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JATIONAL ADVISORY COMMITTEE FOR AERONAUTICS.

TECHNICAL MOTE NO. 184.

NOTE ON VORTICES AID ON THEIR RELATION TO
THE LIFT OF ATRFOILS.
By Max M. Munk.

Summary.

This note, prepared for the N. A. C. A., contains a dis-
cugsion of the meaning of vortices, so often mentioned in
connection with the creation of 1lift by wings. The action of

wings can be more easily understood without the use of vortices.

The conception of "vortices" in a woving fluid was originated

by Helmholtz and during recent years it has been extended in con- f'

nection with the investigations of the creation of the 1ift of
airfoils by Lanchester, Prandtl and others. One individual vor-
tex, as introduced by Felwholtz, is only an abstraction, stand-
ing in the same relation to "vorticity" as a mathematical line N
stands to a thin wire, or as a concentrated force or load stands
to an area with a distribution of comparatively high pressure.
Vorticity rather than a vortex, therefore, has to be the subject

of study. It will further aopear that neither the vortices nor

the vorticity, said to create the 1lift of an airfoil, have any

physical reality of their own. They are either quite fictitious,
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or at best stand for the summed-up effect of the vorticity abcut
which nothing definite is known generally, acccrding to wbhat @ _
point of view is taken. TCuring the war, when the study of aero-
dynamics received a strong impetus, the use of vortices for the
description of the flow of the air was left chiefiyv to German
investigators, in spite of the work of Lanchester. Just now,
British investigators have talken up the study of the German re-
sults. Papers on vortices are often met with in the »present
British technical literature, but not all of them indicate that

the author has attained to a2 full clearness of the subject.

Some remarks on vortices from an aerodynamic standpoint seen —
quite desirable therefore at the present moment.

It is easy to explain what vorticiiy means as long as it
remains of finite magnitude, as i% alweys actually does. Pic-
ture any fluid, moving in any way consictent with its physical
properties. Suppose the motion to be unifurmly distrituted, so_
that each of the velocity components wu, v, w, which are func-
tions of the space coorxdinates =x, v, 2z (at right angles to each
other) and parallel to them can be differentiated and possess
finite differential coefficients. Wow consider a very small
vortion of the fluid contained within a sphere. The smaller the
diameter of the sphere chosen, the more uniform becomesg the dis-
tortion and motion of thisg portion of the fluid. With vanishing
diameter of the sphere one can speak of a definite veloecity of

the center of the svhere, say V, and of a definite anguler



velocity of the sphere about an axis in a cértain direction. .

This angular velocity is closely allied to vorticity. Vorticity

denotes a distribution of localized vectors through the entire .

space. The magnitude of the vorticity at the point referred to

is equal to twice the angular velocity of the little sphere just

spoken of. Its direction is parallel 1o the axis of rotation of

the 1little sphere. Vortex lines, in analogy to stream lines,

are defined tc be such lines that at each point their direction

coincides with the axis of vorticity at that point. o
The vorticity, just as the velocity, thus possesses three

components at each point. The component parallel to the X-axis,

for instance, ie equal to twice the componsnt of the mean angu-

lar velocity with respect to this axis. Let the center of the

sphere have the velocity components v and w, at right angles

to the X-axis. Then the magniﬁude of these components in the

vicinity of this center are, to a first approximation

v + ay g% +dz B2

oz
and
ow ow
w + dy 3V + dz 3z —

It follows directly that the radius vector parallel to the Y-axis
ow

rotates with the angular velocity -33, relative to the X-axis,
and the radius vector parallel to the Z-axis rotates with the
angular velocity - &Y. Hence it can be said that the mean angu-

az
lar velocity component with respect to the X-axis has the mggnitude
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aud the vorticity component is twice as large:
g

£ =20 _ 8 (1)

vY ©2

Streamlines are defined to be such lines that at each roint
tliie dizection of the line coincides with the velocitv of the flqi@_
at that point. One individual streamline, existing alone, is not
con.ceivable. It could at best be defined as repressnting the flow.
of a fluid at rest except in the vicinity of this line where it
flows as through a narrow pipe. The magnitude of this one iso-
lated streamline should not be the actual velocity, ae this would
not give any useful and consistent information. It should rather
be the delivery per unit of time, of fluid through a cross sec—
tion containing the line having thus the dimension "velocity
times area.” A statement analogous to this can be made regarding
single vortex lines. They never actually exist in the strict
meaning of the word, vortex lines being characteristic of a uni-
form distribution of vorticity, and one of them, when existing
alone, indicates anything else but a uniform distribution of
vorticity. If the vorticity is confined to the immediate vicin-
i1ty of a line, this line may be newly defined as an individual
vortex line, and the strength of such a vortex is then better

definedlby the integral of all products of the elements of area

of a cross section and the component of vorticity at right angles



-5 -

1o them. Hence the dimension of the strength of an isolated L
vortex is "angular velocity times area' = "velocity times lengﬁqii__

In abstract mathematics the isolated streamline as well as_
the isclated vortex line are imagined 40 be strictly confined to
the line. Then the velocity or vorticity, in their proper mean-
ing become infinite if the strength of either line is finite.
Any uniform distribution of velcecity or vorticity can e de-
gcribed by reversing the nental process, considering them as a
uniform distribution of infinitely many isolated sireamlines or -
vortex lines of infinitely small sirength. The reader will at
once recall the magnetic and electric fields, where similar
considerations are used.

There exists a state of singularity intermediate between
unifofm vorticity and an isolated vortex line, namely, the con-
centration of vorticity within a surface. Expressed in plain
language, the fluid is slipping along tuiese surfaces, there being_f?
a finite sudden drop between the velocity on both sides of the

surface. No infiniiely large velocities occur. ITf the surface
.Y .

be replaced by a thin layer of the thickness &, ard the velocf__
ity be supposed to drop gradually from V, %0 VY, within this

iaYer, the rate of change of velocity with respect to normals ~
to the surface is seen to be (V, — V,)/6 . The smaller the thick-
ness of the layer, the lerger becomes the voriicity in the layer

and when & approaches zero, there can be sald to be an infinitely
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lerge vorticity at points of the surface.

In view of this it is convenient to define such a measure
for the entire vorticity contained within certain limited parts
of the space, as will not break down 1f the vortisity itself be-
cores infinite along certain lines or surfaces. Tkis is done
oy selecting a certain surface, and oy computing tae "flux"
geross 1t of 211 vortex lines,

f £ &8 (2)

where dS denotes the element of area of the gurface and f the
corponent of vorticity at right angles to the element. This
measure is called Circulation and it can be computed in a ruch
more convenient way than that indicated by the integrel, as I
now proceed to snow.

According to definition the vorticity has the corponents

¢w _Qv. Ju _3aw. av _ 2u
ey 8z’ 3z 3%’ ax  ay’

Over each very small element of area of the surface the vor-
"ticity can be supposed to be constant. Let the vhole surface be
composed of very small rectangular elements at Tight angles to
one of the three axes of coordinates. One of them may have the

gides dx and dv. Then its contribution to the circulation is

sr (-3 ax ey,

extended over the area dxdy.



Thie can be written
S (v + av)éy - [Svdy - f{u + du)dx + fudx.

This now is a simnle or line integral, obtained by integrat—
ing along the boundary of the element, passing around the ele—_:
ment in a certain direction of turn, summing up the products of
the elements of boundary and the components of the velocity
varallel to it.

Now, if the same process of integration is repeated with
the adjacent element, the two contribuitions of the common element
of boundary cancel each other, as the directions of integration-
are-opposed (Fig. 1l). It is therefore only necessary o inte-
grate along the boundary of the area madse up of the two elements.
This conclusion can be repeated, and it follows that thé circu-
lation of any finite surface is obtalned by integrating the prod-
uet of the boundary elements and the components of velocity par-_
allel to them along its boundary. Hence the circulation of s
certain flow with respect to a certain surfzce depends only onr o
the magnitude and direction of the velocity along the boundary
of the surface. It follows at once that the circulation with Te-
spect to a cleosed surface (like thé surface of a body) is always
zero. Now the circulation was compubted in just the same way withm_
respect to vortex lines as the flow through a surface would have__;
been computed with respect to streamlines. Hence it follows

that vortex lines behave like streamlines of an incompressible

fluid, whatever the motion of the fluid may be. If the space e
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divided into “"vortex tubes” of equal circulation, no such tube
can ever end or begin, but every vortex tube either runs back to
iteelf or to the boundaries of the space.

This continuity of the distribution of vorticlty is the
content of the firet +heorem of Helmholtz on vorticss. It is not
at all a physical law, but s mathematical truth, a necessary
consequence of the definition of vorticity. The theorem 1s not
obvious to a pereson not tuoroughly mathemstically trained. No -
measurement can ever upset this theorem, but on the coantrary,
it can only be 2 check to any messurement.

The second theorem of Helwholtz concerning vortices 1s a
physical law applying to perfect fluids and gases, and this is
therefore the.more important one. I% rests on the fact that no
svhere can be vut into rotation by forces acting on its surface
and directed at right angles %o it. Hence a spherical portion
of a non-viscous fluid free of vorticity cannot attain to a vor-
tex motion bv forces acting from one variicle to an adjacent
particle, that is, by a distribution of pressure. Hence Helmtoltz!
gsecond theorem: The vortex. lines move with the matter of the fluid.
No mortion of the fluid changes its vorticity, except when under
the action of suitable erternel forces. Thig theorem now is notd
self-evident, it is a physical law only and true only under the
conditions stated: no viscosity and no external forces capable
of producing vorticity. Gravity does not belong to these exter-

nal forces. Helmholtz! second theorem will never e fully con-
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firmed by experience as there is no perfect fluid known.
Any force exsrted by an immersed pody on the surrounding
fluid is an external force, and hence the flow around any such
body may be vortical. Examples of this kind are bcdies moved o
through the fluid and encountering a drag or creating a 1if%,
propellers and equivalent devices creating a thrust or acting _f
as wind mills. The vorticity is then distributed in the sur- -
rounding fluid. Close to the surface of the body the fluid may
or may not cling, according to whether it is a perfect or an ac-
tual fluid. 1In the latter case the layer along the surface
moves with vorticity. An airship hull, for example, flyiag par-
allel to its axis, is surrounded by closed vortex rings at right
angles to the axis and moving in the vicinity of the surface.
The creation and existence of these vortices near the surface is
of interest in connection with the study of air friction., Simi-
lar vortex rings exist in a fluid flowing through a circular tube. _
These vortices, however, have no direct bearing on the permanent
creation of 1ift by airfoils, though they may be of interest for
studying the initial creation of 1lift. These layers of vortical
motion may as well be considered as constituting part of the body
itself, surrounded by air in a non-vortical motion, and this alone
demonstrates their relative unimportance for the flow at large.
Behind obtuse bodies, moved through air, there are often
regions of turbulent and irregular, unsteady motion. These regions,

in general, will contain vorticity. The vortices, which are most

often mentioned in literature in connection with the wing action
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are not characterized by any turbulent motion, however. o
As the absence of 1lift and drag amounts to the absence of
vorticity in a perfect fluid, and conirariwise, it is pertinent
to ask for the relation between the magnitude of the 1ift, and
the circulation, if any such relation can be found. It exists,
indeed, and this is the natural comnection between 1ift and vor-
tices. The relation car easily be obtained from the considera-
tion of the momentum transferred from the wing to the surrounding
air. Consider the two-dimensional case first. A wing with infi-
nite span creates the 1ift L' per unit length of the span.
Hence the momentum L' has to be transferred per unit of length
and per unit of time from the wing to the air. Let ue suppose
there to be two (mathematical) vertical planes in front and in
rear of the wing mwoving with these, ard let us compute the verti-_
cal momentum transported by the air through these two planes per
unit of time. The differernce will be egqual to the 1ift, for the
pressure over these planes does not conitribute to the lift, and
the planes are supposed to0 extend to infinity, so that the influ-
ence of their ends can be neglected. The vertical momentum of
the air, passing either of the planes, for one strip of unit _
width is (uvds) p, where P is the density of air, u %he ver-
tical velocity component and v +the horizontal velocity compo-
nent. The planes can be supposed to e so far away from the wing
that v TDbecomes constant and egual to the velocity of flight.
The difference of these two integrals is the product of the ve-

locity of flight, the density of alr and the circulation taken
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sround the wing along both planes (that is, lines in the two-
dimensional pisture) and two horizontsl lines of connectlon at
e great distance, where they do not contribute any appreciable
amount. It follows, therefore, that the circulation around the
wing is equal %o

r = L.
eV
where I' denotes the circulation

L' the 1ift per unit span

V the velocity of fiight

p the density of air.

Any other closed line drawn arournd the wing gives the same
circulation. For the entire circulation is the sum of the cir-
culation of the inmer closed line and of the ring-sheped space
between it and the outer closed line. This ring-shaped space 1is
now supposed to contain no additional wings, hence its circulation
is zero.

The existence of this circulation indicates the existence of
vorticity in the flow created by a wing of finite span when in
action. Indeed, the pressure undes the wing makes the ailr move
outwards, and the suction on top makes it move inwards, so that
the two portions of air over and under the wing, when meeting
again, have oprosite lateral velocity components and hence there
is a surface behind the wing wheye slipping of air takes place.
It is particularly strong near the ends, and suggests to the im-

agination the presence of concentrated vortices near the ends.
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Thie, however, is an exaggeration of what actually happens. o
In the two-dimensional flow ithere are no ends of the wing
and hence there are no vortices near the ends. Thers is ecircu~
Lation without vorticity, and indeed vorticlty is only a neces-
sary consequence of circulation if the circulation is computed
along the entire boundary, outside and inside (Fig. 2). It fol-
lows from this and from the consideration of the transfer of mo-
mentum that the vortices behind the wing do not create the 1lift.
They are in their turn created by the 1ift. Ag the streamlines
behind the wing are approximately known, the vortex lines behind
the wing, coinciding with them, can be studied and are of some
use for learning in detail the flow behind wings. ™
Whether there are vortices on the surface of the wing de-
pends on whether the layer of viscosity is supposed to form pars
of the wing or part of the surrounding fluid. The former is more _
often supposed. Sometimes the vortices are said to be located
"ingide the wing." That is only a poetical illustration of the
fact that there is circulation around the wing. These vortices
‘inside the wing may even be used for computing certain character-
igtics of the flow, but that does not prevent them from being
merely fictitious. It has also expressly 10 be understood that
there are no lateral vortices under or above the wing at some
distance from the surface and carrying it. One inventor propoged

seriousgly to take the wing entirely away and to replace it by a

pair of rotating discs on both ends of the wing. These discs
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wo?ld create a vortex connecting the two discs and hence a large
1lif$. Such things of course are sovhismg, and are the product
of the absence of clear thought and insight.

The discussion so far has resulted in the statement that a

lifting wing accelerates the air downwards and hence leaves a

trail of air behind-it, moving ﬁith_vorticity. This motion can
be very clearly understood without any refersnce to vorticity.
The circulation stands in a close relation to the momentum trans-
ferred, and its knowledge is useful for the computation of the
action of wing sections. But it is a wide step from the magni-
tude of the circulation around the wing to the study of the vor-
ticity at.each point., That then is the use of introducing the
vortices, and vhy are.they so frequently mentioned?

It is only fair to séy that for a detailed study of the
flow behind wings the vortex lines form & convenient means ol
describing the flow, and hence they are of some use for the sci-
entific expert. This is not sufficient, however, to explain
thelr publicitf. The reason for the publicity of the vortices
in connection with wing action is not any particularly great
usefulness of this wathematical conception, but is chiefly a
historical one. It happened that, at the time when toere was
ignorance about the explanation of the flight of heavier-than-air
craft, the investigators studied the air flow by ueing vortices,
which is perfectly correct, and they found the explanaition by
that method. It is now known that this explanation could aleo
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be found by simpler mathematical methods, but that must not dimin-
ish the respect due to those men who first found the correct re-
sult. The result itself, and not the way it was first obtained,
merits respect. The explanation o0f the 1ift is now reduced to the

conslderation of the air motion behind the wing, becoming more

and more two-dimensional as the distance behind the wing increases. _

This two-~dimensional flow is now the chief object of study. Any
two~-dimensional flows, except trivial ones, when extending over
the entire plane, contain regions of vorticity. But this vortic-
ity has never been used intensively for the investigation of such
flows. There is no longer any reason for the use of vortices

in the computations in connection with airplane.ﬁings. The pres-
ent publicity of vortices is chiefly due to the fact that in
earlier papers on wing action this method ié used and because
there are always too many who cling to words appealing to the im-
agination, as vortices seem o do, instead of applying their com—
mon sense to scientific questions. Even at the birthplace of

the vortices they are almost out of date now, in connection with
the study of winge, and so will they be in England and in thie
ocountry too, after the question has been thoroughly digested.






