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A STUDY OF THE PITCHIY¥G MOMENTS AND
THE STABILITY CHARACTERISTICS OF MOHOPLANES*

By George J. Higgluns
SUNMARY

This note presents a study of the pitchling moments -
and the stability characteristics of monoplanes. EXpres— '
sions for the piltching-moment coefficisent and the Diehl
stability coefficient for the monoplane are developed, -
suitable for the use of airplane designers. The effec~-
tive difference between the high-wing and low-wing typses
is portrayed and discussed. OComparisons between 8Xperi-
mental and computed values are made., Charts for use in
the solution of numerical values of the piitching-moment
and stability coefficients are presented.

JOTATIOR OF STYKBOLS

The basic symbols are nsed zlone and also with sudb-
scripte, w for wing and % for tail; e.g., Sy, wing
area and CLt' 1if% coefficlent of tail.

M, pltching moment, ft.—ib. o
Me.g. Pltching moment about the center of gravity.

Hoonsar ritching moment about a point 24 percent of the
chord from the leading sdge on the mean aero-
dynamic chord.

Cm ='€%Z' pitching-moment coefficient.

*Thesis submitted in partial fulfillment of the reguire-
ments for the degree of Aeronautical Engineer in the
Graduate School of the University of lMichigan, June _
1934, s
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area.

chord.

dynamic pressure, lb. per sq.ft..

megs density of standard air, 0.002378 slugs
per cu.ft. at 29.92 inches of Hg and 59° F.

voloeclty, ft. per sec.
mean aerodynamic chord.
welght, 1b.

1ift, 1b.

11ift coefficlent.

drag, 1b.
induced drag.
profile drag.

parasite drag.

lever -arm of tail force; fta
tail efficiency.

Diehl stabillity coefficient.
¥unk's biplane span factor.
effective aspect ratio. o

span, ft.

correctién k)
elliptical plan form,

angle of wing setting, degréesy

or plan-form shape, To for an
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ig, angle of tail setting, degrees.

G angle of attack referred to airfoil chord,
degrees.

Ol o angle of attack referred to thrpst line. _

Og s absolute angle of attack, measuféd from the

line of motion when the 1lift force is zero.

Oy » angle of attack for zero 1ift.

Q, angle between the line Jjoining the c.g. and the
point O0.24¢c and the line perpendicular to the
chord line of the wing, in a counterclockw1s
J«i Ade,

direction, degrees. _4LM, Aﬁg&ug(_
M\..(mww«w - actlh don ?
Qs s . the angle @ referred to the zero-1lift direc-

tion instead of to the chord.

€, angle of downwash, degrees. )
g, angle of pitch, degrees. Co- S -
INTRODUCTION

The longitudinal stability of airplanes has becoms
increasingly important as air-passenger traffic has grown.
The trend of design toward low-wing monoplanes with their
inherent stability problems has also brought about added
study along these lines.

One of the most important factors in the analysis of
the longitudinal stability is the derivative of the pitch-
ing moment due to an angular increment of pltch, expressed
as AdM/d6, or d4a4/da. Tieutenant Commander Walter S.
Diehl of the Burdau of Aeronautics, Navy Department, devel-
oped a system of static-stability analysis which has proved
qQuite satisfactory. The stability charadteristics were
determined in flight for several naval airplanes with re-
gard to whether they were stable or unstable. A coeffi-
cient K was determined for sach 6f these airplanes from

4 : w
the relationship iz = KqWe or === K 7z 1using the re-

sults of wind-tunnel tests on models of the respective
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alrplanes for %%r It was found that values of X for
satlsfactqry longitudinal stab:llty range from ~O 0004 %o

-0.0008,

This paper develops an analysis concsrning the factors
governing the term dM/da somewhat along the method used
by Diehl but with the addition of certain original modifi-
cations and amplifications to generalize the problem for
application to all types of airplanes in a manner suitable
for the airgraft designer,

* THE PITCHING MOMENT OF AN AIRPLANE

All parts, of an airplane exposed-to the alr experil-
ence pressures that total to produce the resultant pitch-
ing moment of the airplane. Most of these components are
emall and are relatively unimportant in the study of lon~
gitudinal stability., Conversely, the pitching moments of
the wing proper and of the horizontal tail are very impor-
tant end determine practically alone tno stability charac~
teristics of the airplane. - : -

An analysis of the forces on the various parts under

different conditions of flight shows that for most conmven- -

tlonal wing and fuselage arrangements the important forces
are the wing 1lift, the wing induced drag, and the 1ift
from the horizontal tail, For thig analyseis all. other mo-
ment—producing forces have thersfore been negle cted in or-
der %o simpllfy the relationships. The order of magnitude
of the discrepancles may be seen by the comparison with
data obtained from wind-~tunnel tests and from airplanos

in flighte.

Figure 1 shows a diagram of the vectors of the wing
11ft and wlang induced drag in relation to the mean asrody-
namic wing and the center of gravity of the airplane. In
this figure, the conter of gravity is shown both for =a
high and a low wing position, the symbols being differon-
tiated by subscripts 1 and o, regpoctively. The point
O.24c refsrs to the point 24 peorcont of the cherd from the
leading odge on the mean aerodynamic chord, about which
point the wing pitching moment is practically constant.
This point 1s frequontly called tho acrodynamic conter
(roforence 1). The ratio d/¢ ropresents the distance in
fractions of the chord from the centor of gravity to tho
point O.24c.
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Uging the symbols previously listed, one may write
from figure 1

Me,g, = Iy & +:Dp = Iy 1 m gmoment of tail)

=T, r + Dm)+ Iy & sinlg - @) +
Dd cos{® - @) - Ly 1 M.

=KM°‘2°§)+ d'[?w sin(p - a) + D cos(p - a)l-

q"?;y ’ . Lt A n i

_ a

Do ,e. Gmo-a4c e -
S¢ 1

%1y 5y o M ‘)

Butb . CD = GDO + GDfL = CDO + - T

as previously mentioned, the sffect of the moments due %o
the profile and parasite drags may be neglected in mosi
cages, hence " '

Cn = o b
~ D T(ED)® T Ay
and R
¢ = + & [0y sinlp - Cﬁ)+'GL£'r cos@ - a)l .
Be,.g. Mg. 24C c .:F'W AT
S‘b 1 )
e By S @
Ly v © n o | )
a [acy _
= — | : _
Cmc-g- B c;mt:uztﬁ.c__i- e [da oy sin(P o) +
AA0Ly e A 1 acy,
' da > M Ay cos(® - G)J - X
S 1 , 55 401,
Sy € 7 [aa + GLO - i t i; - K;'E&- aa] (4)

= [OLw sinfp - a)+ Cp cos(p - a)] -
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where
40y, 0.1015 . dCr,, 0.1015
do 1+ 2285 (1 4 1) do 1+ 22835 (1 4 1)
t
e = 88 ¢ y an appréximate aferage.
Ay Iy B o
A = O = iy + 1f - ¢ (5)
= a + aLo - i, + 1y - € (see fig. 2) (6)

By means of the foregolng expression, the pitching-
moment coefficient for an airplane may be readlly computed.
In order to facilitate this computation, nomographic charts
(figs. 3 and 4) have been prepared, These charis appear
complex due to the number of variables involved, dbut may
be easily followed. Values of OCm,, ., (for practical

purpeses equal to Gmo) may be found in various N.A.C.A.

reporte or may be derived from the following empirical
formula (see reference 2):

— X _ tym
Om,, 0o = [1:10 + 3.8 (c c:ﬂc (7)
where X = distance from leading edge to
c ordinate of maximum camber,
in fractions of the chord.
% = thickness, in fractions of chord.
B = camber, in fractions of .the chord.
¢

The successive increments of the total pitchiﬁngoment
coefficlents are added together to obtain the final pitch-
ing-moment coefficient about the center of gravity, or

omc'g. = Opg,pee * cme +-cmDi - Oy, - - (8)

s
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THE BQUATION FOR LONGITUDINAL STATIC STABILITY

The principal requirement for longitudinal static
stability is that the curve of the pitching moment (or
pitching-moment coefficient) of the airplane when plotted
on the basis of angle of attack should be smooth, have a
regative slopo throughout and have an angle of %trim (zero
moment, tho condition of equilibrium) within the flight
range., The position of the angle of trim may be obtained
by a sultable value of the tail-plane setting. In gener-
al most airplanes have regular, smooth curves but not all
have the regquirement of a satisfactory negaitive slope.
Over a period of years the Navy Department has been ob-
taining data on airplanes in flight and comparing their
stability with the slope of their respective pifching-
roment curves odbtained from data on mnodels. This work
has been reported by Diehl who doveloped an empirical re-
lation for the same. (Sco reforcnce 3.) This relation
igs expressed as follows:

aM  _
e EgVWe
o n 9
or ao K S __ — . __(_ )

Diehl found values of X for satisfactory stability con~
ditions to be as given in table I. From the values for
the naval airplanes, the values for the commercial types
have been deduced. Values less numerically than ~0.0004
should be considered too low and those greater numerical-
ly than =0.0010 toco high; the one produces too weak a re—
sponse and the other would be a trifle too stiff for hand-
ling. Positive values, of course, indicate instability
and should be avoided entirely. '
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TABLE I

STABILITY COEFFICIENT, K

: K

Type of airplans sq.ftl/lb./deg.
Fighter -0,.,00040
Observation ~=+00C60
Bomber . -,0C080
Sport, Racer ~-.00040
Private, General purpose, .

Mall o -.000860
Commercial transport, small | -.00060

" i » large -.00080

In order to obtain a wvalus of X, the stability co-
efficient, for a particular alrplane it is first neces-
sary to reduce equation (4) for the pitching-moment coef-
ficient to 1its first derivative with respect ¥o &, whlch
ig then an expression for its sloﬁe at any point. Thils

rosult can then be equated to K 5 as glven 1n equation
W

(9. After expansion and obtaining the derivative, the
important first~order terms were retained giving the fol-
lowing result:

dCp 4 Cy,
B e e _ T " - 2y
ia, s {sin 9y 35 (1 - 0.000456 o5~ ) +
acy, 2 oa®
-~ w a,
0.01657 <E&“‘> £ - cos 9
dCy,
I (0.0349 ay - 0.00000854 ag®) -

dcy N\ « dCy, S 7 ac
_2hw) Ze by 5t 1 36 "Ly
0.636 \3gx Aw.}] ~ a0 S5y L} - I da (10)
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dec. ! . . . = . -G.GLt S¢ 1 (11)
o = 7 [sin @5 Ty ~ cos @5 Fp ] > & 5, o n .
where T
-Fl = o (1 - 0.000456 a,®) + 0'9;60?.<da ) i, i(12)
- 4Cryg a6 - 3
F, =175 (0.0349 oy ~ 0.00000354 as?) |
: a0, oy
0.636 ( Lwy f} (13)
: W
ac :
36 Lo ‘
¥y =|:1 - K; ic 1 (14)
e . 4y
Charts of values of T, , of Fp, and of F3; and iz

will be found in figures 5,.8, and 7, respectively. With
given specificatlons for an airplane, a solution for the
stability coefficient may be readily found for any desired

", angle of attack,

 DISCUSSION

When biplanes were the usual type of design, it usu-
ally happened that the center of gravity was located very
close to or on the mean aserodynamic chord. The piftching
moment against angle-of-attack curves obtained from wind-
tunnel tests for this condition were rea%lv always approx-
imately straight lines. This result led to the assump-
tion that all such moment curves might be gimilar. The
subject was vague at best and not of sufficient importance
to demard more than simple flight tests to check.the sta-
bility, as the type was practically sure to be at least
stadle, But with the commercial aspect becoming more ard
more ilmportant and the monoplane becoming the common typse,
more attention to the static stability is necessary before
the manufacturer can go into production. Quite satisfac—-
tory results may be obtained by & study of the impoftant
factors; horizontal center-of-gravity position, vertical
center-of~gravity position, tail size and p031tion, inter~
ferences, and other variables. - .
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Effect of Horizontal c.2. Position

As the ce.ge position is varied fore and aft with re-
spect to the wing chord, the pitching-moment coefficient
ageinst angle-~of-attack curve increases or decreases 1ts
slope rotating about = value of the condiftlion when the
1ift fofce is zero. The exact values obtained, of course,
are functions of the geometry of the particular airplane.
It ig well Lknown that satisfactory stabdbllity usually oc~
curs when the center of gravity is located between 25 and
30 psrcent of the chord from the leading edge. Figure 8
shows this effect for a typical airplane.

Effect of Vertilcal c.ge. Positlion

The vertical position of the center of gravity is very
important particularly ian that on the prevailing monoplanes
of low—wing type 1% tends to increase the stabilliy prob-
lomse In thils development for the pitching-moment coeffli~
cient, the vertical as well asg the horizontal locatlon of
the center of gravity is considered as shown by the derived
expression, When the c.g2. 1s above the chord the pltching~
moment coefficient (against a) curve is not a straight line
but is a curve concave upward. TWhen the c.g+ 18 below, the
curve 1s concave downward. The two types bernd away from
sacia other as the angle of attack increases. Figure 9 is
a chart illustrating these effects for monoplanes of differ-
ent wing locations.

Figure 10 is a vector diagram for a monoplane, on
whilch are plotted the c.g. for a perasol arrangement and
the c.gs for a low-wing arrangement, In the former casme
the pencil of resultant force vectors points above the
Cees With an increasing moment arm from the c.g. to the
force vector as the angle of attack is increased. For the
high ce.gs the vectors point below and produce decreaslng
moment arms as the angle increases. In the first case an
increasing slope to the moment curve is produced, and in the
second case a decreasing slope.

It is then evident that the stability characteristics
of the low-wing monoplane are decidedly different from the
high-wing or parasol type. Given two airplanes of like
characteristics at high speed, the low-~wing airplane with
ites high c.gs would be the less stabdle and the high-wing
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airplane would be too stable at low speeds. In neither
case can the same degree of stabllity be oPtained for

Using the Diehl stability coefficient X "and assum=
ing like tail~-plane areas and effects, figure 11 has been
drawn to illustrate the relation between the location of
the cege and K. Here are shown lines of equal values of

= O -
K; one set for high speed (x = 0°) and one met for low

speed (o = 20°). Satisfactory values are indicated. 1In
order to be within the desirable range, the location of
the cege is limited %o a small diamond-shaped area Just

aft of the point 0.24c¢c on the chord lins. A heavy line

is shown on which the c.g. might be placed and where equal
values of KX for low and for high speed might be obtained;
with & mid-wing monoplane or a biplane this could be dons,
but it is impracticadble with other types. Figure 11 may
also be used to obtain rough preliminary stability infor-
metion by correcting for the tail plans as indlcated.

Ay, §L, ,» and m

Effect of Variabdles A 5
w

w,

0 o

In figure 12, graphs are given showing the seffect of
the other variables of the stability equation, LAy, At,

S
St -%n and m. An increase in the "effective" aspect ratio
w .

of the wing (Ay) improves the stabilify in an indirect

manner, principally through reduction of the downwash on
the tall plane. With an increase of Ay the value of X
therefors increases more rapidly, however, for a high-
wing than for a low-wing monoplane. The change of X
"with angle of attack or speed is also indicated in this
figure. The efficiency of the high wing is again ev;dent.

The remalning variables bear straight-~line relation~-
-ships with X and may be considered together as func—
tions of certain basic values. Figure 12 also §hows the

effects of tail efficiency m, effective tail aspect’
ratio Ay, as well as of ratios st,sw, and lever arm

in terms of the chord, 1/c. Different scales for each
variable make it possible to use singls curves and show
at once the relative change in X due to a médification
in the tail and its efficiency. The geometry of the %tail
may be readily changed by the designer to fit his require~
ments; the tail efficiency, however, is not go easily mod-
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ified and necessitates & detailed study of .the wing, fuse-
lage, and motdr interferences. A tail efficiency of 70

to 80 percent is an average value for the present-day

type of monoplane. An efficiency of 80 to 90 percent 1s
Probadble of attainment where extreme care is taken in fil-
leting, cowling, and. by the smooth fairing of the fuse-
lage. A large aspect ratio of the tail is also beneficlal
as it removes the effective area from the fuagelage and its
detrimental interference. Thin w1ngs materially aid in
reducing the turbulence troubles of fuselage- wing inter—
ference. :

.Efféct of Fillets and Burbdling

In récent wind-tunnel testing on airplane models, it
has been noticed that. irregularities in the curves of the
pitching-moment coefficient (Oyp against a) for low-wing
monoplanes occur in the region of the stall. In two or
thres cases thls irregularity, or hump, in the curve
proved a very unsatisfactory condition which had to be
eliminateds The addition of larger fillets between the
thick monoplane wing and the fuselage only aggravated the
difficultye. Smaller fillets and an enlarged tail ares
aided materially., '

From an analysis of the effect of the wing 1lift in
the moment equation, it may be seen that at the stall, or
burble point, thé decrease in 1ift reduces the positive
moment and allows the beneficial negative moment of the
teil to governes This effect increases the negativse slope
of the tail theredy greatly aiding the stability. The
curves labeled e in figure 13 show the 1ift coefficlent
Cr, pitching-moment coefficient Oy, and stablility coef-

ficient K <for a hypothetical low-wing airplane, curves
b, &a low-wing airplane with burdbling effects, and curve
¢, a low~wing eirplane with fuselage interferonces in ad-
dition, The hump proviously montioned is evident. The
unfilleted wing—~fuselage arrangement produces a far better
shaped curve. As filleting is added the curves tend to.
approach the curves b, and, ag burbling is prevented, a
bad hump is developed. It is well known that filleting
tends to prevent buffeting, yet the designer should assure
htmiglf that—the stability is ample in the region of the
gsta . Lt e



J.A.C.A, Technical Note ¥No. 511 13
Effect of Loading

The large commercial transports often have a big
range of horizontal center~of-gravity position between the
fully loaded condition and the empty condition, as when
ferryings A change of 10 percent from 0.34 M.A.C. to 0.24
M.A.C.. is common. This condition makes It difficult to
obtain satisfactory stabllity characteristics at all an-
gles of attack, Figure 8 is a chart giving a serieg_of
curves of Cp and K Trepresenting values for a low-wing
monoplane with the cegs at 0.34 M.A.C. and at 0.24 HMA.Cu
and with three tail areas. It is shown in this figure
that consideradle difficulty will be encountered and it
wounld often be advisabdle to carry lead welghts to maintaln
a more reasonable weight distribution in the unloaded con-
dition.

Comparison with Tests

Several sets of data from tests on airplane models in
the wind tunnel (University of Detroit 7~ by 10-foot wind
tunnel) were available and have been used to compare and
judge the general accuracy of the basic assumptions and
the final form of the above-dsrived esquations of the pitch-
ing~mon.ent and the stability coefficients. Four typilcal
designs have been chosen: a high-wing cabin monoplane,
an open cockpit parasol monoplane, a small low-wing air-
plane, and a large commercial low—-wing transport.

Figure 14 gives the pitching-moment coefficient
against absolute angle of attack of a four-place high-wing
cablin monoplane, A pitching-moment curve computed from
the equation is included for comparisons,  The agréement
between the test curve and that computed is very godd.
After the burble the test values drop away as expected.

" The stability characteristics of this airplane are gquite
satisfactory and agree with the values derived from the
equations. ' ’ '

Figure 15 gives a similar comparison for a parasol
monoplane. In the computation of the pitching moment a
tail efficiency of 80 percont was chosen. Had 78 percent
been used, the computed pitching-moment coofficiont curve
would have agreed ideally with the wind-tunnel test data.
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In the first comparisons, high~wing arrangements were
used whereas flgures 16 and 17 show curves for low-wing
typess Filgure 16 containe the data for & small cablin alr~
planes The change in the general shape of the curves 1ls
to be noted, typical of the low-wiing position. The agrese-
ment here is also very satisfactory both for Cp and for
X, . . _
Figure 17 is for a large high-speed passenger trans-
port.« Test values for X agres very closely with the’
computed values. The Cp curve as computed, however, is
displaced vertically from the test~valuse curve. This ver-
tical shift represents a variation in taill setting of ap-
proxinately 0.4°, a possible and unimportant error in
model construction,

From teste on a Fairchild F-22 airplane by the N.,A.C.4A,
(roforence 4), values of Cp for that airplane aro givon
in figure 18. Computed values show good agroeomont of sta-
bility coefficliont as the shapes of the two curvos for K
aro similar. With a change in tall setting or wing inci-
dence of approximately 1.6°, tho Cm curvee would also
agree.

General

The effect of lengthening the tail lever arm 1ls sspe-~
clally beneficial to the stability of an airplane. The
genseral expression for the damping in pitch,

aM  dCpg
—m %A 2

aq- dg 2P VSt

(where (I is the angulaer velocity in pitch) gives the sec~
ond power of the variable l. The criterion of static sta-

aCy
bility EE—QLEL ‘has 1%t as the first power. Any increase

in the tail length then not only increases the static sta-
bility considerably but increasesg the dynamic stabllity
still more, a point not to be neglected. The structural
difficultics, however, must also be considercd.

Theso two oxpressions for Gmc and X, or

ofse

dCx
———L28s ot 1t poseidble readily to cetimato and computo
aa - - > . - e
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values of the pitching~moment coofficient, find the angle
of trim, and determine the stability characteristics for
various types of airplanes with satisfactory accuracy to
insure good full-scale results. Certain assumptions in
regard to drag effects have been made but, in light of the
agreement obtainod with experimental data, it is felt that
these assumptions have been justified. '

It islimportant to note that the has disap-

Crq. 24
peared from the expression for the stability coefficient.
This disappearance is, of course, due to the fact that

the wing moment about that point is constant and does not
change with the angle of attack. The stability of the

airplane is independent of the pitching-moment character—
istics of the wing. '

CONCLUSIONS

This study on the longitudinal stability of the pres-—
ent-day airplane hag developed expresslons for the pitch-
ing-moment coefficient and the static stability that may
be used with confidence by alrplane designers.

The dist*nctive type of the pitching-moment curves
for the high~wing and low-wing monoplane nakes the stabil-
ity treatment of esach a separate problem. The dimensiomnal
characteristics required for stability of the high~wing
monoplane are détermined by the minimum allowable at an-
gles of attack corresponding to high speed and the in-
creasing stiffness of the controls as the angle of attack
approaches the stall. The low-wing monoplane, however,
moy be unstable at high angles of attack if the dimension~
a2l characteristics are such as to give satisfactory ste—
Pility at low anglesa ' ‘ : -

The effect of burbling of the flow is, in general,
beneficial to the stadbility, tending to mnake the airplane
controls stiff beyond the stall,

Fillleting as used on low-~wing monoplarnss is detrimen-

tal to stability, but this effect can be overcoms by other
means.

The stability of tho airplane is found to be independ-

ent of the pitching-moment characteristics of wings of con-
ventional type.
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Pigure 1.~ Pitching-moment diagram of low-wing or high-wing monoplane.
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Figure 3. — Nomograph for determining the pitching-moment coeff1C1ent
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