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ITATIOBAL A D V I S O R Y  COMMITTEE FOR AERONJUTICS 

TECHNICAL NOTE 30.  1112 

ANALlTSI S OF PROPELLER EFFI CIEPTCY LOSSES A S S O C I A T E D  

W I  T H  HEATED-AI R THERhrAL DE- I  67: PJG 

By Blake W. Corson, Jr. and Ju l i an  D. Xaynard 

A m  ana lys i s  i s  made of the loss ,of e f f i c i e n c y  
assoc ia ted  with a hea ted-a i r  thermal 'de-icing p rope l l e r  
bo th  mfth and without i n t e r n a l  f l o w .  For  the a v a i l a b l e  
d a t a ,  measured e f f i c i e n c y  lo s ses  a re  compared with the 
ca l cu la t ed  lo s ses  and t h e  zgreement I s  found t o  be wi th in  
the experimensal accuracy o f  t he  da ta .  The method pre- 
sented mag be used wlth reasonable accuracy t o  determine 
t h e  ne t  clxmge i n  p r o p e l l e r  e f f i c i e n c y  due t o  the com- 
bined e f f e c t s  of the nozzle and i n t e r n a l  flow if the  
c h a r a c t e r i s t i c s  o f  the pi-opeller wlthout nozzles are 
known. 

I N T R O D U C T I O N  

The problem of  i c e  removal from an a i r c r a f t  p rope l l e r  
i n  f l i g h t  has been g a r t l y  solved by each o f  s eve ra l  
methods o f  p rope l l e r  de-icing. These methods include 
the  a p p l i c a t i o n  o f  a n t i - i c i n g  p a s t e s  t o  the p rope l l e r  
blades,  the d- i sso lu t icn  o f  i c e  by alcohol  o r  an t i f r eeze  
f e d  t o  the  blades by s l i n g e r  r i n g  and b o o t s ,  the  melt ing 
of i c e  from the blades by the use of e l e c t r i c a l l y  heated 
boots ,  a-nd the mei t fng  of i c e  from the  blades by heated- 
a i r  thermal de-lcfng. By the last-mentioned method, 
which i s  p a r t i c u l a r l j ?  appl icable  t o  hollow p e t a l  b l sdes ,  
a i r  i s  duc%ed f r o 3  the  f r e e  sti-earn, heated e i t h e r  i n  a 
heat  exchanger o r  bg d i r e c t  combustion, and passed 
through a gland i n t o  the ro t a t ing  y r o p e l l e r  where the 
heated i n t e r n a l  flow h e a t s  and de-ices the p rope l l e r  
blades.  The i n t e r n a l  flow mgves r a d i a l l y  through the  
h o l l o w  blades and i s  dischrded through nozzles a t  the 
blade t fps  i n t o  the p rope l l e r  s l ipstream. A l l  of these  
de-icing schemes e n t a i l  some l o s s  of p rope l l e r  e f f i c i ency .  
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The e f f i c i e n c y  lo s ses  assoc ia ted  w i t h  heated-air  
thermal de- ic ing were measured i n  t e s t s  o f  a two-blade 
ho l low s t e e l  p r o p e l l e r  i n  the Langley 16-foot high-speed 
tunnel.  The; primary purpose o f  the t e s t s  laas t o  make a 
qufcl/ determination o f  t he  e f f i c i e n c y  l o s s  due t o  i n t e r n a l  
a i r  f low.  Because the  temperature of  the i n t e r n a l  a i r  
f l o w  was assumed t o  have l i t t l e  e f f e c t  on the efficTency 
changes, the experimental p rope l l e r  w a s  made as simple 
as poss ib le  by disTensing w i t h  heat exchangers and by 
having the e n t i r e  in te rna l - f low system, i n l e t ,  ducts ,  
and e x i t  nozzles  b u i l t  i n t o  t h e  proDeller hub and blades.  
The r e s u l t s  o f  the t e s t s  mace with unheated i n t e r n a l  flow 
a r e  reported i n  reference 1. It i s  the purpose of this 
paper t o  attempt t o  express s i n p l y  the  e f f i c i e n c y  l o s s  
as a func t ion  o f  the parzmeteps rhfch govern p r o p e l l e r  
operat ion and the i n t e r n a l  a i r  flo1jt. The der ived equa- 
tkons a re  c o r r e l a t e d  w f t h  the dhta  ;?resented i n  re-fer- 
ence 1. 

The change i n  p r o p e l l e r  e f f f c l e n c g  assoc ta ted  with 
hea ted -a i r  thermal de- ic lng  cBn be a t t r i b u t e d  t o  two 
e f f e c t s ;  n m e l g ,  the e f f e c t  o f  t h e  t i p  nozzle on the air- 
f o i l  c k a r a c t e r i s t i c s  o f  the blade sec t ions  i n  t he  vfcinit;T 
o f  the nozzle,  and the  e f f e c t  o f  the i n t e r n a l  flow o n  the  
pcvr:er absoybed and the n e t  t h r u s t  !2,.1-oduced by the p r o p e l -  
l e r .  A complete t h e o r e t i c a l  eva lua t ion  o f  t he  e f f i c i ency  
zhanc-e due t o  e i t h e r  o f  these  e f f e c t s  i s  s o  involved as 
t o  be i x q r a c t i c a l .  Tfie rnagnftuae o f  the e f f i c i e n c y  
changes, however, can be estrmated in,& t h  reasonable accuracy 
by int roducing s i n p l i f y i n g  assumptions 

APP ARATTJS 

A desc r ig t lon  o f  t he  dynamometer, prQ,pel ler ,  and 
o the r  apparatus used f n  the  Langley l 6 - f o o t  high-speed- 
tunnel t e s t s  of  a thermal de-icing prope l l e r  i s  given 
i n  reference 1. A d lagraq  of' t h e  in te rna l - f low system 
t e s t e d  I n  re ference  1 and considered here in  i s  given i n  
f i g u r e  1 of this paper. A d e s c r i p t i o n  o f  the apparatus 
I s  confined t o  the  following l i s t  of  p rope l l e r  dimensions 
needed f o r  use I n  applying t h e  der ived equations: 

:\Tw-ber o f  blades . . . e . e e . . . . e 2 
p r o p e l l e r  dismeter,  f e e t  . e , . . . . . . 12.208 
Total  nozzle e x i t  a r ea  ( 2  b l ades ) ,  square r o o t  . 0.00903 
Radial l o c a t i o n  o f  c s n t e r  of nozzle 

( x  = 0.95), f e e t  . . . . * . . . . 5.80 
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Effect  of Nozzle Drag on P rope l l e r  Ef f ic iency  

Assumptions.- The problem o f  es t imat ing the e f f e c t  
on p r o p e l l e r e T f i c i e n c y  or" a nozzle b u i l t  f n t o  the blade 
t i p  can be aparoached lnost simply by assuming t h a t  on ly  
t h e  &a& o f  the blade sec t ions  i n  the region of t h e  
nozzle i s  a f fec ted .  Although a chordwise s e c t i o n  through 
t h e  nozzle may have very p o o r  l i f t  and drag charac te r -  
i s t i c s  as an i s o l a t e d  a i r f o i l ,  t he  same s ec t ion  used as  
a l imi ted  spanwise po r t ion  of an extensive a i r f o i l  w i l l  
operate with approximately the same l i f t  as the adjacent 
una l te red  sec t ions .  The sec t ion  drag, however, w i l l  be 
increased. This assumption i.s made i n  order  t h a t  t he  
derived equations may apply p a r t i c u l a r l y  t o  p rope l le rs  
t o  which nozzles a re  added a t  t h e  very t r a i l i n g  edge of  
t h e  blade s . 

Derivation.-  Assume t h a t  t h e  presence o f  a nozzle 
(without ' f low)  c rea t e s  an i s o l a t e d  cirag on the  p rope l l e r  
blade a t  radius  r. Deslgna-he t h e  t o t a l  drag f o r  a l l  o f  
t he  nozzles DN. 
r e s u l t a n t  a t r  v e l o c i t y  and may be resolved i n t o  two 
components, one a component o f  torque force i n  the  plane 
of rofa t fon ,  and the  o the r  a component o f  negative t h r u s t .  
A diagram o f  the forcer,  and v e l o c i t i e s  i s  given i n  f i g -  
u re  2 .  The nozzle drag reduces the  p rope l l e r  e f f i c i ency  
by inc reas tng  the Fower and reducing the  th rus t .  The 
induced power loss,wk;ich i s  associated w i t h  blade sec- 
t i o n  l . i f t ,  i s  assimed not  t o  change. I f  t h e  p rope l l e r  
c h a r a c t e r i s t i c s  are  known f o r  t he  p rope l l e r  without 
nozzles,  the e f f i c i e n c y  change due t o  t he  e f f e c t  o f  
nozzle drag on t h r u s t  and power can be expressed by 
d f f f e r e n t i a t i n g  t h e  e f f i c i e n c y  equation and t r e a t i n g  the  
d i f f e r e n t i a l s  as f i n i t e  increments. 

The d.rag a c t s  in the  d i r e c t i o n  of th'3 

The symbols used i n  this  pager a r s  defined when 
they a re  introduced; a complete l i s t  o f  synbols i s  givzn 
i n  appendix A. 

The e f f i c i e n c y  equation i s  

J q = -  ST 
cP 
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Dif fe ren t i  a t i o n  gives  

where 

t h r u s t  coeff i c i e n t  

power c o e f f i c i e n t  
CT 

cP 
rl p r o p e l l e r  e f f i c i e n c y  

J advance r a t i o  

The nozzle drag ac t ing  a t  r a e i u s  r is 

whe r e  

nozzle ex te rna l  drag c o e f f i c i e n t  based on  the t o t a l  
nozzle e x i t  a r ea  AN CDN 

:v r e s u l t a n t  a i r  ve loc i ty  

F a i r  densi ty ,  slugs p ~ r  cubic f o o t  

i3ecause t h e  insuced v e l o c i t y  a t  t he  p rope l l e r  blade con- 
t r i b u t e s  only 8 very  small  component t o  the t r u e  r e s u l t a n t  
ve loc i ty ,  the resultant v e l o c i t y  can be evaluated with 
good accuracy as the  vec to r  sum o f  t h e  forward v e l o c i t y  V 
and the  r o t a t i o n a l  v e l o c i t y  as shown i n  f igu re  2 
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whe re 

D 

n p rope l l e r  r o t a t i o n a l  speed 

X f r a c t i o n  o f  p r o p e l l e r  t i p  rad ius  

The component o f  the  nozzle drag ac t ing  as negat ive thrust  
is 

prop e 1 ler d i  arne t e r  

where AT i s  the increment i n  p rope l l e r  t h r u s t .  By use 
of  equations ( 3 )  and (4.1, this equat ion becomes 

and i n  c o e f f i c i e n t  f o r m  i s  

The component of  the n o z z l e  drag which c r e a t e s  torque i s  

AQ = r-PA 1 C (nnDx) dGXl2 + V 2 
2 Da 
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where 

Q torque, foot-pounds 

P power, foot-pounds p e r  second 

mhen the exgressj-ons f o r  the  increments of t h r u s t  
and power c o e f f i c i e n t s  (equat ions ( 5 )  and (6) 1 a r e  
s u b s t i t u t e d  i n t o  equation ( 2 ) ,  the  e f f i c i e n c y  loss due 
t o  nozzle drag i s  eve.luated 

Ai3plLcation. - 'Equation ( 7 )  Ind ica t e s  t h a t  the e f f i -  
ciency loss due t o  p r o p e l l e r  t i p  nozzle drag increases  
with increas ing  advance r a t i o  and i s  d i p e c t l y  p r o p o r -  
t i o n a l  t o  the r a t i o  o f  the e f f i c i e n c y  t o  the power 
c o e f f i c i e n t  o f  the  p rope l l e r  without nozzles.  For the 
the rna l  d-e-tcing prop,eller o f  the  present  study, t he  
power c o e f f i c i e n t  for maximum e f f i c i e n c y  increased more 
r ap id ly  w i t h  advarice r 3 t i o  than did the func t ion  o f  
advance r a t i o  (equat ion  ( 7 ) )  w i t h  t h e  r e s u l t  t h a t ,  a t  
maximum e f f i c i ency ,  the l o s s  due t o  the  nozzles without 
f l o w  d-ecreased cQntinuously Tvlrithin the  range o f  advance 
r a t i o  met i n  the t e s t s .  For  want o f  b e t t e r  nozzle-drag 
data, the nozzle-drag coe f f i c i en t  was assumed t o  be the 
sane as th%t  f o r  a f l a t ,  p l a t e  and the e f f i c i e n c y  loss 
due t o  t h e  noz*zles wi-i;hou.t I n t e r n a l  flow was computed, 
The values ol" advance r a t i o ,  yjeiver c o e f f i c i e n t ,  and 
ef f fc fency  a t  peak e f f i c i e n c y  f o r  the  normal p rope l l e r  



were taken from f i g u r e s  13 and 14 of reference 1 and are 
l i s t e d  i n  t a b l e  I with the  computed and aeasured values 
of e f f i c i e n c y  l o s s .  The e f f i c i e n c y  l o s s  due t o  the  
nozzles w i t h o u t  ir?, ternal f low i s  a l s o  shown i n  f i g u r e  3 
as i;! func t ion  of advance r a t i o .  The t rend  with advance 
r a t i o  of  the  measured l o s s  i s  s i m i l a r  t o  t h a t  i nd ica t ed  
i r z  equation (7 ) .  

The forego!.ng computations were f o r  operat ion a t  
peak e f f i c i ency .  The e f f i c i e n c y  l o s s  due t o  the nozzles 
without i n t e r n a l  flow f o r  any condi t ion of operat ion 
should not be much d i f f e r e n t  from t h a t  shovrrn i n  f i g u r e  3 .  
"Ice m o s t  comnon condi t ions of p r o p e l l e r  opera t ion  are  
at values  of advance r a t i o  l e e s  than t h a t  f o r  peak e f f l -  
c i e n c y :  i n  t h i s  range the power coef i ' i c ien t  i s  i m r e a s e d  
am3 equation ( 7 )  i n d i c a t e s  t h a t  the e f f i z i e m y  l o s s  i s  
l e s s  than f o r  ooere t ion  a t  peak ef 'ffzlency. O f  l e s s  
i n t e r e s t  i s  ooera t ion  a t  values of advance r a t i o  g r e a t e r  
than the  values f o r  Desk e f f i c i e n c y  f o r  which bo th  the 
;oower c o e f f i c i e n t  and. t he  e f f i c i e n c y  decrease with 
inc remfng  ad.vance r a t r o ,  TdYn the  r e s u l t  t h s t  the e f f i -  
c iency loss i s  seldom xuch greater then t h a t  shown i n  
ftgure 3 an6 i s  gene ra l ly  less. 

Effec t  of I n t e r n a l  F ~ O F  on 

Prope 11er Ef f E c i  ency 

Assuiptions.-  The same agproach i s  used i n  e s t i -  
m a t i n m e  e f f e c t  o f  thg i n t e r n a l  flovr on the  e f f i c i e n c y  
of a keated-a-ir t h e m a 1  de- ic ing ;?repeller as was 
l"ollOYJed i n  es t imat ing the  e f f e c t  o f  the nozzle drag 
alone. The motion o f  the i n t e r n a l  flow through tlie 
p r o y e l l e r  I s  accompanied by f i n i t e  changes t o  t h e  p ro -  
p e l l e r  t h r u s t  a& power from which the e f f i c i e n c y  change 
can be- computed. There a re  four  increments o f  t h r u s t  
and power assoc ia ted  w i t h  the i n t e r n a l  flow t h a t  a f f e c t  
t he  p r o p e l l e r  e f f ic iency .  Tnese incremelnts a re :  (1) a 
negat lve t h r u s t  incurred by i rduc thg  the  i n t e r n a l  f l o v ~  
from the  f r e e - a i r  s t r e @ v  and ar res t t f ig  i t s  axfal motion 
with resgec t  t o  t he  p rope l l e r ,  ( 2 )  a power increase  
requl rsd  f o r  the c e n t r i f u g a l  pumping of  t he  i n t e r n a l  
flow by the  p rope l l e r ,  ( 3 )  a g o s i t t i e  t h r u s t  component 
of t he  j e t  r e a c t i o n  contingent upon the  a r o p r  e j e c t i o n  
o f  t he  i n t e r n a l  f l o w  through tlie ti? nozzle, and (IC) 8n 
increment of u s e f d  power frm the torque component o f  
t he  j e t  reac t ion .  
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A d iscuss ion  o f  the inf luence of the  them-odynamic 
Trocesses a f f e c t i n g  the i n t e r n a l  flow will be reeerxred 
for a subsequent s e c t i o n  o f  t h i s  paper. I t  i s  con- 
ceivaSie t h a t  a m a l l  amount o f  engine s h a f t  power can 
be d i s s iga t ed  from any p rope l l e r  as  hea t .  The tempera- 
t u r e  r F s e  o f  a body I-mersed i n  a high-speed a i r  flow i s  
discimseci fr, reference 2 ,  mhich niaintains t h a t ,  because 
o f  complete a r r e s t  o f  t he  flow 50th a t  the  s tagnat ion  
point  snd i n  the boundary l aye r ,  the  equ i l ib r ixn  tempera- 
t u r e  o f  t he  e n t i r e  body i s  the  s tagnat ion  tem3erature. 
The various sec t ions  o f  a proTel ler  blade o;Jerate a t  
Z i f f e ren t  a i rs?eeds;  the  t i p  sec t fcns  operate a t  the 
h ighes t  sqeed and the shank sec t ions  a t  the lowest.  
Consequently, a r a d i a l  teqperature  g rad ien t  e x l s t s  and 
causes a flow of hea t  from the  b1ad.e t i p  toxxard t h e  shank. 
(See reference 3 . )  A s  t he  shank be.o,omes h o t t e r  than  i t s  
s tagnat ion  temnerature,  i t  i s  cooled by tne  a i r  flow. 
Thus, f n d i r e c t l y ,  a spa11 anount o f  s h a f t  energy slx?.slied 
by the  engize i s  d i s s lpa t ed  through the  p rope l l e r  as  
heat .  

I n  the case c.f t he  heated-afr  thermal de- ic ing  n m -  
Teller,  the  external-flow tern?errture conditions a re  the  
saxe as for a noma1 p rope l l e r ,  and f o r  i d e a l  i n t e r n a l  
flew, the s tagnat ion  temqeratures o f  a i r  within the blade 
w i l l  be i d e n t i c a l  a t  a l l  rad-if a i tb .  t he  e x t e r n a l  stagria- 
t f c n  texqera tures .  This e q u a l i t y  e x i s t s  because the  
stsgnat:-on t e m s r a t u r e  of  the i n t e r n a l  f l o w  a t  the  inne r  
surface o f  the blad-e i s  dstermtnsd- by the combine$- 
e f f e c t s  of t h e  f ree-s t ream ve loc i ty  -9ossessed by the 
i n t e r n a l  Slow before i t s  induct ion,  ant? i t s  r a d i a l  
velocf ty ,  :p2anifest as t o t a l  pressure r i s e ,  which i s  
always equtvzlent t o  t he  t angen t i a l  ve loc i tg .  Rence, 
i n  the  i d e a l  case without heat  t r a n s f e r  the t o t a l  pres- 
sure  of the  i n t e r n a l  i'low a t  s.ny rad ius  equals t h a t  o f  
t h e  ex te rna l  flow; the  i n t e r n a l  m d  ex te rna l  s tagnat ion  
tenperetures  a re  the re fo re  equal,  and the  d i s s i p a t f o n  o f  
engine i:joa;er a s  hea t  i s  no greoter  T o r  a hea ted-a i r  
ther-mal de-icing p ro3e l l e r  than for 8 conventional g r o -  
? e l l e r .  The s f f e c t  of  t he  i n t e r n a l  f l o w  on the ?roGeller 
e f f i c i e n c y  is determined allliost e n t i r e l y  by the exchange 
o f  mechan5cal energy between tne  i n t e r n a l  f low and the 
y r o ~  e lle r 

Snternal-flow indilction, negative th rus t .  - The 
.induction o f  the in t s r r?a i  f l . 0 1 ~  from the  f r e e - a i r  s t r eaq  

- " I t o  the -3ropeller i s  accomganied by an inescapable 



NACA TI7 KO. 1112 9 

negative t h r u s t  Droportional t o  the  product o f  the  
i n t e r n a l  mzss f l o w  and the change of a x i a l  ve loc i ty  w i t h  
respec t  t o  t he  p rope l l e r .  This r e l a t i o n  holds regard- 
l e s s  o f  t he  manner i n  which the a i r  i s  taken frcm the 
f r e e  stream and ducted i n t o  the  p rope l l e r .  The processes 
involved i n  handling the i n t e r n a l  a i r  flow a f f e c t  the 
t o t a l  pressure o f  tlic i n t e r n a l  flow iNhfch, as  w i l l  be 
shown, a.ffects the mass flow and the ex3.t v e l o c i t y  but  
not  the negat ive t h r u s t .  The negative t h r u s t  exer ted 
by the I n t e r n a l  aEr f l o w  upon the p rope l l e r  o r  a i rp lane  
a t  induction i s  

AT = -mV 

where 

m i n t e r n a l  mass flow, slugs second 

V v e l o c i t y  of advance, f e e t  pe r  second 

By exi3ressfng tha mass flow i r  c o e f f i c i e n t  form,  equa- 
t i o n  ( 8 )  becomes 

where, by d-ef i n i  ti on, 

Signif icance of mass-flow c o e f f i c i e n t . -  A sfn;ple --- 
i n t e r p r e t a t i o n  o f  the  mass-floiii c o e f f i c i e n t  i s  t h a t  t he  
coe f f f c fen t  expresses a r e l a t i o n  o f  t he  v a l o c i t y  o f  flow 
from the nozzle t o  t he  r o t a t i o n a l  t i J  speed of the p r o -  
p e l l e r .  If the d e n s i t y  o f  the  i n t e r n a l  flow a t  t he  
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nozzle i s  equal. t o  t h a t  o f  t he  atznosphere i n  which t h e  
p r o p e l l e r  i.s opernting, a value o f  t h e  mass-flow coe f f i -  
c i e n t  equal t o  n i n d i c a t e s  t h a t  t h e  v e l o e i t y  a f  e f f l u x  
from the nozzle Is equal t o  the p r o p e l l e r  r o t a t i o n a l  t f p  
soee.3, The mass-flow c o e f f i c i e n t  could have been eo  
d.sffned 8s  t o  equal u:Yity 3r any o ther  a rb i t rhry  value 
for the  spec i f i ed  condition, but %l?e d e f i n i t i o n  given i s  
t n  keep?-ng v;i th conventicnal p r o p e l l e r  coe f f i c i en t s  e 

Centr i fugal  pu%i?i.ng power.. - Conslderation o f  t h e  - 
motion of an unrestrained ? a r t i c l e  under the ac t lon  of 
centrtIfuga1 force sh.ows t h a t  a t  all tlmes the  t a n g e n t i a l  
acce le ra t ion  o f  the ? a r t i c l e  i s  equal to the radial 
acce le ra t ion ;  ve loc i ty  changes and! the  corresponding 
cinetfc-e:iergy charges  r e s a l t i n g  f r o m  the  tmo accelera-  
t i ons  must be equal. 3nergy p e r  u n i t  Mass Frnparted. t o  
the p a r t i c l e  by t h e  tan&;ential  ao- i ion  must always be 
k i n e t i c  energy 9 q u h l  t o  o3e-half t3e  tar igent ia l  v e l o c i t y  
squa.rn,d. LikevrLse, fi7r an unrestrcined- p a r t i c l e ,  the  
k i n e t i c  energy due t o  the ~zldi3.l rcot ion i s  equal t o  that 
for the t a n g e n t t a l  motion. I n  the  case o f  f i u id  motion 
under c e n t r f f u g a l  EctLoG, the particles composing tne  
flow are  u s a a l l y  Darti.27 rss t rafned,  and the energy, whi.ch 
for t h e  ind iv idua l  p s r t i c l e  v:Bs radial k i n e t i c  energy, 
w i l l  iipgear as a coabinat ion o f  k i n e t i c  energy9 ?ressure  
energy, a.nd ( f o r  a g a s )  heat due t o  zomprsssion. Ey the 
law o f  t h e  conservation o f  ecergy, however, t h e  t o t a l  
eriergy per  s l u g  o f  x m s  f l o w  imgarted by the  pro-peller 
t o  the  in-teimal PLOW a t  a no in t  inmedis te lg  ahead o f  the 
t i n  nozzle i s  equal t o  twice the k i n e t i c  energy due t o  
t he  t angen t i a l  velocr ty;  t h a t  i s  

1 .  

2 Energy p e r  second = m ( w r )  

where 

w angular. v e l o s i  ty, raAimns per  second 

'The i?nergg p e r  SecOild i s  the  c e n t r i f u g a l  sumping powerJ 
~ v h % & i  mag be e q r e s s e d  as f o l l o w s :  



A more rigorous d e r i v a t i o n  of' the  r e l a t i o n  expressed 
by equat ion (10) i s  given i n  reference 4-, which shows 
t h a t ,  when s h a f t  power i s  not d i s s ipa t ed  as hea t ,  the 
Dower required f o r  a c e n t r i f u g a l  blower depends only on 
the mass flow and the  t angen t i a l  v e l o c i t y  imparted t o  the 
f lollv. 

By e q r e s s i n g  t h e  mass flow i n  c o e f f i c i e n t  form, 
equation ( 10) lnay be r ewr i t t en  

Equation (11) ex-pi-esses the increment o f  Dower coe f f i -  
c i e n t  required fo r  pumping the i n t e r n a l  f l o w  through 
the  p rope l l e r .  

The foregoing cons idera t ions  o f  t he  e f f e c t  o f  the 
i n t e r n a l  f l o w  on the  t h r u s t  and power have shown the 
e f f e c t s  t o  be de t r imenta l .  The change o f  d i r e c t i o n  o f  
the i n t e r n a l  f low,  movlng w i t h  free-stream ve loc i ty ,  
f r o m  an a x i a l  t o  a r a d i a l  motion was shown t o  c r ea t e  
the negat ive t h r u s t  expressed by equation ( 9 ) .  The 
c e n t r i f u g a l  punging ac t ion  of the Lollov-blade p rope l l e r  
workfng on the i n t e r n a l  flow was shown t o  increase  the  
power absorbed by the  p rope l l e r  i n  an amount exgressed 
by equation (11) a Neither of these  processes n e c e s s a r i l y  
represents  a complete l o s s  because the energy involved 
i s  merely t r z n s f e r r e d  t o  t h e  In te r r ia l  flow. The negat ive 
t h r u s t  due t o  stopping the a i r  cannot be avoided, but, 
with e f f i c i e n t  d i f f u s i o n  and Sucting, the air w i l l  r e t a i n  
i t s  energy e i t h e r  as k i n e t i c  o r  pressure energy which can 
be reconverted i n t o  p o s i t i v e  thmst  on being e j ec t ed  
from the t i p  nozzle., Likewise, the energy imparted t o  
the  internal .  f l o w  i n  the  c e n t r i f u g a l  pumping process can 
be reconverted i n t o  power tending t o  dr ive  the  p rope l l e r .  

Tfp-nozzle j e t  propulsion.- F o r  s fmpl i c i ty ,  the 
analysis o f  the je t -propuls ion e f f e c t  o f  the  p rope l l e r  
t i p  nozzle will be i d e a l i z e d  as was the  treatment of the  
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negative thrmt and c e n t r i f u g a l  pm.ping e f f e c t s .  Tbe 
i n t e r n a l  flow i s  assumed t o  move 'in a pure ly  r a d f a l  
$-!irectPon xP!ni_thin t h e  blade u n t i l  'it r emhes  the vicirij-ty 
g f  tlie t f p  nozzle where i t  i s  turned through a r l g h t  
%?<le.  I n  W-9 i d e a l  cese,  the  f n t e r n a l  f l o w  i s  ejected. 
f ~ o r t ,  t he  blade through tha t i p  nazzle ir?- a direct ' ion 
norvial t o  t h e  rad ius  and y a r e l l e l  t o  the  r e s u l t a n t  
v e l o c i t y  o f  the ex te rna l  f h i x  a t  t h e  s t t t j - o u ?  of  tl-ie ti:? 
nozzle.  (See f i g .  4.) The foregoing , - , s svm-~ t i~n  can be 
t r u e  f o r  only one value o f  advaiice r a t L o  T ~ T  sach blade 
angle,  but f o r  con t ro l l ab le -p i t ch  ~ r a 1 ~ e l - l ~ ~  opera t ion  
t3e d f r e c t f o n  o f  the  in te rna l - f low j e t  fro::i the t f p  
nozzle 7 ~ 7 0 3 l . d  never; dev ia t e  more thsn a few degrses  from 
the  d i rec t tc r ,  o f  tke  ex terna l  r e s u l t a n t  air flow. 

The r e c c t i o n  due t o  e j s c t i o n  o f  the inter .ns1 f ' l o ? ~  
f r o n  the  t f p  nozzle l a  8 f x c e  t e n t a t i v e l y  noma1 t o  
t h e  radfus teridlng t o  d r i v e  tke blade sectlori  a t  the 
nozzle along i t s  h e l i s h l  path. I n  p r a c t i s e ,  t he  nozzle 
v 5 1 1  h a r d l y  be coaple te ly  e f f e c t i v e  i n  a i r e c t i n g  a l l  o f  
the fi?l-ter:i-i_.ll f lors- downstrew- ~ l o i ? g  the  h e l i c a l  path,  
If liieans e x i e t  f o r  e s t i r m t f r g  ti?? rozz le  e f fec t iveness ,  
here  designetelL as E ,  t h e  j e t  velocf t j -  YIT can be 
multf?Hect 5y this f s z t o r  t o  g f a l d  a o e t t s r  estfnmte o f  
the  j e t  r e a c t i o n  than by merely assuming p e r f e c t  nozzle 
e f f ec t iveness .  The nozzle e f fec t iven3ss  is nclt j e t  
eff:clency but mag be regarded za imly  2 s  t h e  cos?.ne o f  

tile n3zzI.z and- the h e l i c a l  s a th  o f  t h e  nozzle.  Secause 
tha  change o f  ve loc i ty  o f  the  in t z r r ?a l  flow dith respec t  
t o  t h  Slade i s  th-e j e t  ve loc i tg ,  the foyce on the  blade 
Cue t o  the j e t  reoctior? FN i s  the  groduct o f  xass flow, 
j e t  ~ a l o c ' i  t y ,  and nozzle e f fec t iveness ;  therefore ,  

i?? t i . . L ~  3 acute au?gle betmeen the mean d f r e s t i o n  o f  f lov :  f rom 

Continuity of  tihe x a s s  f l o w  must be ?reserved, hsnce the 
i e t  veioci-ly can be exFressed i n  terms o f  the nass flsw, 
ghus 
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If the mass f l o w  i n  equetion (12)  i s  expssssec? i n  co  
c i e n t  f o r m  and equr t ion  (13) i s  used f o r  the J e t  v e l  
equation (12)  becaries 

The diiegran ( f i g .  L )  shows t h a t  the  comnonent o f  
the  j e t  f o r c e ,  vhich zz t s  as p o s i t i v s  t h r u s t ,  i s  

The s u b s t i t u t i o n  i n  equation ( 1 5 )  o f  equations (4 )  
and (14) f o r  ??: and FIT, respec t ive ly ,  r e s u l t s  i n  the  
following expression f o r  the p o s i t i v e  t h r u s t  i nc re ren t  

then 

The component o f  the  j e t  force,  which a c t s  normal 
t o  the r ad ius  and i n  the plane o f  ro ta t io l?  t o  -prod.u.ce a 
drfvfng torque, regarded as negative because p r o s e l l e r  
torque i s  pos i t i ve ,  i s  
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Inhen equations (4) and (14) are  s u b s t i t u t e d  f a r  IN and 
FK9 
increment be comes 

respec t ive ly ,  the  foregoing expression f o r  torque 

AP = -2nnAQ 

Vet t h r u s t  incrernect.- The t o t a l  e f f e c t  o f  t he  
i n t e r n a l  f l o w  on the t h r u s t  coe f f i c fen t  i s  t h e  combined 
negatfve thrust  incurred during induct ion and nos i t i ve  
t h r u s t  obtcifned a t  r e j e c t i o n ,  equations ( 9 )  and (16), 
r e  s i2 ec ti ve l y ; thus 
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Net power increment.- The t o t a l  e f f e c t  o f  the i n t e r n a l  
-1_1 

f l o w  on the nower c o e f f i c i e n t  i s  t h e  ne t  e f f e c t  o f  the 
Dunoing power and o f  the propulsive power obtained f rom 
the  t i p  j e t ,  expressed by equatfons (11) and (l7), 
r e spec t ive ly ;  theref o r e  

E f fec t  o f  i n t e r n a l  f low on ef f ic iency . -  The same 
Yrocedure t h a t  was followed i n  the czse of t h e  nozzles 
wfthout flow can be used t o  determine the e f f e c t  o f  the  
l n t e r n a l  f low on the p rope l l e r  e f f i c i aney .  The e f f i -  
ciency change due t o  t h e  i n t e r n a l  f low can be evaluated 
by s u b s t i t u t i n g  the f i n i t e  increments o f  t h r u s t  and power 
c o e f f l c i e n t ,  equations (18) and (l9), i n t o  equation ( 2 ) ,  
thus 

(Equation ( 2 ) )  
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Equation (29) shows tha t  t h e  change o f  Tropel le r  
efI"%ciency assocfated wJ t h  the .internal. flow var2o.s with 
nass f'lov: coe f f i c fen t ,  nozzle area., n o z z l e  = f fec t ivenzss ,  
and. dei is i tg  r a t i o ,  a s  well  a s  with the usual pro2e l l e r  
chz.rs.cteris t Z c s .  whether the e f f i c i e n c y  changes repre-  
s en t  a l o s s  depends upon the magnitude o f  the t e r n  

 en no nressure i s  aDalied t o  t he  i n t e r n a l  f l o w  
exceqt the fmnact pressure  due t o  airspeed and the cen- 
t r i f u g a l  pressure due t o  o m o e l l e r  r o t a t i o n ,  the fore-  
going term can never be g rea t e r  than u n i t y  as can be 
shown by us2 of equation ( Z r 7 )  and t h e  d e f l n i t l o n  o f  
nozzle e f fec t iveness .  Henze the q u a n t i t y  i n  the f i r s t  
brcickets o f  equation (20) m u s t  be negative and the 
e f f l c i e n c y  change a loss. TI: pressu-re is a m l i e d  t o  the 
internal f l - 0 ~  by 4 puvn o r  blcvver, the mass-flow coe f f l -  
c iont  can be nade sufffciently l a r g e  t o  mal<$ the  ef'ff- 
c iency change c a l c u l s t s d  f r o n  equa"i-on ( 2 0 )  o o s i t l v e ,  
This pos i t ive  e f f i c i e n c y  change would mecn q n l y  ths t ,  
due t o  t h e  propulsive e f f e c t  o f  t h e  t-ip nozzles ,  the 

t l x  n e t  e f f i c i e n c y  c'nanse, when the rdd$-t ional  poixer 
supolied. t o  the D u m p  or blower i s  cccounted f o r ,  would 
m q s t  likely st j11 be negative ( excce t  i n  sone c a s e s  
whan heat  i s  Eiddt3d t o  the i n t e r n a l  flow under gressure) .  

ust-power outout g f  t h e  Q r o p e l l e r  bad been increased;  

A,ol ics t ion.-  The values o f  e f f i c i e n c y  l o s s  due t o  ----- 
the internal f l o v  calculated f r o ~  equation (29) a r e  o f  
the  saxe order  of 9::agnitude 8s the  l o s s  ind ica ted  by t h e  
t e s t s  o f  rcfer;.r,ce 1. 7;'alues o f  :?.dvance r % t i o ,  power 
c o e f f i c i e n t ,  and ef ' f ic iency  a t  maxlmum e f f i c i  sncy for 
t he  p rope l l e r  with nozzles but wlthout flow w e  l i s t e d  
in t a b l e  11, corr2s;ponSing v s l u s s  o f  mass-flow c m f f i -  
c i e n t  arid density- r a t f o  w e  Zfsted f o r  the .?repeller 
with. i n t e r n a l  f l o ~ ,  Tha densf ty  r z t i o ,  vihizh a? ,? l ies  
only t o  these d a t a ,  was obtained by the  ;oro:edure out- 
l inad  i n  apDendix 3 rnd d. issussed I n  the s e c t i o n  dealfng 
with I n t e r n a l  drag. Iiiasnusli as t h e  f l o w  t r aces  a t  the 
nozzles observed at tkha t e rx ina t fon  o f  the t e s t s  fndic.i ted 
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some r a d f a l  f low,  a nozzle e f fec t iveness  o f  E = 0.75 was 
assumed. The computed and measured values o f  e f f i c f e n c y  
loss due t o  i n t e r n a l  f l o w  are  coni3ared i n  t a b l e  I1 and 
are  shown g raph ica l ly  i n  f igu re  ( 5 ) .  

Combined Losses 

The n e t  loss of  -propeller e f f i c i e n c y  assoc ia ted  
with the i n t e r n a l  air flow (unhetited) can be expressed 
by the add l t ion  o f  the ind iv idu r l  losses  due t o  the 
nozzle drag and t h e  i n t e r n a l  Zlow, equations ( 7 )  and ( 2 0 ) ,  
thus 

I n  t a b l e  111 t h o  values o f  advance r a t i o ,  power 
c o e f f i c i e n t ,  an& e f f i c i e n c y  a t  peak e f f i c i e n c y  are  l i s t e d  
f o r  the normal o r o o e l l e r ;  and the values o f  mass-flow 
coe f f f c l en t  and d e n s i t y  r n t i o  (apuendix B) a re  given f o r  
t he  n r o p c l l e r  with i n t e r n a l  flow, A l s o  i n  t a b l e  111 the  
measured loss of  e f f i c i e n c y  due t o  t he  conbined e f f e c t  
of the t i p  nozzles and i n t e r n a l  flow i s  compared w i t h  the 
corres-Qonding loss computed from 6 uatfon ( 2 1 ) ;  a graghi-  
c z l  comparison i s  given i n  f igure 0 .  

7 

Inasmuch as the n e t  ciccuracg claimed f o r  the rneasum- 
menbof reference 1 i s  only $1 gercent ,  the  agreemeat o f  
the c a l c u l I t e d  e f f i c i e n c y  losses with the  measured values 
shown fn f igu res  ( 3 ) ,  (5), and ( 6 )  ks unemectedly  good. 
!?nlJr one meesured value falls outs ide  the l i m i t  o f  
accuracy and x o s t  of  the mea.sured. values ur-e within E? 
few t en ths  of a percent of the corresponding ca l cu la t ed  
value. I n a s m c h  as admission of the  i n t e r n a l  f l o w  W ~ S  
exQected t o  have caused a reduction o f  the nozzle drag, 
t h e  good opeement o f  the ca lcu la ted  with the measured 
r e s u l t s  may be due t o  a fo r tuna te  s e l e c t i o n  of the 
assumed values f o r  nozzle-drag c o a f f i c i e n t  and f o r  
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nozzle e f fec t iveness .  The assumed values bo th  o f  nozzle- 
drag c o e f f i c i e n t  (wi th  i n t e r n a l  f l o w )  .and nozzle e f fec-  
t iveness  a re  probably t o o  l a rge ,  but because t h e i r  e f f e c t s  
a r e  compensating, t h e  ca lcu la ted  e f f i c i e n c y  l o s s  agrees 
well. w i t h  t h e  measured values,  One encouraging indica-  
t i o n  o f  t he  v a l i d i t y  o f  Dhe derived equat ions,  however, 
i s  t h a t  i n  a l l  cases the  trend o f  t h e  da t a  follows t h a t  
o f  the ca lcu la ted  curve; t h a t  i s ,  the e f f i c i e n c y  l o s s  at 
peak e f f i c i e n c y  assoc ia ted  with the nozzle drag and 
i n t e r n a l  f l o w  decreases with increas ing  advance r a t i o  
within the range o f  advance r a t i o  o f  t he  t e s t s .  

I n t e r n a l  Loss  

- Assumptions.- Thus f a r  i n  the  d iscuss ion  o f  t he  
hea ted-a i r  thermal de-Icing propel le r ,  energy lo s ses  i n  
the  i n t e r n a l  f l o w  have not been considered. Changes i n  
the  p rope l l e r  t h rus t  and power c o e f f i c i e n t s  and e f f i c i -  
ency have been expressed conveniently i n  terms of' the 
mass-flow c o e f f i c i e n t .  I n  th.e p a r t  o f  the ana lys i s  that 
f o l l o w s ,  a r e l a t i o n  between the i n t e r n a l  mass-flow coef- 
f i c i e n t  and the i n t e r n a l  f o e s  i s  devsl-aped. The d-eriva- 
t i o n  is based e n t i r e l y  on kinetic-energy changes Ln the 
i n t e r n a l  f l o w .  The s t a t i c  pressure a t  the nozzle e x i t  
i s  assumed t o  be the  same as t h a t  o f  t h e  f r e e - a i r  stream. 
Compressibil i ty o f  t he  a i r  i s  no t  accounted f o r  i n  the  
de r iva t ion  because an accurate  and cons i s t en t  es t imat ion  
o f  t h e  s t a t i c -p res su re  v a r i a t i o n  I n  the i n t e r n a l  f l o w  I s  
not f e a s i b l e .  The assumptions upon which t h e  de r iva t ion  
i s  based make t h e  eyuetion adaptable t o  use with the da ta  
presented i n  reference 1, i n  whfch dens i ty  changes between 
the  free-stream a i r  and the  i n t e r n a l  flow a t  the nozzle 
were small  'because no hea t  was add-ed t o  t h e  i n t e r n a l  flow. 
An attempt i s  made, however, t o  preserve t h e  v a l i d i t y  o f  
the expression f o r  cases whFch involve considerable 
d e n s i t y  change by including i n  the  equations the  f a c t o r  
which expresses dens i ty  r a t i o ,  The inc lus ion  o f  the 
dens i ty - r a t lo  f a c t o r  i s  believed t o  make the incompres- 
sible flow equations good approximations f o r  the cases 
i n  which heat i s  added to- t lne i n t e r n a l  flow o r  f o r  the 
cases  i n  which the  i n t e r n a l  pressure l o s s  i s  converted 
t o  heat .  

I n t e r n a l  pressure loss.- For th i s  ana lys i s  the 
i n t e r n a l  l o s s  i s  regarded a s  the combined r e s i s t ance  
o f f e red  t o  t he  i n t e r n a l  f l o w  by the skin f r i c t i o n  of 
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the  i n t e r n a l  system; by turbulence introduced i n  the f l o w  
by abrupt t u rns ,  sharp corners,  poor nozzle shape, and 
i n e f f i c i e n t  d i f fus ion ;  and by changes i n  f l o w  p a t t e r n  
with r o t a t i o n a l  speed t y p i c a l  of c e n t r i f u g a l  blowers. 
One concept o f  the i n t e r n a l  energy l o s s  i s  t h a t  o f  an 
equivalent pressure loss act ing on the  volume f l o w  a t  
the nozzle,  as  

I n t e r n a l  energy loss per  second = ApfANVN 

An add-it ional energy equal t o  the  k i n e t i c  energy o f  
the i n t e r n a l  f l o w  a t  the  nozzle leaves the system each 
second with the  e j ec t ed  i n t e r n a l  flow, The ne t  power 
required t o  move the i n t e r n a l  f l o w  is 

Pressure ava i lab le . -  The -pressure ava i l ab le  f o r  
moving the i n t e r n a l  f l o w  through the  p rope l l e r  i s  der ived 
f r o m  thre9  sources:  the  impact pressure o f  the f r e e - a i r  
stream, the c e n t r i f u g a l  pumping pressure,  and the aero- 
dyna-mhc suc t lon  due t o  the  low-;3ressure f i e l d  surrounding 
the nozzle e x t e r i o r .  The pressure a t  the nozzle e x i t  
depends upon the  l o c a t i o n  of the nozzle on t h e  blade 
s e c t t o n  and upon the angle of a t t a c k  a t  which the s e c t i o n  
i s  operat ing.  The e f f e c t  o f  l o w  pressure a t  the nozzle 
e x i t  I n  moving t h e  i n t e r n a l  flow was found i n  the  t e s t s  
of reference 1 t o  be very small and w i l l  no t  be considered 
i n  th?s ana lys i s .  That is, the s t a t i c  pressure a t  t he  
nozzle i s  assurned t o  be the atmospherfc pressure  i n  which 
the  p rope l l e r  i s  operat ing.  

f l o w ,  the k i n e t i c  energy of the f r e e - a i r  stream r e l a t i v e  
t o  the a i rp l ane  c m  be made t o  f u r n i s h  a p a r t  o f  t h e  
not ive  power f o r  t h e  t n t e r n a l  f low.  A t  a qo in t  upstream 
o f  the a i rp l ane  the i n t e r n a l  f l o w  before i t s  induct ion 
has a v e l o c i t y  TJ with res-oect t e  t h e  a i rp lane .  The 

I f  care  i s  exercised i n  the induct ion  o f  t he  i n t e r n a l  
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k i n e t i c  energy per  sefond enterEng w i t h  the  i n t e r n a l  
f l o w ,  which can be used f o r  gmping  the f l o w  through the 
i n t e r n a l  system, i s  

m 2  Energy per  second = 2 V 

I n  the  d iscussfon  of the power expended in pumping 
the interna.1 f l o w  through the p r o p e l l e r  c e n t r i f u g a l l y ,  
i t  was shown t h a t  one-half o f  the power aD,peared a s  an 
increase i n  the  t o t a l  press;xre of  t h e  i n t e r n a l  f l o w  
( w i t h  r e spec t  t o  the b l a d e ) ,  f r o n  equat ion (10) 

m 2 
Energy p e r  second = - 2 (nnDx) 

The n e t  gower m a i l a b l e  f o r  moving the  i n t e r n a l  
f l o w  is 

The power ava i l ab le  can a l so  be regarded as the  product 
o f  volmiie f l o w  a t  the nozzle and an equiva len t  pressure  
ava i l ab le  

By cornbinlng the two foregoing equatlons , the equivalent  
pressure  a v a i l a b l e  I s  expressed i n  terms o f  measurable 
quantil t ies 
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o r ,  by use of' the d e f i n i t i o n  o f  mas8 flow, 

Relat ion between Apf and mc, - %hen the  mot ion  of  

the i n t e r n a l  f l o w  reaches a s teady s t a t e ,  t h e  energias  
required and ava i l ab le  f o r  maintaining the  flow are  i n  
equi l ibr ium and the expression f c r  power required i n  
equation (22)  can be replaced by t h a t  f o r  power avaf lab le ,  
equat ion ( 2 3 ) ;  thus 

or 

(25)  

where 

The dynamic pressure a t  the nozzle may be exDressed i n  
terms of  the  mass-flow c o e f f i c i e n t  as 



22 F A C A  TN No. 1112 

U?on s u b s t i t u t i o n  of this  expression f o r  q,,, i n t o  equa- 
t f o n  ( 2 5 ) ,  the i n t e r n a l  pressure loss i s  expressed i n  
t e rns  o f  nondirnensional p rope l l e r  parameters and a 
d e n s i t y  r a t i o ,  

A regrouping of the terns i n  equa.tion ( 2 6 )  provides a 
sonvenfent r e l a t i Q n  73etaTeen mass-flow c o e f f i c i e n t  and 
i n t e r n a l  Dresswe loss 

Throughout t h i s  analysi  s the t n t e r n a l  pressure l o s s  
i s  expressed as a r a t i o  t o  the dynsxic pressure a t  t he  
nozzle.  Another r e l a t i o n  tha t  msy be use fu l  i s  the ratio 
o f  i n t e r n a l  oressure  l o s s  t o  t he  pressure ava i lab le ,  
which f o r  t he  equilibrium condi t ion i s  shown by the 
following i d e n t i t y :  

Determlnation of -pf/qhT f r o m  benc . t e s t s . -  fore-  - - L. 

knowledgs of the value o f  the i n t e r n a l  pressure loss f o r  
a blade and nozzle copbination fs u s e f u l  f o r  es t imat ing  
rtrobable e f f i c i e n c y  losses t o  be encou-ntered with a pr'o- 
Dosed p rope l l e r  dksign. Zquatlion ( 2 6 )  provides a bas i s  
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. for  t h e  ex-oerimental det ina t io i i  of t i n t e r n a l  pres-  
sure l o s s  from bench t e s t s .  A setup might be made i n  any 
o f  a number o f  ways, but a simple arrangement i s  t o  
surround the t i o  nozzle o r  nozzlas with a low-pressure 
chamber t o  Induce an  i n t e r n a l  f l o w  through the  propel le r .  
A metering o r i f i s e  a t  the entrance t o  the system, where 
t o t a l  pressure I s  atmosFheric, measures the impact pres-  
sure  as the d.ifference between atmospheric pressure and 
the s t a t i c  nressure Po i n  the o r i f i c e .  From t h i s  
measurement, with the  atrnosgheric pressure and the 
meter ing-orif ice  a r e a  known, both  t h e  i n t e r n a l  mass f l o w  
and the  d - p a n i c  pressure q o f  t h e  f l o w  a t  t h e  entrance 
can be ca lcu la ted .  The only o the r  measurements needed 
are  the  s t a t i c  pressure and tempere.kure a t  t he  nozzle,  
by which the d e n s i t y  of the  a . i r  a t  the nozzle may be 
determined, and the f l o w  a r e a  a t  the nozzle Ax. i n  
this  case the r o t a t i o n a l  speed. i s  zero and equation ( 2 6 )  
can be reduced t o  the  form: 

- 

A procedure f o r  c a l c u l a t i n g  the  i n t e r n a l  mass flow from 
knowledge o f  the r a t i o  of i q a c t  2ressur.e t o  atmospheric 
Dressure Ap/n, i s  given i n  reference 1; the relat j -on 
between q/aa and A ~ / D ,  i s  shown i n  f i g u r e  7 o f  the  
present  paper. 

The r a t i o  Apf/qN i s  no t  a t r u e  c o e f f i c i e n t  by 
which the  ' in ternal  oressure  loss may De expressed, The 
r a t i o  a-pplies only t o  a given combination o f  p rope l l e r  
blade and t i p  nozzle and, f o r  a given blade,  w i l l  change 
when the nozzle a rea  i s  changed. The r a t i o  w i l l  a l s o  
change with r o t a t i o n a l  speed unless  3roport ionat3 changes 
occur i n  both i n t e r n a l  pressure loss and dynamic pressure  
a t  the  nozzle.  

Calculat ion of nozzle ares;.- If' the condi t ion o f  
equilibrium between the power required and t h a t  ave i l ab le  
f o r  moving t h e  i n t e r n a l  f l o w  is again considered, 

r 
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equation ( 2 2 )  can be used t o  ob ta in  an expression f o r  
n o z z l e  area 

?;lien the reqvLired rmss flow and. hee t  excz.iangcd are  
known and when the  t n t o r n a l  pulessure loss tipf has b e w  
estil;mted (bench t e s t z ) ,  the dens i ty  o f  the air a t  the 
nozzle can be c n l c u l s t e d  from tlic following equat ion,  
vhich 'is der ived i n  aopendix C :  

where HI i s  the r a t e  (Etu ger secqnd) a t  which hea t  
contaiaec?. i n  the  i n t e r n a l  flow m t e r s  the o r o p e l l e r  and 
IfD the r Q t e  a t  rh ich  h e a t  i s  dj-ssipated through the 
p ro2e l l e r  blede s ~ r f ' z c e  f3r de-icfng. The pressure 
a v a i l t b l e  c ~ n  then be ca lcu la ted  froTn equatlon (24) and 
all qusnt ' t i es  nccessziry fora tile ca l cu la t lon  o f  nozzle 
a rea  f r o m  equatfgn (50) a r e  knov-;?, kqxiatioi? ( 3 0 )  
furn lshes  a means f o r  the  c a l c u l a t i o n  o f  the nozzle 

- 
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area  necessary f o r  t he  r e j e c t i o n  o f  a given i n t e r n a l  mass 
flow. By making the nozzle the  sec t ion  o f  g r e a t e s t  
r e s t r l c t f o n  i n  the in te rna l - f low system, v e l o c i t i e s  e l s e -  
where i n  the systen may be mad3 8.s small as f e a s i b l e  and 
the li.iiternal losses  may be reduced t o  t he  p r a c t i c a l  minimun. 
$ecause the pressure ava i l ab le  i s  fixed. by the operat ing 
condi t ions,  t h a  cdvan-tage o f  achieving a minimum o f  
l n t e r n a l  l o s s  i s  d-eaonstrated by equation ( 3 O ) ,  which shows 
t h a t  the minimum. nozzle  are8 i s  obtained when the i n t e r n a l  
l o s s  i s  reduced t o  a p r a c t i c a l  m i n i m u m .  

E f fec t  o f  i n t e r n a l  - l o s s  on  e f f ic iency . -  The l o s s  of' 
p rope l l e r  eff  ic tency assoc ia ted  w i t h  the i n t e r n a l  f low 
has been expressed by equation (20)  i n  terms o f  the mass 
flow coe f f j c i en t  and cor re la ted  w i t h  the  measured values 
o f  reference 1. TB-hen equation (27)  i s  s u b s t i t u t e d  for 
the mass-flow c o e f f i c i e n t  i n  equation ( 2 0 ) ,  the l o s s  o f  
p rope l l e r  e f f i c i e n c y  due t o  the i n t e r n a l  fl.ow f s  shown 
d i r e c t l y  r e l a t e d  t o  t h e  i n t e r n a l  pressure loss, thus 

I__.- 

The f i r s t  bracketed t e r q  i n  equation ( 3 2 )  shows t h a t  
the e f f i c i e n c y  l o s s  increases  as t h e  i n t e r n a l  pressure 
loss increases  and as t h e  nozzle e f f ec t iveness  decreases.  
TfirLth p e r f e c t  nozzle e f f ec t iveness  and no i n t e r n a l  pres- 
sure loss, t h e r e  i s  no l o s s  of  eff ' fclency assoc ia ted  wfth 
Yle i n t e r n a l  flow, Equation ( 3 2 )  i l l u s t r a t e s  the f m ~ o r -  
tance o f  reducing t h e  i n t e r n a l  pressure loss and- o f  
designing the tL r ,  nozzle f o r  s r e a t e s t  e f fec t iveness  i n  
orodxcing j e t  propulsion. 

DT S C USS 1 0 X 

-_I Elimination o f  d e n s i t y  r a t i o  f r o m  equation (26 )  .- 
The FroTelTer t e s t  d.ata i n  reference T f o r  t h e  p rope l l e r  
w i t h  i n t e r n a l  f l o i v ,  a r e s e n t  measured values o f  a l l  quanti-  
ties i n  equation (26) necessary foic c a l c u l a t i n g  the 
i n t e r n a l  pressure l o s s ,  exceDt t h e  dens-itg o f  thq f l o w  a t  
the  nozzle. An e s t i v a t e  o f  Apf/qlc w i t h  a dens i ty  r a t i o  
of u n i t y  assumed i n d i c a t e s  t ha t '  the  i n t e r n a l  l o s s  con- 
sumes more than ha l f  of the energy ava i l ab le  f o r  moving 
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the i n t e r n a l  flow. Inasmuch as the mechanical energy 
loss appears 8s hePt i n  th3 intei9nm1 f l o v ,  the al.r 
d e n s i t y  a t  the nozzle must be mduced t o  3n e x t e a t  t h a t  
carmot be ignored. I n  Gganr l ix  3 an expression, equa- 
t i o n  ( 3 3 ) ,  i s  darl.ve? f o r  ccdcula t ing  hpf/qN i n  which 
the d-eiisftg chaage i s  regarded as de?endent upon Apf/qN 

Equatlon (33)  i s  regsrdcd as ELnDlicable o n l y  f o r  i n t e r n a l  
f l o w  systems siml.ler t o  khat t r e s t e d  i n  reference 1, A 
so1uti.on o f  equat ion (33 )  f o r  Apf/q, i s  given f n  
appeiicl5.x €3. 

Da ta  s s l s c t e d  from rofersnce 1 f o r  severa l  d . f f ferent  
o?era t ing  condi t lons are  listed! in t a b l e  IT! wlth the sor- 
msgondAng values  of hpt/qaT corflputi3d f r o m  equation { 5 3 ) .  
A l ~ o  Listed a m  the co=?pGte; d.ensity ratio and the 
norninzl Eagle of a t t a c k  o f  the proy;el.ler blade sec t lons  
a t  the n o z z l e  s ts i t ion.  

%fee t  o f  s t a t i c  pressure a t  nozzle exit.- It was 
assu-ni(t.,d in deriving the ex?lression f o r  npf/qN t h a t  the 
stat3.c pressure rjt t h e  n o z z l e  e x i t  was equal t o  the 
atxospheric pmssure  In which Yne p rope l l e r  w a s  operating. 
I f  t h e  e x i t  cresst i re  x;,l;ere s q p r e c i c b l y  l o w e r  than  the  
atmospherfc Dyessure, the ca lcu la ted  value of‘ 
would bc t o o  sx;?all. A t  low T K ~ U B S  of adv&.nce r a t i o  ( la rse  
angle of z t t a c k ) ,  i t  might be exwc ted  t h a t  g r e s t e r  
nozzle-exi t  suc t ion  would e x i s t  thm f o r  high values o f  
advance r z t i o  (small angle of a t t a c k ) ,  I f  t h i s  e f f e c t  
were a.?preciable,  the aerodynm5.i: suc t ion  a t  the 13xit f o r  
l o w  values of  J would be manifest  2s lower i n t e r n a l  
l o s s .  The measured v a r i a t i o n  o f  Apf/qr: with nomtnal 
angle of a t t a c k ,  a t  f i xed  blade angle and r o t a t i o n a l  
s?ced, i s  shown i n  t a b l e  IV t o  be snail and inconsfs ten t ,  

dpr/qI,i 
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which ind.iccn.tes thet  t h e  s ta t - ic  pressure a t  t h e  nozzle 
e x i t  did no t  vary rppreciably f rom ztmospheric prossure 
and t h a t  t h e  assumption aade i n  this  rog:ard i s  j m t f f 4 e d .  

-- Effec t  o f  r o t a t i o n a l  s2eed.- - .hve.rage values of  
Apf/qT7 
i n  f igu re  8; the average v a r i a t i o n  with r o t a t i o n a l  speed 
o f  the d e n s i t y  r a t i o  ( app l i cab le  t o  the da t a  of r e fe r -  
ence 1) 1.9 a l s o  shown I n  this  f igu re .  The i n t e r n a l  pres-  
sure  l o s s  coe f f i c i en t  Apf/yN (which i s  propor t iona l  t o  
sk in  f r f c t i o n  and turbulence l o s s e s )  increases  wlth 
increasing r o t a t i o n a l  speed. Eecmse the  Peynolds number 
o f  the i n t e r n a l  f l o w  increased  with r o t a t l  onnl s?eed, 
the  var ia . t ion o f  Apf/q with r o t c t i o n a l  speed might 
be explained a.s a visco#s e f f e c t .  
f o r  the v a r i a t i o n  o f  Apf/qN i s  compress ib i l i ty  o f  the  
a i r ,  but drag l o s s e s ,  i n  genera l ,  change abrupt ly  when 
the cause i s  8 compress ib i l i ty  e f f e c t .  T t  i s  more 
probable,  however, t h a t  the increase  of ADf/qN with 
r o t a t i o n a l  speed is due t o  t he  ineffectiveness o f  the 
hollow p r o c e l l e r  blcties as a c e n t r i f u g a l  i a r , e l l = r ,  

Tho curve shown i n  f i gu re  e i s  f o r  d a t a  taken during 
g r o p e l l e r  t e s t s  a t  t he  constsnt  r o t . t i o n s 1  speed thtit is 
ragcrd-ed a s  the best  p re sen tcd .  i n  refererice 1. Rand.om 
g o i n t s  a t  various rotetinnal s2eeds fron? t e s t s  a t  con- 
stant a 6 ~ 8 n c e  r a t i o  a r e  a l s o  :nlcttec,d on this. f igure ,  but  
are regarded 2s i n f e r l o r  da t s .  

a t  s eve ra l  v a l u e s  o r  r o t a t i o n a l  s-oeed a r e  shown 
l'i 

Another possible  cause 

J o t  e f f i s i ency .  - The? e f f i c i e n c y  vith which the j e t  
from the  t i i p  nozzle p r o p e l s  the bl?& s e c t i o n  a t  the 
nozz le  s t n t i . o n  along i t s  h e l i c a l  ?a th  i s  the r a t i o  o f  
thrust  w o ~ k  ( c l m g  the h e l i c s l  pr t l i )  t o  the SLUT! of  t h r u s t  
work and residi iz l  k i n e t i c  energy i n  the j e t :  

vhich upon s impl i f f ca t ion  becoms 



28 BTACA TN Po 1112 

Equstion (3b)  shows t na t  the  propulsive e f f i c i e n c y  
of the  t i p  j e t s  i s  g r e a t e s t  when pe r fec t  nozzle 
ness (E = 1.0) i s  achieved znd when the j e t  velo 
equals the s e c t i o n  pesultarit ve loc i  t y ;  t h a t  i s ,  when 
the e j ec t ed  i n t e r n a l  flow remains motionless w i  
t o  t h e  atmosphere. The proDulsive e f f i c i e n c y  o 
nozzle decre8ses when the j e t  v e l o c i t y  VN i s  e i t h e r  
l e s s  thm the r e su l t an t  ve loc i ty ,  E S  i s  the case for the  
t e s t s  o f  Feference 1, or g r e a t e r ,  8 s  might r e s u l t  from 
applging considerable pressure  t o  move the i n t e r n a l  flow. 
If nozzles were formed by c u t t i n g  o f f  a p o r t i o n  of the 
p r o p e l l e r  tips so  that the  i n t e r n a l  f l o w  would be 
e j ec t ad  r a d i a l l y ,  a l l  the energy used i n  purnFing the 
i n t e r n a l  f l o w  through the bladss would be l o s t ;  the  
nozzle effecti ,veness ivould be z e r o ,  and the jet-Tropulsive 
e f f i c i a n c y  as  shotm by equation (34) would be zero. 

By use o f  equatiolcls (4.) and (13) t o  express ?& and 
VF, respec t ive ly ,  t h e  j e t  e f f f c i m c y  cen be expressed i n  
tsrrns o f  t h e  mass-flow coe f f i c i en t  

o r  i n  te rns  of t h e  - internal  ~ P B S S U T . =  loss, f r o n  oqua- 
t i o n  (271, 

1 



Equation (35 )  i s  gene ra l ly  appl icable ,  but, because 
(Apf/qN) 
f o r  t h e  i n t e r n a l  f l o w  i s  suDql-led only by the airspeed 
and p rope l l e r  r o t a t i o n ,  equation (36) does not a-pply when 
add i t iona l  pressure i s  suppl ied t o  t h e  i n t e r n a l  f l o w  by 
~ u m p  o r  blower. Equption ( 3 6 )  f u r t h e r  emphasizes the  
d e s i r a b i l i t y  o f  reducing the i n t e r n a l  l o s s  t o  a mfnimum. 

h e a t  added t o  t he  i n t e r n a l  flow d.11 probably be f e l t ,  
The f i r s t ,  an aerodynamic e f f e c t  o f  t he  added h e a t ,  i s  
t h a t  an inc rease  i n  pressure w i l l  be required t o  force 
a given mass f l o w  through t h e  i n t e r n a l  system; o r ,  with 
no change i n  the pumping f a c i l i t y ,  the  mass f l o w  w i l l  be 
l e s s  Tor  the heated condi t ion then for the  c o l d .  This 
phenomenon is t h e  sane 8 s  t h a t  encountered w i t h  hea t  
exchangers -in general  and e x i s t s  whether the hea t  i s  added 
through a hea t  excliangerl o r  by d i r e c t  combustion i n  the 
i n t e r n a l  flow. The r e l a t i o n  between the  increased pres- 
sure  required and the h e a t  added l i s  discussed. i n  r e fe r -  
ence 5. k second e f f e c t  i s  inverse  t o  t ha t  j u s t  descr ibed;  
t ha t  i s ,  i n  the region where beak i s  being d i s s i p a t e d  
through the surface of the  p rope l l e r  blade t o  perform 
t h e  de-icing t a sk ,  l e s s  fo rc ing  pressure i s  required t o  
rnove the i n t e r n a l  f l o w  when heated than would be required 
t o  move a cold i n t e r n a l  flow from which heat  i s  not being 
d i s s ipa t ed .  The two e f f e c t s  a re  p a r t l y  compensattng but ,  
because the  i n t e r n a l  f l o w  inust be maintained a t  f a i r l y  
high temperature up t o  the time i t  i s  r e j ec t ed  through 
the  t i u  nozzles ,  the n e t  e f f e c t  of  t h e  hea t ing  and cooling 
i s  e i t h e r  t o  requise a n e t  increase  i n  forc ing  pressure,  
o r  t o  r e s u l t  i n ' a  s l i g h t l y  diminished qass  flow. The 
thi rd e f f e c t  i s  t h a t  the e leva ted  temperatwe a t  the  
nozzles r e s u l t s  i n  a reduced densrity and increased v e l o c i t y  
of the flow f r cm the  nozzles.  

i s  def ined f o r  t h e  case when the  pumping pr-essure 

Ef fec t  of hea t . -  - A t  l e a s t  t h r e e  general  e f f e c t s  o f  
-_II 

One scheme worthy o f  considerat ion i n  connection 
w i t h  heat ing the i n t e r n a l  f l o w  i s  the  conversion 03 some 
o f  the  hea t  i n t o  mechanical energy. The in te rna l - f low 
system o f  a thermal de-icing p r o p e l l e r  i s  b a s i c a l l y  
s i m i l a r  t o  t h a t  of je t -propuls ion engines;  a i r  taken f rom 
the  f r e e  stream i n t o  the  i n t e r n a l  system i s  re ta rded  
w i t h  pressure increase ,  heated,  acce le ra ted ,  and r e j ec t ed  
w i t h  an increased  momentun? which produces t h r u s t .  With 
a hea ted-a i r  thermal de- ic ing propeller,  i t  would be 
advantageous t o  acid the  hea t  a t  the  point where the 
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i n t e r n a l  f l o w  i s  under g r e a t e s t  s t a t i c  pressure even 
though the elevated pressure i s  no more than t o t a l  pres- 
sure ,  The r e s u l t  would be an fnc r rose  i n  the  nozzle j e t -  
nropulsive e f f e c t  and therefore  a t  l e a s t  a smaller loss 
i n  the p rope l l e r  e f f ic iency .  

An analysis  of the fo rces  act5.iig on a hea ted-a i r  
thermal de- ic ing propel lor  wtth and w.Pthout LnternaL flow 
incil ca tes  t h e  following conclusfons: 

1. The n o z z l e  e x i t  area should be the smalleat  t h a t  
w i l l  &ischarge an i n t e r n a l  f l o w  s u f f i c i e n t  f o r  d-e-tcing 
the p rope l l e r ,  f o r  the  following rc3i:sons: 

( a )  The e f f i c i c n c g  loss f o r  the n rope l l e r  w i t h -  
out 1nterna. l  flcw !.s proport ional  t o  the nozzle e x i t  
a rea  and- n o z z l e  d.rag c o e f f i c i e n t .  

( b )  By making the nozzle the sec t ion  o f  g r e a t e s t  
r s s t r i c t l o n  i n  the in te rna l - f  low system, ve loc f t i e s  
elsewhere i n  the system mag be made as small  6 s  
f e a s i b l e  and the i n t a r n a l  losses may be reduced t o  
8 p r z c t i c a l  minimum. 

( e )  A f u r t h e r  r e s u l t  i s  the highest  a t t a i n a b l e  
discbarge v e l o c i t y  o f  th3  interma1 flow and con- 
ssquent g r e a t e s t  propulsive e f f e c t  frorr, the  nozzle 
j e t s .  

2 .  Tho e f f i c i m c y  l o s s  t h a t  accoKpanies the adxls- 
s i o n  o f  t h e  i n t e r n a l  flov increases  with: 

( a )  Th,e Lntcmal-mass flow, 

( b )  The product o f  internal-mass flow and 5h.e 
e f f ec t iveness  of  the  nozzle i n  s j e c t i n g  t h o  fn t e r i i a l  
flow downstream along the helfca.1 Gath o f  the nozzle.  

3. The enargy expended a w i n g  the induct ion and- 
c e n t r i f u g a l  pum7ing o f  tot? i n t e r n c l  f l o w ,  i f  properly 
conserved withtn the i n t e r n a l  systex, can be p a r t l y  
r*egai_ne61 a8 j e t -proguls ivs  e f f e c t  by e f f i c i e n t  r e j e c t i o n  
f r o m  the tf-o nozzle.  I n  t.he i d e a l  case the n o t i o n  of  
th.e Internal flow ( i~~6 thou t  h e e t )  would not c r e z t e  alny 
l o s s  1 
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4. The l o s s  o f  p rope l l e r  e f f i c i e n c y  assoc ia ted  w i t h  
t he  i n t e r n a l  flow increases  with the pressure l o s s  i n  the 
i n t e r n a l  system. 

the  pressure ava i lab le  f o r  fo rc ing  the  i n t e r n a l  f l o w  
through the  p rope l l e r  was required t o  overcome the pres- 
sure l o s s  wlthin the  i n t e r n a l  system. 

5. For  the  p rope l l e r  tes ted ,  more than one-half o f  

6 ,  The i n t e r n a l  pressure l o s s  c o e f f i c i e n t  Apf/qfJ 
(which i s  proDortiona1 t o  s k i n  f r i c t i o n  and turbulence 
lo s ses )  increases  w i t h  increasfng  r o t a t i o n a l  speed. 

7. I n  ca l cu la t ing  the i n t e r n a l  f l o w  c h a r a c t e r i s t i c s ,  
the  assumgtion t h a t  the s t a t i c  pressure a t  the  nozzle 
e x i t  vms equal t o  the atmospherfc pressure i n  which the  
p r o n e l l e r  was o?erat ing was found. t o  be j u s t i f i e d  f o r  
t h e  p rope l l e r  t a s t ed ,  

Langley Memorial Aeronautical  Laboratory 

Langley F i e l d ,  V a . ,  Atay 7 3  1946 
Kationzl Advisory Committee f o r  Aeronautics 
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APPEKDIX A 

S YXBO LS 

NACA TN Foe 1112 

t o t a l  nozzle e x i t  area,  sq f t  

nozzle ex terna l  drag coef f fc fen t  based on t o t a l  
AN 

bN nozzle a rea ,  A, 

C sGecific hea t  o f  a i r ,  Btu/slug/°F (cr, = 7.73) P 

D p r o p e l l e r  diameter,  f t  

drag on the p rope l l e r  blades causzd by t h e  presence 
o f  the nozzles ,  lb DN 

5 

J 

m 

C rn 

force  on p rope l l e r  blades due t o  j e t  r eac t ion  a t  
the nozzles,  l b  

heat contsined i n  the i n t e r n a l  flow en te r ing  the  
p rope l l e r ,  Btu/sec 

heat dlssiDated through the p rope l l e r  surface,  
~ t u / s  e c 

p rope l l e r  advance r a t i o  V/nD 

mass f l o w  through the i n t e r n a l  system, slugs/sec 

n 

P 

p r o p e l l e r  r o t a t i o n a l  speed, r;s 

pome r , f't - 1 b/s e e 
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s t a t i c  pressure,  lb/sq ft 

s t a t i c  pressure i n  metering o r i f i c e ,  lb/sq ft 

atmospheric pressure (barometric pressure},  lb/sq ft 

pressure change in metering o r i f i c e ,  lb/sq ft 
(Ap = pa - 

equivalent p re s su re  a v a i l a b l e  f o r  moving the flow 
through the  i n t e r n a l  system, lb/sq f t  

pressure  l o s s  across t h e  in t e rna l - f low system, 
lb/sq f t  

i n t e r n a l  system, lb/sq tt 
n e t  nressure required t o  move the flow through t h e  

torque, f t - l b  

dy:namic 3ressupe, lb/sq f t  (2pV 1 2  ) 

dynamic pressure a t  the nozz le ,  lb/sq ft ($PHV$) 

rad ius  a t  any blade sec t ion ,  f t  

p rope l l e r  t h r u s t ,  lb 

s t a t i c  temperature of the a i r ,  F abs. 

v e l o c i t y  of advance, f t / s e c  

v e l o c i t y  o f  a i r  leaving nozzle,  f t /sec 

r e s u l t a n t  a i r  ve loc i ty ,  f t / s e c  

f r a c t i o n  o f  p rope l l e r  tip radius 

angle o f  a t t ack ,  deg 

blade angle, deg 

nozz le  e f f ec t iveness  

0 
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?7 prope l l e r  e f f i c i e n c y  (without nozzles and i n t e r n a l  
f l o w )  

nozzle Dropulsive e f f i c i e n c y  

the term c 

P mass d e n s i t y  o f  a i r ,  slugs/cu f t  

mass dens i ty  o f  i n t e r n a l  flow a t  the nozzle,  
slugs/cu f t  Prj 

LO angular ve loc i ty ,  radians/sec 
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APPENDIX B 
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ELIERIINATION OF DERSITY R A T I O  FFOM EQUATION ( 2 6 )  

If the energy i n  the  i n t e r n a l  f l o w  consumed by ?res-  
sure  l o s s  appears a s  h e a t  i n  t h e  flow, i f  none of t he  
hea t  i s  t r a n s f e r r e d  from the flow, and i f  the  s t a t i c  
pressure a t  t h e  nozzle i s  equal t o  t ha t  of the f r e e - a i r  
stream, the a i r  dens i ty  a t  the  nozzle can be evaluated 
i n  terms o f  the i n t e r n a l  oressure l o s s  arid e l iminated 
from equation (26 ) .  

The power t h a t  goes i n t o  hea t  i_n the  i n t e r n a l  f l o w  
is 

Energy per  second = m, knnEX)2 + V2 - v$] 
2 

and, s ince  

From equat ion ( 2 7 )  

Therefore 

m(nD)2  [(nx) 
2 

Energy per  second = 

fo o t -p ound s / s  e c ond 
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Expressed i n  heat  u n i t s  the foregoing rate o f  heat  
generation becomes 

The s t a k i c  tempersture rLse A t  resulting from t he  
hea t  generated by l o s s e s  In the lnternal f l o w  i s  

where 
slug p e r  OF. 

cp = 7.73 i s  the  s;,?ecif!ic heat  o f  alr in Btu per 
The tem?erature rLse thus becomes 

If equal s t :it 5- c p m  s s i r e  s as3 as s u e d  for the 
ex te rna l  end ’Lnt3rrL81 f l o ~ s ,  t he  r e t f o  of f r e e - s t m a c  
aEr dsi is i ty  t o  q e n s f i t y  of ths I n t e r n a l  f l G w  at the 
nozzlz is i n v e r s e  t o  tfie r a t i o  of  the absolute texpera- 
t lire s 

A t  = 1 + -  P 
I_ 

F’Jg t 

where t i s  t h e  f r e e - s t r e a x  a b s o l u t e  t m p e r a t u r e ,  If 
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equation (37)  i s  used t o  express t he  temperature 
due t o  i n t e r n a l  losses, the d e n s i t y  r a t i o  become 

ri $e 
S 

P - = 1 +  
PI? 

[ [ I Y x ) ~  + J2] 

YN 

Equetion ( 2 7 )  can 'be r ewr i t t en :  

TKhen the two  foregoing expressions f o r  d e n s i t y  
r a t i o  a r e  equated, t he  r e s u l t i n g  expression r e l a t e s  the 
i n t e r n a l  pressure l o s s  t o  advance r a t i o ,  r o t a t i o n a l  
speed, mass-flow c o e f f i c i e n t ,  and free-s t ream tempera- 
t u r e  ( q u a n t i t i e s  whfch were measured during the t e s t s  
reported i n  reference 1): 

= 1 +  

(equat ion  ( 3 3 ) )  

Equation ( 3 3 )  can be solved f o r  an e x p l i c i t  expres- 
s ion o f  the  i n t e r n a l  pressure l o s s ,  as f o l l o w s :  
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APPEHDIX C 

C A L C U L A T I O N  OF A I R  DEKSITY A T  THE NOZZLi3 

I f ,  a s  has been assumed throughout t h i s  analysis, 
the  s t a t i c  pressure a t  the nozzle i s  the  same as t h a t  o f  
t he  atmosphere i n  which the  a i rp lane  P s  f l y i n g ,  the 
r e l a t i o n  between a i  r dens i ty  and temperature i s  

where t i s  the  ambient temperature and A t  i s  the 
t e i p e r a t u r e  d i f f e rence  between air a t  the  nozzle and 
atmospheric a i r ,  The ternoerature e leva t ion  due t o  
resid-ual h e s t  in the heated i n t e r n a l  f l o w  i s  

where H, i s  t he  r a t e  (Btu y e r  second) a t  which heat  con- 
ta ined  i n  the  i n t e r n a l  f l o w  e n t e r s  the  p rope l l e r  and HD 
the r a t e  a t  which heat  i s  d i s s ipa t ed  through the p rope l l e r  
blade sur face  f o r  de- ic ing.  The temperature r i s e  due t o  
the hea t  generated by the i n t e r n a l  pressure l o s s  i s  shorn 
i n  equation (37) t o  be 

The temperature e l e v a t i o n  of the i n t e r n a l  flow a t  the 
nozzle due t o  added hea t  and i n t e r n a l  l o s s e s  i s  

AP f 
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Equation ( 2 e )  gives the r e l a t i o n  

Combining the two foregoing equations and using equa- 
t f o n  (24.) t o  ex3ress the  Dressure avzf lab le  ApA gives 
the expression f o r  the t o t a l  temperature r i s e  

The a i r  d e n s i t y  a t  the n o z z l e ,  therefore ,  becomes 

Transgo s ing gives  

and 

(equat ion  (31) ) 
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TABLE I V  

CO?PTJTATION OF TNTERXAL PFESSURE LOSS 
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