘;,, N ])

* (5 (?i - “/Rennmyhly‘ ( QIABO \ﬁ' $eee ) :—e( 5.;, ) )

+ @(ﬁf(slkmnnn)‘/l g)-‘ ( G|§p *)%F(Ql*»\ﬁ' t V‘B.o t “.>

B (R = (§/renge) 8 (i o) ( (Bl T, +--)

+ p(R- (Slnénﬂ.a\"‘“-‘( Voo 4 )( 0&,\3 + (,g‘e—“u;l\‘h(-gﬁ\‘;: \E*\k/‘fl)+---)

+ COMPLEX (ONITUGATE k

(VIB.20b)
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Finally, it is necessary to expand the conservation of mass equation in order to relate

‘ngrto ~“a§o It is

(cons. mass - expanded)
haad R ) ‘I" 3 ~ A ‘/1 ~ s
( ; “) T.g ( ua"l:: ¥ (S/Eehbnl) ua"u oo )

\}l ‘\44\‘

~ Ya -l ~ X
+ a(R" (isennnn.)/ S) ( Uar, *+ (S/RCH:‘on\ Uar, *)

V2 -~ 3 . . " .
¥ (a } [5/‘28“30%) g) _( Sm&\- u;e, 1 (S/RCNJM.\ Z‘IQM + .Q])
I b L

il @

(VIB.21)

It is clear from Equations (VIB.20a-20b) that a balance can be achieved between the
forcing terms and the hydrodynamic field terms if \;. is of order ( &/ Reyypg)-

Physically, the hydrodynamic field is forced by the acoustic field via convective
acceleration type terms; that is, the forcing terms are quadratic in the acoustic field contribution.
The objective of the mathematics is then to have the lowest order hydrodynamic field terms
balanced by the lowest order forcing terms.

Inspection of (VIB.20b) shows that this is the case if the highest derivative of the
tangential component of the hydrodynamic field balances thé radial derivative (normal to the

interface) of the tangential velocity component of the acoustic field, convected by the radial
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component of the inviscid acoustic velocity field. Moreover, it must be that 1.5 is zero, and
(4]

that the balance occurs with l%
]

This has ramifications for the LQ'. component. From Equation (VIB.21), it is clear that

Lgr is the lowest order contribution to g;’
a

From (VIB.20b)

- o 2 M4 Al 2 A
O Uy = 'e’l<@(-l) Vit | 9Vpl, + COMPLEX CONJUGATE

(VIB.22)
which, when the right side is written out, is
d a;el = - Re 2 2 a
—_ RYyoR [3 i : d[: (&
a‘gl ( LS )(EL_'; Si o ‘d“.(jz("‘)l~ Pj(cose\
. = 2 A av,:
(Z Sy ABLQ' E;
[
- /E (1-4)
< TT
- exp (-8 (-0 %)
+
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= (VIB.23)
. ex\o( JBlaa (11 4) E)
It is possible to re-express the coefficients in  as expansions in E! ; that is,
o0
Z C;_ Q.PL
- de
L= Za d( ¢ - § A APII
- (Shdduhn ) )
( st e el e Moy A8 . (VIB.24a)
and
op
Y s
L dp
L=\
> A S A A
- R d A 3 Z , d_?gl
<Z 20(2 a-‘;(él(—r\~ PI(CDSB))< 89_ ABL}' 18 >
-t [
(VIB.24b)
Therefore,

1o - ’ =
%%fa. - (.z?&n..g.n)(;c,_m)u“__))
« vp (= B (-0 })
+ (-Ag Reugbﬂ)(i FL %L)(-jg %‘) ) (VIB.25)
L
*Op (- VB (1) § )
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Let

~ L
UBQ'

é\ /3\ ( ) deL.
(VIB.26)

After a substitution of (VIB.26) into (VIB.25), multiplying through by (d Py/df)sin 8, and

integration over (0,7),

. F .
dl/e:(g) K Ammd 0_‘_& 4_&_ 4o
d*gi de do

i [*.d
= [-4p Rewpa \[~ [E (-0 ma_t_l:e( ¢ Q._) db
( a )( jg /T )L do z - o

L=

) ""P(“ Blaa (1-0) g)

R (~a% Re“b'“)(-jg (1%4_2 XDAWGG.‘%{(HEL igl.)d{)
conp (= IR+ )
(VIB.27a)
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Let

€y =

and

‘which yields

44
de>

B

(L41) d <
o (1) soodle (G et )o)
(VIB.27b)
(ags) [ [ gp dPe [ S 5 AP
;u(g‘m ( L A b a_g&(z 0, %«.) JD)
(VIB.27¢)
o< E 26
enp (= Phe (-0 %)
' R?»sw(‘*)[f:: %l (ca)
*Up (= [Pl (14i) %)
(VIB.274d)
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The solution to (VIB.27d) is found to be

(o

U\;;, (‘3,9) = é d; * d:S
4= + Rfmamf]d:(l*‘:) c—iﬂé
"CXp(- [Pl (-03%)

T Rewgon 2 é (1-1) ca[’"_

“ N (Ply (1D )

and

Mea = s, (5:0) enp(i ey
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4,
do

(VIB.28a)

(VIB.28b)



VIC. BOUNDARY/INTERFACE CONDITIONS

The boundary/interface conditions are those that must be applied at the hydrodynamic
field level. Of course, these conditions themselvés will be linearized, as the hydrodynamic
problem itself is linear. The boundary/interface conditions which must be applied are: (a)
kinematic condition, (b) continuity of velocity field components across the drop/host medium
interface, (c) tangential stress balance across iﬁterface, and (d) normal stress balance (including
surface tension/curvature contribution) across the interface.

The velocity and pressure fields which are utilized are those of u)', u,°, p,', p,°, given in
Sections VIA and VIB.

In addition, the surface forces due to the radiation pressure vector will enter into the
boundary/interface conditions. Recall that these are the projection of the acoustic radiation stress
tensor upon the surface of the drop. (That is, prAPAt and prANC, which have been presented
in Sections Il and IV.)

The velocity (and pressure) field which comprise the hydrodynamic field do include
contributions which arise as the result of forcing (of the governing equations) by acoustic field
quantities. These contributions arise in the acoustic sublayer. If their contribution to the
hydrodynamic problem velocity field were to be neglected, the resulting hydrodynamic flow field
would be only that of an oscillating drop (previously investigated by Miller and Scriven, 1968).
In the work presented in Sections VIA and VIB, it has been seen that the flow in the "outer”
regions (both ihterior and exterior to the drop) is precisely that of an oscillating drop. Of
course, in the work presented in these sections, the contribution to the velocity field arising in

the acoustic sublayer region is determined, also.
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In the work of Marston (1980), the acoustic field was taken to be strictly inviscid. Then
a non-zero contribution to (Pr'AN%), does not exist. Moreover, the hydrodynamic governing
equations themselves are not forced. Therefore, only (pr™*) will force the oscillating drop
solutions in the boundary/interface conditions in the case in which the acoustic ﬁeld is strictly
inviscid.

It is the goal of this section to develop the boundary/interface conditions which apply in
the case in which the acoustic field incorporates viscous effects. In doing this, it will be
necessary to 1ook‘ at the velocity fields obtained in the previous two sections in more detail.

As a first step, the equilibrium interface will be defined. This will be followed by a
presentation of the geﬁeral form of the interface/boundary conditions. Finally the velocity and
pressure fields pertaining to the forced hydrodynamic problem will be utilized in the conditions,

and specific equations obtained.

Equilibrium Interface
The equilibrium interface is defined by

~ al Altan"-n")
= r-R - Ko P, (eose) e =0
Fe 2;0 AR5 (VIC.1)

The third term (following the first equality) represents the time-dependent oscillation of the

interface.

Boundary/Interface Conditions: General Form

The general form of the boundary/interface conditions will be presented. In keeping with
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earlier work, these have been nondimensionalized. They are:

(Continuity of Radial 'Velocity)
NI .,_,7.,) O J{tymh. p)
Ur "M - U’r e 1

At r:® y:x:o
(Continuity of Tangentjg} Velocity)

Uy g

= Uy eftory)

at ri R 1 $:%z2p0
(Kinematic Condition)
‘ J‘(f’ . !)
ey Y e” T o
ot
or
3Fe . .Uro eA‘H:'H’""l’) =p
it | | N
at FaR, £252p

(Tangentia) Force Balance)

Il

(VIC.2q)

(VIC.2b)



= Re\\jnk < (T)_\"-n”(‘)e >

AL T ()
= Re\-\\jna (3 ( Viro IR Vo, T+ CoHPLEX COUJ’U&ATE>6

no o Lt -y
— Rev\\aou (V\:o V|9° + COMPLEX CDUJ'l)&hTE) e* R )

at r=§"5=§:o (VIC.2d) ‘

Recall that @ = p/u and B = p,/p.°. U,‘ and U,' refer to the time-independent factor in
the hydrodynamic field. The forcing due to the tangential component of the radiation pressure

vector is shown (on the r.h.s.). Its form is that discussed in Section IV. The "*" over Q, izo
refers to the contribution due only to the inviscid acoustic field. Clearly, y,."°, the €, component

of the acoustic field, includes viscous effects. That is to say, for example,
Y 2 {
Vlao V‘Doli + V|9°

(Normal Force Balance)

-p* + aq aUri>em“‘""") = (‘Po ya Ay )e““”mﬂ
Rewyor O Rewyen 3P
~6 VN

(VIC.2¢)
+ ( PRRASIAL Y
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with G = (0,/p.° d® wprop’), and o,° the surface tensidn associated with the interface between the
liquid drop and the host medium. The unit vector fi is the outward pointing normal to the
interface. Specifically, i = V Fe/ | VFe | .

Equations (VIC.2a-2e) represent the general form of the boundary/interface conditions
which must be satisfied. Note that forcing terms, namely, the & and € components of the
radiation pressure vector, appear in the above system of equations. This is a nonhomogeneous
set of linear equations. The unknowns are the coefficients of the velocity and pressure fields.
Once these are determined, the hydrodynamic flow field, which exists as a result of the acoustic

forcing, will be known.

Velocity and Pressure Fields

Recall that the velocity fields in both the "acoustic sublayer” region and "outer" region
interior and exterior to the drop have been found - up to the unknown coefficienct - in Sections
VIA and VIB. Also, the pressure field in the "outer” region (interior and exterior to the drop)
was determined explicitly (also up to a constant.) The pressure field in the "acoustic sublayer”
region is of higher order in (/6/ Reuypg) and will not contribute.

Recall that
o (£4n-n) o -§- o ) Lk 4n"-n1)
War. et T = Z(qg“ 304 (nﬂ)&(cose)e L
Y
1
T O(SIQPMDR)

(VIC.3)

162



with 52 = (-i Reyypg)-

and g0 12 LIVIRT
¢ il s Lag r dh e“ 1"7")
Ue ¢ - L) | 4 a8 ( o 40
04 (Q%l) 4\1 (ar) "Aze\pﬂ (ar)
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(VIC.4a)

However, as { — oo, the contribution that is in the "acoustic sublayer" region must decay. This

implies that d,° = d,°* = 0. Therefore,

° ll’nv’"q‘) _ Z al -1-2
e C ) ‘%%
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AT fssotg ) enl )| e T
9“50& - 'EY m
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va
(VIC.4b)
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The pressure field exterior to the drop is given by

° -Lllé"‘"“"') 2 (t‘t ",
e :E L (8%) (Lpp0 07t 1"1')
) T T ( Lagr ) (wse) 8

+ O (E/?cu‘ann] 2 ) (VIC.5)

Note that the contribution to the pressure is essentially due to the "outer" region solution.

The velocity and pressure fields interior to the drop must be utiliied also. These are

uir Ci(“”""]')

o ; ) ; N ! “:+ "_ l)
= Z (a. U 03%@(‘”))?2(“’”) 3 T (VIC.6)
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(VIC.7a)
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The requirement that the solution which involves the "acoustic sublayer" variable, £, decay as

£ - oo implies that d} = d,' = 0. Therefore

N (t"- l)
s e* AL |
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(VIC.7b)

Finally, the pressure field is given by

Y L
hoe’ b)

= o tam-
}: J’.L(“”Af_)a l"p“ Pl(coso Q(h} w’-)

A(p+1) Reaya (VIC.8)
L
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165




Boundary Interface Conditions: Specific Equations

It is necessary to substitute the expressions for lb’i"’, \af”, p;° found in Equations
(VIC.3-VIC.8) into the general form of the boundary/interface conditions given by Equations
(VIC.2a-2d) in order to obtain the specific system.

Lowest order terms only will be kept.

(Continuity of Radial Velocity)

.&‘Nl-‘ . . Ay ~ afe ~
aQ, R™ + a;%u{ak) = a3 R4 4 qf —é—}\g)ux)
R |

d r-’-'ﬁt ) §=§=O
(VIC.9)

-_With AL" (-4 Renan.) ; ,31 = ('A.. Rennpg . F/‘( )

(Continuity of Tangential Velocity)
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at r=R,3:=%:0
(VIC.10)
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(Kinematic Condition)

¥ a°«%&§" (A7) =0

“L KR T Q; ’R-Q'l

at r2R . T = ’g =D
(VIC.11)
(Tangential Stress Balance)
This requires some further manipulation in order to see clearly the substitution steps.

Expanding on Equation (VIC.2d) yields

THE) 4 g g
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(VIC.12a)

Of course, after substitution, only the lowest order terms are kept. This leads to
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It is understood that there js 4 Summation (over 1) in the above equation.

This can be simplified to yield
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dP :
Therefore, multiplying by d—: , and integrating over (o, ) yields, after utilizing orthogonality
properties,
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The factor [21(1+1)/(21+1)] appears in each term (and can be cancelled). This yields
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Note that the contributions due to the velocity field gradient in the acoustic sublayer, which are
"2 B Reyypr (€1 + ¢2)" on the left hand side and "2 Reyypr (€1° + ¢2,9)" on the right hand
side are exactly cancelled by the tangential component of the radiation pressure vector which

appears as "2 8 Reyypg (€1 + €2/) - 2 Reyypr (€1° + ¢2,)" on the right hand side!
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Therefore, the net effect is that the tangential stress resulting from the velocity gradient
in the acoustic sublayer region variable cancels the tangential component of the radiation
pressure vector at the interface. Both of these effects owe their existence to the inclusion of
viscous effects in the acoustic field.

As far as this particular boundary/interface condition is concerned, there. is no change

from the case in which the acoustic field itself was taken to be strictly inviscid.

It must be noted that the phase of the response has been set to be equal to the phase of
the forcing. If there were to be a phase lag, then the exact cancellation would not occur.

Rather, let npposep = 1" - 7' and let nresponse = Mr be unspecified. In the case in which
Nr = NMvrosen, total cancellation occurs. However, if 7y # npvwrosen (= 1w), then the tangential

stress balance will be given by
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That is, if there is a phase lag between the forcing and the response, then the tangential

stress balance becomes a forced equation (in unknowns (a,°, a,°, a,° a,')), with
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A
with (pr™4}) the time independent contribution of the radial component of the radiation

pressure vector.
Notice that in this section, the possibility of a phase lag between the forcing term and the
response is acknowledged explicitly.

After substitution, the normal force balance equation becomes
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It is understood that there is a summation sign (over 1) in the above equation. Recall thata? = -
i RCHYDR and 32 = -i ReHYDR (6/(1).
Multiply (VIC. 19b) through by (P sin 6) and integrate over (0,7). Use of orthogonality

properties yields
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Clearly, this can be simplified to
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with 82 = -i Reyypg and A% = -i Reyypr (B/c).
Looking more closely at gr“d‘", it is seen to be the projection of the radial component of

the radiation pressure vector onto the "Pg" mode (or Y,, mode, if spherical harmonics required).

It is of the form
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with 3“ the adiabatic compressibility, and the subscript "1" indicating the acoustic field. Now, -
to this order of approximation; v“i'° remains the same as if only the inviscid acoustic field were
taken into account. It isin vw"° that the viscous correction to the acoustic field will contribute.
Therefore, although the form of the forcing term is the same as in the case in which the
acoustic field is inviscid, it is in fact "corrected" by inclusion of the terms due to viscous

acoustic field contributions.
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It is remarked that the drop is taken to be spherical. The actual deformation to the drop
was determined in Section V. Calculations indicated that for a millimeter drop, the deformation
from sphericity is on the order of microns; and is therefore neglected as a possible modifying

agent in the boundary/interface conditions.
Final Comments

It is helpful to the purpose of further discussion to reprise the final form of the

boundary/interface conditions in one subsection. They are given by
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Clearly, this is a forced system in five unknowns: a,": a,(‘, a,;, 342, and «,. If the forcing terms
are set equal to zero, the problem reduces to that of free drop oscillations addressed by Miller
and Scriven (1968).

In comparing, it must be noted that they did not nondimensionalize. Also, they found
it more convenient to work in terms of surface divergence conditions. (However, their results
can be recovered from those listed in Equations (VIC.21a-21e), provided the forcing terms are
set equal to zero, the system re-dimensionalized, and some manipulations performed.)

If there is no phase lag between the time periodic forcing and the time periodic response;
then only the normal force balance equation is forced. However, even in this case the results
do differ from those in which the acoustic field is considered strictly inviscid - that is, the
viscous acoustic field would modify the forcing in Equation VIC.21e).

To summarize, the inclusion of viscosity in the acoustic field produces three effects:
1.) in the "acoustic sublayer” region, the velocity field is enhanced
2) the tangential stress balance equation, taken at the drop/host interface, r = ﬁ, E=¢=
0. (linearized case), is forced by the (projection of the) tangential component of the radiation
pressure vector provided there is a phase difference between the time periodic forcing and the
time periodic response.
and
3) \l,:: which occurs in the forcing of the normal stress balance is modified by inclusion

of viscosity in the acoustic field.
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VII. CONCLUSIONS

The focus of this project has been to elucidate the nature of the flow field (both interior
and exterior to the drop) for the case in which acoustic radiation pressure forcing due to the
tangential radiation stress is incorporated.

It is clear from the physics of this problem that viscous effects in the acoustic field must
be included in order to have a non-zero tangential radiation pressure contribution. Prior
analytical work in this area is represented by the major work of Marston (1980), and several
other related later papers (Marston et. al., 1981, 1982). In this prior work, the acoustic field
was assumed to be inviscid. Thus, no tangential stresses could be taken into acount due to the
nature of the formulation.

Physically, it is recognized that the flow field of the oscillating drop only exists if the
acoustic standing wave field itself is modulated, with the difference between the acoustic wave
frequencies that of the natural oscillation frequency of the drop. In the mathematical formulation
of this situation, prior work has noted that, were a consistent formulation to be developed, there .
would be no forcing of the hydrodynamic field vorticity equation since the acoustic field was
taken to be inviscid. Therefore, the previous analytical formulation assumed that the
hydrodynamic flow field would be adequately represented by the known solution of the freely
oscillating drop; and simply proceeded to force this solution by adding the forcing term the
boundary/interface conditions.

In addition to the primary goal of this research project which did determine the viscous
acoustic field and elucidate the nature of the resulting hydrodynamic field forcing, certain side

topics were investigated briefly. These include the radial forcing only of a compound drop with
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core/shell of the same density and compressibility (presented in Appendix II) and a discussion
of the effects of non-axisymmetric acoustic forcing. It was seen that shear waves could be
excited were the acoustic forcing to be non-axisymmetric.

Work done in this project has determined the viscous correction to the acoustic field.
These results are presented in Section III. It is remarked that in order to accomplish this task,
an acoustic boundary layer/method of composite expansion technique was used.

The acoustic boundary layer/composite expansion approach was developed as an
alternative to an exact anlytical method approach involving an acoustic field decompositibn that
was tried initially. The results of this first approach are listed in Appendix I. Briefly, this first
approach was not useful because it was too difficult to implement the resulting
boundary/interface conditions numerically - some terms proved to be extremely small relative
to others in the equation. It is this result which pointed in the direction of a boundary
iayer/composite type expansion approach.

Results obtained for the acoustic field with viscous effects (Section III) included show that
the solutions for the "inner" region decay exponentially as the inner region variable goes to
infinity. An inner region solution was found for both regions interior and exterior to the drop.
Since the drop is liquid as opposed to a solid sphere, the perhaps more typical case of imposing
the no-slip condition is replaced by solving a set of boundary/interface conditions. One |
interesting result of this process was that the boundary/interface conditions of (1) the radial
component of the acoustic velocity field balance at the interface and (2) the normal force balance
at the interface were unchanged from what theyt had been for the case in which the acoustic field

is strictly inviscid. (Of course, in the work of this project, nondimensionalizations have been
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done. This must be remembered in any comparisons with the literature.) The inclusion of
viscous effects in the acoustic field is manifest in the boundary/interface acoustic field conditions
of (1) tangential (é,) component of the acoustic velocity field balance at the interface, and (2)
the tangential stress balance at the interface. It was determined that the tangential stress balance
is due only to terms which arise via incorporation of the viscous effects. In the tangential
velocity balance, both terms which arise due to viscous effects \(i.e., the inner region
contribution) and to the inviscid formulation (i.e., the outer region contribution) enter. It is
through the solution of these boundary/interface conditions that the unknown coefficients are
found, and the acoustic field characterized.

Of thé inner region dependent field quantities, only the tangential component of the
acoustic velocity is of order one (in the inner region, it decays to zero as the inner region
independent variable goes to infinity). All others of lower order.

The results of Section III which give the viscous correction effects to the acoustic field,
although. interesting in their own right, are absolutely necessary in order to determine the
hydrodynamic field. Itis in Sections V and VI that the structure of the hydrodynamic field itself
is elucidated.

Before addressing the hydrodynamic field structure, the ramifications of incorporating
viscosity into the acoustic field description on the tangential radiation stresé tensor and on the
radiation stress vector were explored in Section IV. The form of the tangential radiation stress
was exhibited.

It must be kept in mind that few examples in the literature exist on real or even supposed

experimental systems. The work of Marston and others has utilized p-xylene drops in water and
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silicone oil drops in water. The calculations of relevant quantities in the inviscid acoustic field
approximation - are minimal in the existing literature. A caluclation due to Marston (1980) and
later improved/corrected by Marston et. al., (1981) for a p-xylene drop in water exists. It is
this result which forms the basis for a quantitative comparison. The work in Section IV has
proceeded to calculate the forcing terms in the boundary interface conditions only. This is an
intermediate step which may be done before actually solving for the new hydrodynamic field
itself.

The comparison between the calculations of this project for a one mm drop of p-xylene
in water and those of Marston (1980, 1981) were done in Section IV. The results between the
work of this project and Marston’s were found té be quite close for the calculation of the radial
component of the radiation pressure vector, which was on the order of (.1) dynes/cm’ for a
carrier wave amplitude (in pressure) of 10° dynes/cm?. This comparison utilized terms found
in the inviscid acoustic field approximation only. In the calculation of the effect of the tangential
stress upon the drop deformation, it is necessary to utilize the viscous acoustic field. It was
found that effect is of the order of between (.01) to (0.1) dynes/cm’. The formulation of
Marston (1980, 1981) could not and does not include a viscous acoustic field, and so did not
calculate this quantity.

It is possible to do a limited parameter study of "theoretical” systems. Because no
comparisons exist with experiments, the results are not being presented here, but will be found
in the MS thesis (by Ferguson).

The results of ‘Section IV show that the viscous acoustic field contributes tangential

stresses which have an effect upon drop deformation, as well as other quantities.
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It is the actual structure of the hydrodynamic field which has been probed in Sections V
and VI

In the work of Marston, the flow field is taken to be that of a freely oscillating/decaying
viscous drop which is forced via the boundary/interface conditions. No modification of the
hydrodynamic field itself occurs due to the forcing of the Navier-Stokes equation by functions
quadratic in acoustic field quantities. This entirely consistent with the level of approximation
done by Marston; but such an approach cannot incorporate tangential forcing, which is the

primary goal of this project.

A formal expansion scheme in the small parameter & , which represented

(9 proA @acousnc) Was utilized in obtaining the forced hydrodynamic field inéompressible

Navier-Stokes equation.
It is noted that a re-normalization was performed at this stage. This involved a re-
nondimensionalization with respect to hydrodynamic field reference quantities as opposed to

acoustic field reference quantities. Following this, the following restriction was made that

Re gypro (" ®prop dzlvo) is of order one.

A detailed discussion relating this to streaming Reynolds number as well as Re,. was

done in Sections V and VI. The relationship of this work to that of Riley was explored.

The resulting forced equations were solved. It was seen that the forcing of the equations
by acoustic field quantities only existed in an acoustic sublayer region; outside of this region the
flow field is given by either Stokes flow (if the acoustic field was unmodulated) or the freely
oscillating drop flow field of Miller and Scriven (if the acoustic field was modulated).

This, then, represents the modification in the hydrodynamic field due to acoustic field

forcing. Moreover, is is seen that the correction to the hydrodynamic velocity field is smaller
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than order one in the acoustic sublayer region. Moreover, these contributions decay as the
"acoustic sublayer” region is left. It is the tangential component of velocity thgt is the largest
in this sublayer region, and therefore the tangential component of thg hydrodynamic field which
receives the most enhancement from the acoustic forcing. However, this largest enhancement
is smaller than order one.

The application of boundary/interface conditions at this hydrodynamic field level produces
a very interesting result.

The boundary/interface conditions at the hydrodynamic field level are the kinematic
condition, the velocity component balance at the interface, and the stress balances at the
interface. It is the normal force balance across the interface whiéh includes the surface
tension/curvature contribution. These quantities are all evaluated at the interface.

There are also contributions due to the radiation pressure vector; the radial component
of which forces the normal force balance equation. It is the é, tangential component of the

radiation pressure vector which forces the tangential stress balance equation.

The radiation pressure terms have an associated (constant representing the) phase, and
the hydrodynamic field variables have an associated phase; in general these are not equal.

'fhe effect of the viscous acoustic field contributes most dramatically to the tangential
stress balance. Not only do the tangential velocity components resulting from acoustic field
forcing in the sublayer appear in this equation, but also the tangential component of the radiation
pressure vector serves to force this equation. Of course, the tangential velocity components
associated with the standard oscillating drop solution also contribute.

After the evaluation at the interface, it is seen that the velocity field modification terms

due to the acoustic forcing in the sublayer are the same but opposite in sign from the terms
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involved in the tangential radiation pressure forcing - up to the phase angle. If the phase of the
response (i.e., the hydrodynamic field) is the same as the phase of the forcing, then the
contributions would identically cancel! This would result in the effect of the acoustic forcing
being present only through the radial component of the radiation pressure .vector. (Of course,
this radial component itself is recalculated to include the viscous contributions of .the acoustic
field, but the form would not change from that used by Marston.)

However, it is not reasonable in general to suppose a response (i.e., the hydrodynamic
field) which does not have a phase lag with respect to the forcing. The smaller this lag, the
more the tangential forcing term is reduced. The final system given in Section VI may be solved
for values of the physical parameter of interest.

Finally, although the;re is enhancement of the flow field in the "acoustic sublayer" region,
this enhancement is less than order one. Also, outside of this sublayer region, the flow is that
given by Miller and Scriven (1968), and assumed by Marston (1980); i.e., the flow field of the

oscillating drop.

191




REFERENCES

M. Barmatz, "Overview of containerless processing technologies”, in Materials Research Society
Symposia Proceedings, ed. G. E. Ridone, 9, 25, 1981.

C. Ferguson, MSAE Thesis, West Virginia University, In Preparation.

M. G. Greenspan, "Rotational relaxation in nitrogen, oxygen, and air", J. Acoust. Soc. Am.,
31, 155, 1959.

A. C. Hearn, REDUCE User’s Manual, Version 3.3, Rand Publication CP78 (Rev 7/87), Santa
Monica, California, 1987.

P. L. Marston, "Shape oscillations and static deformation of drops driven by modulated acoustic
radiation stresses-theory”, J. Acoust. Soc. Am., 67, 27, 1980.

P. L. Marston, and R. Apfel, "Quadruple resonance of drops driven by modulated acoustic
radiation pressure--experimental properties”, J. Acoust. Soc. Am., 67, 27, 1980.

P. L. Marston and S. G. Goosby, "Ultrasonically simulated low-frequency oscillation and
breakup of immiscible liquid drops: Photographs”, Phys. Fluids, 28, 1233, 1985.

P. L. Marston, S. G. Goosby, D. S. Langley, and S. E. LoPorto-Arione, "Resonances, radiation
pressure, and optical scattering phenomena of drops and bubbles”, Proc. of the International
Colloquium on Drops and bubbles: Their Science and the Systems They Model, ed., D. H.
LeCroisette, held in Monterey, California, Nov. 1981, published 1982, SP-JPL 82-7.

P. L. Marston, S. E. LoPorto-Arione, G. L. Pullen, "Quadruple projection of the radiation
pressure on a compressible sphere”, JASA, 69, 1499, 1981.

C. A. Miller and L. E. Scriven, "The oscillations of a fluid droplet immersed in another fluid,
J. Fluid Mech., 32, 1968.

R. Natarajan and R. A. Brown, "Third-order resonance effects and the nonlinear stability of
drop oscillations”, J. Fluid Mech., 183, 95, 1987.

*y S

A. Nayfeh, Perturbation Methods, Wiley, New York, 1973.

W. H. Press, B. P. Flannery, S. A. Teulosky and W. T. Vetterling, Numerical Recipes; the Art
of Scientific Computing, Cambridge University Press, Cambridge, 1986.

A. Prosperetti, "Normal-mode analysis of the oscillations of a viscous liquid drop immersed in
another liquid", J. de Mech., 119, 149, 1980.

192



N. Riley, "Oscillatory viscous flows. Review and extension”, J. Inst. Maths. Applics., 3, 419,
1967.

E. Trinh and T. G. Wang, "Large-amplitude free and driven drop-shape oscillations:
experimental observations”, J. Fluid Mech., 122, 315, 1982.

E. Trinh, A. Zwern, and T. G. Wang, "An experimental study of small-amplitude drop
oscillations in immiscible liquid systems”, J. Fluid Mech., 115, 453, 1982.

J. A. Tsamopoulos and R. A. Brown, "Nonlinear oscillations of inviscid drops and bubbles",
J. Fluid Mech., 127, 519, 1983.

T. G. Wang, E. Trinh and W. K. Rhim, D. Kerrisk, M. Barmatz, and D. D. Elleman,

"Containerless processing technologies at the Jet Propulsion Laboratory”, Acta Astronautica, 11,
233, 1984.

193



RESULTING PUBLICATIONS

"Determination of the viscous acoustic field for liquid drop positioning/forcing in an acoustic
levitation system in microgravity”, M. J. Lyell, accepted at the VIIth European Symposium on
Materials and Fluid Sciences in Microgravity, to be held April 1992, Brussels.

"Liquid drop flow field in the presence of an acoustic ﬁeld" M. J. Lyell, Bull. Am. Phys. Soc.
Vol. 36, p. 2695, 1991 (abstract).

"On the acoustic forcing of a liquid drop", M. J. Lyell, Bull. Am. Phys. Soc Vol. 35, 1990
(abstract).

"The effect of tangential radiation stress on the acoustic forcing of liquid drops”, AIAA Paper
89-0066.

"Calculations of the viscous acoustic field for droplet positioning in an acoustic levitation
chamber”, M. J. Lyell, submitted to ACUSTICA.

"On the hydrodynamic field resulting from acoustic forcing of a liquid droplet”, manuscript in
preparation.

"Aspects of acoustic forcing of liquid droplets”, MSAE Thesis, West Virginia University, C
Ferguson, In Preparation.

194



APPENDIX I:

DETAILS ON VELOCITY DECOMPOSITION APPROACH
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This section presents in detail the determination of the viscous acoustic field by means
of the velocity decomposition approach.

The acoustic field which incorporates the effects of viscosity must be solved for in the
regions interior and exterior to the drop. Quantities in the respective regions will be designated
by superscripts i and o respectively. |

To facilitate solution of the acoustic field equations, the velocity vector is decomposed

as
i - A 4
w = 9¢’ + vxpA (ALla)
o -
v, = v¢° + V xA’ ' (AL1b)

into irrotational and solenoidal parts. The vector potential is denoted by 4’ (and A°). In order
to rénder that analytical calculations tractable, axisymmetry is assumed. Then A' = (0,0,y)),
with i(r,8,t) a scalar function which is independent of q&f This is done in a similar fashion for
A°. The vector potential has a structure akin to that of a toroidal field in the familiar
poloidal/toroidal vector filed decomposition approach. However, § does not generate A in the
usual sense. |

It is noted that exterior to the drop the acoustic field must account for the scattered as
well as the incident wave contributions. (This is in addition to whatever contribution exists due
fo the presence of viscosity.) Thus, ¢° = g + due’.

Substitution of the velocity field decomposition into the linearized govemning equations

and further manipulations yields
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Exterior region

'514?0 “(@Y L+ & (3% ¢ pugny 9 V"o =0 '
e @t Rl T 120

ot (AL2b)

Interior region

) -(c.‘)z{‘-*__i § ot g 3}‘7"’::0
731 R S
(AL 3a)

%ﬁ. = ¥ VA’ )
t . (AL3b)

The incident wave is known strictly in terms of ¢c°. In order to deternmine the scattered wave
field, both A.° and ¢,° must be determined. This is also the case when determining the velocity
field in the interior of the drop.

Note the factor which appears (with 1,0 superscripts) in Equations Al.2a and Al.3a. This

indicates that the effects of (shear) viscosity (u) and bulk viscosity (ug) appear in the
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longitudinally propagating part of the acoustic wave. These effects serve to attenuate the wave.
Moreover, the bulk viscosity does not contribute to the solenoidal part of the velocity field. This
is evident by considering Equations AL.2b and AIL.3b. These equations are vector diffusion
equations, with the shear viscosity responsible for the diffusion. This will be discussed further.

The incident traveling wave can be expressed as

° - . . ~iwt
¢I~c(r.9d) S A z i(q‘(aul) h(hor)?e(cose) e }

L=0 (AL4)

where w is the acoustic frequency (carrier frequency in the case of the modulated wave). This
wave is proceeding from -oo to the drop in the direction of the polar axis. Ultimately, the
interest is in the acoustic standing wave field. This can be expressed as the superposition of two
(oppositely) traveling wave fields.

Assuming a form of ¢,° (or ¢>‘j to be an expansion in Legendre polynomials, with

harmonic time dependence

00

¢;T ( rleft) = ‘wi

Ao Ao iy,

%5 Pg (coso) 4> (r)e
Lo | (ALS)
the equation governing the longitudinally propagating part of the wave reduces to

Ao

1 ' 4o _ A
Lo 5 248, 4 (Ko - £0w)) ¢;‘ =0 | (AL6a)
dea r dr >
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with
K, = (wh)*
ii - ()\;3 “' %p: + %E“K]‘ (AI.6b)

A change of superscripts will denote the equation governing ¢'. The solution for the exterior

region is given by

P

° . Ao ci st
4>5c.1 (fo) = Z s, /3\; (Wr) &(eose)e g

fz0 . (AL60)

with h® (K, r) indicating the outwardly propagating wave. In the interior of the drop, the

solution is given by

P (ron) = 2: :(g',%mf)ﬁ(cose) et

Since axisymmetry has been assumed, there will be only one contribution to the vector

(AL.6d)

potential equations, the'e} component. This yields a scalar equation

_?_y{ "’:(vz‘\)s B ‘Y: )"0
n Fo’e (AL7a)

governing the shear wave exterior to the drop. Replacement of the o by i superscripts, together
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with the physical properties.data, gives the equation governing the shear wave interior to the

drop. The exterior solution is given by

o = s Ao . ! Lt
\"\)s(r'e'ﬂ z A, /&fg)(x.r) Eq (eos6) € “
=1

(AL.7b)
where ¥ = SQRT (i w p%,°) and Pi is the associated Legendre polynomial.
The interior solution is given by
o
4 AL
= ) I VRS -
q’ (r,6,%) z A ¢ %g {Xg r) :Pl (w;e) e (AL70)
2=\

Since the standing wave field is of interest, these solutions will be superimposed with
waves travelling in the other direction. This can be indicated by a change in the multiplicative

constants. Let

S = Wt (29#\){ e.ch,ﬂ\ % e““K"ﬁ‘}
(AL7d)

with h the distance from the acoustic velocity nodal plane to the drop’s center. (This will be

taken to be zero; then, for odd values of 1, §, will be zero.)
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Ao - o Ao - 2 0
with Xsg * S ds, Asg = oAy
Xy * e Xy Az 2§, A;

The general form of the solutions which satisfy conditions of finiteness in the respective
regions has been determined. It remains to solve for the multiplicative constants, which can be
done through the imposition of the appropriate conditions at the drop/host medium interface.
The conditions on the acoustic field are that (1) the pressures balance, (2) the radial and
tangential components of velocity are continuous (respectively), and (3) the shear stress balances
at the interface. This yields four conditions for each 1 value, and there are four unknown
constants existing for each 1 value. It remains to determine the pressure in order to construct
all the necessary conditions.

The pressure can be determined quite readily. It is a solution of

o g v
ot
(A1.92)

The pressure in the exterior and interior regions is given by

o s 4t 0O |
°kc,0,) = (~Lg & w) “sg(a?r -t )}\t)ﬂ\’-ﬂ Pylessore™
P 2

r
S . .
g Whn (Gt $ie -daw ) b (Wor) le.%)

£ ..
(ne) = (-1g' & Hfw i
Pire, )Z Sgd,’{g; 24 wﬂ)}umr)P(eosa)e
. (AL9¢)
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For completeness, the velocity components interior and exterior to the drop are listed

below. These are

l.{: (ry5)t) = Z ) %‘. 4 (81(!(«)} p,e(.wse)e"a‘yt

\ ~iwt 104
Zsa flsse)) fun
bl; (r,0,t) = l .(b épz Lwt
| }:Sﬁ % (,ﬂ_l?__ﬂ) a» & (AL10b)
2

t z Se Ail R ﬁ;(t‘ falicry) &‘ (eospy 4
2

> . , dwt
Urgrlroyt) = Z 5p ks, %(Ai’(w,r)) fo (t0s0) € (AL10¢)
5N a) L . ' Lt |
22 SIASQ (&gr(x,r))m’%;(sw Po) €
. o (AP (Ker)) by o4
Upyylroit) = Z; Bl (25 )Ta' e (AL10d)

+ Y, Sthg (0E4: (e () e (eose) <t

The conditions at the interface are then given by

£( 2 - . R .
Ky {?1’-““”' ‘K‘ *nﬂ\f;g)} 4+ A’_ 2(441) é;:\YcR)

= g {0 r)- 1 A0 (nrd} 4 AG LE4) A (6)
Sﬁi’g' heny )S s

LiakR) -1 §
X Aznc{ = 32 (KR) hﬂ(KoR)} (ALlle)
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LTI SR &(_11\) i2(R) -mw(m}
R

= dsl "‘1‘)(“““ - A iu*‘)l\“(r r)-Yo hew (r.R)} + Axm. j;(l(o \I N
(AL1

&:ua 1)

lk.k)‘ li.; { [a0*-n- 'R 4, (4R)

*2\2‘1‘“.(\'(’{)}

oy s
= d:x W} aten f\lzn(K Q) - 2 ‘\‘t“ (R
—R_,’. ° -ﬁ i
+ A;, Mo a1 o)) 0y
F{ [&(l’-q) - KO:R ]Aﬂ (X‘oR) + 23’,2 +\(roR)

t Al“‘ “:{ -1 - ég (k. R) -2 ﬂl*‘(KbR)k
(Al.11c)
oy (1563 w) § 489 (Yo -1) ulen) - K fanlcn)]

ey (245) i L aen) - wiRY] dolker) + atv.nggﬂ(l(.n)]
R*

+ A‘ OR_E.E s l(ﬁﬂ)% (2-1 {g(\'(l) - \'.;Ré‘“l(\’c‘l)}}

= o, (i) § e (e 0 Y (o) - 1 Ad (o)}

tg % { [ 20n)- k3R] A2 (6R) + aloRAg:, (mm]

+ Ao 2”: } (‘)( _— oW }
] Fill!m{“ VA (RR) ~ ¥ “‘*'(m\} (AL11d)

t Awe (4061 w) i!(ﬂu) (Vo2 ;(‘)2, felter) = 167 douy ( "oR)}

b A 28 | Ll (o + 2R fenlen}



APPENDIX II:

ACOUSTIC FORCING (UNMODULATED) OF COMPOUND FLUID DROP:

SUBCASE OF CORE/SHELL VISCOSITIES DIFFERENT
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This work considers the effect of acoustic forcing upon a compound drop systeﬁ. The
compound drop system itself consists of a core fluid of density p,, viscosity u.', surrounded by
a shell fluid (density p,*, viscosity u,”) embedded in a host medium (with p.°, y;"). In general,
the surface tension values at the inner and outér interfaces will differ. Only a specialized sub

case of the general compound fluid drop system is considered. Attention is restricted to the case

in which the core and shell fluids have the same density and compressibility, but differ in
viscosity.

The acoustic wave'providing for the forcing of the drop is considered to be inviséid.
That is, the viscous effects will be restricted to the hydrodynamic field. The acoustic wave then
sees the outer interface as a boundary between two media since the acoustic wave is taken to be
inviscid, the only contributing term in the radiation pressure vector will be the radial component.

The case of the unmodulated acoustic wave is considered. This will result in drop
deformation. The problem is to determine the deformation and compare it to what would exist
for a simple drop.

Linearized governing equations for the hydrodynamic field reflect the steady state nature
of this problem. Manipulations on the conservation of momentum equation will yield the
following system, expressed in the radial components of velocity,vorﬁcity (of the hydrodynamic

field)

Vl(vz (Y‘Ue. \) -::O Qei i.S,O§ | (AIl.1a)

Vi(rw, 1) = 0 56{{,5,03 (AIL1b)
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That is, the steady state forced hydrodynamic field problem can avail itseif (;f the same
decomposition as that used by Miller and Scriven in their analysis of the unforced oscillating
drop problem. The boundary/interface conditions can be expressed. strictly in terms of the
aforementioned radial components.

Since the only forcing component from the acoustic field is in the radial direction, the
necessary boundary conditions will be expressed in terms of the radial velocity only. Solutions

to the system are found to be

U (o) = Z (age* + exr“‘)tjmlom

(AIl.2a)
f.m

l&:(r.o,c}) = 2 (as\‘"‘ s e rt bty d;r"l)ljhwﬂb)

(AIL.2b)
I|M
e - L3 & -
ur(ﬂe)#) = Z ( bo ¢ L-2 + do" l) ylm (9,¢) (AIlL.2¢c)
towm ‘ |

The boundary/interface conditions which must be imposed are the kinematic condition,
continuity of velocity components across the interface, and that the normal and tangential stress
b.alances at the interface. This is at both the inner and outer interfaces. However, the additional
(acoustic) forcing in the radial direction will enter into the normal stress balance at the outer

interface. It is this contribution which will force the system, and result in deformation.
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Imposition of the boundary conditions leads to the following system of equations

2843

2y = 0 (L-1) (8 ) + & (n) ~bg(1+2) (/)
» Q(tls)n“ (AII.3a) |
. <t
2de = Qsle-n(Vas)* t cstien) - bg (242.)(T$) R N
(AIL3b)

(ATL.3¢)

ag + tsleim)” () bs & di(n1s) =0

g, + dglus) * bs(rcs)""' + ol_«,(ts)'w” =0 (AIL3d)

e 28 (at) = Mo Os ar-N{ns)* e )
(AIL.3e)

Yoy 22142) (el ¥ ds@XE*D (e1*t )

a0-r) e oy < G b2y ()

*
ow

by aue (at4) =
- b Al Ofrs)” = dg 2(02-1)
(AIL.3M)
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ey ul (_@_)(S/t;' v ool (00 (sm)t ey

g
t e A_ugf_(ﬁ-i-‘s) syt - bs 2(2+2) Mo ('t/s,):m':x
R
dg s (2aa-) (UM = s f a0y
(t41) (S/t)*
(AIl.3g)
cs(gg)(-nw-t-s) (t)t + de (rea0-0) (197 @d)
R (241)
3 as () )t*  + bs 2w (t+2)(x)™2
o) e = 6, (eade-n) K0 _yanoinL
I ° —=<(pv) 2.
(24+) (1s)* e reieckfA 11 31)

With s = SQRT (RlRu) and 7 = SQRT (R/R). This system of equations is a set of forced
equations in the unknown coefficients: ¢, a,, b,, c,, d,, d,, ¢, {°. The deformation at the outer
interface is indicated by ¢{°. Note that this is a reduction from the tenth order algebraic system
which would have been expected if the compound drop were oscillating (either free or forced).
This is due to the repetition of relationships in two interface equations.

This is an (8 x 8) nonhomogeneous linear system which can be solved by standard
numerical means. Although not efficient numerically, it is clear that an application of Cramer’s
rule would lead to a solution for ¢°, which is of interest. This solution would be in the form of

a numerical value. Application of the symbolic mathematics manipulator REDUCE (Hearn,
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1987), leads to an expression for {°, which is

. R:. | = nasdial
° = Lp“ o
$ ( 0°(0+2)(p-1) Propadid

(AIL.4)

This is the result obtained for the deformation of the interface of the simple drop. Note that the
inner surface tension does not contribute. At first, this appears to be a surprising result.
However, upon reflection it is recalled that the core and shell region fluids differ only in their
respective viscosities, and that the unmodulated acoustic wave responsible for the forcing is

taken to be inviscid.
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