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SUMMARY

Part I covers the development of simplified criteria
for the stability of planar pin—-jointed trusses against
buckliag in the plane of the truss, based on the earlier
work of Viscovich., Part II constitutes a report on tests
carried out to verify the validity of the criteria devel—
oped in part I. The agreement between observed and pre-
dieted critical loads was well within the range of proba-—

ble experimental error.
conducted at the Stanford Univer—

and conducted with financial assist—
Advisory Committee for Aeronautics.

This investigation,
sity, was sponsored by,
ance from, the National

I. GEFWERAL STABILITY OF PLANAR PIN-JOINTED TRUSSES

When designing practical trusses, an engineer seldon
considers the general stability of the truss as a whole,
and very rarely treats the stability of a single member
as a function of the stiffnesses of those adjacent to ite
Usually the conventional design procedures lead to truss
designs which are stable. When, however, these procedures
are used and it is found that the axial force computed for
gsome menber is zero, the calculated required area of that
member is also 2zero. If such a member were omitted from
a statically determinate truss, the structure would usu-—
ally be unstable,. Also when the computed axial load in a
member is very small, the use of an area which has been
computed by the conventional procedures may result in such
a flexible member that the stability of the truss is
impaired. In practice the experienced engineer will
usually recognize such situations and use arbitrarily
sclectod member siges. If he lacks 2 rational method of
computing the necessary stiffness and must rely on ex—
perience or intuition, he may use much larger sectional
arecas than are really neceded, Since this would result
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in unneccessary structural weight, a rational method of
attacking the problem is desirable. The first part of
this report is devoted to the development of a simple and
practical method for predicting the critical intensity of
loading for a pin—connected planar truss, with a simple
and practicable design procedure for the rational design
of the zero or slightly loaded members of a given truss

U 2

configuration.

]

NOTATION
A cross—sectional area
E mnodulus of elasticity
K spring constant
L length
P axial ligad in link
U work
v axial load in supporting spring
v external load on truss
a angle of rotation or of deviation from nominal position
o deflection parallel to original direction of link axis
8 deflection normal to original direction of link axis
bl ratio of lengths

The significance of subscripts and primes, and a few
seldom—used symbols, is indicated where they are introduced,

VISCOVICH'S STABILITY CRITERION

The method of analysis presented here is an extension
of that developed by S, Viscovich in reference 1. It will
therefore be helpful to begin the development of the new
method by a brief statement of Viscovich'!s method as it
would be applied in a specific problem, For this purpose
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consider the truss of figure 1, for which the lengths and
sectional dimensions of all members are assumed to be
known., It is also to be assumed that the truss was so
cambered that, when the lcad W 1is applied at joint E,
the bars 4B, amd 3BC form a straight line. Then,
according to the usual methods of stress analysis, the
design load for member BE would be zero. If member 3BE
were left out, the truss would continue to carry the load
at B so long as joint B remained on the straight line
AC. Because of the pin joint at" B, however, its equi-
librium would be unstadble. It would also be unstable if
member BE were too flexible to counteract any tendency
of joint B to move away from the line AC, The, problem
is to determine the minimum stiffness required of member
BE 1in order to obtain positive stability, or whether any
specific stiffness of that member is in excess of such
mininun,

Let the axial loads on the members produced by the
load W at joint ¥ and associated reactions at D aad
F bYe called the "primary" axial loads. If member AB
is subjected to a unit couple while the truss is subjected
to this primary load system, each member of the truss will
rotate with respect to the line joining the supports. The
magnitudes of these rotations may be computed by the
method of virtual work or any equivalent procedure. The
unit couple should be assumed to be so small that the
angles of rotation, measured in radians, may be assumed
nunmerically equal to their sines and tangents and that the
cosines of these angles of rotation may be assumed equal
to unity. The rotations produced by the unit couple act-—
ing on AB will be termed the "unit rotations™ and that
for any member XY will be designated Xy e

One effect of the unit rotations would be to change
the geometry of the truss and therefore to modify the
axial loads developed to resist the load W at joint E,
Since, however, it is assumed that the unit couple and
the resulting unit rotations are small, such changes in
the primary axial loads may be neglected, Though these
primary axial loads may be assumed unchanged in magnitude,
they are not unchanged in direction; but their lines of
action have been subjected to the unit rotations, There-—
fore at each joint the axial loads on the members may be
resolved into components parallel and perpendicular to the
original directions of the members on whic¢h they act, The
components parallel to those original directions,

ny cos axy’ may be assumed equal to the primary axial
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loads, ny. The perpendicular components, ny sin Uy s

may similarly be assumed equal to Pyyay..

Since the parallel components are equal in magnitude
and parallel to the primary axial loads found from the
original truss analysis and the primary axial loads are
in equilibrium at each truss joint, the parallel components
must be similarly in equilibrium at each joint, Further-—
more, Since each truss member, XY, is designed to carry
its axial load ny, these forces alone would not produce
Instability.

The perpendicular components, nyaxy, are induced

by the unit rotations of the members and are therefore
termed the "induced loads." In general, these induced
loads would not be in equilibrium at each joint bdbut would
cause additional rotations of the truss members which may
be termed their "induced rotations." The magnitudes of
‘the induced rotations can be computed from the induced
loads by the method of virtual work or any equivalent pro-
cedure,

Vigcoviechts stability criterion is that if the in-
duced rotation of mepber AB is less than its rotation
owing to the unit couple applied to it, that member is in
stable ecuilibrium; while if the induced rotation exceeds
its rotation-due to the unit couple, the equilibrium of
that member is unstable. In a statically determinate
truss like that under consideration, if any member is in
unstable equilibrium, the whole truss will be unstable.

In applying this criterion it is necessary to start
with the assumption of a specific system of unit rotations
pr oduced by an arbitrarily located unit couple., For com-—
plete proof of the stability of a truss it would be neces—
sary to investigate all possible locations for applying
the unit couple, and the designer would have to apply it
not only to each single member but also to each possible
group of members. In fact, it might be necessary to
assume several unit couples acting simultaneously, In
practice, however, very few of the theoretically possible
unit rotation systems need be investigated, and the crit-
ical ones are easily identified, Thus for the truss of
figure 1 the investigation could be limited to determining
the effect of using too small a cross~sectional area for
nember BE, and applying the unit couple to member AB,
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Unless some member is present for which the design
axial load is much smaller thap those of its neighbors,
the resulting design sizes are large enough so that if
each 1is capable of carrying its design load there will De
little danger of general instability of the truss. The
stability of members adjacent to an unstressed or very
lightly loaded member, however, may be impaired through
failure to assign sufficiently large sectional dimensions
to the latter. The designer's problem is therefore to
identif; these Ycritical" members, assign sectional areas
to them, and then to make sure that the adjacent members
have been made stable.

If different sizes are assigned to the eritical mem-—
bers and Viscovich's eriterion is applied to each size,
the engineer may thus investigate the adequacy of his de—
sign, This criterion, however, indicates only whether an
agsuiled size for the critical member is sufficient to
provide stability., To obtain the most efficient design,
teveral trials may be needed, singe Viscovich failed to
develon a procedure for the direct determination of the
size of lightly loaded member needed for stability, If
his mcthod were short, simple, and free from abnormal
hazards of calculation error, it would be acceptable in
practices The opposite is true, however, and the method,
as developed by Viscovich, is not suitable for practical
design work, The desirability of a simpler method for
the rational design of "unstressed" members and prediction
of the stability of pin-jointed planar trusses, has led to
the exteasion of his procedure that is developed below,

STABILITY OF SYSTEMS OF ELASTICALLY SUPPORTED BARS

The stability of a pin-connected truss may be deter-
mined by suitable application of the stability criteria
of a small number of type systems of elastically supported,
absolutely rigid, pin-connected links. In fact, only
threce such systems are needed for handling almost any stat-
ically determinate truss pattern, and the first step is to
develon the stability criteria for these three systems,

The firet to be considered is that shown in figure 2
where an absolutely rigid link AB is connected to a
rigidly supported frictionless pin at A and is supported
at B Dby the elastic member BC which has a spring con-—
stant K, The lower end of BC is connected to a rigidly
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supported pin at ©6, It is assumed that the load P is

applied horizontally to the originally horizontal member

AB, Tinoshenko has shown (reference 2) that the critical
value of P for this system would be

Pcr = iy £33

An eguivalent statement is that the critical value for
the spring constant K 1is

B
Kcr = f (2)

The second system to be considered is that shown in
figure 3, Here the rigid links AR and 3C are supported
at A and OC. The support at A 1is assumed completely
restrained from movement in translation. That at € is
restrained against vertical motion, but is free to move
horizontally. There is no restraint against rotation at
elthey & or G, 4%t B the two links are Jjolined by a
frictionless pin which is supported by the elastic member
BD of spring comstant X, By extending to this system the
method used by Timoshenko to analyze that of figure 2,
Viscovich showed that the critical value of the spring con-—
stant X would be

i3 P
ab be
- s & -__> (3)

Lay  Lype

and BF the axial load is the same for both links., ids
critical wvalue would bde

L L
ab be (4)

The third system to be analyzed is that of figure 4
where the rigid link AB is supported at its ends by the
elastic members AC and BD with spring constants K,
and Kz, respectively. Viscoviech analyzed this systen,
assuning the axial load P in AB +to be constant, and
found 2s the criterion for stability

Pow & i s (5)
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¥prom thig relation, if Ky and P are specified, the
critical value of Kz 1w

e Koy P 6

- S ik (6)
In extending Viscovieh's work it will be assumed

that the axial load P, 1instead of being constant, varies

linetrly from ¥Yi 4%t A& to P +@e abt any point X

at the distance x from A. In studying this system 1%

is convenient to measure the movements of all points

along AB with respect to vertical and horizontal axes

through A. In effect this is equivalent to replacing

the system of figure 4 by that of figure 5, but this is

allowable since the stability criteria for the two systems

are identical.

Assume the link AB to rotate through the small
angle o, the center of rotation being any point E
along its length. The resulting horizontal movement of
any point X at the distance x from A would be

Yy = x vers a ; (7)

If the angle o 1is small, and it is so assumed, 'vers a
is aporoximately equal to az/B, whence

0 = T (8)

Consider now a differential element of the link AB
with its left end at X. This element and the forces act—
ing on it are shown in figure 6, in which the upper portion
reprcscnts conditions before, and the lower portion condi-
tions after, the assumed rotation through the angle «.

Mo \satisty the conditions of equilibrium

P, + px + pdx ~ P, = p(x + dx) = 0 (9)

Ag o resulf of the assuned rotation, the left end of
the clement would move horizontally through the distance

¥, and the right end through the distance Y 4 gy The

work done by the horizontal forces acting on the element
would therefore be
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2 2
s .0 s @ ax
= G
U, (Pl wx) ) x pdx 3 (x + 5 >

4 [Pl 5wl & dx)] L e dey b

Combine teorms and ncglect second-order differentials, and
this becomes

2
av, = 92- (P, dx + px dx) fri)

Since, however, the angle a has been assumed small, it
may be represented by

PR ‘ (12)
L
whence
TR
AUy = —=——z==o— (P, + px)dx (13)
2L

The total work done by the horizontal forces on the link
can therefore be found by integration to be

2

B T
(6, + & 2 /P
B, 2 —~:~—5-32- (P, + px)dx = (6, + 632) (—i + &> (14)
2L : 2L 4
0

Since Pz, the axial load at B 1s equal to Bl o T
B can be replaced by (P - P,)/L and equation (14)
becomes

U o e o e e s e o e e (Pl + Pz) (15)

The total strain energy stored in the springs as a
result of their elongations §; and 8§z is

K1512 K25za g
. - +
¢ 2 2

Lccording to the energy theory used by Timoshenko,
the critical loading is that at which U, = U;. ZEquating

the expressions for those quantities and simplifying
gives
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2
8§, + 82)
Klsla + Ka&za = ( 3 ZL 2 (Pl + Pa) (17)

In order to satisfy the requirements of equilibriunm,
the tension in one of the elastic members supporting the
link AB nust be equal to the compression in the other.

If this force is designated by V, &, = V/K; and
§5 = V/Ks. If these values for the deflections are in-

serted in equation (17), it may be simplified to

Biy el e
p it 2 ™ 1 2 1, (18)

If the axial load-is constant, the left side of equation
(18) nay be replaced dby P and that equation becomes
identical with equation (5), checking Viscovich's result.
Thus Viscoviech's stability criterion is valid for a lin-
early varying as well as for a constant axial load in the
link if the average axial load is used for P,

In the above development of stability criteria, the
links were assumed perfectly rigid - that is, inextensi-
ble. The criteria found are equally applicadble, however,
to extensible links, since it is assumed that any virtual
rotations of the links take place after the axial loads
have been imposed and that those loads, and consequently
the link lengths, remain unchanged during the rotations.
A slight error may be introduced as a result of the axial
load being changed by the rotation, but as long as the
rotations are small, such errors would be negligible,

SIMPLIFIED TRUSS STABILITY COMPUTATIONS

In applying Viscovich's procedure for determining
the stability of a truss the entire structure must be
dealt with simultaneously, The simplified method pro-
posed here is to isolate and analyze small portions of
the truss, each including a member which is of such light
construction as to make the stability questionable.

These isolated portions would be treated as if they were
systems of the types analyzed above. This involves assumn-—
ing rigid support for the pins at which the isclated por-—
tion is attached to the remainder of the truss, It will
be couveanient to illustrate the application of the
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procedure before attempting to demonstrate the validity of
this underlying assumption.

If the section of a pin-jointed truss shown in fig-
ure 7 is loaded as shown, no axial load will be imposed
on menber BC. Member AB, however, will be subjected
to an axial compression, Pab' equal to the external load

Wy If jolnt € 1s assumed rigidly supported, members

AR and BC form a system of the type shown in figure 2,
the sinilarly lettered members are equivalent to each
otle® s  The ecritical, or minimum allowable, spring con-—
stant for member BE will therefore be Kpo = Pap/lape
The practical design problem, however, is to determine
not the critical spring constant, but the minimum allow-
able size for member BC, If that member is assumed to
be elastic, ites elongation under load is obtainable from
the relatien

&l & ol (19)

1l

where AL is the elongation, L the original length,
P the axial load, A the cross—sectional area, and E
the nodulus of elasticity of the member. Since the spring
constant or "stiffness" of a member is the ratio of its

axial load to the resulting elongation, for any menber

AL L
The critical value of the spring constant of nember
BC is therefore

P A E
Kb . B B¢ i bl (21)

Lav Lye

fron vhich the nminimum allowable value for the sectional
ares of BC 1s

Aype = ~ab n (22)

where m ig the ratio Lbc/Lab'

The sanmne basic method can be used to deternine the
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requ&ted sectional area of member BE of the truss of
figure C for the loading shown. For this exanple the

type system to be used consists of members AB, BC, and
BE, which is equivalent to the systen of Tizure B, 40
this case, since the truss and its loading are symmetrical,
eguation (2) for the critical value of the spring constant

when applied to member BE, beconmes
2P
Py - ~2b (23)
Lav

Combination of this expression with equation (20) and
solving for &y, gives

2l q (24)

where 7 is the ratio Lype/Lap.

ACCURACY OF THEE SIHMPLIFIED METHOD

As previously mentioned, this simplified method of
investigating the stability of a truss is based on the
assunption that the pins connecting the isoclated portion
to the remainder of the truss may be assumed rigidly
supported, Since completely rigid suppor?t is impossible,
the effective spring constants of the members assumed
elastic are somewhat less than those computed from egua-—
tion (20). While it would be difficult to develop a gen-—
eral proof that the resulting error in the computed areas
required for these members would be negligible in a rea-—
sonably well designed practical truss, it is not difficeulb
to show that this would probably be the case.

In the foregoing discussion the points at which the
systen under consideration were supported weTe assumed to
be rigidly supported. An alternative is to assume that
each such point is elastically supported, and to def ine
as the "spring constant of a point™" the ratio of load
imposed on that point to the resulting movement of the
point parallel to the line of action of the load. Each
point therefore must be assumed to have two spring con-
stants, one based on its movement under vertical and the
other based on its movement under horizontal force, and
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these may be termed its vertical and its horizontal spring
constants, respectively.

The criterion for the required area obtained for
memoer BE of figure 8 implies vertical spring constants
of iafinity for pointe A, 0, and T. Tt should be com-
pared with the criterion which would be obtained if the
spring constants of those points were reduced to values
which would be associated with reasonable selections for
the dimensions of the truss members, In the appendix the
analysis of a truss like that of figure 8 is summarized.
In selecting member sizes for this truss an allowable
working stress of 30,000 psi was assumed for the tension
members, and the Tuler formula was used for the design of
the coupression members, which were assumed square in
cross section. The sectional areas having been selected,
the next step was to determine for each member its wvalue
of L/AE, termed by J. Clerk Maxwell its "extensibility"
(reference 3)*. For this step I was taken as 30,000,000
psi. Once the extensibilities of the members had been
determined it was a simple matter to compute, by the method
of virtual work; the verticgal deflectiong of Joints XA, €,
and I that would be produced by unit vertical loads im-—
posed at those joints. The vertical spring constants thus
deternined were Kg = K, = 158,591 pounds per inch and

Ko = 106,400 pounds per inch.,

This procedure included no basis for the design of
member BE, According to the simplified stability cri-
terion described, however, the minimum allowable spring

; 2Bay . 2 % 80000
constant for that member would be = = 666
Lab 180
pounds per inch. Member BE was therefore assigned the
sectional area needed to produce this value.

In the development of the simplified criterion for
stability the group of members converging at B was
assumed equivalent to the system of figure 3. For the
more accurate investigation it is assumed equivalent to
that of figure 9a, where members AB, BC, and BE are
elastically supported at A, C, and E by springs
which have for their effective stiffnesses Koy Ko, and

Ke' respectively. Member BE 1is assumed to have the

*It is to be noted that the extensibility of any
member is the reciprocal of its stiffness or spring con-—
stant.
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effective stiffness Xy = 666 pounds per inch as calcu-
lated.o

This equivalent structure requires further simplifi-
cation in order to develop a satisfactory criteriomn for
its stability., PFrom inspection of figure 9a, bearing in
mind that the conditions of equilibrium must remain satis-
fied, it can be seen that if points A and C move
upward when ABC is subjected to a horizontal Laogid.,
points B and E must move downward. In the system
undey consideration X, = K, and the vertical movements
of points A and € would be equal., If the deflections
are measured with respect to a line through A and O
instead of one through the supports, the system of figure
9b may be used in place of that of figure 9a.  In this
substitute structure the members meeting at B are sup-—
ported by a fixed pin at A, a vertically fixed pin at
¢ and a pair of springs at D, one with a spring con—
stant equal to X, and the other with a spring constant
equal to Kg, This pair of springs in parallel may be
combined into a single spring of stiffness X, + K¢,
which in this structure would make its spring constant
equal 2 K. This modification is represented by figure
gC.

The spring 3D and the spring between D and the
fixod foundation act in series, the first having as its
spring coastant K,, and the second 2 K,+ The effective

spring constant of the combination - that is, the spring
constant of point E with respect to the foundation -
will then be (reference 4)

(2 &) K,
(2 Ka) + K¢

(25)

-
=

3

and for the specific truss under study

X, = S L0000 79,400 pounds per inch

317000 + 106000

This effcctive system is reproesented in figure 94, Simi-
larly the effective spring constant of point B can be
found fron
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s,
Bh oo @l (26)

which gives

X Ll . sl i inch
= = . ounas er nc
b T 566 + 79400 P P

Thus the effect of neglecting the elasticity of the sup-
porss of joints ‘A, G, and ¥ @esults in an exedr aof
only 656 - 660,47 = 5,53 pounds per inch or 0,837 per-—
cent.,

Although the error resulting from the application of
the simplified criterion to the truss of figure 8 is less
than 1 percent, this ig not a proof that such errors will
be. comparably small for all practical trusses. If, in
practice, it were proposed to use an unstiressed member
with a2 s»ring constant little if any larger than that
called for by the simplified criterion 3 more refimed
analrsis similar to that made in this section would be in
order, In practice, however, it will nearly always be
found that the size required to satisfy other conditions,
such as those of handling, will be so much larger than
that called for by the simplified criterion that the in-
herent error due to the simplification may clearly be
ignored.

EFFLCT OF DEVIATIONS FROM NOMINAL TRUSS DIMENSIONS

The required stiffness of a critical member as cal-
culated in the preceding sections 1s the minimum required
for the stability of the truss under the loading consid-
ered, While these calculations were based on the assump-—
tion that the truss would be geometrically perfect, that
would ncver be the case in a practical structure. A
complete investigation into the problem of stability of
pin—jointed planar trusses must, therefore, include &
discussion of the effects of deviations of the actual
from the nominal truss dimensions upon the validity of
the calculations or, if more convenient, the inclusion of
the effects of such deviations directly in the computa-
tione.,

If the truss of figure 10 is assumed to be manufac-—
tured to a given degree of accuracy, the effects of
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deviations from the nominal dimensions would be to make
the angles ABE and OCBE differ slightly from their nom-
inal value of 90°., It can also be seen that if the truss
were originally designed without camber, the loads coming
on to thie structure would cause an additional deviation
from 90° of the angles ABE and CBE. Furthermore the
use of initial camber could eliminate this added angle of
deviation for bdut one loading condition. As the load at

E is increased, the angles ABE and CBE will change
according to the increase in the load. Thus the total
deviation of the practical truss from the ideal truss pre-
viously considered may be represented by the total devia-
tions, a,, of the angles ABE and CBE from GO

caused by rotations due to the elongations of the members
under load and deviations in manufacture from the nominal
dimensions, The angle ap will be termed the initial
angle.-

For any given value for the initial angle, it is pos—
sible to design the entire truss, including member BE,
by the usual methods of truss design. The relation for
finding the axial load on member BE 1is

Ppe = 2 Payp ap to7)

ABE and CBE are not the only angles that would be
affected by the deviations of the actual from the nominal
dimensions, but it should be obvious that members like
BE, which would be subjected to no load if it were not
for such deviations, are the only ones where the percent-—
age change in axial load due to the deviations would be
appreciable.

After the magnitudes of the initial angles have been
decided upon and the axial load on BE has been computed
by the usual methods of truss analysis, the sectional
dimensions of that member may be obtained in the usual
manner, In the problem at hand, if the allowable working
stress for BE .is ¢y, the required sectional area for

that member will be

Apg ¥ Towmmwms (28)
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Essentially, the calculation of the required stiff-
ness for BE in the ideal truss by the simplified sta-—
bility criterion may be interpreted as a computation of
the minimum area for BE congistent with stability.
Equation (24) may be rewritten,

g e
Abe = .._i.g'.h n (24)

Thus two separate criteria are obtained for the design of
member BE., In equation (28) it can be seen that the re—
quired area is directly proportional to the load in AB
and the angle a,, and inversely proportional to the
working stress o, ,. In equation (24) the required area
of member BE is directly proportional to the load in

AB and to the ratio n, and is inversely proportional
to the modulus of elasticity of the material. For differ-
ent trusses and different materials it is obvious that
first one, and then the other criterion might yield the
larger value for the minimum allowable sectional area for
member BE. Naturally, the criterion calling for the
larger area is that which should be used in design. It
is therefore desirable to develop a convenient method for
choosing the criterion to be used in any specific design
prablen,

If the areas from equations (24) and (28) are set
equal to each other and ay 1is plotted against GW/E,

the relation may be represented by a family of straight
lines through the origin, one for each value of m. 4
diagram of this type is given in figure 11, If the

point (ay, 9,/E) lies on the line for the associated value
O - T the areas computed by the two criteria will be the
same, If that point should lie above the line for the
associated value of 17, the initial angle criterion will
Yield the larger area; while if it falls below that line,
the siunlified stability critcrion is the more severe.
Pigure 11 can therefore be used to determine the criterion
to be employed in the design of a truss like that of fig—
ure 10,

Tf. $ho pffects of an Initya) angle upon the design
of a menber such as B¢ in figure 12 are to be investi-
gated, it can be seen that the support at A nmay be
taken as fixed, The total effeocct of the deviations of
actual from nominal dimensions may be reduccd to a single
small acute angle between member AB and the vertical,
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If this angle is designated oy, the usual method of
truss analysis yields for the minimum allowable sectional

areca of member BC

B o
Abc = -.ai'.l_)......?. (39)

Ty

where Aype 1is the required sectional area of member BC,
P is the axial load in AB, and Oy is the allowabdle
working stress for member 3BC,

The simplified stability criterion for an ideal truss
of thig tyve is given by equation (21) and the area com—
puted from it is

Pap

N (22)

Aye =

where n is the ratio Ipe/Lane.

If equations (29) and (22) are set equal to each
other, the relations between ag, GW/E, angd N will be
represented by figure 11, though that figure was originally
drawn un for a different truss pattern. Figure 11 can
thercfore be used in the design of a truss like that of
figure 12 in the same manner as in that of a truss like the
one shown in figure 10.

The method of investigating truss stability used in
developing the eriteria of this report differs consideradbly
from that proposed by Von Mises and Ratzersdorfer in refer-
ence 5. It would be of interest to compare the results of
applying these alternative methods to some specific truss
designs., Limitation of time and personnel, however, ‘pre-
vented the inclusion of such a comparison in this report.

1I. EXPERIMENTAL INVESTIGATION OF TRUSS STABILITY CRITERIA

Since no theoretical formula should be relied upon
until its validity has been established by tests, the
second part of the investigation covered by this report
was devoted to the construction and the testing of a small
pin-jointed truss to determine its actual critical load.
The truss used was of the pattern shown in figures 1 and 8,
the unstressed vertical BE Ybeing so designed that 1its



WAGCA TN No. 937 18

stiffness could be varied over a considerable range.,

Originally it was intended to compare the observed
critical loads for this truss with those computed by
Viscovich'!s criterion. While the computations to deter-—
mine suitable sizes for the truss members were in progress
it becamne evident that Viscovichts procedure was too com—
plicated and tedious for practical design. It was also
noticed that the differences in calculated extensibilities
between those for unstressed verticals likely to produce
instability and those of the other members were very greate.
Study of the formula for the effective spring constant of
two springs in series (equation (25)) indicated that for
practical purposes it would be reasonable to treat these
differcnces as if they were between finite and infinite
quantities, Thus if K is the effective spring comstant
of a »air of springs in series, one with a2 small spring
constant K, and the other with a very large spring con—
stant X5, and X,/E; is assumed negligible in compari-
son with unity,

Ky Ka K,
K, + K, 1+

K = K, (30)

2

K =

The sinplified criterion was therefore developed as de—
siepiibed In ‘part I of this report.

Had Viscovich's criterion been used for determining
the theoretical critical load for the test truss, it would
have bcen necessary to determine the extensibility of each
member., The development of the simplified eriterion made
this superfluous for all except the unstressed vertical,
but it was decided to determine the extensibilities of all
the members in order to have as complete information as
Possible on the properties of the test truss., Tests were
therefore made to obtain three types of data: extensibil-
ities of members subject to finite primary stress, stiff-
nesses of the member used for the unstressed vertical,
and eritieal loads for the truses, This part of the repor¥d
i1s the record of those tests.

TEST MATERIAL

The test specimen was a truss, of the pattern shown
in figures 1 and 8, which was specially designed for the
purpose., The tension members were 1/16-by 3/16-inch
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annealed togl steel and the compression members were 7/32-
by 7/32-inch square polished drill rod, or 7/32-by 7/32-
inch square cold rolled steel. Thus all the materials
were comnaratively soft, and easily machined to within
0.001 inch of nominal dimensions.

If the truss joints are lettered as in figure 8,
joints A and D are located symmetrically to joints O
and F about the midplane of the truss. The joints were
so constructed that the resultant loads an the individual
truss members were within about 0.001 inch of being co-—
planar and acting along the centroidal axes of the members,
This was true although the members were not actually con-—
nected to single pins at joints &, 6, and E. Figure 13
shows the truss assembled. PFigures 14 and 15 show the con-
gtruction of Joint @ in detaill, IXigure 16 shows Jjoint
D, and figure 17 shows joint B. JFigure 18 shows joint &
assenmbled and figure 19 shows the same joint with one of
the plates removed.

The unstressed vertical, or critical member -BE of
figure 8, was so constructed that the axial stiffness could
be varied, This member had two main elements, as can be
seen from figure 20. The principal element was a steel rod
bent 90° in two places to form a letter U. The other,
called the spacing bar, could be set to produce a stiffness
for the conbination of almost any value from 2 pounds per
inch up to about 70,000 pounds per inch., The U-shape
element was made of 1/16-by 3/16-inch annealed tool steel.
The swacing bar was made of 7/32-by 7/32-inch square pol—
ished drill rod. & loop of steel was provided over each
end of the spacing bar, so that the legs of the U could
be clamped against the ends of the spacing bar by set
screws which were located in these loops. The outer sur-—
faces of the legs of the U were center—punched at equal
intervals so that the conical ends of the set screws could
fit saugly into the conical center punch marks. After a
stiffness had been determined for a certain set of corre—
sponding center punch marks, it was always possible to re-
gain that same stiffness by fitting the set screwe into
the same two marks. Thus it was possible to repeat exper-—
iments without remeasuring the stiffness of the member
after each setting.
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TEST APPARATUS

Apparatus for Measuriﬁg Extensibilities

Figure 21 shows the apparatus used for obtaining the
extensibilities of the tension members. A & by 8-inch
steel I-beam was erected with the outer face of one flange
vertical, and a trussed cantilever bracke? was bolted to
its upper end. A fitting which was drilled and slotted to
accoumodate the 1/16- by 3/1l6~inch members of the truss
was bolted to the free end of this cantilever bdbracket.

The tension members were hung directly from this fitting

and a similarly drilled and slotted fitting was provided

at the bottom end of each such member., From a milled

knife edge in this lower fitting there was hung a U-shape
link of 1/4—inch steel rod which tended to reduce the
flexural rigidity of the system. A 1/2- by 1/2-inch square
piece of steel 2 inches long was drilled along a diagonal
and held on the U ‘member with a nut on each leg of the U,
This acted as a sort of knife edge which supported a steel
wire of about 3/64 inch diameter that was strung over it,
The lower end of this wire supported the weight pan. Thus
there were a total of four joints, which tended to elimi-
nate alnost all flexural rigidity of the load-applying sys-—
tem, Load was applied directly to the wéaight pan, Thus,
except for an extremely minute amount of flexural rigidity,
the tension load was applied vertically and axially to each
member.

Two optical micrometers or microscopes, gradwated to
read to 1/28000 inch, were clamped to a piece of 1%- by 1i-
by 1/4~inch steecl angle and were set at a distance equal to
the axial distance between the pins at the ends of the mem—
ber being tested. This angle was supported by a structure
indenendent of the rest of the apparatus so the loads on
the specimen would not affect the distance between the
microscopes, Under the usual increment of the load, about
25 pounds, the specimen as a whole moved measurably, due
to the flexibility of the cantilever bracket, Thus if
reacdings were taken from both micrometers at gzero load,
the totel elongation for a given load would be the movement
read at the bottom microscope minus the movement. read at
the top nicroscope.

When the square scction compression members were
tested this apparatus was modified, as shown in figure 22,
The member was hung from the cantilever bracket end fitting
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by a short piece of 1/16— by 7/32-inch stock which fit
into the milled slots in both the fitting and the member
tested, The lower slotted fitting was connected to the
lower end of the member by anether short piece of 1/16-

by 7/32-inch steel which fit into the slots of the fitting
and the member tested. The other parts of the apparatus
were the same as in the tension member tests, Tension
loads were applied to these mgpmbers, Young's modulus for
tension and compression being assumed equal.

Apparatus for Measuring Stiffness of the
Unstressed Vertical Member

The apparatus for measuring the spring constant of
the U-shape member is shown in figure 23. The end of one
leg of the U was rigidly supported against horizontal
movenent by a thick cast iron block and was sypported ver-—
tically by a small steel block, The center of the bottom
of the U was set on a small hard steel roller which
rested on a hard steel block. The end of the other leg of
the U also rested on a hard steel roller, The rollers
eliminated almost all friction, The U was supported at
these three points so that it lay in a horizontal plane.,

The load was applied vertically to a weight pan, and
was transmitted through a flexible string over an aluninun
ball bearing V sheave to the horizontal direction. The
top of the V sheave was set in the same horigzontal plane
B8 the U " spring.

An optical micrometer, calibrated to read 0.000267
inch per division, was set over the end of the free leg of
the U spring, Since it was @ssumed, for the small loads
applied, that the end of the leg which bore directly on
the cast iron block did not mowe at all, the measurement
of the movement of the end of the free leg was taken as
the change in distance between the two ends of the legs.
The ratio of the load applied to the deflection observed
was talten as the effective stiffness of the member BE,

Truss-Testing Apparatus
As the truss had rather small dimensions in a lateral

direction, it was evident that it might become laterally
unstable before becoming unstable in its plane, Since the
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objective was to determine its stability in its plane, it
was necessary to provide lateral support. As shown in
figure 13, a rectangular steel plate 1/2 inch thick was
supported at each end of the bottom edge so that the longer
edge was horizontal and the face of the plate was in a
vertical plane. Two 120° V grooves ware cut in the top
edge of the plate, 24 * 0.001 inch apart. Two machined and
case-hardened knife edges were set into these grooves. A
10—inch long bar of 3/4- by 3/4-inch cold rolled steel hung
from ecach knife edge and lay against the face of the plate.
These bars hung vertically and gave the effect of having

-one end of the truss simply supported and the other on

rollers, since they could rotate slightly as the truss de-
formed uader load. Slots 7/32 + 0,010 inch wide were
milled in the lower ends of these bars to accommadate the
ends of the truss and to allow sufficient clearande for
free nmovement of the 7/32~ by 7/32-inch truss medabers.
Holes were drilled in the bars the same size as the pins
in the ends of the truss members. Each end of the truss
was set in the milled slots and held there by the pinss

A picce of 0,005~inch shim stock 7/32 inch in diameter was
placed on each side of the truss member and drilled so
that the pin held each shim in place. This assured clear-
ance between the 7/Z2-inch truss. members and the material
on either side of the 7/32—+ 0.010-inch slot,

A brass lateral support was provided near each of the
upper ends of the outside diagonal members. A single lat-—
eral supvort was provided just to the left of the center
pin joint in the upper chord. Since this support had to
have as low a coefficient of friction as possidle, two
knife edges of tool steel were made "dead hard" by heating
and quenching without subsequent drawing. They were then
polished and supported by brass fittings. The knife edges
were spaced to give 0,001 inch-clearance for the upper
chord member which moved between them., Thus the entire
truss was laterally supported at five positions, this be-—
ing the minimum number for a truss having such configura-—
tion and loading conditions. The friction forces caused
by these lateral supports was very small compared to the
loads in the truss members, and was ignored.

Two adjustable stops, clamped to the vertical plate
which laterally supported the truss model, were provided
above and below the upper chord members to prevent then
from rotating through too great an angle while the .truss
was under load. The upper stop consisted of the spindle
and thimble of a micrometer; the lower stop was the
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rounded end of an extra~fine-~thread screw. The total
movenent of the portion of the upper chord between these
stops could be measured to £0,001 inch by reading the
microneter and then turning the thimble until the spindle
pushed the member into contact with the lower stop.

Light fron a small flashlight was reflected from the sup-—
porting plate through the gap between the contact points
of the stons and the horizontal member which moved verti-
cally vetween them. In this way the first 0.,0005 inch of
movenent of the member away from the stop could be ob~
served,

TEST PROCEDURES AND RESULTS

Determination of Extensibilities

Bach member was tested in direct tension while sup~-
ported in the apparatus described. The weight pan and
fittiags between it and the lower end of the member tested
were the only tare loads on the members. A reading of
each optical micrometer was taken at zero load and at all
subsequent loads. The usual load increment was 25 pounds
and the wsual maximum load was 150 pounds., There were,
thercfore, six points at which load and elongation were
observed. The elongation was plotted against the load
for each member and the slope of the straight line drawn
through these points was then takon as the extensibility
of the member, Four of these load-elongation curves, one
from each pair of symmetrically located members, are shown
in figures 24 and 25,

The extensibility of each member was measured in this
manncr at least twice. For each member the agreement be—
tween the measured extensibilities was within 2 percent.
With each pair the difference between the average measured
extensibilities for the individual members was less than
the shread of the measured extensibilities for each of the
pair., The average of all the measured extensibilities ob—
tained from tests on both members of a pair was therefore
taken as the extensibility of both of those members., The
extensivilities thus obtained were: for members AB and
BC, 8.9 X 10°° inch per pound; for AD and CF,

(i -8
9,30 x 10°° inch per pound; for AE and OB, 36,43 x 10

inch per pound: and for DE¥ and E¥, 39,82 X 10°°% inch
per pound,
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Since the . measured elongations were the changes in
distance between the pins through the ends of the members
and were affected by the sudden changes in section near
those onds, no attempt was made to obtain a close conpar-
ison between the observed values and values computed from
the dinensions of the members and an assumed value for
Younz's modulus. Approximate calculations, however,
showed that the observed elongations were of reasonable
magnitude, The spread of 2 percent between separate tests
of 2 single member is assumed to be an effect of imperfec—
tions in the test apparatus rather than & measure of devi-
ations from some assumed ideal nominal dimensions, It is
of interest to note that this spread between the measured
extensibilities of individual members is consideradbly
greater than the computed error in the critical load for
the truss investigated inm part I of this report. This is
one of the factors which justifies the use of the simplie-
fied criterion instead of the more precise but more '
tedious criteria for which it is offered as a substitute.

Determination of the Stiffness of the U Member BE

The stiffness of the U member was measured with the
spacing bar at each one of the five sets of center punch
marks in the legs of the principal element. The set
serevs ot each end of the spacing bar were tightened into
corresvonding center punch marks and the entire member
was placed in the apparatus for measuring the deflection
of one leg with respect to the other with each increment
of load. For each increment of load, usually an ounce,
the inerement of deflection of the free leg was observed
through the *optical micrometer and readings of load and
deflcction wereé recorded. The set screws were. then loos—
cned, the spacing bar was moved to the next set of corre-—
sponding center punch marks, and & new set of deflections
and loads was recorded. This procedure was rapeated five
times tnd the results of the observations are plotted with
load vorsus deflection. The experimental spring constant
then is tho slope of the loading—deflection curve. The
five curves obtained are shown in figure 26.

After having gone through a series of tests to detcr—
mine the spring constants, the procedure was completely
repeated to determine whether the assumption that the
spring constant would be the same after changing the spac—
ing bar?s position actually was justifiable. It was found
by these check tests that the observed values of the
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spring constants changed negligibly when the spacing bar
was taken from one set of center punch marks and then re-
turned to the same marks after other tests upon the U
member had been completed.

Doternination of the Oritical Load for the Truss

For determining the critical load for the truss it
was first assembled and placed in the testing apparatus.
Tho offccts of friction in the joints were investigated
and it was found that, when the truss was carefully -
loadcd, if the upper chord members were carefully alined
after cach increment of load and there were no vibrations
or other disturbing forces, the truss without the center
vertical could be loaded up to the ultimate for the mate—
rial used, The ability to carry such load in this condi-
tion was due to the very accurate alinement of the three
pins in the upper chord members and the small amount of
friction in the pin joints. Although it was possible for
the truss to be in oquilibrium without the center verti-
cal, the structurc was not stable in this condition.

When a structure like a truss is subjected to load
and is doformed to a configuration in which all forces
are in cquilibrium, that configuration may be termed the
equilibriun configuration for the given loading. The
stability status under thesc conditions depends on what
happens when the configuration is slightly modified., If
therc is a tondency to return to the equilidrium config-
uration, the equilibrium is stadble; if there is a tendency
to remain in the new configuration, the truss is in neu-
tral equilibrium; and if the change in configuration tends
to become more pronounced, the equilidrium is unstadle.,
The tendency regarding roturn to the equilibrium position
is a function of the load in actwal structures and, as the
load on a structure increases, the tendency to return de-
creases until it changes into a tendency to deflect fur—
ther, The load at which the tendency to returan to the
equilibrium position disappears is taken as the critical
load. In these tests only this tendency to return to the
equilibrium could be investigated.

In each test the U member was adjusted to a given
stiffness and then was placed in the truss. The truss
was noxt loaded to within a few pounds of the critical
load calculated for the structure by the simplified sta-
bility criterion, The upper chord members were then so
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rotated by hand that the center pin joint connecting these
members was moved vertically 0,030 inch in each direction
fronm the mean equilibrium position, the tdp and bottom
stops having been adjusted so that the rotations could not
exceed these values. This involved a rotation of the mem-—
bers of about x0,005 radian. When the members were rotated
while the load on the truss was below the calculated crif—
ical load, a perceptible amount of spring back from the
stops was observed. As the load was increased, the amount
of spring back decreased; and when the spring back com—
pletely disappeared, the total magnitude of the load was
recorded =28 an observed critical load.

This procedure was repeated until the complete series
of five stiffnesses of the U member had been used in the
truss, end critical loads corresponding to these stiff-—
nesses hod been observed., The results of the tests are
summarized in the table below.

S¢iffness of ' Calculated Observed
U menber, K critical load critical load
(1% 15, ) : (1v) (1v)
(max, ) (min,)
6.09 24.36 24.8 23,8
8436 33,44 34,2 BLa8
11.54 : 46.16 4% .26 45,0
16439 65.+56 6740 64,0
26,00 104,00 106.0 102,0

It is interesting to note that the absolute differ-
ence between the obserwved critical load and that calculated
by the simplified criterion from the given stiffnesses of
the critical member increased directly as the load; the
percentage difference remained approximately constant.

This nay be explained as mostly due to the effect of the
friction in the joints A, B, and € of the members AB
and B0. Since the forces transmitted throeugh the pins to
the holes at these joints are proportiomal to the load on
the truss, if the static coefficient of friction is assumed
to be constant, the friction forces vary directly with the
load on the truss., It was found that rotating the upper
chord nenbers by hand and observing the tendency to spriang
back tendéd to eliminate most of the frictional effects,
but the spread of the test results indicates that the
elimination was not complete,

From the simplified stability criterion it is evident




FACA TN No. 937 , 27

that the critical load on the truss should be directly
pronortional to the stiffness of the U member. There—
fore, if the stiffness of the critical member is plotted
against the observed critical load, the resulting curve
should be a straight line. TFigure 27 shows the agreement
of the observed critical loads, for the various stiff-
nesscs of the unstressed vertical, with the calculated
eritical loads computed from the same stiffnesses. The
short horizontal lines intersecting the diagonal indicate
the range of observed critical loads for each stiffness
of the vertical,

CONCLUSIONS

le The simplified stadility criteria developed in
part I provide a convenient tool for investigating the
stability of pin-jointed trusses against duckling in the
truss plane, They also provide a rational method for de-
signing those members of a truss for which the axial
loads computed by the standard methods of analysis are
very small,

2. The simplified criteria are applicable when the
loads in the truss members are due primarily to deviatioas
of actuval from nominal dimensions.

3. The tests of part II indicate that the sampllfled
criteria of part I are valid.

Stanford University,
Stanxford University, Calif., March 30, 1944.
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APPENDIX

COMPUTATION OF THE VERTICAL STIFFNESS OF JOINTS

A, ©C, AND E ©F THE TRUSS OF FIGURE 8

Figure A-1 is a line diagram of the truss of figurec 8,
Alongside each member are listed in order: the conmputed
extensibility of the member in inches per pound multiplied
by 109, the axial.load due to 80 kips at Jjoint X, the
axial load due to a unit load at joint A, and the axial
load due to a unit load at joint X, In the design of the
tension members the allowable strecss was taken as 30,000
psi. The compression members were assumed square in cross
scction and were dcsigned by the Euler formula as pin-ecnd
oalunus, with XE.= 30,000,000, Formulas for the sectional
arca required were developed as follows:

P o

g
Tenslon members: A XY - Bl = 58,80 ).O"6 iy 5+ 08
xy ¥ 9, 30000 xy
2 2 2 4
Compression members: P = ﬂ~§l; I = 8. 10 %00 M ing
L

4

but Ixy = %E for a squarec cross section
+ -10
BT oe 18T w ipow sBP w107 it
4 10

Boe A0ESx0 BT
3 .30 x 20° 18/18,7

With thesc formulas the cxtensibilities were computed as
indicated in table A-1,
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lrMember ny
AB —60,000
B0 | -0,000
3 ~50.000
oF —50.000
AT 50.000
ox 50.000
DE 30.000

| . Z@ 30,000
B3 0

NACA TN No, 937
Table A=l

i o TR 4 a_ L 9
L Lk L b b "=A xy ’ Zﬁx 10
180 32,400 78.78 8.876 676,0
180 32,400 78,78 8.876 -1 676,0
300 90,000 | 182.36 | 13.504 | 740.5
300 90,000 | 182.36 | 13.504 | 740,5
300 90,000 | ——wwe 1.667 | 5,999.0
300 90,000 | «=emm— — 1.667 | .B,898,:0
260 1129600 ] wavwim 1,600 ! 12,000,0
360 1128 ,600 | seemsnins 1,000 12,000,0
240 | 129,600 ' et 18 AJ

Conputeations of the

vertical stiffnesses of joints

4,

¢, and E by the method of virtual work are outlined in
tavles A-2 and A-3,
Table A-2
destnt A er 0
p,*L 9 4
- 2 a
Membor pa pa —I-E——X 149
-9 PoL
AB 09,3750 | 0,1406 08,0 | 85 » 207" Ak 30" 4oy
B0 .3750 | ,1406 95,0 AR
AD 9375 .8789 650.8 "
cx .3125 | ,0977 78:3 | Ky = <~ 1b/in,
AR +3126 .| 0977 586.1 §x
CE -.3125 , 0977 586,1 b
b0 ~.5625 vOL64 | 3,796,.8 | 3, » 6305, % 107 Infl 3%
EF ~,1875 .0352 422 .4 load.
BE o} : 0 .
~—~——e——| K, = K, = 158,591 1b/in.

v ey

R

B
AE

%R0 o boB0ELS
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Table A-3
Joint E
2
Pa "L 9
Member '-?a, Py2 —1%—’(10
AB ~0.7500 | 0.5625 58048 | 6, = 9399.6 x 10"° 1b/1 1B
BC ~.7500 | .5625 380.,3 load.
AD *.6250 03906 289.2 Ke = 106,400 lb/in.
CF -,6250 | ,3906 289.2
AR .6B50 | ,3906 | 2,343,1
OE 6260 | 3008 2.34%5.1
DE 280 { 14061 1,687.2
ET 3760 | 1408 | 1,687.2
- 0 G e Thadiamegns e
2
L
37 Pe_"x10° = 9,399,6
Ao AR



= L

F -
By

- Ay

= 8

Seage i
K
cr

-~
7

Figure 2.~ Link with one elastiocally
supperted end.

Figure 3.~ Two links with single elastie support.
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Figure 12.~ Initially deformed N truss.
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Figure 11,- Curves for determining applicable criterion
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Figure 13.~ Experimental truss,

Figure 14 Joint C, assembled Figure 15.= Joint C, exploded.



Figure 16.- Joint D.

Figure 18.- Joint E, complete.

Biges 16 4 0 i ael g

Figure 17.-~ Joint B.

Figure 19.- Joint E, gusset
plate removed.
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F:lg\iro 20.;- Varliable stiffness member BE

Figure 21,~ Extensibility test,
tension member,
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Figure 22,~ Extensi-
bility test,
compression
member.,

Figure 23.,- Stiffness
test,
member BE,
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Figure 24.,- Load-elongation curves, compression members.
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Figure 25.- Load-elongation curves, tension members.
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Figure 27.- Truss eritical load versus stiffness of member BE.
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Extensibilities xlog_ are noted nearest each member, then forces due to 80-kip load at
center, then forces due to unit load at A and finally forces due to wnit lead at E. -



