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LOCAL INSTABILITY OF CENTRALLY LOADED OOLUMNS OF 

OHANNEL SECTION AND Z-SECTION 

By Eugene E. Lundquist 

SUMMARY 

Charts are presented for the coefficients in formulas 
for the crttical compressive stress at which cross-section- 
al distortion begins in a thin-wall member wvfth efther a 
channel section or a Z-section with identical flanges. 
The en?r%y method of Timoshenko was used in the theoreti- 
cal calculations required for the construction of the 
charts. The deflection equations were carefully selected 
to give good accuracy. 

. ..* The calculation of the crit,fcal compressive stress at 
stresses beyond the elastic range is briefly discussed. 
In order to demonstrate the use of the formulas and the 
charts in engineering calculations, two illustrative prob- 
lems are included. 

INTRODUCTION 

In the design of compression members for aircraft, 
whether they be stiffeners in stressed-skin structures or 
struts in trussed structures, the allowable stress for the 
member fs equal to the lowest strength corresponding to 
any of the possible types of failure. In references 1 and 
2i all types of column failure are classed under two head- 
ings: 

(a) Primary, or general, failure. 

(3) Secondary, or local, failure. 

Primary, or general, failure of a column is defined as any 
type of failure in which the-cross sections are translated, 
rotated, or both translated and rotated but not distorted 
in their own planes (fig. 1). Secondary, or local, failure 
of a column is defined as any type of failure in which the 
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cross sections are distorted in their own Planes but not 
translated or rotated (fig. 2). Consideration is given in 
this paper only to local failure. 

One of the factors to be considered in a study of lo- 
cal failure is the critical compressive stress at which 
the cross section beqins to-distort, This critical stress 
can usually be given in coefficient form. The purpose of 
this paper is to present charts that will be useful in es- 
tablishing the coefficient to be used in the calculation 
of the critical compressive stress at which cross-sectional 
distortion begins in a thin-wall channel soation or Z- 
section with identical flanges. 

The energy method of Timoshanko was used for the cal- 
culations raquired to evaluate the coofficfont plottad fn 
tha charts. (See reference 3.) The calculations, which 
are long and were made as a part of a more extended study 
of local failure in thin-metal columns, have been omitted 
from this paper. 

This paper is the second of a series on the general 
subject of local faStlure in thfn-metal columns. The first 
report of the saries (raferance 4) is concerned with local 
failure in thin-mall rbctanqular tubes. 

Bernard Rubenstein, formerly of the N.A.C.A. staff, 
performod all the mathematical derivations required for 
the preparation of this paper. 

WARTS 

The calculation of the critical compressive stress at 
which cross-sectional distortion begins in a channel sec- 
tion or a Z-section is, in reality, a p.roblem in the buck- 
llng of thin plates, proper consideratibn 'baing given to 
the interaction between adjacent plates composinq the cross 
section. For the columns of channel section and Z-sectian 
considered in this paper, the flanges have identical dimen- 
sions. The conditions of symmetry in the cross section rc- 
quire that, when one flange buckles, the othar flange also 
buckles. (Sac fig. 2.) Thus, the channel soctian and the 
Z-section consist .of two basic plate elements, i.e., flange 
plates and a web plate. . I . 

- 

lr 

L 

, 

,Tlmoshenko has given the c'ritfcal stress for a rot- 
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tanqular plate under edge compression in the following 
form (referonce 5, p. 605): 

whore 

El 

P: 

t, 

b, 

k, 

f cr 
= knsEts 

12 (1 : p") ba 

is tension-compression modulus of elasticity 
for the material. 

Poisson's ratio for the material. 

thickness of the plate. : 

wfdth of the plate. 

a nondfmensional'coefficfenf that depends 
upon the condftions of edge support and the 
-dimensions of the plate. 

This equation can be used to calculate the-critical 
,compressfve stress at which cross-sectional distortion 
begins in channel- and Z-secti.on columns. If t and b 
are the thickness and the width, respectively, of the 
flange, then the restraining effect of the web, whether 
positive or negative, is included in the coefficient k. 
If t and b refer to the thickness and the width, re- 
spectively, of the neb, then the restraining effect of the 
flange, whether positive or negatfve, is also included in 
tho coefficient k but a different' set of values for k 
is obtained. It is therefore necessary to decide whether 
t and b in the equation for the critlcal stress shall 
refer to the dimensions of the flange or to the dimensions 
of tho web. In certain limiting cases, ono form of the 
equation is to bepmferred; mhoreas, in other limiting 
cases, the other form is preferable. In thfs report, both 
forms of the equation mill be given, either of which may 
bo usad to calculate the cr&tical stress for channel sec- 
tions and.Z-sections. For the flange plate, 

f 
kF fl* Z tF* 

cr = ------ 
12 (1 - Pa) bra0 

For the web plate, 

f 
klPnaX $2 . ' 

= -I- --- cr 12 (1 - l-a b$ 
(2) 
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where 

l 

i 

tF and tg are the thickness of the flange and 
the web plates, respectively. 

bF and bm, the width of the flange and the web 
plates, respectively. 

kF and kg, nondimensional coefficients that de- 
pend upon the dimensions of tho 
channel: section or the Z-section. 
(Se0 figs. 3 and 4.) 

The curves qfven fn figures 3 and 4 mere obtained by 
plotting the calculated values of kp and kW given in 
tables I and II, respectively. These values were computed 
by the energy method previously mentioned, 

The relation bet-ifeon kF and kw for a given channel 
section or Z-section is sometimes of interest. This rela- 
tion is o.btafned by equating the right SidQS of equations 
(1) and (2). Thus 

tFa tipa ‘kF --= t: kW .--3 bF bw 
from which 

(3) 

LIMITATIORS OF CRARTS 

The charts in figwos 3 and 4 may be regarded as close- 
approximations, the erro,rs boinq not more than about 1 por- 
cent. The values of kF and km given in the charts are 
the minimum values possible for a Channel- or a Z-section 
column of infinftc length. For enginooring u88, howevQr, 
these values will apply to any Channel- or Z-section col- 
umn havfng a length groater than about ttvico the width of 
the Fpeb or the flange, depending on which is the nfder. 
The length of all members likely to be 8nCOUnt0red in air- 
craft design rrfll thus fall within the range to which fig- 
uros 3 and 4 apply. It should be mentioned that, for very 

- 
1.. 

-. 
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short columns of,channol section or Z-sect&on mhero the 
length does have an uppreciabla effect, tho ValUQS of the 
coefficient are conservative. 

The values of kp and kv given herein apply to col- 
umns with channel section or Z-section in which the mate- 
rial is both elastic and Isotropic. Steel, aluminum al- 
loys 9 and other metallfc materials usually satisfy these 
conditions provided that the material is not stressed,.be- 
yond the elastic range. When a materfal is strQSsQd be- 
yond the proportional Limit 3n one direction, it is no 
longer el.astic and is probably no longer isotropic. In a 
later portion of this paper,, the use of equations (1) and 
(2) 9s shown in the ca3culation of the crftical stress when 
the columns are loaded beyond the prOpOrtiOna limit. 

DEFLECTION EQUATIONS 

The deflection equations used in the energy sOlutiOn 
are : For the flanges, 

B 
WF = - 4.963 + 9.852 

3‘809 

n-Rx sin - II (4) 

For the mb, ' 1 

where 

wF and mm are deflection normal to flange and web, 
r00p0ctfve1g. 

L, length of member. 

n, number'of half-naves that form in the length L. 
The ratio Lb is therefore the half-wave 
length of a wrinkle in the direction of the 
length. 

. 

, . . 
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bF and bv, width of flange and web, respectively. 

x, coordinate measured 'from end of member. 

YF and :'v ? coordinates measured from one corner in 
the direction of flange and web, re- 
spectively. 

A, B, C, and D, srbitrsry deflection amplitudes. 
Tha values of 'A 8nd B for the 
flanges are exprossod in torms of 
C and D for the web through tho 
use of the conditions that the cor- 
ner angles are maintained during 
buckling and that the bending moments 
at the corner are in equilibrium. 
The values of D/C and L/n are thon 
given values that cause tho critical 
stress to be a minimum. 

The foregoing deflectfon equations used in the energy 
solution were carefully selected. Althouqh no direct cal- 
culation of the error h8S beon made, ft 4s believed that 
the values of ks and km are correct to wi,thin a'frac- 
tion of 1 percent. This belief is justified because, in 
th-e limiting cases for which exact solutions are available, 
the precision is withfn these limits. In addition, other 
problems in which-these deflectior equations have been Usod 
gnvo a precision bettor than 1 porcont. 

If B=C=O, the doflocfion 'equations (4) and (5) 
reduce to the same equations used by Parr and Boakloy fro+ 
eronce 6) in their study of local instability (Plato fail- 
ure) of channel columns. 

DISCUSSION OF CRARTS 

Fiqure 3 gives values of kF plotted against bWV/bF 
for values of tv/tF = 0.5, 1, and'2. Then the web is very 
narrow in comparison with the flanges (bV/bF small), the 
flanges are weaker than the web. As bm/bF increases, 8 
point is reached &hero the web becomes tho woakor part of 
tho cross section. 
tdtF = 

This point is clearly discornibla for 
0.5 and 2 in'figuro 2 whore these .curvos break 

sharply at b&'p = 1.8 and 3.3, respectively. 
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Figure 4 gives values of kg plottad against %FbW 
for the same values of tw/tp; Whe& th8 fianges are very 
narrow in ComDarisqn wfth th8 w8b (bF/bW Small), the 

. w8b.i~ weaker .than the flanges. As bE/%W .increases, a 
point is reached where the flange becomes the weaker part 
Of the cross ~8~ti0n. 
for tW/tF = 

This point Is clearly discernible 
0.5 in fzlgure 4 where this curve breaks 

sharply at bE/bW = 0.55. 
. 

CBITIGAL.STRESS FOR LOADING BZYOND THE PROPORTION& LIMIT 
I 

' In the elastic range, the critical compressive stress 
for an ordinary column that fails by bending is given by 
the Euler formula. Beyond the proportional limit that 
marks the upper end of the elastic range, the reduces slope 
ofsthg stress-strain curve requires that an effective moduw 
lus E be substituted for Youngt8 modulus E in the Euler 
formula. The value of z i8 BOm8timeS wrftten as PE, 

3 = TE (6) 

The value of the nondimensional coefficient 7 varies 
with stress. By the use of the double-modulus theory of 
column action, theoretical value8 of T can be obtained 
from the compressive stress-strain curve.for the material 
(reference 5, p. 572, and references 7 and 8). Tests show 
that, in practice, theoretical values of 7,. derfyed on 
the a8SUmptfOn that no deflection occurs titfl the oriti- 
Cal load is reached, are too large. The Value of' T for 
practical we is best obtained.from tho accepted column 
curve for the material in the manner outlined.%n the fllus~ 
trative problem of reference 4, The values of 7 thus'ob- 
talned take into account the effect of imperfections that 
cause deflection from the beginning of loading as W811 a8 
other factors that may have a bearing on the strength. 

For cross-sectional distortion of a thin-wall column 
of channel Section or Z-sect&on, the critical compressive 
8treS8 in the 8la8fiC range i8 given by either equation 
(1) or equation (2). Beyond the proportional limit, the 
critical compressive stress is given by these equations 
with an 8ffeCtfv8 mOdUlu8 ?jE 
U1US E or3 

substituted for Young's mod- 
For the flange plate, 
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For tho rrab plate, 

f 
l-l kw 2 E twa 

cr = ----- 
12 (I - P%Fp' 

In the absence of adequate test data, the value of the non- 
dimensional coeffic$ent q cannot be definitely established. 
It is reasonable to suppose, however, that q and T are 
related in some way. 

Various equations relating Ti and T have been eug- 
qested, The discusofon of reference 4 point8 out that, 

' ;t;n rlq i8 consld ered to be a function of T, the equation 
mill depend upon the manner of evaluation of 7. If 

7 is determined from the stress-strain curve on the assump- 
tion that no deflection take8 place until the crttical 
stress is reached, the effect of deflections from the be- 
ginning of loadfng must be separately COn8id8red. If T 
is determined from the accepted column curve for the mate- 
rial in the manner outlined in the illustrstive problem8 
of reference 4, part, if not all, of this effect is auto- 
matically considered. 

A careful study of the theory and of such experimental 
data a8 are available indicates that a conservative assump- 
tion is- 

provided that T is evaluated by use of the accepted col- 
umn curve for the material. Equation (9) will probably 
have to be modified, howovor, as more test data become 
available. 

Now 7 18 itself a functfon of the critical Stre88 
f cr. Bence ?l is a function of f,,, Consequently; equa- 
tione (1) and (8) cannot be solved directly for f,,. If 
each equation is dividod by q, however, f,,/T! i-8 given 
directly by the geometrical dimension8 of the cros8 sectior 
and the charts of figures 3 and &--For the flange plate, 

f cr kF np 8 tFa 
--- = ---- 

rl 12 (1 - !--hFa 
(10) 
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For the web plate, ;. 

f cr kU n2 E tW2 -=-- 
71 12 (1 " lmws 

The relation between f,, and f,,/q can be deter- 
mined from a knowledge of the column curve for the material, 
as outlined in the illustrative problem of reference 4. In 
figure 5, several such curves are given for 24ST aluminum 
alloy for different assumed relations between ll and T, 
When the value of f,r/l has been obtained by use of equa- 
tion (10) or equation (111, the vaiue of f,, is read from 
the appropriate curve of ffgure 5. 

* 

.a.. 

The ultimate strength of a th2n-wall column of channel 
section or Z-section will, Tn general, be higher than the 
load at whitch cross-sectional distortion begfna. .At stress- 
88 approaching the yield point of the material,. the eriti- 
cal load and the ultimate load approach the same value. No 
attempt has been made in this paper to discuss the ulti- 
mate strength of a thin-mall column of channel secffon or 
Z-section; the solution for the critfcal load logically 
precedes the solution for the ultimate load. 

ILLUSTRATIVE: PROBLEM 

It is desired to calculate the critical compressive 
stress at which cross-sectional distortion begins in two 
channel columns constructed of 24ST aluminum alloy: 

Channel A Channel2 . 

bF = 1 in. bp = 1 in. . 

bW =2fn. , bw = 2in. * 

+. 

. 

f+ = 0.10 in? t 3 = 0.20 in, . 

tw = 0.10 in. tW = 0.10 in. '.. 

. . 
. - 

. . 

,I 

. : 
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Solution for Channol A 

bw 2 -- z-=2 
IF 1 

tW I- = 
fE 

0.10=1 
0.10 

kE = 0.730 (road from fig. 3) 

E = 10.66 x IO6 lb. per sq. in. 

I-G = 0.3 

From equation (10) 

f cr -- ri = -- 10.66X106 X(o.&O>2 0*730X#X --v-m o.?> --- (1Y = 
32 fl- 

,70 , 330 16. per eq . in . 
, 

From the solid curve,of figu.Te 5 

f cr = 33,700 lb. per sq, in. 

Solution for Channel B 

bx 1 = - = 0.5 
bw 2 

tw. 0.10 -- 
*IT 

= 0,20 = 0.5 

kW = 6.56 (read from fig. 4) 

E = 10.66 X 10' lb. por sq. in. 

j.L = 0.3 

From cquattoa (11) 

fcr -- = 
7 

6,6Xrr2X10 66X10" x (0.10)' ---A 
12 (l- o.33) (2>2 

= 158,000 lb. per sq.in. 

, 

- 

. 

‘s. 

c- 

b- 

- 

From the solid curve of figure 5 

f cr = 38,600 lb. per sq. in. 
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cONCLUS IONS . 
. 

1. The critical'comprossive stress at which cross- 
sectional distortion occurs in a thin-wall column of channel 
section or Z-section is given by either of the following 
eq.u&tionsz. - 

f cx = 
l-i kE IT2 E g 

. 12 (1 - fib/ 
f 
.cr 12 (1 " P2)bW5 

where . 

‘E and p are Young's modulus and PoPsson's ratio 
for the mater&al,' respeqtively. . . 

'bp and bwir; the width of the.flange and the mob, rei 
spectivoly, 

tp and ti, the thfickness of the flange and the mob, 
re.spectively. 

kp and kW, nondimensional coefficients read from fig- 
ures 3 and 4, respectively, . 

. . 
. ‘ri, : a factor taken so that .m gives the ef- . fective modulus of the flange and web 

at stresses beyond the elastic range.' 

2. At stresses beyond the elastic range, the value 
of the effective modulus TjE for l.dcal buckling of thin- 
wall columns of channel section and Z-section mill depend 
upon tests. In the absence of such tests, however, it is 
;;asonable to assume that 7j is a function of where 

is the effective modulus of an ordinary column at 
stresses beyond the elastic range. A careful study of the 
theory and such experimental data as are available indi- 
cates that it is conservative to assume 

n 7+3G = ---- 
4 

provided that T is evaluated by use of the accepted column 
curve for the material. 

Langley Memorial Aeronautical Laboratory, 
National Advisory Committee for Aeronautics, 

Langley Ifield, Va., July 11, 1939. 
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TABLE 3 

Calculated Minfmum Values of kF 

by the Energy Solution 

0 
.200 
,400 
,600 
,800 

1,000 
1,200 
17400 
1,600 
1,750 
1,800 
1,825 
1,900 
2.000 
2,200 
2,400 
2,800 
3.200 
3+400 
3.600 
3q800 
4,000 
4.400 
4.800 
5.200 
5.600 
6.000 

I-- 

1.288 

.;95 

.;21 

.;76 

;;28 
.506 
.499 
9493 
,455 
*alo. 
.338 
.284 
l 208 
.159 

.:25 

Lo1 
.083 

,;59 

.;44 
---m--w 

1.288 
1.111 

.962' 

.;92 

.;36 
* 

570 
" 

A30 

229 
,521 
,423 

,345 

.;84 

.236 

.199 
.170 
.146 
.127 

-- 

2 

1.288 

1,234 

lJO4 

1.;93 

lj88 
e 

l,f87 

G88 
1.190 
1,192 
1.178 
1.103 
1.021 

.940 

.799 
l 681 
.587 
.508 
,444 

1 

13 
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TABLE II 

Calculated Minimum Values of kW 

twits 

\ 
bF 
5; I- 

O - 
l 050 
tlO0 
.130 
.167 
,179 
.192 
.208 
.227 
,250 
,263 
,278 
.294 
l 313 
.357 
.417 
,455 
.500 
.526 
.548 
.556 
.571 
*625 
,714 
.833 

1.000 
---. 

P ihe Elnergg Solution 

-- 

0.5 

I--- 
4:000 
5;457 
6?020 
6.188 
6.306 

6,i81 

6;431 
6,462 

6,;93 

6.512 
6.532 
6.539 
6.552 
6,563 
6.564 
6,567 
6.467 
6.204 
5,409 

3.&6 

---- 

kW 

1 

4;ooo 
4.258 
4.452 

4.;85 
4.591 
4,595 
4.591 
4.575 
4.539 

4?467 

4,333 
4.081 
3,625 

2.921 
m 

2.i96 

1.;38 

.892 

1 

2 

- 
4;ooo 
4.031 
4FO44 

3.;98 
3.983 
3.968 
3,922 
3.865 
3.762 
3.685 
3.573 
3.405 
3,052 
2.332 
1.711 

1.187 

4 

,761 

.429 

I 
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(a) Translated 

I 

--- 
I 

L- --- 

-L 

Fig. 1 

-L 
(b) Translated and rotated 

figure 1.~ Dfsplacenenfs of the cross eection in primary, or 
general, failure of a column. 
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(a) Channel aectfon 

(b) Z - section 

Figure 2.1. DiSplaCemEad of the cro88 section in 60COndary~ 
or local, failure of a column. 
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1.8 
I 

1 
0 I 

c 

i 

1.6 

.6 

0 
0 1.0 2.0 , 3.0 4.0 5.0 6 

b bF 
Figure 3.0 d Minimum values 0. & fok centrally loaded columns of 

channel section and 2 - section ( p = 0.3). 
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8 
f cr = 

%#=w2 
12(l-~'3b,,2 

1 

l 0 I I I I I 
0 .a l 4 .8 1.0 1.2 

Eigure 4 l Minimum v&e* centrally loaded colums of 
cb6nnel section (p = 0.3). 
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