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FOIES ON THE THRORY oF THE JCOEIEROMETER.

By Edward P. Warner.

The accelercmeters which heve been proposed for use on
airplanes fall into two classes. Tke first class, represenied by
the R.A.E. instrument and the one on which the staff of the Nation~
al Advisory Ccmmittse is now working, has a2 singls dsflecting
member. This deflecting member is 2 semicirctiar glace fiber in
the R.A.E. a,ct_:elerometer, s £flat steel spring in the Advisory Com-
mittee's, The second class, the oxiy representative of whickh among
airplane accslerometers is the one designsd by Dr. Zgkm, has a
nunber of plungers held up against stops by springs of varying

. Stmength or by springs of the sams strength amd loaded with vary-

4 ixi’g welghts. Izicreasing acceleration causes the springs to leave
their stops, one after another, andi to maks contact with a sheet
of peper which moves below them with 2 normal clearance of only a
fow thousandths of an inch. Ths springs in the Zahm Instrument
are-helisal, but they might bte flat without changing the operation
cf the instrument. An acncelerometer of tkhis kind has the advant-
age of a very quick responss to shocks of brief duration, but it
makes a discontinuous racord, giving indicabtion only of the valuss
batween.which ths acceleratibn lay a% ayy given instant. If there
are enough springs a close gpproximation to the curve of accelera-
tion ca; be secured, bub this is essentially inferior to an instru-
ment giving a continuous record directly if any satisfactory re-

sults can be secured from such an instrumeant.
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The best way of approaching the theory of tha accelerom-

eter is to discuss first the obrious inhersnt srrors and the means
for reducing them to a minimun and then to take up the sguations of
motion and deducs from them the lag in responding to shocks, the
damping of the sensitive memtar, ard the possible errors duwe to
resonance with the vibrations of the airplare engins.

Flet spring accelerometers of elther the first or the sec-
ond cless are subject to errors arising from accslerations along
the axis of tha spring supsrimposed on those which i% is intended
to measure at right angles to ths exis and from anguler accelera-
tions of the airplams. Furthsrrore, all accsierometers are af-
fected and give imaccurate readings if they are not placed exactly
at the cenmber of gravity of the airplans (assuming that it is the
accelerai;ion of the center of gravity which is wanted anmd not, for
special reason, that of soms othsr part of the machine). The er-
rors froxm this ca{zse, ian turn, may be divided into two groups.
First, if the instrurent is placed in a plane passing through tias
center of gravity and psrpendicular to the axis along wnich the
acceleration is to be meesured, but not at the center of graviiy
itself, any engular acceleraticn of she airplaps will zorrsspond
to a linear acceleration of the acceliercmeter spring and willi be
recorded as such. Second, if the accelercmeter lies on the axis of
measurement any angular velocity about either of ths other axes
will produce a centripetal acceleration which will be recorded by
the instrumsant.

Taking up these; sowrces of error in the order in which
they were first mentioned, the first is the effect of linear accel-

erations along the axis of the spring. In treating this it will bs
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assumed, tc start with, that the deflectlog member is normally
straight and that it is homogensm;s in ma*erial, constant iz sec-
tion, and sutmitted to an unvarying load. This assxmption is very
nsarly trus for the N.A.C.A. instrument, a considerable distance
from the tyruvth for the R.A.E. type, but it will be shown later
that the distribtution of load along the spring has very litile ef-
fect on the error dus to longitudinal acceleration.,

In o flat spring, let w be the waight per unit lanctk,
x the distance from the free end of the spring, and k. the accel-
eration normal to the plane of the spring in torms of g {(taking the
"accelera.tion“ as including the componsnt of gravity normal to the
plans of the spring, so that it corresponds te the total air force
acting on the airplans and preveunting it from falling with an
accelsration g dawnwg.rde). Then the bending moment due to normal

accelergtion is:

- 2
M - .l
2
Integrating twice, ths deflection at any point is found %o be:

Lo’ /{;3 4
- T K. =)
= 4 4

As regards the bending due to longitudinal accelerations
of the spring, the moment arm of an slement of mass at any point
with respect to an axis of bending at any othsr point is equa.llto
the difference between ths normal .deflections at the two points.

The bending moment is then: -
x
My = j ° kywcyo - y)d—"
o)

where k. is the longitudinal acceleration (including any component
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of gravity acting along that axis) in terms of g. Substituting the

expression given above for y, amd ¥,

KoKt x5 ’?3 x 2 3
= =Xy (A x. - 2. x3 ¥t ) dx -
My T So 0 " /? ..i_) =

. 2
kxiyw (»pgox-xod‘x— »“7';2-} x5)x° -
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Dropping the subscript, since x, can nave any value, and integrat-
ing twice we have:

yy - k.zky"z (/3,;4 x7 44063'.

ZEE2 IR 4 35 5

Substituting £ for x in the expressions for y, and Yy it appesars
that the deflections of the fresc and of the spring dus to accelera-.

tions iIn the two directions are

kew f %

y =
x SET

el W

¥y = .27
y 560E°1° 4

Yy -~9w ,0’3 ky (R
¥x  7OEI I

The ratio gl;. is a cownstant for any giver instrument, and is equal

to the static deflection of the fres end of the spring. Ths ratio
of deflactions is then

Yy _ _z25 Oo x

¥x B 5 7
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The deflection dus to rormal aceceleration is found by integrabing

twice: 3-_. ] ('1_2. [ —f_g
EI - e 2 LA

[¥H
]

2
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The deflechion at the free end, measured relative to the base, is

then -3
W.kx £
Ry = - L)

Procesding in the same mamer as for a distributed load,

_ 2 3
M, = kWye = Rk, (Fx .= )
T > 8
_ z.2 4 4
iy = wz%zk:i ("F & - i - ,5!, F‘.‘ )\
i 4 21 24
. 2 5 4
T, = Efgégz AL SL
T 1z 120 24

The deflection at the fres end, due to longitudinal ac-

celeration, is
) ) 5

-W'gfgyi? =

EQIB 15

Then

Y, | Wy, p2 2k T 6

- .
= —— -

Tx, EI 5 x, .£ 5

The errcr due to longitudinal scceleration in this case
is therefore about 17% grea.tex: than in the case of & uniformly dis-
tributed loading. These cases are the extreme antithsses of sach
other snd the trus value of the error in either the R.A.E. or the
N.A.C.A. instrument will lie somevhere betwsen ths two values

founl, as both these accelercmsters have a tendency to concentrate

the active mass near the frae end of the springs.
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ation of that machine whsn pulling out of a dive may bs as great
2s 1.922. The condibtions assuwed in this problem were tnduly se-
vers, and g mey be taken as the maximm sccsleraticn aleng the
spring axis to which the acceleromstsr will be subnlitted. In the
R.A.E. accelevometer an accoleration of this megnituds wouvld pro-
duce an error of +5.43% or -4.63% ia the dstermination of the nor-
mal acceleration, or a maximun error of .23g for the largest nor-
mal acceleration so fa>r rocexded. This is consnoevably greater
thon the sensitivity of ths instrument, and shows that it is not
safe to raly on its indicatiouns to within 0,1ig.

In the N.A.C.A. accelsrometer as originally designed
(not yet tried out) 45" is 12.7 cm., and éo is 0.006 cm. The
maximum error dus to a longitudinal acceleration of g under thess
conditions would be 0.05%, the plus and mirmue errors heing prac-
tically identical. Thie is 0.002g for the maxinum normal acceler-
ation. I% is evident tkhat in this instrwent, if it is satisfac-
tory in otker respects, the errors due to acceleratlons at right
angles te the one to be measured will be small snoughk to be neg-
lected with pexrfsct safety.

Instruments such as the one designed by Dr. Zabm, using
helical springs, are of coursse guite free from any errors due to
longitudinal accelerations.

As has alrsady been noted, the a..ssmption of a uniform
distribution of weight along the spring does not accord clossly
with the Facts., If it bte asswred, as an alternative, that all
the weight is conceutrated at the free end of the spring, ths beri-

ing mom:nt dus to the normsal acceleration is:
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Since any change in deflacticn perpendicular to the plane
of the spring gives rise to a change in the deflecticn due to
forces acting narallel to that plans, there is a sscondary eifect
whicﬁ rodifies Ty If, for exampls, ky acts towards the free end
of ths spring, so that ¥y and Ty are in the same direction, the
increase of y due to the addition of yy will itself produce a
further increase, and the %“otal effect of longitudinal accelera-
tion will be greater than that given by the first approximation
written above. If the two deflections are opposed, on the other
hand , the actual valus of ¥y will be less taan that given by
the gpproximate formula. These effects can be allowed for by sub-

stituting ¥y, the toltal deflection, for Yy in ths above eguation,

writing
5 . Iy :-EE.;_'ES_Q-I:_-,,
v Ix 1Yy B g
- 326 é_nky
yy': 35 F
-
CHERERE B

-

In the glass fiber instrument devised and used at ths
Royal Aircraft Establishwent £ is 1.3 cm. and & , ranges from
.05 to .08 cm.  For an acceleration of g along the axis of the

spring Y¥ would therefore be .05. Tas accelercmeter may bas
7:; )

placed with the axis of the spring coinciding either with the X
or the Y-axis of the airplane. The accelerations along the Y-axis
certainly never exceed g, whersas the compubtation of the behav-

ior of a JN2 during a loop™ shows that the lonzitudiral deceler-

* Forces in Dive and Loep: Bulletin Airplane Enginsering
Departmens, U.S.4A., June, 1918.
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Effect of Angular Accelerations.

The effect of angular accsleration appears in two ways.
In the first placs, the spring, no matier where it may be placed,
is affected by the angular acceleration as such, Sscondly, if the
origin of co-~ordinates in the spring does not coincids with the .
center of gravity of thes airplans ain angular accsleration aboutb
$he C.G. will give a linsar acceleration $o¢ tias spring.

The origin will be taken at the base of the spring as a
first essumption, being shifted later to a more convenient and
logically chosen looation. An angular acceleration of k, radians
per sec. per sec., the base of the spring being assumed to re-
main stationary, imposes upon every element of lenzth 4 x a load

Xk, W g x
g
where w is the weight per unit length. The shear at & distance x

from the base is, integrating from the free end of the spring to
the point in guestion,
1 ’ Y, 2
k, W, W Z.-x
X Xy Wadx _ koW £ )

Sa:
iy g g 2

and the bending moxent is
3
kg .0 (,{92: = ffﬁ')

Ma:
g 2 6 3

Integrating twics mors,

)

i, = k,.W (-,?-Exz ; x4 +,{73x
g2l 4 4 3

Y. = ka.W( x5 +.{73x2 £ Zx5
ZI 120 6 12

The deflection at the fres end is then
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1 5
Ya,o - ¥a-W (11‘.p ) = y_-_ £ f x &, 1,50
&I 120 15 3

The direot error arising from angular accelerations is
therefore directly proportional to the length of the spring, and
the R.A.E. luastrumsnt, with its very short spring would seem to
have a marked advantasge in this particular. It is, however, ovi-
dent that a judicious location of ths orizin of co-ordinatss with
raspect t¢ the C.G. bf the airplans will introducs llugar asciler-
ations, resulting from angular accelerations, which will coun-
terbalance the direct effect of the accelsrated Totational motion.

The norms). accoleration reguired to produce a deflecw
tion equivalent to that produced by the amgular asccelsration k,
would be of the magnitude

—All 3.' ——eat
ke = 15 xka

where k, 15 expressed in terms of f£%. por se¢. per ses. It is
then" .evident that, if the center of gravity of the zirplans lies

1
1‘;‘ of its length from its dbass,

in tho plans of ths spring axmd
thare will be no deflection of the fres end of the spring dus to

angular accelerations, the two mamners in which the effects of

guch a.cceierationa appear just cancalling each othar. If the weight
is concentratsd at the tip of the syring, instead of being uni-

formly distribubed along its whole lenzth, the frue end should ob-

viously be at the C.G. Compromising between the two conditions

it mey be said that, for the accelerometsrs now in use, the looca-

tion of the mounting should ke such that the C.G. lies from 75%

to 80% of the way out along the spring.
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If the C.G. is not at the poird thus defined Lhere are,
as has already beern pointsd out, two possible sorts of error. The
First of these is the error dues to angular accesleration when the
C.G. lies in the axis of the spring. 3By properly choosing the or-
igin in the spring the direct effect of angular acceleration can
be sliminated, and ths total effect can ve reduced to that of a
linser acceleration givén (in terms of g) by the expression:

k:x _ kgxd

g
whers d is the distance from the centsr of sravity of the asirplane

to a point in the spring and 76% of its length from the base.

The analysis of the "lcop probdlem’ already mentioned,
" showed that, under the conditions assumed, the angular accelera-
tion about the Y-a:xis has a mazimm valus of 10.5 radians per sec.
per sec. at the instant when the elevator was pulled up, that it
falls to 3.4 rad ians per sec, par sec. in 0.3 sscomd, and that
it never rises above 1.0 rad. per sec. per sec. after 0,5 sec. un-
til the loop is completed. The sssumptior, made in this analyeis,
that the elevator is pulled up instantanecusly is, of courss, much
too severs, and it is prorable that 5.5 rad. pser ssc. per sec. is
the largest acceleration in pitch that an airplans would sver
have to wnadergo. Expsriments on the rolling moment dus to ths
ailerons suggest that the acceleration aboub the X-axis has a
maximun valus, on small and mediun~sized airplanes, of about 5
rad. per sec. par sac.

I£ d., d.y, and 4, be the projections on tha three axes

of the distance from the origin of co-ordinates in the spring to
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the center of gravity of the zirplane, it is evident that the maxi-
mum error dus to acceleration in roll is 0.15g when dy is 1 foot,
and that the similar error arising from the pitching motion is
0.20g when d, is 1 foot. Corrections can be mede, using estimat~
ed veluee for the angular accelerations, which ¢an be relisd wpon
to reduce these errors by about 60%. In order that the normal
acceleration, thus corrected, magy be accurate within 0.05g, the
velue of d, must be lese than 73" and &, must not exveed 0%,

The other source:of error is the centripetal accslera-
tion dus to anguiar velocity. In the usuel case, where the ac-
celerations along the Z-a2xis ars being measured, centr':i.petal ac-
celerations arise whenever there is any rollinz or pitching mo~
tion if the active mass of the instrusent is above or below the
C.G. The acceleration is, of course,

ke = wzdz
g
The loop analysis showed a maximm engular velocity of 1.81 rad-

igns per sec. occurring 0.4 sec. after the slevator was pulled up.
Since the theoretiesl time for completing tha loop was about a
third less than actual measurement shows to be rasguired, this max-
imm is about 50% too high, and the true maximum way be taken as
1.2 rad. per sec., Since it is réportad. that an airplare can be
rolled onto its back in 3 sec., the maximum rolling velocliy must
be about 1.5 rad. per sec. The error when d, is 1 foot would then
be 0.07g. As in the case of angular accelerat_ions, aprroximate

corrections can be mads, and ths error reduced by at least 50%.

To keepn the corrected valus of the rormal acceleration within 0.05 g



- 13 -

ol the truth, dz must not excesd 15", This condition is easy %o

realize, and it will usuvally be found that the beas t place for

mounting an acceslerameter is directly above or below the G.G.
The dynamics of the accelsrometer will be treetsd in

a2 subssguent report.



