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MODELLING A SINGLE PHASE, VOLTAGE
CONTROLLED RECTIFIER USING LAPLACE TRANSFORMS

L. Alan Kraft
Valparaiso University
Senior Member

ABSTRACT

The development of a8 20 kHz, AC power
system by NASA for large space projects has
spurred a need to develop models for the
equipment which will be used on these single phase
systems. To date, models for the AC source li.e.,
inverters) have been developed. It is the intent of
this paper to develop a method to model the single
phase voltage controlled rectifiers which will be
attached to the AC power grid as an interface for
connected loads.
HARMFLO program is used as the shell for these
models. The results obtained from the model
developed in this paper are quite adequate for the

analysis of problems such as voltage resonance.:
The unique technique presented in this paper uses

the Laplace transforms to determine the harmonic
content of the load current of the rectifier rather
than a curve fitting technique. Laplace transforms
yield the coefficients of the differential equations
which mode! the line current to the rectifier
directly.

A modified version of EPRI'S

M. David Kankam
NASA, Lewis Research Center
Senior Member

NTR Tl

Plans for the further exploration of our solar
system by NASA include the development of an
orbiting space station {(Freedom), a manned lunar
base, and a manned mission to Mars. All of these
programs will require large facilities- which are
capable of supporting crews for long periods of
time. The facilities must also support equipment
required to maintain communications, provide
environmenta! needs, and power experimental
instruments. To provide this energy, large capacity
electrical power systems are required. The
operation and design of these systems are very
similar to terrestrial electric power systems with
several subtle differences:

® the space power system will be single phase,

¢ the frequency of the power system will be
20 kHz or higher, and

o the voltage will vary throughout the system.
For example, semiconductors will be
powered by voltages ranging from 10 to
100 V AC. Transmission voltage will be
higher,

For these reasons, techniques developed for the
design and analysis of terrestrial power systems are
being adapted to space power gystems.

The proposed frequency of space power
systems is much higher than its terrestrial
counterpart. Also, the planned space power
distribution system will be single phase rather than
three phase. The preference for a single phase
system is based on its technical advantages. First,
a single phase system eliminates the complexity of
resolving potential faults as in 8 multiphase
redundant power distribution system. Secondly,
the difficulty of achieving a balanced, low
impedance as in 3 multiphase transmission line is



non-existent. The existence of nonlinear loads
such as rectifiers will provide a potential for
problems, such as harmonic distortions. To analyze
these potential damaging conditions, existing
software, such as HARMFLO [1-3] which was
originally developed under the direction of EPRI for
the analysis of terrestrial systems, has been
modified for space applications. New models for
the space components and subsystems have been
developed and added to the software. Two such
models, needed to provide a basis for the analysis
of space power systems, relate to the source-end
inverter and the major nonlinear load, namely, a
voltage controlled rectifier.

The primary source of power on spacecraft
may be anyone of a solar array and/or battery, 8
radioisotope thermoelectric generator (RTG), or a
solar dynamic power system. A connected inverter
converts the DC energy from sources, such as solar
arrays and battery, to AC power for more efficiency
and diversity. One proposed converter is that of a
resonant Mapham inverter. Generally, a filter on
the input side of the Mapham inverter ensures a
reasonably clean DC voltage to the inverter input
terminals. Typically, the switching frequency, f,..
is less than the resonant frequency, f . If f,, and
f... are not significantly different in value, then the
conduction mode of the thyristors is continuous.
This yields a near sinusoidal output of the inverter.
However, if f,, far exceeds f_, then the output
becomes discontinuous and causes harmonic
distortion. The techniques used to model an
inverter for a harmonic power flow (HARMFLO}
have been described in previous publications {4,5].

Since voltage controlled, full wave rectifiers
require the switching of the load current, it is also
a source of harmonic distortion. The techniques
used to model a single phase rectifier for HARMFLO
is the focus of this paper.

PERATION OF THE TIFIER

The circuit diagram of a single phase, voltage
controlled rectifier is shown in Figure 1. Since the
DC output voltage of the rectifier is the RMS value
of the voltage waveform, V,, shown in Figure 2,
it can be controlled by changing the firing angle, a.

" This means that, by adjusting o, the RMS value of
the DC output voltage can be controlled within
limits. The value of ¢ is determined, thus, by the
difference between the desired and actual DC

output voltages. Once either of the SCR’s is
triggered, it will conduct until the voltage on the
anode is less than the voltage on the cathode. This
occurs when the voltage on the transformer side of
the SCR's drops below the output voltage, V4, at
the commutation angle B.

CR, L
+ R +
V. T RV,
SCR,

Figure 1 - Single Phase, Voltage Controlled,
Full Wave Rectifier.

Vo (Fully Rectified)
‘Vo (Full Uave Rectifier in Figure 1)

Figure 2 - Output Voltage Waveform with
Fully Rectified Output Waveform.

MODELLING THE RECTIFIER

When either of the SCR's is triggered, the
voltage which is applied to the input terminals of
the rectifier is given by

Vin(t) =Vysin(w,t+a) u(t)

where

w, = system or source fregquency.,



and, )
u(t) =0 fort<o
=1 fort20.
This function can be transformed into the
frequency domain using the single sided, Laplace
transform, which is defined by

Fis) =21£(e)) = [T £(2) evrtde,

to give:

Vo (s) = V_{ ssina Oo,cosc]. (1)

2
sl

The entire single phase rectifier in the frequency
domain is shown in Figure 3. The current source,
CV(0*}, is needed to account for the initial voltage
which is present on the capacitor when the SCR is

1.(s)

sl —
+
V. (s) Cv(0 ") AL R V. (s)
sC

Figure 3 - Model of Rectifier in the Frequency
Domain During Conduction of Either
SCR.

fired at a. Since I, {s) is given by

Vels) -V, (s) (2)

Tuls) = sL

V, (s) must be determined. This is done by writing
the node equation for the top node using V (s} as
the unknown voltage. Solving for V, (s) yields:

—L'-EIV_(sdna +w,c08a) +sLC(stea?) V(0]
vx(:) - -

("Ofn%.-l!z-](::‘Of) (3)

Equation {1) and Equation {3) are substituted into
Equation (2}, the result is:

!I._-(“-I:?J["h’. +0,008c]-(s2 uf) v({0*)

I.(’) -

("";?"1-1?)"”":’ @)

The input current to the rectifier from the AC
distribution system in the frequency domain, I,(s},
is now determined. To be useful, the input current
in the time domain, 1,,(t), must be found. This can
be accomplished by expanding the above equation
for 1, (s) into its partial fraction form and then
using the inverse Laplace transform to place it in
the desired time domain form.

When Equation (4) is put into its partial fraction
form, it has the form

K, .0,

L]
S+58y

. K11-91

I,(s) = s
1

(Ka 28,

L]
§+35

S"’Sa

where,

and
Sz = j U‘.
The values for the numerators of roots s~ ands ;"

are found by:

Ky L8, = (s+57)1,(s)]

.
g -8y

and

Kpl0, = (s+s3)1.) ..

Lt '}



OnceK, /8, andK, [ &, are determined, then all
four numerators are known since

K1 Z -e‘ = (K1 le‘). M,
Kzl -62 = (Kzlez).-

Using the above procedure and the notation

1
9= 2rC
and
N
,. = LC RC

the numerators for Equation (4) are found to be

(‘Z!](" +jA)[(w,c08a ~ osing) + JAsine]
x,c8, =L

_¥e)
G21)[(c2+ A+ f) - j201]) j2a
and
V- —L +J -l +¥ _l
xzze,-(ﬁ)(kc Ju')[m(a' g e 2)].

(5 -o2) 132

Next, the inverse Laplace transform

94[ j 41

K-8 51, ~8! .
PyeT ] 2Ke-*"cos(pr+ @)

+
s+a+jp

is used to put |, (s} into the time domain.

At this point, |, (t) is known for one period.
Since the time domain form of |, (1) can be
expressed as

I,(1)=c,+ ) c,cosnw+d,sinno,t,

a«1

the coefficients of the series are determined by

ke
4

and

.= %L:""f(:)cos(nu,t)dt,

d -2 [ siysin(no g dr.
T, 0

Once the coefficients have been determined, they
are placed in the appropriate locations of the
solution vector for the computation of the next
iteration of the Newton-Raphson power flow

algorithm employed by HARMFLO [1-3].

XAMPLE

The following example is offered as a means to
demonstrate the theories presented in this paper.
Since test results are not available at this time to
provide the data needed to benchmark the results
of this work, this example serves only as a sample
of the techniques presented. The example is a
system comprising a DC source connected to an
inverter, two load busses, and lines connecting the
network together. One of the loads is a2

—rame

WVERTER
¥ VOLTAGE CONTROLLED
&) OCSOUE RRCTINER

L LT e

Figure 4 - Test System

conventional constant P, Q load and the other is a
single phase, voltage controlled rectifier. This
network is shown in Figure 4. The rectifier is the
same as the one shown in Figure 1. Using the
component values shown in Table 1 [5], the output
voltage of the voltage controlled rectifier is set at
90.0 VDC for this simulation.

The test system was analyzed using the
modified HARMFLO program and the results of that
analysis are shown in Table 2. Figure 5 shows the
input current of the rectifier which the technique
described in this paper produces. The current,
when compared to the sample fundamental voltage
waveform of the system, has a frequency



approximately squal to that of the fundamental.
Calculating the natural resonant frequency of the
series L-C circuit of the rectifier yields a value of
20052 Hz. This supports the validity of the
technique presented. The rectifier bus voltage for
one cycle of the fundamental frequency is shown
in Figure 6.

it should also be noted that the results shown
in Table 2 indicate that both the source, an
inverter, and the rectifier load are sources of
harmonic power which are consistent with the
expected behavior of the system. A computation
of the fundamental power contribution, using the
fundamental voltage waveform and the current
waveform shown in Figure 5, yields a value of
0.76 kW which compares closely to the value
found in Table 2.

SYSTEM PARAMETERS

1. RECTIFIER
L = 63 pgH
C= 1pf
R=100

2. INVERTER (Type: MAPHAM)
L, = 16 gH
L, = 1.8 gH
C, = 1.71 uF
Cs = 2.0 gf

3. TRANSMISSION LINES
R = 0.1045 0
X, =0.3388 0
X = 1026.7 8

Table 1 - The System Parameters of the Test
System

CONCLUSIONS

The Laplace transform method proposed in this
paper presents a non-iterative technique to
determine the harmonic content of the rectifier
current at each iteration in the solution of the
harmonic power flow problem. The results indicate
that the accuracy of this mode! appears to be quite
adequate to obtain results which will assist in the
analysis of space power systems.
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HARMFLO RESULTS

BUS KARMONIC V [ P @
ORDER  (pu) (kW) C(kVAF)

1. INVERTER 1 1.000 0.0 -4.80 -2.90
2 0.000 -120.9 0.00 0.00

3 0717 177.5 -0.% -0.23

4 0.000 -61.6 0.00 0.00

5 0.053 -161.7 -0.01 0.00

TOTAL LOAD -4.95 -3.13

2. RECTIFIER 1 0.999  -0.1 0.79 0.61
2 0.000 -121.0 0.00 0.00

3 0.710 177.7 -0.38 -0.06

& 0.000 -61.5 0.00 0.00

5 0.053 -163.7 0.01 0.00

TOTAL LOAD 0.42 0.55
3.ACLOAD 1 0.993 -0.3 4.00 3.00
2 0.000 -121.3 0.00 0.00

3 0.710 177.3 0.52 0.00

& 0.000 -61.8 0.00 0.00

5 0.053 -161.9 0.00 0.00

TOTAL LOAD 6.52 3.00

Table 2 - The Results of the HARMFLO
Analysis of the Test System.
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Figure 5 - Input Current of Rectifier, as
Produced by Laplace Transform
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