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LIFT THEORY OF SUPPORTING SURFACES.*

Second Article

By

R. von lises.

This contimuation of mj remarks on the hydrodynamic 1ift
theory of supporting surfaces** relates chiefly to the task of
finding suitable wing sections for given 1ift conditions. It is
based on the formulas (set forth in my first article for sec-
tions in general) for 1ift magnitude and moment, which make it
possible to obtain solutions of great simplicity and clearness.
For instance, every section has a point for which the 1lift mo-
ment is independent of the incidence. The curve inclosing all
the positions of the 1ift resultants is usually a parabola,‘
which can be reduced to a cluster of rays, Within these linmits,
there are sections, with fixed pressure center, whicﬁ are conse~
quently removed from the general class of sections by a single
condition. |

In the second section,-I complete and correlate the valua-
tions, proceeding from the modern theory of functions (the cir-
cle of ideas of the "distortion laws"), for the parametef deter-
mining the 1lift, and explain their significance in thé case of
the delineation of the arc. The third and fourta sections treat

of the application of the theory to the case of the Joukowski

*  From "Zeitschrift fllr Flugtechnik und lotorluftschiffahrt,"
March 15, 1920, pp. 68-73, end darch 31, 18920, pp. 87-89.

«x TFirst article, November 29, 19171 pp. 157-163. This article
will henceforth be referred to as "I".



section construction and its extension by Von Karman and Trefftz
(this publication, 1918, pp. 111-116). The fifth section out-
lines a common procedure, illustrated later by examples, which
makes it possible to discover any desired number of parametric
groups of sections, or of suifable delineation functions. In
this connection, there is a considerable mathematical difficulty,
the question of the criterion for the "smoothness" of the delin-
"eation, which was gotten around by a simple artifice adapted tos
its graphic execution, in the formulation of which I enjoyed the
valuable assistance of Dr. L. Bieberbach in Frankfort. It, more-
over, demonstrates in perféct harmony with experience,-thax the
S~-shaped upward bend of the section, near the follcwing-edge,
lessens the variaxion‘in the center of pressure, or may eliminate
it altogether.
In a third and concluding article, I expect to take up the
problem of finding'the determining parametér for a given wing
section.

1. Magnitude and Locati on of Lift.

In my first article, ameng other things, inciuaing tae cus-
tomary postulations of eddy-free horizontal motioﬁ, the following
was demonstvrated. Given any wing section contaiﬁing a point or
angle (Fig. 1). At the angle @ with an x-axis rigidly connected
with the section'(angle of incidence), the section is struck by
an air current which has the velocity u, and the specifig-mass

v that is g, or approximately 1/8, under normal conditions.



- There then hold, for the maguitude and moment of the 1ift (the
resulting pressure perpendicular to the direcﬁian of the air cur-
rent), simple foruulas independent of the sectlon shape, 1nto
which the section itself enters with only a few pa:ameters. The
equation for the power magnitude (Com»dare 29 in Art. 1.) then

reads:
- A=4mnpvP asin (a+B) . ... ... (1)

" with g and P as paramevers, aud vius €Quaviil {04 Lhe mousent,
with reference {0 a given origin M, whose coordinates thus be-

long also to the parameters cf the section (Compare 37 in Art. I.),

reads: ’ ' . ‘
. My =237 pu c® sin2 (a+%) .. ... (3)

with ¢2 and vy as additional parameters. The origin for the mo-
ment to which equation (3) refers, was called the "middle point
of the section" and that direction of the attacking air (deter-
" mined by @ = - B orby a = - v ) for which respecti\fely A
or M, vanishes, ﬁas called respectively "first" or "secondvaxis
of the section" (Art. I, section 7). |

Still greater simplicity and clearness can be ottained by
choosing, irnstead ef M,  a new refevence polint . ?; whieh s
found in the following manner. From M we measure off.a-distance
MF = %; or a line which is turned toward the x-axis in fhenﬁoé-
itive direction by 3y - B, 0 that the secqnd axis of the sec-
tion bisects the angle between the first axis and LF In Flg. 1,
B > S« was taken and accordingly B - 2y was represenféd as--'
turning in the negative direction. The moment with referénéé'to

F, which we may now call ¥, is obtained by adding to M, tke
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moment of any power A considered as affecting M, and hence

with reference to the direction of rotation.

=2 -2L cos (a-B+2y) =
2mupu® c® [sin (3a +3y) - 2 sin (o + Blecos (a - B + 3y)]

The second expression in the square brackets can be reduced, ac-
cording to the "identity" 3 sin @ cos V = sin ( @+ V) + sin
(? - ¥), to sin (2a +3y) + sin (3B - 3y), hence

M=-3npuw & sin2 B -9) «..... (3)

This equation no longer contains the variable incidence a. We

have hereby demonstra.tecl the proposition that: For every wing

gect; there is g certain point for which the 1ift moment is in-

dependen of zhe inc;denc Ve will call this point the "focus I

of the sectlon n

From (1) and (2) is calculated the lever arm b of the 1ift
to

=¥_ _®sin2 B -vy) _ |
A A Basm (e + B) “sin (c +B) (4)

when

ho=2£§sin8(ﬁ-'y) ?'.....“...(4%)

is ta.keq. Since t_he lever arm of T m';zst be extended in the di-
rection of the attacking air (Fig. 8), b, represents the magni-
tude of its projection on the line perpendicular to the first
axis. The projection of the lever arm on this line is thexrefore

unchangeable, or: The feet of the vertical lines, from the "sec-




‘tion for the attacking lime A reads:

g -

iion focus" 1o e atiacking lines of the lift, lie in a straight

-x2ine, which, at a distance b, from F, is parallel to the

first axis of the secticn and, moreover, bisects the distance MF

of Fig. 1. Therewith we have reduced the determination of the

attacking line for any giwen aagle of incidenoé tc the simplest
imaginable construction.

.Itv:'_r: 2 well known characteristic ¢f ordinary parabolas, tLat
the "foot-point-curve® for their focus coincidgs iith the verti-
cal tangent. Anyone who is not familiar with this fact may make
the following caiculation. 'Foi a system of coordinates with the

origin at F and with F'F for the x-axis (Fig. 3), the equa-

v

x sin (¢ +B) +y cos (@ +B) = h

and simplified:

"
|
0
=2
O
1
H

- x cos 2 (& + Bty sin 2 (o + B)
Differentiated according %o 2% s )
x:sin_lz (c+B) +y cosha e + B =0
and with o eliminated fram this and thé precedﬁng equation by

squaring and adding, we obtain:

X2 +y2 = (gho+x)2 or ¥ = 4 hy (x +hy) . . (5)

Hence: The possible positions of the attacking lines of the 1ift
generally inclose a parabola, ‘whkose focus is F, whose parametér_
is 2 h, and whose axis is perpendicular to the firgt axis of

the section.
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With hy = 0, the parabola is reduced to the bundle cf rays
through F. This is the case of the vanishing variable pressure
point. There 1is a fixed middle pressure pcint, through which
the resultant 1lift alwéys passes, the so-cailed "diving moment"
(fora= - B) being 0. It is noteworthy that the section with a
fixed pressure center is separated from all other sections by
only a single eguaticn h., = O. Thereby the disappearance of hj
(as shown by equation 4) shows that B =, or that the first
and second axes of the section ars parallel. In the quantity b,
we have a definite measure of the pressure point variation (or
migration). It is readily seen, for example, fromlequation (2),
that the straight line drawn through the "center" M in the di-
rection of the second axis and, barring exceptional cases, also

the straight line drawn at right angles to it, touch the parabola!

2. Section Parameters.
Only five of the six section parameters, considered in my
first article, are found to be essential, since c¥ and Y appear

only in the expression ¢2 sin S {2 - V). The f£cllowing five

* General principles concerning the location of 1ift resultants
are zlso given by R. CGrammel, in "Die hydrodynamischen Grundlagen
des Fluges" (The hydrodynamic principles of flight), Braunschweig,
1917, p.13. Here the task is reduced to the determination of a
"moment and center of gravity of the circulation.® I cannot under-
stand the deductions in this book. It can, however, be demon-
strated that a "moment of the circulation,” as a quantity inde-
pendent of the iptegration method, can only exist, when the inte-
gration is made concerning closed stream (or level) line. Now,
since the lift-producing current comes out of infinity and goes
into infinity, these considerations are of little value.
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quantities may be regarded‘asdetermining factore for the 1lift
relations of a section: for the moment of the 1ift, the length
a and the angle B (direction of the first'axié); for the mo-
ment or location of the 1ift, the coordinates of the section-
foous F and the lemgth h, or, instead of the last, the loca-
tion of the first axis (which passes through M) at the distance
3 h, from F (base line of parapoia). How these five quanti-
ties are to be ascertéined fur u6e givelL section fcllows froﬁ |
my first articie, and I will indicate i% briefly here. | |
If we regard the coordinates x and y of a point in the
piane of the section as components of a complex:quant;t&
z = 2 + iy,
then there is one, and only one, evolvable cOmpléx function { of

z irn the form (Equation 7 in Art. I).
N - - N S )
z _ z2 o

through whicha any point of a circle is coordinated with every
point of the section perimeter and any point ocutside the circle
(7), with every point.outside the section, in canstant and defi-
niteiy convertible manner. The radius a of the circle and the

coordinates (contained in m) of its middle point ‘M are through

T N )

the coefficients of a, a ....-. cf (6), definitely determined,
aslikewise every point B of the circle into which the section
tip is drawn. Thereby the parameter values are found. The rad-

ius a is the parameter referred to above under the same desigf



nation. BM is the first axis of the section and, hence E is
the angie formed by BM with its x-axis. The focus F is fin-
ally obtained, by making the vector MF equal the complex quan-
tity - .gﬁe - Bi (according to Equation 34 in Art. I and the
above procedure).

In order to obtain a cursory survey of the parameter values
and of the location of the invarisble points and straight linés,
we will next consider the arc as the.apprpximaxion,'or better, as
the limit, of a wing section. Sirictly considered, the "infinite-
ly thin" arc does not fall under our conception of avsection, be-.
cause it does not possess simply one place of variable tangent |
direction, but two cf them. Ve can oanly dispose of it ir the
sense of our consideration, by disregarding one edge (the right
one, for example) and not letting ourselves be disturbed by the
fact that the Calculaxed;curreﬁt is unrealizable én this edge.
The results are accordingly significant only in that they give
the approximate position (of the focus; for example) for a very
thin section? closely fitting the arc, which section has its tip
in the left corner.

The complex process, which transforms a circle into a doubly
traversed arc, is known and may Dpe expressed in the form

z= ¢t + S ... 0.

._.(8

| & @)
when applied to a circle passing through the points { = tic

(B, B, in Fig. 3). Fig. (8) comedunder the form (6) desired by us
since its solution according to {, by development according to

the descending powers of 2z Dbegins with the memoers.



€=z""§o'o’.oo¢o'...-.(8'.‘)

In the transformation, the end points 2z = #3c of the arc corres-
pond to the points ¢ = *c on the x-axis. To any given point
A of the circle (Fig. 35 and to the A, on the symmetrical curve
(Fahrstrahl) (so that ¢ O, x = ¢ x, 04,), there corresponds
one and the same point A', whick is obtaine¢ by the addition of
the vectors OF and 04,. Fcr, according to the principle of
the constant "power of a circle," the length of OA, is like
that of OA,, 1like ¢ through the length of OA, hence with
OA= {, as the compolex equation: 04, = c2 : ¢. That,”in_fact,
the pcint A', found by this process, falls on an arc, is readr
ily seen from the following.*

If the length OA is represented by P and the angzle between
OA and the x-axis by ¥, the coordinates of A! are accofding
to the equations: .

x= (p + %ﬁ-) cose V¥, y= (p - %; ) sin v,

from which we obtain:

X% sin® ¥ - y® cos® ¥ = 4 ¢2 sin® Y cos? ¥
On the other hand, the psrpendicular MA, from the middlie point
¥ to CA shows thas OA,, half the difference between - OA and
OL,, consequently of P and %;, has the value & sin V¥, when
s = OM denotes the'distance of the center of the circle from Q.
There follows, therefore, from the expression given for y:'

y =2 8 8in® ¢ ,

and if this value for sin® y is substituted in the preceding

* Anotlher proof, wore closely comnscied 7ith the concepbions of
Ccouplex Cczlculavion,icllows Frcia the deduction given in Sec. 4.
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equation and simplif ied:
‘ : - @\ _ R+ 8 2
+ + &£ =65 ) = (& T 5
x.._(y. . ) (s. ) T €°))

as circle equation for positioﬁ of A'. Thereby, since "s > o0 4
and sin2 ¥ > o, y can only have positive valuss. The arc has
the camber 3s, the 'chord. 4c, the radius -:3 + 8 which' is readily
constructed, and the half center angle sin %2{—-:-2— . ‘

The task of finding the pa.'rameter (as alse .'the inverse) for
a given are B' B", with chord 4c and éamber 3s, as the limit of
o secti on with its tip at B', is executed as follows. Divide |
the chord B' B,' -into four parts at B, 0, B, and bisect the
center of the section. Therewith the radius a =./-is;m-_i_~“c5 and
the Girection BM of the first axis with tg B = s:c are found
and the 1ift magnitude is thus determined. In order to cbtain
the moment-course, after the location of the first axis is al-
ready known, we only have to find F and, for this purpose, ac-
cording to (8'), the distance MF = c® :a, under the angle - B,
is measured oSf on the line MB,. F is found constructively in
the simplest way (Fig. 3) by erecting at B, the vertical line
s perpendicular to the chord and projecting its terminal point
on MB,. The projected line c}:nta.ins, in sddition to the focus
F, also the center N' of the arc. The straight line BM 1is
the base line of the lift—pafabola and of the parameter hg,
equal to half the distance between F and BM.

In Fig. 4 there are represented several arcs, which are de-
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veloped from the same circie by choosipg different startihg
points O, with their aies, parabolas, etec. If the curve be-
comes O, then the "straight line" section coincides with 1ts
first axis. The focus is situated or this line at 3/4 of the
cistance from the left end and the parabola is_reduced to the
bunchk of rays, which means that all attacking lines pass through
7. Tne greater tne curvature, just so much farther F moves
from the section surfasce toward the interior, but always remains
at about 3/4 of the chord. Ian Fig. 5 the so-cailed "pressure
point migration" is represented, with reference to the chords for
the curvature relations O, 0.1, 0.2, and C.3, in the customary
foru. We can see how it increases with increasing curvature.
Sinte there is an endless number of different parabolas, all pos-
sivle cases within the series of arcs aré in a certain sense
exhausted.

For gziven section forms, the parameter values, first kmom
from the theory of "consisten$ irmitation," are subjected to the
followines dmenuslitiee. which Jfurnisna praciicd Ty valuacle refer-
ence points for théir deterrination. I we sﬁpplement the data
in my first article by a restriction for the location of F from
the same source (Bieberbach's "Law of Surfaces") and, fﬁrther, by
the adoption of zn old luw (from Landau and Tecplitz) as well as
of a continuation accordi;g to my first article, of the hydrody-
nanic theory by Frank and Lomer and, lastly, of a new work by
G. Pick on "Censistent Imitation,® we thern obiain the following

deterrination methods.
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1. For the value of the radius a: The radius of the curve
of a section determined. by (6) is at leas equal to 1/ 4* and at
most to 1/2** of the longest diameter of the séction. For the
1ift coefficient, witk reference %0 the greatest width 5, there

are obtained therefrom theinequalities

<
msin (o + B) € —S5— &
. uu o

2 msin (a + B) (10)
In the case of very narrow sections, the lecwer limit is only
slightly exceeded. ‘ '

3., TFor the location of the center M: The center of the
 curve of a section (nsection center") is locabed o that the
whole sections falls withir the circle described about it with
the radius 2a***, Furthermorz, M lies within the smallest con-
vex space**** inclosing the seciion {1ike the center of gravity
of a surface on the section periﬁeter}. The first condition in
the case of verv narrcw sections is exactly fulfilled, that is,
the ends of the seciion lie near the perimeter. |

3. For the location of ths focus F: The above defined

focus of the section (focus of parabola inclosing the 1ift attack-

ing lines) lies within tne perimeter (Bieberback, a.e. 0., prin-

* This statement is containesd in the first of the principles
mentioned under 3. ‘
**  Landan and Toeplitz, Arch. f. Math. and Prys. II (1908),
pp. 302-307; corpare .aldo Fraak and Lowner, "A unten a.0."
#*+ 1, Bieberbach, Sitzungsber. d. Berliner Akad. XXXVIII (1918)
pp. 940-955,. principie V. o :
**3% Prank and Lowner, Math. Zeitschr. 3 (1919), pp. 78-86.
Here the following is d=monstrated: if the suriace is considered.
as uniformly covered witn substance and if, in the transformation,
each point is allowed to retain its mass, the centsr of gravity
then remains at M. :

3
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cipie I). In the case of narrow sections, it is not far'from the

edge of the circle. Its distance from the circumference is great-

er than r®: a, when r dadenotes the radius of the circle inscfib-
ed in the section (G. Pick, Sitcungsber, d. Wiener Akadamie, math.
raturw. Klasse, Abt. IIa, 126 (1917), pp. 347-263, equation 4).
According to the results obtained by L. Bieberbach and G..
Pick, the first principlss statea under 1 and 2 can be made still

broader: not only the section itself, but every circle which is

‘created by concentric dupliCaxidn'of a circle lying entirely

within the section, falls in the duplication of the perimeter
(Pick, a.a.0. eq.9). Further, when r denotes the radius of a
circle entirely within the section and 4 the distance of its

centér from any given point of the section périmeter,'then

a>.}zii;i’— R CF )

while the first stetement under 1 only claims substantid ly tﬁaﬁ
a > 1/4 (d+r). (Pick, a.z.C. eq. V. and Bieberbach, Math. Annal
77 (1218), ﬁp. 153-173). Therefrom, for example, the conclusion
may be drawm that a thickening of the front end {(leading edge)
of a section raises the lower limit of the 1ift coefficient. ‘In
Fig. 6, where b denotes the greatest width of the section, it
is possible to construct, in an easily understocd. manner, for the
radius of the rounded fromt edge, the lémgth b'= (d + 1) : d,
#hick is grester than b and holds good for a 1/4 b'.

The parameter value and therewith the 1ift magnitude and lo-

cation are naturd ly only incompletely deteimined by all thesé
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principles. The exact determination, for one of its form accord-
ing to the previously given section, requires, each time, the.so-
lution of the problem of "consistent imitaxion,“ that is, the de-
termination of the function (6) belonging tc the section. My next
article will take up this task. In the present article, 1 will
only take up the inverse task of determining sections for giveh
parameter values. We will first consider the known examples the-
oretical 1y, that is, sections defined by thelr deiineatiep func-
tions. |

-

3. The Joukowski Section Form.

The Joukowski section form is Xnown to be produced, when the
transformation {8) is applied to a circle K which passes through
the point (= - ¢ (B in Fig. 7) and émbraces the point (= b,
near its edge (B, in Fig; 7). Since a circle (with cénter M,
dashed in Fig. 7); passing through both points and héncé trans-
formable by (8) into an arc, can be so placed that it touches

e

the given circle at = - ¢, then the image of the latier, in
the vicinity of ¢ = - ¢ ‘must appear as the left end of the arc.
The Joukuwski section has, on the left, a po;nt, whicd stands at
an angle of arc sin 332:§~2 to the direction of the chbrd,‘in
which & denotes thegsegb:nt OM, of the straight line EM on
the axis of ordinates. Moreover, the sectién.approachee the arc
of a circle more closely, the nearer the pbint B, is to the
circumferenbe.

For the construction of the section, we note that when the

point A, as the end point of the vector OA = ¢, runs through



- 186 -

a circle K, also the end point A, of the vector 0A, = c: ¢
wast move on a circle K,. The circle K, proceeds from“K,
through the transformation of "reciprocal radii" and the corres-
ponding reflection on the x-gxis, and touches: K at the point
3. Consequently, the center N, of K, 1is foﬁnd immediately,
by taking the direction OM, on the left symmetrically to OM
and locating M, on BW. The point A, (co-reséonding to A) of
the section perimeter is found, as in the case of the arc‘forhar
tion, as the sum of the related vectors OA and OA,, wnich
again lie symuetrically with the x-axis, but now haye.their end
points cn different circles. In order to construct the complete
section, after finding K, it'{s only necessary fo éraw thrbugh
0 a bunch of symmetriczl lines, for example; all lines at inter-
vals of 30°, and thus obtain as xany points of the section as de-
sired, by simply drawing parallel lines or intersections* (Fig.7).
Only the points falling on the axes must bé taken by the compasses.
It is often useful to know the tangent direction of a system
cof poinfs for constructing the curve. I will here give the fol-
lowing very simple éonstruction without demonstration. Erect at
A and A, the pergendiculars to the lines OA and OA, and
mark on them the points N and N; so that OF is parallel to
MA and CH,; is parallel ©o
M, A,. Then ¥ N, gives the direction of the normal perimeter

at the point A'.**

* E. Tyefftz gave a similar method of construction. See this
publication, Vol. IV, (1913), p.131.

** The proof follows from the general theory of "geometrical dif-
ferentiation," which shows how to find the tangents to any curve
defined by point construction and which I developed in Zeitschr.
f. Math. in phys. 52 (1905), pp. 44-85.
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For a Jouxowski ssction obtained in this way from its "image
cirole (Bildxreis) X, %hs 1ift paremeter is immediately deduc-
ivle. Tne radius of K i the 1engtﬁ in formuia 1, and BN 1Iis
its direction and location with reference to the first axis, hexnce
+the angle of this .iia> with the s-axis of the angle PB. The sec-
ond axis has the x-direction, since, G atzount of the real value
of ¢ = - a,, uhe angle y vanishes. The focus F is found by
¢aking MF = ¢ : a on the liae zeing from X to txhe seccerd in-
tersscticon soint of K with tae ¥-axis. The best way is to take
or. tais line (as zlso on the line MD drawn through M parallel
to the x-axis) the distance MC = MJ' = ¢ and then draw CF Dpar-
allel tb DC'. The oase line of the parabola is B34 &and there-
fore the parameter ho equals half the distance beiween * and
BM.

If it is desired tO foilOW up the conmection between the pres-
sure point migration anc the shape of the section, a gocﬁ Way'is
%o iwagine all those sections wnich are derived froz different
circles through this trensformation process (with fized ¢).
Thereby the "first axis" DM remeins unchanged, ac likewise theé
directicn MF, wkile the distance betwezn TF and the axis var-
ies according to the retic ¢ : a, nence diminishing with the
increase in tke lergth of the radius. Since the section Pbsccmes
thicker with irncreasing a (the circumfersnce receding fartker

and farther irom the point B.), it is evidant that a thickening

of the section lessens the pressure point migration anG vice veras
7> have seen apove that, in the arc, the distance of the focus



from the axis grows with iucreasing curvature. Ve may now say,
therefore, that the curvature and thickening of the section exert
a compensating effect with reference to the pressure point mi-
gration. In Fig. B there is drawn a series of three Joukowski
sections whick (even in their location) belong to the same 1ift

- parabola. It is seen that, whiie the thicimess varies greatly,
tae curvature (underneath) only varizs slightly.

~ Joukowski sections with fixed center of pressure are ob-

Tained orly when the curvature (underneath) is zero. These are-
tae club-shaped cross-sections which c¢ome into consideration for

stays, etc., but not for supporting-sections.

4. Enlarp=ed Joukoweki Sections.

Ta. v. Karman and E. Treffiz (this publication, Vol. IX,
1918, pp. 111-118) have, in connecticn with a réemark of Futta
(Sitzungsber d. bayer. Akad. d. Wiss. Math.-Physik. Klasse 1911,
P. .77), somewhat extendsd the tranéformation (8) applied by
Joukowsiki to the construction of the section and confirmed, foi
thilis coze, hy diwert calculation, the general formulas repeated
in (1) and (3) for lift magnitude and moment. Their expression
for the momeat is considerably more complicated, simply on ac-
count of an unfavorable choice of their reference point.

Equation (£), by once adding 3c and once subtracting 3¢ and
finding the quotient, may be brecughtv to the form

.2

.

z -3¢ _ (; - ¢ (12)
z + 3¢ \§ +¢;
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in which it is seen, even without tﬁe calculation given in
section 3, that there corresponds to the circle going through
B and B, in the { - plang (Fig. 9) a doubly intersected arc
through the points .z = # 3¢ (B' and B in Fig. 9). Then,
when A is anypoint (designaged by { ) of the first-named cir-
cle, the complex nuubers { + ¢ are rYepresented by the vectors
BA respectively. B, A, and when A' is ccordinaled with A in
conformity with {3) and (12), the numbers z + 3c are repregented
by B'A' respectively. B', A! Eince the quotient of two com-
plex nunbers in the anzle calculation has the angle of both
vectors reprefenting the wnumbers, then (12) signifies that
> B'A'BY =3 % BAE, . Now an arc is knowmn to be character-
ized by the property of possessing a constant anzle at the
circumference, so that tie arc EAB' is transformed into an
arc B'A'B', of double the angle at the circumference. The
1ower arc BB, of thne origiral circle has the angle at the cir
cuwference which supplements the upper angle to 180°, so that
the double angies auuo;&iugly combine to give 360° and lead .
to the sume arc over B'B', .

Equation (13) can be changed so that the reciprocal re-
lztion of certain arcs remaing the saue, without, however, the
same arc's correspoading twice to the circle BB, . If we

write, namely,

2 - -
~ =(——2¢C C c)*'x...................(13)
TC

(3]

-

oy p—e



- 19 -

in which c' denotes a still-to-be-determined constant, and n
one of two different exponenté, then to each arc through BEB,
there is a corresponding arc through z = &' with tﬁe n-fold .=
angle at the circumferenqe. The arcs, whicli correspond to both
‘parts of a circle through BB,, ‘consequently have angles at the
circumference which differ by nT and therefore intersect if
n is a u.ttle larger. or smaller than 3, at the acute angle
+ {n -2)m. The constant ¢' must be determined frem the con-
dition that (13) assumes the form established in equation (6),
namely, that the infinity in 2z and ¢ are identical. If the
nurerator and denominator are shortened in. (13) by z resp. ¢
and developed according to I/z resp. I/f, the first members read
1 - B¢ -1 .2nc

saBERELE - :
so that ¢! = nc ~must be wriﬁten in order that z = ¢ to infin-
ity. In fact, with tais value of ¢ (and with ¢{ developed a,c;
cording to the falling powers of 2z, the solution of the prob-

lem zives

; :z'.."_ 3 — ov-c.ocﬁ « o o o - . (14)

Thus the coefficient a, of I/z is real,' so that ¢ = 0,
that is, the "second a.xié" of the section has the direction of
the x-axis. ' 4

The crescent, into which the circle through. BB, is con-
verted by the transformation (13), represents no section in our
sense, because it presents not one but two "singular" locations.

But we can, in a irery similar manner to that of the Joukowski
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trausformation, cbtain a correct section, by applying (13) to a
circle which contains cnly B on its circumference and B, in-
side near the circumferende. These are the sections which Von
Karman and Trefftz considersd. In Fig. 10, a section of this kind
is drawn, with h = 1.95 and with the aid,of’a calculated point.
The shape of the perimeter is, in a general way, similar to the

Joukowski sectionm, exceptihg fhax the 1ef{ end doesnot represent

a point but a very acute angle, even with the angle - (n - 3) ™
0.05 m= 9°

The construction of the section, with the small values of
n -3, is not very simple. IV is best accomplished with the
aid of two groups of circles, as suggested by Xarman and Trefftz.

Of the parameters, which determine fhe 1ift, the length a,
as the radius of the base circle; ther the "first axis,®" accord-
ing to the location and direction of BM; and, lasﬁly, the di-
rection BO of the seccad axis (real a,) are given directly.
In order to find the focus F, we must take the length

‘ mr -1 c¢2

=3

o a

from the center M at the angle - B thgs on the stiaight line,
which goes from M to the second intersection point of the cir-
cle with the x-axis. Thereby the 1iit relations are fully de-
termined. Reversed, we.,can see how (with the asmmption of a
straight line BM as base line arnd a point F as focus of the
1lift parabola for the given 2, B and n) to find the locatidn of
M and B and from them to construct the section. In Pig. 10,

the 1ift parabola is shown for the traced section..
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If we wish to estimate the dependence of the pressure point
rigration on the incidence of the section, we must vary the‘value
of N, without varying the oircle. There then remain station-
ary both the "first axis" BM and the line UB,, on which F
is located, and the parameter h, of the lift.paiabqla inéréases
in proportion to MF and conseguently to n2 - 1. But now it
must be reinembered that the length.of the section increases ap-
proximately with n, beoa:se witn o° = ric, the abscissas of
the single points of the figure vary in this pfdportion. Heﬁce,
the comparative change in the pressure point migration is de'i:er-
mined by 9-2-—;——1— and it will be advantageous to let n fall be-
low the Joukowski value. With an :incidence of 12%, we have
n=23-1/15 and 'th‘erefrom thé change of the pressure point mi-
gration -n—an;l, corresponding to an improvément of 54;%

In connection with the above, we may now conclude tl;a;t .les-
sening the curvature, increasing the thickness and incre_a.sin_g
the incidence: exert a favorable influence on the pressﬁre point
motion. Sections with fixed center of pressure are obtained here,

however, as in the original Joukowski case, oniy with the curva-

ture zero, namely, with symmetrical "stay" sections.

5. General P;ocedure.-
The Joukowski sectipn comstruction, including thé above men-
tioned extension, can 6n1y be considered as a very special exam-
ple of sections, for hich the general laws of 1ift hold good, as

set forth in section 1. Three characteristics (curvature, thick-
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ness and incidence) can indeed'be varied at will, but in contrast
with the possible multiplicity of shapes, only a very limited
number has been obtained. As séctions with fixed pressure_center,
for example, there have been obtained only the»symmetrical‘shapes
unsuited for supporting surfaces. Finaliy, its whole development,
however valuable and fruitful it may have been for building up
the theory, shows,\ln ite rclabion %c tiue speclal arc portrayal

a one-sidedness which is not grounded in the nature of the problem
and from which we must be completely freed, if we are fo obtain
the full value of the theory.

We start out with the supposition that the reverse of each
délineation of the form (6) applied to a circle (7), if the coef-
ficients a,, a,, a,, ..... only fulfill certain conditions,
méét lead to the section of a supporting surface. These condi-
tions are: 1. The circle (7) must be converted into a simple,
closed, double-point free curve, which anewers the ddmmon'fOrm
requirenents whidh may be made of a supporting-surface section,

3. The portrayal must in the whole ocuvsidc space of the ciicle,
be simple, that is, reversible; 3. To one point of the circie
there must correspond, in any gi#en cdse, a point or angle of
previouély_determined qpening; 4. The lift—detefminingkparame—
ters must have approximately predete;mined.values.

The last péint is most simply executed, after the Preceding
one. For, when the circle, whose image the section is to be, and,
on it, the point B, which is to bz converted into the section

tip, is arbitrarily chosen, there only remains the location of the-
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focus, for determining the lift. Tais location depends,"hqwever,
according to section 3, only on the first coefficient al;which'
is thus alone partially determined. With regard to condxtion 3,
it need only be borne in mind that at the chosen point B, the
deduction g‘_zg must vanish, which signifies an easily prescribed
condition for fhe coefficients, eépecially whén this disappear-
ance is of a definite order. The real deciding difficulfy lies
in condition g, since it forms a known and rot yet fully solved
»roblem of tke theory of funbtiqns, for recognizing the reversi-
©ility of the delineztion on the propérties of the coefficients.
We can, nevertheless, easily get around this difficulty, and in-
deed in connectior with the consideration of condition 1. Nalur-
ally, one can not make sure 6f the shape of a section, without
actually drawing it once. Frqm'the'naxure of tﬁe thing, it_ig
not possible to give definite rules, Fithout first béing pbliged
t6 try out one or another rypotlhecsis. Tﬁerefore it wéuld be of
no great practical impertance for us tc be éble to know positive-
ly, in advance; that the construction will give a double-ﬁoint
line. Our solution now consists therein that we, in the decision .
.on the reversibility of the diagram, proczed on the assumption
that the section perimeter, and hence the repreéentaxion of K,
has already been drawn and foﬁnd to be frse from the doudble-point.
The followingz statenent (whose simplificaxion, aé cdmpared with
my original propoeition, is due 10 a friendly suggesiion of Prof.

Bieberbach) therefore holds goods As the reverse of (8) 1et
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A = c + E§L+§&2-+ s * o o & & e o (15)
a representation, which converts the circle ( -m=a into a
simple closed double-point free line. The zero points of %%

may all lie within the circle, excepting the one that lies on
the circumference itself. Then the representation in the whole
outside space of the circle is reversible, when the origin {-= 0
falls inside the circle.* As to how the principle is applied
will be immediately evident in the description of the whole con-
struction process. ' -
We will confine ourselves to the case in which the incidence
is zero at the rear end of the section, which accordingly consti-
tutes a true point. In this case, the deviations of the entire
section, in comparison with one having an angle of 6 to 129, are
practical ly negligible. Loreover, our method can be employed,
even for the mofe com:on asmuption, as soon as, instead of ¢ and
2, the correspon@ing powers of these variables or their qombinar{
tions are properly applied. | '
The coordinates arz so placed in the { plane that the circle-
point B, which is converted into thé section tip, has the nega- ‘

tive abscissa -c and the ordinate zero, asfin the Joukowski ex-

* The principle may be made intelligible as follows: From tho giv-
en condition, in harmony with the fact that in infinity z is op-
posed. to &, it follows that a sufficiently large circle X', con
centric with X, is formed with a double-point-free circumference
P' of any desired size, in which some point outside of X corres-
ponds to0 every point outside of Pr. Now, any desired point z,
which lies between the section ocutline P and the outer circumfer-
ence P' can always'be converted into a point in the space outside
of  P'. Thereby the number of the points, coordinated with z out-
side of K, .cannot be changed, because there are no. branching
points of {15) in the space outside of X and because no passage
of the image point through X can take Place, 0 long as 2z does

not pass through P. An exact proof for the given case can be fig-
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ample. The circle K which is to produce the section, must.
therefore, pass through this point { = -¢c, while.incloéing the
point § =0, The delineation function £( t), which above was a
binomial (8), we now write in h +1 terms. S

c ¢

Ste S S, % L
R S

The few limitatioms, to he mads for the é, eee & still leave

n?
sufficient rlay for their sgpplication to the most widely differ-

ing requirements. We must next find the deduction from (16)

%E;-I--gz %‘3 cee - -%%n;l . (17)

The right side is a product of n +1 factors of the form
(1 - %), in which one of the v's must have the value -c;
while the total of the v's is subject to the limitation, that

their sum vanishes, so that, in the product, the member with =

drops out. Accordingly, we proceed so that we (ihstead_of immédi—
ately choosing tke quantities ¢, .:. q;) adopt the points v,,
% ... vy within the circle K with the cantwacticm.

Vy +% F et VT O o4 0. v e (18)
(Fig. 11 with n = 2) and from these chosen v's construct the

polynomial (17), as follows:

(1+-°§),(1-‘—’£-)(1-1’§-) ...... (1-‘-’5)-'
1-9?-..‘..9;13- N ¢ 1)
i+ | '

(Continued from p.24)

ured out by analogy with Bieberbach's demonstration (Funktlonenthe'
orie, Sammlg. Goschen, No.7€8, p 56) of ‘a similar proposition.
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The values of the individual quantities @, ... ¢, are obtained

by putting like powers on both sides, for example:

=0y TV Vz + ... Vpo, Vp

= 2 vl vk - c2 e o o @ o o @ o 0 e o o (20)

Hereby the following is accomplished. The point R is canvert-
ed into a tip and all other juncticn points lie within the circle.
Then the cielineation function has the form (16), that is, the co-.
efficient of the linear member is 1 and that of the cométant is
zero. If the amount of the pressure point migration, and hence
of the parameter h, of the 1ift parabola, is predetemined,
then the quantities v, ... v, must only bé- subjeéted to the
second restriction; in order that the complex quantity 951 o Bi.
(in which a represents the radius, B the "angle-argument™ of
the distance -c +m from B to the center M), drawn from the
center M to F, may have the desired distance 2h, from BM.
Naturally, it is not necessary to take the circle X and
distribute the points v, ... v, within it in advance: It is
better, namely, when h, is predetermined, to make first an as-
sumption for tixe first values of n -1 of the v, then to cal-
culate the nth value frém (18), and then ¢, from (20) and last-
ly choose the circle s0 that it will inclose the v'é and véill
satisfy the conditions with respect to the foeus F. If, for in-
stance, we wish to obtain a section with a fixed pressure center,
then it is only necessaxry to locaﬁe the center M of the circle,

5o that BM will have the direction of ¢, (that is, B=1v ,
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with the first and second axes pa.rallel);

After the circle X sand all the v's bhave been determined,
then the section outline can be located peint for point, as the
representation of K. Thereby it is to be recommended, nan{ely,
for the first trial, to represent ohly a few points of the cirple
(measured from O) about 30° apart. The individual Yqummands® of
(15) are comparatively easy to determine énd to combdine, partly
by calculation and partly by construction, as we will further il-
lustrate by examples. o '

The chief practical difficulty always ccnsists in finding
such values for the v's that utilizable shapes will reailt
from them. To this end, a certain skill can be acquired through
the execution of many examples.- A reference point may be sugges‘b-'
ed by the remark that the crowding of the v's in the vicinity
of the zero point (excepting the one which on account of "18",

must lie at ¢ = c) leads to the Joukowskl forms.

6. Examples. Sections with Pressure Center.
As the first example, Wwe will construct a section of the form
n =3, without any previous instructions in regard to the 1lift
values. We accordingly choose (Fig. 12), on the 1;Ga.1 axis, two
points B and O, at a distance ¢ = 0.4 -(a length of 100 mm.
was taken as the unit in the original figure) and a circle X |
going through B and inclosing O with the center ¥ and rad-
jus a = 0.44. The angle included bétween BY and the axis is
the angle B of Section 1. BM is the first axis of the section



and M its "center". We choose the three v-values as follows:

S m
= =z - = L ="
v!,_ C, Va v’ 8e4:

so that they satisfy equation (18) and, as shown by Fig. 12, the
end points V,. V, ‘and |, of the vectors OV, = v, etc. lie
within K. Equation (19) is now converted into

_ =f-2531-3 3¢
(1 'g"‘( I—f-é-) TR ?.a

frop which proceeds

2 e 3
c,=¢® +v,>=c¢ (I+4),cav—0,ca— 3 13
Hence the transformation equation reads:
| 3 _ e I + 4
z = §+‘f-1-+c—3-“ g+ S 4. i
€ ¢ ¢ Iz ¢

in which ¢ = 0.4 1is to be introduced. The solution of this
equation is best accomplished, partly by calculation and partly
by construction.

We next determine the value of ¢, and the direction of

/ .+ For this purpose we took, in Fig. 12, BC = - $i,
‘that OC = - =}, and bisected the angle BOC, whereby the angle
Y of Section 1 and therewith the directicnm of the second axis of
the eection was found. Counting from this second axis, the rad-
ial lines { were drawn at every 30° towaﬁ the poihts A of the
circle X (only one is actud ly traced, simply the temma.l |
points .of the others being marked). The end points of the radial
lines ¢, : { lie, according to the kmown characteristic of trans-

formation through "reciprocal radii," again on a circle K, 1Its
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" center M, lies on a straight line OM, which is situated sym-
metrically to OM with reference to the perpendicular to the sec-
ond axis. One point of K; 4is C and ancther one can ead ly be

obtained from the proportion

{ :c=20C : 21
. N ¢
After Kx has been obtained, the points ¢ +'E-1- cea be located

by combining the symmetrically situated vecto:;:s; OA and OA,
just ashn the Joukowski case. In Fig. 13, the construction is
completely carried out for one point and the rest of the 12 points
of X, are simply indicated, so far as the size rélations allow.
Now each point A' must be shifted c; : {* . The direction of
¢, is that of the negative imaginary axis. Hence the shifted
direction is obtained approximately for the point with the ampli-
tude Y - 30°, by taking the angle 180 - 3 Y from the real axis.
The constructi on is easily completed for the remaining points:
since the direction changes in each instance by 3 x 30 = 90°,
On account of its emallness, the lengtkh of the displacement is
best determined by calculation. It is ¢, = 0.00213 and hence
for the just named point A, with ( = 0.514, <¢the length
A' A" = 0.0156 and we must take A' A" = 1.56 mm. according to
the chosen unit of measure. Thus 12 circumference points are defs
initely detemined in Fig. 12, as also, in very simple fashienm,
both the points, righf and left which proceedi from the intersec-
tion points of K with the real axis. |
If wa draw through M the parallel to the second axis and
transfer its angle with the first axis to the lower side of this



parallel, we thus obtain the direction MF toward the focus of
the section, on which M =c¢, : a = 0.375 1s to be taken. With
F asthe focus and ‘BN as the base line, the lift parabola is de-
termined. It is seen that the parabola is very flat (somewhat
similar to that for the much thicker Joukowski section of Fig. 6)
and that the pressure point migration 1is small, vhich is connected
with the S-choped vzward tend of the rear end. Had we wished to
obtain a section with fixed pressure center, it wbuld only have
been necessary, after determining c,, | to draw the line BM par-
allel to \/_oT, which would have hardly chahged the shape of thle‘
section. We will demonstrate this by a second example.

From the practical standpoint, the ccnsideiablé re’duction in
the thickness of the rear end of the section just considered is
very notideable. On account of the reguisite thickness of_the
rear spar, such forms cannot ordinarily be used. We obi:a,in anoth~-
er .perimeter whick, to a certain degree, realizes the opposi te
éx’creme of retairning a nearly uniform thickness almost to the rear
edge, through the following assumption. Still simpler than in the

first example n = 2 and our statement now reads

z= ¢+ %2

§ ¢2
Both v-values which according to (18) must be given the sum ¢,
we choose as

v1=—

av] e}
o
mla
o2
it
Q
t
o

By substitution in (19) we get

2
c;=c’“’-v1v2,ca=—§°-v1\5;v1v2=-E§.(1+3/3i).
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In a similar manner to the above, the radial lime BC =1v, v, : ©
is dramm in Fig. 13, so that OC represents its length and direo- -
ti_'bn according to -c, : c. By bisecting the angle formed by

OC with the real axis, the direction of the "second axis™ of the
section is found, which is, now that we wish to obtain a sectiom
with a pressure center, also the direction of the "first axis.®
‘We therefore draw through B the parallel to the bisector of the
angle and choose on it the center M of the circle K, with the
radius BM = g = 0.5. It is seen that X incloses the endpoints
V, and V, of the vectors v,, v, and 0. We now construct,
just as’_&n the first example, an auxiliary circle K,; which con-
tains the end points A, of the vectors ¢, : { and derivea the
end peints A' of the vectors ¢§ + %1- from the 12 points 4 of
the original circle K, with the aid of A,. In order to obtain
the ultimate ssction points A", we must still make the dispiace-
ments c, {3 . Note here that OB hasfhe direction of c, and
that from this, therefore, by the subtfaction of 2Y plus en-
tire multiples of 60°, all the shifted directions are obtained.
The lenggh:of the displacements are determined either with the
abacus, whereby theiva.lue c, ==0.0211 is to be used, or by cal-

culation by means of the proport ion

She

L& _ %,
. g“qoc

Furthermoi-e, ‘it is only necessary to draw a circle with O for

-

its center and the radius -gi‘;, in order to obtain (Fig. 13) throug
b |

HH' parallel to OA' +the desired length in A'H'. The pressure
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center lies on the first axie at a distance of

.
. 8= % /108 : 0.5 = 0.415.

MF = c,

Ry

It is seen that this section also, like the first one, has -
an S-shaped curve which shov#s plainly on the pressure side. 1In
contrag , however, With the first example, the thickness of the
section is much more uniform. Intermediate forms, between the
two given here, can readily be obtained, by varying the value of
v, whereby the pressure point migration can be either entirely
eliminated, as in the second, or largely, as in the first exam-
ple. It is worth noting, further, that both sections are almost
the same With respect to the 1ift magnitude, since the detemmin-
ing ratio 4a : b (b = greatest width) for the 1lift coefficient
is, in the tfirst. case 176 : 163 and in the second case 200:183
accordingly about 1.09 in both cases. The theoretical 1ift coef-
ficient is therefore 1.097" sin o in which o, is the effective
angle of incidence « + B . (According to Bieberbach's estinate,
the coefficient is larger than ™ sin o Y.

In the third example, a section is drawn in Fig. 14 on the
same plan as the lag mentioned, but with other values of v, and
v,, nanmely,

=§ (1 +/1 +0.16 i)
V

which might do for propeller blades. This section also has, like

Vi, Vo

Fig. 13, a fixed pressure center, but shows a lemding toward the
Joukowski shape. The point V, is still nearer O. In any event,

Fig. 13 and 14 illustrate the manifold variations in sha_pe, even
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with the maintenance cf the pressure-center condition ho = 0
and although we have confined ourselves to the simplest case of the
general method with n

S. On the construction of Fig. 14 there
is nothing new to say..  The values of S:-; were here determined.’
by calculation. The numerical values for the 1lift coefficient

and the focal distance are here
¢, = @ (1 +0.4 1), ¢, = 0.8 c® 1;
t A=1.17m sin (a¢ +B), MF = 0.375
If the method were carried beyond n =3, the atta.inable' shapes

would then become so numerous that it would be impossible to give

even a glimpse of them within the narrow limits of this funda-

mental exposition.

Translated by N. A. C. A.
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