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SUMMARY

A study was made to determine the effect of rotation on the
dynamic-stress distribution in vibrating cantilever beams. The
results of a mathematical analysis are presented together with ex-
perimental results obtaincd by means of stroboscopic photographs
and strain gages. The theorstical analysis was confined to uniform
cantilever beams; the experimental work was extended to include a
tapered cantilever beam to simulate an aircraft propeller blade.
Calculations were made on a nondimengicnal basis for second- and
third-mode vibration; the experiments were carried out on beams of
various lengths, materials, and cross sections for second-mode
vibration. From this investigation it was concluded that high
vibratory-stress positions are unaffected by the addition of cen-
trifugal force at rotary speeds as high as 100 percent above the
normal operating speed range of present aeronautical equipment.
Nonrotating vibration surveys of blades therefore are valuable in
predicting high vibratory-stress locations under operating conditions.

INTRODUCTION

Resonant vibration causes many of the failures encountered in
alrcraft propeller blades and in currently used high-speed compressor
and turbine blades. The high stresses that cause these failures are
brought ebout by the coincidence of one of the exciting forces
present with one of the natural frequencies of the blade. Con-
siderable progress was made on the study of resonant vibration with
the introduction of strain gages for measuring stress in rotating
parts. This method of measuring vibratory stress in propeller blades
has become the standard procedure for determining safe engine-propeller
combinations. The results obtained in this manner, however, have
sometimes proved unsatisfactory because misleading data have resulted
from the improper location of the strain gages. Many propeller-blade
fatigue failures occurred on endurance test stands although the
engine-propeller combination had been pronounced safe on the basis
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of results obtained with strain-gege vibration surveys. Such
failures indicate a need for a betber method of locating strain
gages on propeller blades. The strain gages could be properly
located if the localion of the high vibratory-stress positions can
be determined.

The addition of centrifugal force causes a considerable change
in the natural freduencies of a propsller blade. Reference 1 gtates
and theoretical calculations in resference 2 Imply that centrifugal
force also changes the mode shapes and high-stress pogitions of a
vibreting blade. British investigators (Morris and Head, and Piper)
maintain, howsver, that centrifugal force has little or no effect
on mode shape. If this opinion Is correct, a static (nonrotating)
vibration survey of a blade would result in the location of the high-
gtress positions for the various natural modes of vibration. - Further-
more, only one static survey would be necessary for a particular
type of blade, because goomstrically similar blades have the same
mode shapse and would therefore have gecmetrically similar high-stress
positicns.

In an effort to improve the checking of engine-proveller combi-
i¢ 23 C
ode
(¥}

nations eand to provide a means of predicting vibration trouble in
high-speed turbines and compressors, the NACA Cleveland laboratory

conducted an investigation to determine the effect of centrifugal
force on the mcde shape and stress distribution of a rotating blade
vibrating at resonance.

The vibration of uniform beams in a centrifugal-force field
was mathemetically investigated employing a numerical method given
by Myklestad (refercnce 3) for the determination of natural frequen-
cies and mode shapes of such beams. The problem was experimentally
gtudied by subjecting beams of various lengths and materials to
rotational speeds up to 1015 rpm while vibrating in second mode.

In addition to beams of uniform cross section, a beam of verying
cross section, made to simulate a propeller blade, was also studied.
Mode shapes were cbtained from photographs teken using a strobo-
gcopic light source and stress-distribution curves were obtained with
strain gages. The results of the strain-gage data taken on the
tapered beam (nonrotatbing) wers compared with similar data obtained
on a propeller blade to determine the similarity in properties of

the tapered beam and of a propeller blade.
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MATHEMATICAL PROCEDURE AND RESULTS

A convenient method of determining frequencies and mode shapes
of rotating beams, such as propeller blades, helicopter rotors, and
turbine blades, is given in reference 3. This method involves
substituting a series of point masses and,massless springs for the
beam, The point masses are so gselected that the mass distribution
of the substitute system represents an approximation of the mass
distribution of the actual beam., Similarly, the springs are
gelected to represent an approximation of the elastic distribution
of the beam. Angular and linear deflections of each substituts
spring, under the influence of unit loading and unit moment, are
used as influence coefficients in the calculation. The method of
calculation is analogous to the more commonly known Holzer method
of analyzing torsional vibrations but is somewhat more complicated,
particularly when the effect of centrifugal force is introduced.
The calculation is wade by assuming a natural frequency and computing
the apngular and linear deflections, point by point, proceeding from
the free end of the beam to the fixed end. The assumed frequency
is an actual natural frequency if the calculated deflections meet
the end conditions at the fixed end. With skill the correct
frequency can be determined after two or three calculations.

Although this method represents an approximation of actual
conditions, the accuracy of the resulting values is limited only
by the number of mass-spring sets used in eapproximating the beam.
All the calculations for this investigation were made using 10 ecqual
concentrated masses located at the midpoints of 10 equal sections
of the beam. The accuracy of this approximation is shown in
fTigure 1 where the second-mode deflection curves, calculated by
the Myklestad method (reference 3) and by solutlon of the theoretical
ecuation based on simple-beam theory given in reference 4, are
plotted for a nonrotating uniform cantilever beam. The Myklestad
nethod for this degree of approximation accurately determines the
critical locations of the deflection curves; namely, the nodes,
the antinodes, and the inflection points. Relative awplitudes,
however, are scmewhat in error,

A plot of the Myklestad calculation for a uniform cantilever
beam vibrating in second mode, while rotating at a speed such that
the ratio of angular velocity (radians/sec) to natural angular
frequency (radians/sec)/p) is C.292, is shown in figure 2. A
deflection curve of a cantilever beam with no rotation, as calcu-
lated from the theoretical eguation of reference 4, is plotted
on the same figure. Figure 3 shows the same type of plot for

o

third-mode vibration., The Myklestad calculation for this figure
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was made with w/p = 0,160, The two ratios, 0,292 (fig, 2) and
0.160 (fig. 3), represent angular velocities approximately 100 per-
cent above the rotative speeds encountered in operation and were
selected to emphasize any effect rotation might have on the
location of critical points in the deflection curves.

.

Figure 2 indicates that no shift of critical points occurs
because of rotation. The smell shift in antinode positions in
figure 3 is attributed to insufficient mass-spring combinations for
accuracy at this higher mode of vibration.

APPARATUS AND TEST PROCEDURE

The experimental data were obtained with the apparatus (fig. 4),
which included instruments for recording deflection, angular
velocity, and vibration frequency. The setup provides a means of
gimultaneously vibrating and rotating a beam. A photoelectric
tube, which actuated a stroboscope, was used to "stop" the beam for
photographing the vibretion during rotation. White dots were painted
on the beam to facilitate photographing and measuring. The - .
photoelectric~tube signal was also recorded on an oscillograph for
use as a revolution counter. The signal from a vibration pickup
located on the bedplate was impressed on another channel of the
oscillograph as a simultaneous frequency counter., Strain gages,
located as shown in figure S, were used to obtain vibratory stress-
distribution data.

Three different beams were used in the experiment. The first
beam was of low-carbon steel with a cross section of 1 by‘f% inch

" s B e
and had a free length of 175= inches. The beam was mounted as a
R e

cantilever with the fixed end at the center of rotation. Various
gpeeds from O to 1015 rpm were .set with the variable-speed driving
unit. The speed of the exciter was set for resonant second-mode
vibration at each of the rotational speeds. A 30-gecond film
exposure was made at each speed and reccrds of the angular velocity
and vibration frequency were obtained. The runs were then repeated
with the beam encloged in a transparent plastic box (fig. 6) %o
eliminate any effect of aerodynamic damping that might accompany
combined rotation and vibration.

Strain gages were cemented to the top of the beam. The lead
wires were cemented to the top of the beam and run to a slip-ring
agssembly having 13 channels, The signals from the strain gages
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were impressed on a multichanuel oscillograph capable of gimultane-
ously recording 12 stresses. Reccrds of the vibratory stress were
cbtained at speeGs of O, 536, and 1015 rpm at second-mode resonance.

The second beam was of soft brass with a cross section of 1 by

S S e e e
3 inch and had a free length of 20 inches. Deflection photographs
were taken cf this bcam at various angular velocities ranging from C

60 998 1pm.

The third beam was of _Jw-ua_ann steel with a cross section

that varied uniformly from 1 by = inch at the £ixed end to 1 by
Wl
20

é; inch at the free eni. The fres length of this tapered cantilsver
-4

bean is 77- inches., The sems tyne of freduency and mode-shape data

N

were obt alqcﬂ for the tapered beoam as for the uniform steel beam.

In order to obtain morz complete data on the tapcred beam,
18 strain gages were used. Because only 12 gege signals could be
recorded at one time, bo gages were wired into two groups of
12 gages each, the central six gages being common to both sets.
Orne record of each set was taken at each test point. The data from
the six common gages were used to ccrrect for small changes in
anplitude between readings.

A hollow steel propeller blade was so mounted as to be supported
in tke same manner es in an actual propeller hub, Strain gages were
mounted on the camber side a_ang the meximum camber line, Simul-

£ 4T

taneocus records of bending stre along the blade were obtained with
the propeller blade subjected to nOP”Obat ng second-mode vibraticn.

EXPERIMENTAL RESULTS

Photographs of the uniform centilever steel beam, vibrating in
second mode and rotating at speeds of 1015, 536, and C rrm, are
shown in figure 7. Measuremenis were made from enlargements of
these photograplis and the data are plotted in figure §. The only
change in thece curves resuiting from an increase in spsed of
rotation is & decrease in relative antinode amplitude.

The experiment was “then repeated with the beam enclosed in the
transparent plastic box to eliminate any effecte of rotational
aervodynamic damping. When the resvlis of measurements made from

enlargements of the photographs shown in figure 9 were plotted, the
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deflection curves were the same as those obtained with the un-
enclosed beam, It was thevefore concluded that the effect of
rotational aerodynamic damping could be neglected in the experiments.

Bxverimental vibratory stress-distribution curves for the uni-
form cantilever steel beam were obtained from the second derivatives
of the defliection curves shown in figure 8. These stress-distribution
curves, btogether with sirain-gage readings, are shown in figure 10,

An accurate check of sgecond-mode resonant frequency at various
speeds of rotation was mede. The frequency was assumed to vary with
gpeed according to the formula derived from that given in reference 5

Lot ]
o
£ =\f," + KT
0
where
£ resonant frequency, cycles per second

A

fO resonant frequency at O rpm, cycles per secon

K congtant
Q angular velocity of beam, revolutions per second

The value of the congtant K for seccnd mode obtained from experi-
mental data was 6.55 ag compared with an approximate value of 6
given in reference 5, A comparison of curves obtained by using
these two constants is given in figure 11,

In order to eliminate any coincidence involving the material
constants or dimensions, a brass beam of different length and cross
gsection was used in the second part of the experiment. Stroboscopic
photographs of this bezm are presented in figure 12. Deflection
measurements made from enlargements of figure 12 are plotted in
figure 13 and can be compared with the deflection curves of the
uniform cantilever ateel beam shown in figure 8, The identical
nature of the two setvs of deflection curves for the uniform canti-
lever brass and steel beams eliminsated any necesgsity for a stress
analysis of the brass beam, From these data, 1t 1s evident that the
physical constants of the material or the dimensions have no effect
on the elastic curve of a vibrating uniform cantilever beam. This
conclusion is valid for both stationary and rotating beams.

()
<
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Deflection curves for the tapered cantilever steel beam were
obtained, as in the previous experiments, from the photographs
shown in figure 14 and are presented in figure 15. The relation
between entinode and tip deflection is considerably changed from
the uniform cantilever-beam relation but the node occurs at the
same place, that is, 78 percent of the length from the fixed end.
The same tendency in antinode deflection compared with tip
deflection occurs with increased angular velocity, as in the case
of the uniform cantilever beam; that is, the antinode loop be-
comes smeller in relation to tip amplitude with increase in
angular velocity of the beam. Stress distribution at a rotational
speed of O rpm was obtained from the second derivative of the
deflection curve (fig. 15(c)) and is plotted in figure 16 with the
experimental points obtained from strain gages.

The tapered cantilever steel beam used in this experiment was
so chogen as to represgent a typical variation in cross-section
moment of inertia along a propeller blade. In order to determine
the degree of approximation of the tapered beam to a propeller
blade, strain-gage measurements were made along the maximum camber
line of a hollow steel propeller blade vibrating in second mode.
These stress measurements are plotted in figure 16 together with
the stress distribution of the tapered cantilever steel beam.

DISCUSSION

A comparison of the curves presented in figure 17, based on
the results of both experiments and calculations, indicate that the
introduction of centrifugal force has no effect on the maximum
dynamic-stress locations in a vibrating cantilever beam fixed at
the center of rotation within the investigated speed range. The
general shape of the deflection curve, in particular the location
of node positions, is also unaffected by rotaticn although relative
amplitudes vary; that is, the amplitude of antinode loops relative
to tip amplitude decreases with increasing rotational speed. Because
node and maximum dynamic-stress locations are invariant, static-
bending vibration surveys of beams that will be subsequently subjected
to vibratory forces in a centrifugal-force field will locate critical
areas for strain-gage location in rotary testing. This procedure
will decrease the possibility of misleading data because of improperly
located strain gages.
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CCNCLUSIONS

Two important conclunsions ray pe drawn on the basis of the study

of beams vibrating in a centrifugal-force field:

l. Node positions and mayimum vibratory-stress locations are
unaffected ty centrifugal force within the investigated speed range
in a cantilsver beam fized at the center of rotation and vibrating
in bending modes.

2. Static-vibration surveys of propeller blades and similar
rotating parts may be utilized to predict the maximum vibratory-
gtress positions in such bladss under operating conditions.

Aircraft Engine Research Leboratory,
National Advisory Committee for Aeronautics,
Cleveland, Ohio, September 18, 1946.
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Figure 1. = Comparison of calculated second-mode deflection
curves for nonrotating uniform cantllever beam.
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Figure 2. = Effect of centrifugal force on second-mode
deflection curve of uniform cantilever beam.
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Figure 3. = Effect of centrifugal force on third-mode
deflection curve of uniform-cantilever beam.
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Figure 8, = Experimental deflection curves of uniform cantilever

steel beam fixed at center of rotation and vibrating in second
mode while rotating at various speeds.
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Figure 10. - Vibratory stress-distribution curves of uniform
cantllever steel beam fixed at center of rotation and vibrating
in second mode while rotating at various speeds. Stress curves
drawn from second derivative of experimental deflection curves
of figure 8. Experimental points obtained from strain=gage
readings.
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Figure 1l1l. = Variation of second=mode natural frequency with
rotational speed for uniform cantilever steel beam, 1/16 inch

deep, 1 inch across, and 17%% inches long with fixed end at
center of rotation.
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Figure 12. - Stroboscopic photographs of uniform cantilever brass beam fixed at center

of rotation and vibrating in second mode at various speeds of rotation.
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Figure 13. - Experimental deflection curves of uniform cantilever

brass beam fixed at center of rotation and vibrating in second

mode while rotating at various speeds.
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Deflection, percent of free-end amplitude
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Figure 15. = Experimental deflection curves of tapered cantilever
steel beam fixed at center of rotation and vibrating in second
mode while rotating at various speeds.
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Pigure 17. - Comparison of theoretical and experimental curves
showing second-mode deflections of uniform cantilever beam for
two rotations.



