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CRITICALWEAR STRESSOFLONGPLATESWtTHTRANSV133SECURVATURE

ByS.B.,Batdoz?JWrry Schildcrout,sadManuelStein
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A theoreticalsolutioniEIpresentedforthebucklingstress
oflongplateswithtransversecurvatureloadedinshear.The
resultsare
withsimply
dimensions.
obtainedin

givenintheformofWrvesandformulasforplates
supportedorclsmpededgesforawiderangeofplate
Cpqsmisonsaremadew-iththeoreticalsolutias
previousinvestigations...

.

IMTROIXJCTIOI’?

$heproblemofdete?hniningthebuckl.lmgstressoflongplates
with.,trans.versecqryatur@subjectedtishearhasreceivedlimited
treatmentin.twoprevim,zs.inv,estigations.Ina paperpublished
in1937(reference1),Leggettpresentedsolutionsforplateswith
simplysupportededgesandforplateswi~ clampededges.I’h.mlerical
results,however,couldbegivenonlyforplatesofx11 curvature.
~ 1938&oIm (reference2)publisheda solution,whichcoveredthe
ccxhpletecurvaturer+gebutconsideredonly+uple’”’support.The
presentpapertreatsplateswithbotisiinplyswpportedandolemped
edgesoverthecompletecurvaturerange.The.boundaryconditionson
median-surfacedisplacementinLeggett:sanalysisdifferfrcmthose
inK&omn’sanalysisand,in””.the,~esentwork.

Thevariousboundaryc&diti4x.u3treatedaresumarizedinthe
followingtable:, :,,.
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130wlary conditions,. .,—— ——
Displacen?snt

A1.dhors‘“
. slope Mcment

Axial Circum-Rad@.
ferential.‘

Edgessin@.ysupporte&

Leg.gett .0 0 0 Unrestrained o

0 u@3mmtg9a‘ o,. lhrrestrai~d o

Pre$en$ ,0.”’ Unre~&&@ “o Unrestrained““ 0’ .
paper , .,
——

Edgesclamped...

Leggett o 0 0 0 UnrestrWLne&

{

PresentUmreatrained.’ 0 0 0 Unrestrained
paper

o .Unxestraine o Unrestrained..
,. !,

,,

.,.“
Thesevarious&&med boundaryconditimsleadtodifferent

valuesrOr thecritical stiemes. Theresults foundforthese~.
ofbountlaryocmditicmsgivenintheprecedzngtable,aredimxumed
andcotiparedin.thefollowingsection,

,., $&WlX!3ANDDLWJSS1ON
,.

lYMcriticalshesrstressfora longplatewithtransverse
ctiature“i~givenbytheequation . .

k J?D
T .2-L.
cr b2t

where

.

..

.

.

.

b tidthofplatemeasuredalongarc

t thiclmessofpla$e
.
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flexural6tiffn08s

young’smodulusof

-3

(*q)ofplatoper~W letigth.

01.asticity

critical-shear-stiesscoefficient

criticalsheerstress
,..

Poisson’sratio

Thecritfcal-shear-stresscoefficientsk~ foundby themethods .—
ofthepresentpaper(seeappandisc}forplatef3w4thbothsimply
supportedandclaqe~edgesar6givenintables1 and2 andare
plottedinfigure1. Theordinate~ thtisfigurei~thecritical-

-.

shear-stresscoefficient,emdtheabficissaisa curvature
parameterZ whichdependsonthedimensionscftheplateand
onPoissonrsratioasfollows:

whorer istheradiusofcurvatureof’theplate-
.

As thecurvatureparameterZ beccmeesmallandapproaches
zero,thevalueoftheshear-stresscoefficientk8 forsimply
supportededgesapproachestheknownvalue.fora.flatplqt@of5:34.
ThetwosolutionsgivenforZlateswithclampededgescorrespond
tod~i’ferentboundaryconditionsonmedian-surfacedieplacement2
asindicatedinfigure1. Intiiesolutionrepresentedby thesolid
cm’vethevalueof k8 approache6theesta.bliehod.valuefora fbt .
plate(k*= 8.98) as Z approacheszero.Inthe8olution
representedby thedashedcurvethevalueof k8 as Z approaches
zeroisabout7 percenthigherbeca~=eofpoorconvergence.The
solutionleadingtothesolidcurvewassorapidlyconvergentthat
fourth-orderdeteminsntswerefoundsatisfactory.Tenth-order
determinantswereusedtoobtain.thedashedcurve,andtheadditional
laborrequiredtoobtainanaccqracycomparabletotkatofthesolld
curvewasconsideredprohibitive

As Z increasesk5 alsoincreases
thestraightlinesgivenbythefollowing

andthecurvesapproach
equations.Fcrplates
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withEIimplysupportededges,.

k~= l.gz~~

●

Forpleteswithclampededges(vunrestrained;u = O ate~,es),

k~”= 3.1z1/2 (Resultpro?hblysomewhath?.gh
becauseofpoorconver~ence)

Forplateswithclampededges(v=0; uunrestmainodate@3),

Theseequationfiapplywhen Z >20.

Infigure2 theresultsofthepresentpa~er.arecomparedwith
thosegivenbyLe~ett(reference1). lm~qott’uresult~forthe
criticalstressesofplateswithsiniplysunportededgesare
considerablyhigherthanthoseofthepvesontyayer(whichpresents
rm.Cl.tsidenticalwiththose’ofKromm)%ause oftheadditional
restraintimposedupcmthepla+th Leg&tt’s,soluti.on.Forplatea
Withclampededgesallsolutionsgiveapproxi@telythesaneresvlbe
inthalowcurvaturerangetowhichLe~ett’s”re8ultsare-restricted.

LangleyMe~rialAero~uticalLaboratory
NationalAdvisoryCommitteeforAeronautics

Lan@.eyField,Va.,’lkcch2@,1947
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Symbols

widthof‘platemeasuredalongarc

integers

radtusofcurvatureofplate

thicknessofplate

displacementofpointonmediansurfaceofplateinaxfal
(x-)direction

displacementofpointonmedi.ensurfaoeofplatein
circvmferentisl(y-)directian

displacementofpointonmsd.fansurfaoeofplateinradiel
direction,positiveoutward

axialcoordinateof plate

circumferentialcoordinateof plate

fl.exural.stiffnessofplateperunitlength
(*5$

mathematicaloperatcr

curvatureparameter(i&l-~20r () )
12*~m

rt r

coefficientsofdefloc.tfonfunctions , .

critical-shea?pstresscoefficientappearinginformula
. k#DTcr ~2~ “

[ 1
%=$ (“2+$2)2+*2
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Vm,Wm’&flec3ticmfunctions‘“” ‘~

..,.. ,- ,- . ... --- —

h ha~ wavelengthofbucklesinaxialdirection. ,::-- ...
P Poisson’sratio .,,. .,. ,.,..,.,.,:.,
‘cr.’“criticalsheara-se ,.,...:.,..,.,, .:.:,..:”’.“f .’.

-=~4 ,$. “.J’! .4
%

........-..,.:....=~4+~~2~y2~..ay $.-.~“-:..;‘::;,-,,.,,,..d.-*

74
,..

““‘iydined .bYcV-!(VJ-J’= 3(V-G)“-;l“w‘“ ‘-- =inverseof V
. . .,,.:. . .. . ,:. , .[ .. .. *.* ., *.....’. . . . . . ..-,. -,7

,, .,. . . .----.. -

llheometicalSolution
-.” .,’ ...J-:----

PawtionQfeclu,ilibrium.-Thecriticalshears&essatwhich
bucklingofa longplatewi%l’transti~rs’ecdi+atureoecuz%myhe.
obtainedbysolvingtiefollowingequationofequilibrium
(referenc,e-~)~’‘ ‘“U‘“”: ~“:‘-7-:.’”.~u~..:’ ‘~ —

.
\

-4a4wr “.tyw.=,%:o.-D~4w+~V !~’AdTcr.r2 bay,,, ,.,..:—— .

++w, 1;’..—.V-4A. .&#+Zksza=b-.” (2)
.v~x4. .!?@@Y: ,:.:.,..L..., ‘...,., ..,’:

wherethedimensionlessparametersZ andk. s&e.,dpfinedby,.

.

,..,. ,., ,-. . --, ..
,. .
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. .m
I@m.tion(2)canberepresentedby

Qw=

whereQ isdefinedastheoperator.

Methodofsolution.-Equaticn(3)maybesolvedbythe
Galerkinmethod,whichisoutlinedinreference4. Intheapplication
ofthismethodthedisplacementw isexpressedintermeofa. , ... .,
suit.sbleseriesexpansionas“follows:

.= f%-wm,.fb#m
Z&l m=l

(4)

Inequation(4) eachofthefunctions‘1’ T2> ● s.V& WI,

W2,. . . WJ w t satisfythebomdaryacmditions& w butneednot
eatiefytheequationof equilibrium.Thecoefficients~ and ~
aredeteminedby theequatio~ ..

wheren =1, 2, 3,“**.
.“

TheboundaryconditionsconsideredintheIrasentpaperare”
asfollows:fcrplateswith

$W
=() and V iS

‘=7=U

sW@y-suppgrtededges,

unrestrained.;forplateswith
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a’!?
clampededges,w =— = v = O

by and u isunrestrained(caueI)
hend Wr=-=u
by

=O and v isunrestmalned(case11).

—

1346 .

.

~olutionforml.ate%lwithBim Y B1 Uvmrted e&ze*-Thefollowing
infiniteseriesexpansionrepresentsthedisplacementw ofcurved
plateswithsimplysupportededges:

whereX isthehalfwavelengthofthebucklesintheaxial
directicm. Equation(6)satisfiestheconditionson w for
simplesupportandwhenintroducedintaequation(5)impliesthatthe
axialdisplacementu isequalto O andthecircumferential
d~splacementv isunrestrainedattheedges(seereference3).
Equation(6)isequivalenttoequation(4)if

‘Vn nfly= sin~sin—
b

., , (7)

J
wheren = 1,2, 3, ’...

S~.bstitution”’ofexpressions(6)and(7),intaequations(5)and
integratlo~betweenthelimttsindicatedgtvo

wheren = 1,2,3,..*Ad m t n isOaa. .

—
-.

.
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Equations(8)havea
andthecoefficientsbn

9

solutioninwhichthecoefficientsan
arenotallzsro(t@tis,theplatehas

buckled)onlyifthefo~l.owingdeterdnantvanishes:
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whore
[

...; .,., lq.=.-$(ria+P’)’+#y: ;2, -( ‘i]
Bya rearrangementofrowsandcolumnsthoinfinitedetemuimnt

oenbe-factored~to twoinfiniteeubdetaminantswhichhavethesam m “
expanaionandarethereforeequivalent.
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. Thee.xpemsionofequation(10)mayteapproximated,by finite
Suhdeterminants. Thefirstappro75.mateexpansimofequation(10)
whichwillyielda valuefor k~ isobtitiedfroma second-order
determhanttakenfromeitherfactor.Thus,

(11)

Thesecondapproximation,obtainedflmma
isgivenby ,,

M.M4k

third-orderdeterminant,
.

Thethirdapproximation,obtainedfrcma fourth-orderdetexluinant,
h givenby .. ,,

,,
.-. . ..: . .

.’.
,,.

+ M1M@5M4=O (13).,

Eachoftheseequationschowsthatfora selectedvalueO:the
curvaturepsmmsterZ thecritioalstressoflongcurvedplates
dependsuponthewavelength.Sincea structurebucklesatthe
loweststressatwhichinstabilityoanoccur,ks isminimlzml
withrespecttothewavelengthby substitutingvaluesof f3into
equations(11),(12),or(13)untiltheminimumvtiueof ks —,

oanbeobtainedmom a plotof k~ against13.Table1 showsthe
convergenceofthevariousapproximationsfor k8.Theresult@are
alsoshown~phicall.yinfigure1.

Solutionforplabswiticlampededges(ease.1).- A procedure
similartothatforplateswiths@plysupportededgesisfollowedfor
plateswithclempededges.Solutions
clamped-edgesupportcorrespond=to

aregivenfcrtwot~es of
twosetxof%oundaryconditions.--
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Thedeflectionfunctionfo~caseI ~
m

w= sin ~‘7ia
a+ Cos“—
h

satisfiestheconditicmsonradialdlsplacemsntw andimplies
thatattheedgestheaxialdisplac-t -u isunrestrainedandthe
cir.gumferentifidisplacementv-iswaro(fleereference~). ‘
C@uparisonofequaticm(14)wtthequation(4)showsthat

with
equationsresult:

Whenoperationsequivalenttothosecarriedout for
simplysupportededgesarepbrfomed,thefollowing

,-

:.

,,

. .

)
[’(lq)

a plate
simultaneous

—

.

.

.
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FOrn=l

“’l(%+%) -%%+u:k’m [~;+k-(m(:;):J: J=” ‘
.

Forn:2

““$[

,.
m -1)2 (m-1)2 -

1
A; (~+1)2 .0

%(!!l+%)-’k%+ksw ~b~ ~m(-1)2-l-(m. 1)2-9 (m+l)2-1> (m+l)a-g
. .

Farn =&4,...

%($-1 +%+1) -%2%&l -%.2%

‘1

.-
(i?.-1)? (m.-1)2,: (m+1)2

d

(Kl+l)z so
+ke. bm~ -—

m=l (m.- 1)2- (n - 1)2 (TIL- 1)2“-(n“+.1)2“-{mi 1)2-(n-l)2+(m+l)2- (n+ 1)

. . . .

=0

l?or n== 3,4,...
,.

%(%-l+%;1).-bn+?$-l“bn-ti%+l.

[

,.

%&%~m:1$:;~,;)2-(m-1)2,
:,”’

(;+1]2 “ ‘(m+&. l=C

[m-l)2-@+1)2-
“+

(~1)2’- (n - 1)2 J(m+.1)2 - (n + 1)2
.:

where m+n L3cdd

1.
●

,,
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\

andwhere

Theinfinitideterminantformedbyequations(16)oanhe
rearrangedsoastofactorintotwomutuallyequivalentinfhite
subdeterminantsasinthesolutioaforlow curved~lateswith
Biqgjlysupportededges.“Thevanish-ofthefirstofthesefactors
M3’expressedbythe followingequation:

rl=l
.

II-=42

n=s

n-=1

n+

n-4

●

,
.

al b2 a3

;(%+%) g
15
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15
-;M;
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0
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32‘-—.3~5
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.*
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o
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Thefirstamroximtion.obtainedfrom-- .
determinant,isgivenhy

s .

. .
,, ,.*. ●

✎✌

thesecoqd-order

@ @$l+M3)t

.:

..*

● ☛✌

● ✌✎

✎ ✎ ✎
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(1.7)
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Thesecondapprcudmation,obtainedfrm~he th&d-otierdeterminant,
isgivenby

Thethirdapproximation,cldainedfromthefowth-orderdeterminant,
isgivenby

“’s4[(:)(!%)-(%)6$1’“k=’{t?m’”~+‘“3)

.

+ (20)

Theseeq.uaticmswereusedforvaluesof Z betweenO and 30..
As Z increases,thefirsttermofthedeterminantbemaes
unimportant,andforZ = 1.02equationsqimiJ.Lwtoequations(M)
to(20)andcomW.ningtheb2, a3,b4,and ~ termswereused.
For Z = 10~and Z =105 thesecondtermofthedetmninentalso
becomesunimportant,andequaticnssimi- toequations(18)M (20)
butincludingthe a3, b4, a5,sntlbG termswerewed ● Eachof .
theseequationsmaybesolved,inthesamemannerasintieproblem
ofcurvedplateswithsimplysupportededges-&at is,by
substitutingvaluesof p intotheequationforeaohvalueof Z
untiltheminimumvalueof ks isobtaine~froma plotof P
qg%instthecorrespondingvaluesof k~. Table2 showstheconvergence
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ofthevarious&i%&ations tornk:. he resultsareshown
.

graphi=ltiinfigure1.

Solutionforp~teswi+hcUnqpeded&s (cas9II).-Another.,
deflection’functionforaylate,withclsznpededges(c&seII)is/. ,, ,, ,.

“+
L %[~sin—-— 1 :

sin(m+ Q)fiyw =Bin= my 1
~ ml b m+2 .

,.,
Z[

m’-”+ Cos— b~$in~y-&s;~m:2j;~” (21) ‘x *1 b m+2 b,,
,,, ,.

..”
Thisseriessatisfiestheconditicmscm“w andinaddi,~ionimplies
thatu isO and v is unrestrainedattheedges(seertifprence3).
Comparisonofe~uation(21),withequati6n(k)showsthatincaseII

. ,
(22) ‘‘,, ., J ,,

Wn‘= [.”.;.s~ ~-& &tt 1
IJ’

sin(n+Q%Y ‘.—
. ~ .n b. ,“.n+2 b.

, ,., ,.

‘When
ofsimply
equations

,.
.,

operationsequi.val&ttothose
supportededgesareperformed,
result:

,, ,,.
.“

,,

. .

. .

,. ‘.

. .

,, .. .

9

,.

c~~~i~d Wt for thec&se
thefollowingsimultaneous

,.

.,. . .

,,

,..,.,.
.,..
,,

.

,“

..

,,,. .
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For 11.1

().~l+% .3. q
1 1 1 1

1 9
~ %-k Elm2,4b’ Y- 1-n? l-(m+2)2- g~+19-,@+2J2 ‘0

For n=2 . .

)
s ~$, [%-;~k-k b &___

1 1 1

‘f! +16 4- (m +2)2”-” 16 -& ‘.16 : (rn <2)2 1

= o
‘L4-m2

For n = 3,4,,..-

e+(%&Y~-:l&””* ~~ .’”
m

:L

1 1 1

1

1 “,”. ‘:”.
-kB bm —-

2-II? n2-(m+2)2- (n + 2)2 -n? + (n + 2)2 - (n +.2”)2

=0

R&l

wkn% m+n is odd .“”

.—

1 1“, l“i”-—
.1

=0
~-4-(m+2)2 ’16-.&‘~16- (m + 2)2,.

. . . ..: . -.=:.. . . .
,..,. .

.,

For n=s,u,...

bJR%’)-&+%i2”=@“““”‘“ ‘::‘-””‘ .:”,“ . .. .’ ,. ,.,’

E[
.,.”...;

l.- 1 “’ “1:, “;:.
m=l%~2:#n2-(m +-2)2 “1

:1-.

X? ~ (ni 2)2 -“(rn.,~2“)2 , ,,.+%3 —- = 0,:.-;
(n + 2)2 -

wherem+n 1s0%3
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tmdWhsm ...

. . . [“%=$(n2+~2)2+.
122%4

771ti4n2+p22

Theinfini’tedeterminantformedbyequations(23),,canbo ~“
rcarremged50hs.to~actor~intitwomutuallyequivalentInflni$e
subdeterminan$s.,Thevqnishingofeitherofthesefactorsleadsto
a relationbetwe’enk~, ‘p, and Z. FromthisrelatimtheYalW.,,,of ke isfomdfora givenvalueof “Zbymini~zi~k~ with ‘..
respectto f3i Becausethesolutioniislowlyconvergent,tanth-
orderdeterminantswereused.Thesedeterminantswereevaluated

\ bytheCroutzy@Jmd(reference5)forassvmedvaluesof k~ And B..,
Forgivenvaluesof P,,corresponding”valuesof kQ :whichcaused,’
thedeterminanttovanishwerefound.Thecritioalvalueof k~:.
isthemink value of k~ foundfroba plotof k~ against.the

‘ correspondingvaluesof p. Table2 presentsthetheoreticalvalues,, of k~ obtainedbysolvingdeterminantsofdifferentorder,The
resultsareshowngraphicallybythedashedcurveinfigure1.
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T3EORETICALSEEAR-STRESSC@E6’IC_ANDRA!l?IO01’WIUE OF

PSAIXTOEALFWAVEIEN~OF~ lKIRLONGELMJ!ESWITH

TRANS- CURVATUREWITHSIMPLYSUPPO~TEDE- “‘‘

First_ximtioxjSecondap~cmima*ionThirdapproximation
z ,,ka P k~ B k~,. P

o 5.60 0.77 ,5.340.83. -----------

1‘ 5’65 *7O 5:38 .& -.-... -----
2 5.68f .78 ~’.42.80 “------.-e”

5 6.04’..72 5.76I .76 .. .---”- -----

10 7.06“ .58“,6*W .65 -.”--- :----

30 11.16 ●33 ‘1.O.66 “;33 ------ -----

10020.02 ●17 19.20 .18 .----- -----

300.34.3 *KI 33*O .098 -----------

1,00062.60 .054 60.17 .o~~ 60.02 0.055
10,000198.5 90171$30.0.018 l@.7 .018
.00,000@6.o .COj601.2 .006 .--.----.--
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NACATNNO,1346 a.
TABLE2

mKETICAL SEFAR-STRESSOOEEFICIENTSANDRATIOOFWIM!EOF

PLNIETOHAU?WAVEIENGTEOFBUC~ FORLONGPLATES

WJ?IElTUNSVERSECURVATUREWIZECIAMH?DEDSES

\
FirstapproxlmtionsecondapproximationThirdapproximation~

z
k~ s k~ B k~ pi

CaseI (u,unrestrained;v = O atedges}
[

o 9.55 1.18 9.31 1.21 9.09 1.21

1 .9*59 1.19 9.34 1.23 ------------

2 9.70 1.19 9.43 1.23 ---------*--

5 m.46 1.25 10.001.29 ------- -----

10 x2.69 1.38 1.1*49 1.41 -c----- . ----

30 28.23 l.& 18.44 1.62 1802.0 1.66

44.42 .22 34.3 1.36 ..-.-,.”-----

1,000xYj.8 .41 11o.7 .56 3.1o.7.56
1.oo,ooo12m .013ur2.8 .017 1u2.6 ●OL7

Fmn%h-order Eighth-order Tenth‘order
deteminent determinant determimmt

z Iks P 1“ ks $ ks ~ 6
—

CaseIX(u= O;v,unrestrainedatedges) a.,
0 ‘JfJ●44 1.29 9.&2 1.28 9.66 1.25

30 ----------- ~6.99 1,31 -.c..- -----
.

10Q 33●53 1.28 30.431.08 -.-A...-----

10,000336.6 .126 308.2‘ .118 303.3 ●114
—
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Figurel.-Critic%l.-shes.r-stress coefficients for long plates with
transverse curvature having simply supported or clamped edges.
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F@re 2.- Comparison of present solution with Leggett’sremiks.
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