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SUMWRY

A steplandingofq seaplaneonsmoothwaterisanalyzedby
solvingNewton’s’difj?erenticd.e~uation‘ofmotion,Variouslimiting
assumptionsaremadeforconvenienceinthe&lysiE!whenthey
a~pearreasonable.Formulasaredevelopedforthema- accelera-
tion,themaxtammdraft,andthedraft,atthe”irmtantofm’xtimum
acceleration.Thesolutiontsdependentuponthedefinitiond?
theapparentwatermassandindicates%heneedforfurtherbasic
researchinregardtothiswatermass~Graphicalrepresentations
ofapproximatesolutionsford.esi.~.usearepresented.Compari50n6
ofth;ory
Committee

wj.thexperimen~almduesobtainedin&he?JattonalAdvisory
forAeronauticsimpactbasinarealsoillustrated.~.

moDuczl!IoN

.Xntheanalysistobepresented.itwill,beassumeLIthatthe
seaplaneislanding onsmoothwatersIfthereaderhasever
%kipaed”a flatrockoffthesurfaceofa emootinlakem p~d?
hehaswitnesseda physicalactionwhichissimilartothatOfa
seaplanelandin~.Iftherockis,fthrownhorizontally,closeto
thewatersurface,itwill“skip,or rebound, frm the water
surface severalt~esbeforefinalsubmergin~cSimilarly,ina
seaplanelanding,ifthetr~ wereheldconstant,severalrebounds,
orimpactperiodswouldoccwbeforetheseaplanefinallysettled
ontothewater.Duringeachoftheseimpactperiodsthereaction
forceexertedbythewatercmthehullincreasesfromzerotoa
maximumanathendecreasesagaintozero.Ineachconsecutive
impactperiodthem&titivalueofthereactionwhichisdeveloped
islessthaninthepreviousperl.odoThusthemaximmnvalueof-
thereactionforcew113occurduringthefirstti~ctperiod.
Consequentlya mathematicalanalysismaybelimitedtoa study
ofthemotionandassociatedforcesd@inGtiefir@ imwctc
DuringWis periodtheliftforceon the wins is a2?Prox-telY
equaltotinewei**ofthesoapkne~Asamattm.of..convenience,
itwillbeassumedthro~outtheanalyststhatthewin~liftand
sea@anewei~tremaine~ual”thro@’theimpactyeriodt --.—
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,spacecoordiriate

spacecoordinate

PamlleltotheX-axis

paralleltotheZ-tie .-.
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3

-—

.. . .

“ + Ve~tiCd C~JO&’3% . . ...... ... ...
““m . +aluiofquantityatinstantofm.xizw.macceleration“.-..,, -,
n valueofquantity”a%tnda.nt ofmaximumdraft

o valueofquantityatinstantofentry(t= 01 .

Prime: A

Dotz A

Bar: A

prime5.susedtoindfoatedifferent~.ationwithrespect
toa spacevariable.

dotovera letterisusefl to indicate
withrespecttotime.

%ar overa letterisusedto indicate
Isoftwo-dimensionalmature-.

.:

DISCUSSIONOF;~TION,’
,. ..,,

At theinstantofentryoftheseaplane

. ...

differentiation

, .,

thatthequantity

intothe.~terthere ~
arecertaininitialconditionsC?themotion.Theseareillustrated
infigure, Thetrimangle7,madebythekeelwithtk~water
surface,isassumedto.remainconstantduringtheimpac%;‘-IRiIEE
assumptionisapproxlnv3telytrueina steplanding.Thefiitial
velocityis V. at theinstantofentryandthedirectionof.Vo
isgivenbytheinitia~flight-pathanglsYo. The enlarged view
offigurel(b)showstheseap~e enteringthewater&tpointO
“onthewatersurface.ThepointO istobe chosenastheorigin
ofa fixedreferencecoordinatesystem.ThepointA onthe

oseaplaneisdefinedastheintersectionofthekeel~ thestip.
At theinstantofentzy(t= O) thepcsintA oftheseaplane
entersthewateratpoint0, Themotion’of.pointA =Y be
regardedasthemotionoftheseaplane..

,. -,-.
In.figuYe2(a)tkshapeofthepathofmotiov:.afpointA

isindicated.Themotiono,fpoirykA alongthispathwill%e
referredtoasthe;motlonoftheseaplanethro,@oVt’the,~.~sis.
Theseaplane~tersthewateratpoint-O @d emergesatpointP.

--- ---
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someintei?nsdiat6positi6httidraft~ssesthrougha maximum.
thedifferentialequationofmotionoftheseaplanecanbe

properlydeveloped~ #olved,”therelationships~etween tfme,
displacements,velocities,andaccelerationsduringtheimpact’
canbedetermined.Thebottomreactionwillalsovaryduringthe
motionsomewhatasillustratedinfigure 2(%). Thisreact$onIs
proportionaltotheverticalaccelenition”ofthe,seapla.newhenits
wingliftisequa~toitswel.ght.Itisfound,bothfromtheory
sadexperiment, thatthemaximumvalkeoftheupwQrdacceleration
(maximumdecelemtion)occursbeforetheinstant of maximum draft,
Ine~erimentalremardhworkon’flbatimodelsitispossibleto
measurethemaximumdraftandtiedraftatthe~.nstantd?maximum
accekration,aswellagthemaxtmumacceleration.A correct
theoryshouldpredictWI.threeofthesequantitiesinagreement
with~experiment.” ‘ “‘; ‘ -

,., “The’nlm/zlontillnotonlybeaffectedbytheinitialcondit-
ionsbutalsobycerta$nphysic&Ll@?opertfesofthesea~lame.
Thepropertieswhichareofprfma~importancearethemss ofthe

.5seapla@andthe‘shapeof’thdhullbottom.!!?heeliis%lcityofthe
seaplanestructureisofsecohdaryWportance“inmostcasesati
willbeneglectedinthisanalysis.,Inthespecialcaseofa
largeflylngboat’;withenginesinthewing,theelasticityof
thewingmayhaveanayprecia%leeffect-uponthemotion.The
bottomof thehullisofwedgeshapewithsomecurvature,or
flare,ofthebottom.As.a mtteyofconvenienceitisasswned
intheanalysisthat”thebottomisa’fla.t=sidedwedgewithout
flare.Thebottom6hapeisthendefinedbythedead-riseangle.
Thetwophysicalpropertiesoftheseaplanewhichaffectthemotion

., areJthen,themassM andthedead-riseangle./3.”....... .“.,
“Ina landingti.thorwithoutyowertheinitialconditionsof

themotionmayva~”overa rangeofvaluesdependinguponthe .
pi.lottsskill.andlandingtedni.que.Considerationofreasonable
landings.i’ordesignpurpose~wbuldrequirea considerablemountof
statisticalevidence.regardingtheinitialcond~tionsofmotion
asobtainedinactualflightoperations.Suchevidenceisnot
availableatpresent.Flightresearchinthisfieldisseriously
needed. .,,,

If’thefrictionof’theinteronthehullbottomIsneglected,
thecomponentofvdocityofthesedplaneparallel“tothekeel
willremainconstantduring’theIn@act“yeribd.Inexperimental
researchworkonmodelfloatsthefloatislaunchedfroma heavy
cqrriagewhichr61&’ona horizontaltraok$usuallyoverhead.
Thismethodoflaunchingthe’modelallowsittohavefreedomof
verticalmotionbutforce’sit“tomafixtaihalmosta constant
~horizontalvel.oclty-’becauseofthe-largeinertiaoftk oarriageto

.
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whichitremainsattached.
aesumedthatthehorizontal

5

fithep$eeentanalysisitwill-be
componentofvelocityremainsconstant

duringtheimpactinorderthat-the,resultingfo-&Mascanhe
compared‘directlywithexperinientalev”id.ence,Sincethetrimangle
ina step-;landingmustbesma~l,%h6’&ximumreacticmgivenbya
solutioninvolvingaonstant horizontalveloctty’willdifferonly
slightlyfroma solutionforconstantvelocityalongthekeeland,
hencq,should%e satisfactoryfotidesi@purposes.

~.

. . DISCUSSIONOF~CTZONPE&BWION

Whena hulli8immerf3ed.a,smallamountata particularinstant
duringtheimpact,theloadedareaiBofa~proximatplytrian@ar
shape.Thebaseofthetriangleisatthestey.Duetotheeffect
of11pi3.ed-up*twaterthetrlangu@rloadedareaislargerthan
wouldbedetermined.fromthegeomotrichl.intersectionofthehull
wtththeplaneoftheoriginalwatersurface.Fordesignpurposes
itisnecessarytohow thetransversedistri%qtionofpressureon
thisareaandthelongitudinal,orfore-md-aft~distribution.
Thelongitudinaldistributionmust”beround@offm sore”~~~
atthesteyasindicatedinfi~re~(a).Thisthreq-dimensional
effectcanonlybetmoughtintotheanalysis,atpresent,bymeans
ofanaspect-~tiafactorappliedtothe’preswreatallpoints
oftheloadedarea.

tiffgure3(b)a unittransversestripoftheloadedareais
showwiththeloadactingonthisstrip.Thereactionforceona
unitstripata particularstationisdependentuyonthedraft
ofthekeelatthisstationaswellasthecomponentsofvelocity
andaccelerationoftheseap~ normaltothekeel,Thecomponent
ofvelocityparalleltothekeeldoesnotaffecttheforceon~
unitstrip.Inordertodeterminethetotalreaction,thereac%ion
perunitoflengthmustbedeterminedandthenanintegration
perfo?medinthef’re-~-aftdirection.’overtheloaded.area.The
reactionforceona unitstripH bedeterminedby consi.dm+ng
thetwo-dimensionalcase.Forthl.sreasonthetwo-dimen~imal
casewillbeanalyzedfirf3t.Thisanalysiswillbeoarriedout
morecompletelythanisnecessaryforthepurposesofthispaper
inordertoprovidefo~ulaswhichmaybeuseful~orcomparison
withresultsfromfutureeqerimentalresearchstudies..The
transversepressuredistrihut~~ana Wit stripwillbe somewhat-
asshotiinfigure3(c).Noattemptwillhemutefnthiepk~eti
todetermine’.thisdistribution.. .

. ..’
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,. ,,, TWO-D=IONA&mCASE ‘ ‘-.. .. .,...,*... .-, ..—. ..,., ..“: .-..(, .. -.
“Inthiseasea wedge~sha~e&’fl&t’isass- toenterthe

~ter’:tiwttcallyasshown@ figure4. Thewedgeisaswmedto
be~fIhfhitelengthandinffiitewidth.we actionofa wit
dllceofthewedgeanda unitsliceofthefluldismnsiderod@
theanedysis..Itisaasumedthatthemomen~tiofthefluid is
equaltotheproductofan“additionalnEMs~’51andthe
instantaneousvelocity* ofthefloqt,Thed@placements,
velcoities,and”accelez%tionsareomisideredpositivedownwa~
Theadditbnalmassisa halfcylinderofwaterasshownja
figure4. ThiselementaryconceptoftheM1.iU.tioWlmassand.its
tise.inthecalculationoffhereactlononthefloatwerefirst
givenbyTh;vonl&ru&n(referencxil); Theassumedadditional
massisinagreement”withthe:&idiMkk&lnrass”which.fsknown
(reference2}tolmassociatedwtthafmt platemovingthrou&
&n“idealfluidofinfiniteextentno~lto the‘planeofthe ,
plate. .. ,. . ...

Duetotheeffectofp!led-uptiterwhichwouldactually
occurandthefactthatthei?loathasa wedgebottommatherthan
a flatbottom,i%is ‘necessa~ tomultiplytheadditfona~wate~
Bssas.shown’Infimre4 lmcorrection~actors;Suchfactors’

.“

.
_——

werefirstintroduc~by
howevor,thewtermass
thedisplacementandmay

,.,

E.-
ln
be

Wagner(reference3). Xnanycase,
mustbeproportions>tothesquareof
writtenas

Thebtiovera quantityIsusedtoindicatithat_thequantityis
oftwo-dimensionalnature.Thederivativesof ,fiwithresyect,
todiSpWcementandtimearerequtredin the analysis and may be
writteninthefollowingfoyms:

(2)

(3)

The reactim f~rce is due.totherateofchangeofmomentum
ofthefluid.Thechangeofmomentumfs,duebothtothechangeof ‘ -
velocityofthefloatandthechangeofs’izeoftheadditional
massoaused‘bya changeoftheloadedwidkh.Alleffectsof
viscosityand%uoyanoyareomittedfromtheanalysis.

.
Theforoe

maybeexpressedinthefollowingform:



“NMX~No. 1437

.. .

7

(M,

,. .,. .:. ~ . t.. * - ~ &7~2 .“., .----
.’.t .., . ...... :.””’ . !., .,, - (5}- “-. ....- * .. . .. . . ..’

,. .:,..: .. i, ,,:L_._.-.+.. --”.. .“ +.....=_ -.

Thisforceactstipwardanigthusitmu8t.be,pre6e&l.~ a
1-

negativesi~ in.mitingNeticm’slawofWtionfor.~e.flbe.t...”
Npwton’slaw,whenappliedtothe.float, is expree8edby, ‘ ‘..

%=$-i’ (6)

qe solutionofthtsequationw13.1bethatwhichwasoriginality~
givenbymm K&m&. Substitutionofequation(s)give43,

,,

or” : “..,.. . .

,;+, ‘..

Itbecomes
quantityiias

m+iril-t.?i’i~=m (7),. .,“,,. .,. .‘., ,.-. .,. . . -.. . ~.,,. ,.,’ ..,.- ;.,. .,:.,
‘. in+.jlz.+2;2’=”0 .:’..~~8jJ: -., .. ● ,. . .. . ... . ,..

convenimtin‘theanalysistointroducethe
themtio ofthewatermasstotheflintmRes.

Equation(8]becomes,

Fromequations(3)and

. .. . . ,.-.

(I+z!z-1-rip=o

(9)itisseenthat,

... ,.

Henceequation(10)=y bewritten,
.: , ..... .,,. J. ,.”..,.”.- ,,.

(9)
-------

.;. . .

. .

“or. ,. ..,‘, ●

(1+-ii) ”&-kiG=o
. ... ... . .. ... .....o~ “,,-“.< ;:.. ; .

(10)

...

(=)

....----”.,
.. . . .

~Mi

.

(13) ~
-----... . .-.

,,. ““{;4)
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Integmt$ongives$
...’.,.,.,......= .’),=..-., .

logk.+ lQg (l.~.,@. =;1o,s.C “..~j....(~~.I.“,.... . . .;
Thecom%xyatofintegrattcmisdetemi~d$romtheinitialcon-
dition_.‘Whent = O thedisplacenk@z iszero.Hencethe
nassm Iszeroandalsotherattop. Theinittalveloci~at
theins&ntiof”entry‘mybeindicatedas ‘~o~Then‘C=.20‘ *‘
andequation{l~)”%eochm,““-‘ “:‘“ ““ ““ ~- “..: ,-

.(. ..... ...-,, ‘p. .
Iogi+log (l+ii)=logho (16). .,... , —

or .- ”.., ,. ..,.. ‘, ..’. .. -,., . .
. . :.. . . . ,.. . .

.,.“+%’:’ ““ (lij
,b. .,‘.

ThisequationwasfirstgivenbyvonK&m& (reference 1) . TM.s
differentialequationw beregardedapa formulaforthevelocity c
intermqof’thedisplacement.Ccwrespondi.ngly,eqpation(lC)’~Y
beregardedasa formulafortheaccelerationIntermsofthe .
displacementandveboity.Solvingequation(10)fortheaccelera-
tiongives, ., . . .,. .

.

(18)

Equation(18)becomes,

‘=%% (20)
. ,,

Equation(17)my besubstitutedtoobtaintheaccelerationasa
functionofthedisplacement.

1

(21)

Z?hisformulawas also given by mm K&rm&I(reference1). By
assumingv4rtousvaluesof z thevelocitiesandaccelerations
oanbecongyztedfromequations(1,7)and[23.)..

-—. . -



NACATN,No. 1437” 9,

In ordertoill.ustratiWe variationofvelocf~andaccel.era-
ti.onwithdtsplacememta simplenumericalexamplshas”beencalculated
forthefollowingphystcalcor@2mts.

~ = 0.O’jslugpercubicinch

if “=”1 slugperinch ——

,io..=6 feetpersecond, .,. . ,..,,
A @ot of i and ii~~ti~t Z iSshowninfin+-~”;”“ltiS““‘
seenthattheaccelerationpassesthrougha mximumata diepl.ace-
mentof2 inches.Theaccelerationsareplottedintermsofthe
accelerationg duetogravityandtheordinatestothiscurve
my hemultipliedbythemight’oftheflat toobtainthereactton
force.Itmy benoted.thattheveloct.tyremainspositive
indofinitely.Thismeansthattheflostmovescontinuouslydown-
wardwithoutreversingits”directionofmotion.Thisisduetothe
omissionoftheWmyancy force f ran theequationofmotion.Atthe
Misplacementfor?mmtmumacceleraticm~hebuqancyfcmceisvery
“s=11end,honce~itappearsreasonabletournitthe.%uoyaneyforce
indetbrminirigmaxtmgmacceleration. ,,. .

. ,.,... .:-,
Forpurposesof‘structuraldest@itisnotnecessa~io ...

lmowthevalueoftheaccelemtionatvariousInstantsbutmly
themximutnvalue.Thismy beobtainedbydifferentiatingthe
fornulafortheacceleration.Dif#!eratiating
respectto z gives,

Sett~ thequantitywfthinthebkce equalto
for w gives,
.,

%=;

equatton(2~}with

(22)

zeroandsolving

(23)
...

Thesubsc@ptm isusedtoinfli&tethevalueofa quantity
whentheaccelerationisa mximnu.A u@versalccmstantvalue
of1/5isobtainedfor Km whichholdstrueforallval~~esof
~ and ~,.~iS COnStZ@T~Sfirstpub~shedby~● Sydow ‘

. (reference4).

Fromequations(1)and(9)itis
. atmaximumacoelezationis.givenby,

seenthat thedisplacement
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../

~R,..----
%$= -.;. (24),. .., :,,.,-.-.,
,,,, ,’

or ,—. ,

SubstitutionOfequalzbn(23)
formaximumacceleration*

,... ,, ..~

(25)

-. ,, ., “~ti-=

.
.—

.

intoequation(21)givesthefozluul.a

:’

(26)

, Equatio&(25)and’(26)give’tbq.maximumaccelez%tlcmi.intermsof
thephysi~lpropertiesofthefloat.and,theinitialsinkingspeed.

Inord&toplanproperi@=”n&t@ in.e~e@men*~
researchworkitisdesirabletoknowthetimewhichelapsesfrom
theinstantofentrytotheihstantofy%ximumaccelemtion,The
relationshipofdisplacement,velocity,andaccelera.ttmtotime
my ‘bedeterminedbyinteg@xlngequati~,(17). .

,, (l.+iw=io “(27).“
.

or ‘

.( )1+’& dZ=,~odt
E, ‘....,,

Directintegrationgives,

or

( ‘)t=& 1+’:
0.

(28)

(30)

Theconstant,ofIntegrattqniszero,Thetimeformaximumaccel.em-
tioniso%tained~substitutingequation(23)

{31)

—
.
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Equation(30)is
for z interms
tionpurposes to

a cubicequqti6nin z whichcouldbe solved
of t. Howeye~,..it.ismoreconvenientforcalcula-
assumevariousvaluesof z andcmmputethe

associate&v@luesof’.,t. Theass,oczated.valuesof 2 and 2
canalsobeccmqyxted.Displacement,welocity,andaecele.ration
canthenbeplottedagainsttime.Graphsofthisnaturehave
Be.en,oalcula.te,dforthenumerioazexzqqplepretious~considered
md.areshowninfigurers.::- :... . ,-.. “o,.. . .-,. --
.. The$wo-&m&#i?k&~casehas~eengivenciansiderable~attention
becausethestepswhichhavebeentakensuggest,simila.rsteps
whichcanbetakenInthethree-dimensionalcase.

. .
--D-sI&Ai cti

.,, . . . _.. -
.“ :. , .-.. . .. .

The“threetidimetii.onalaz&3#sis‘&tI1-be‘rmid,efo~&L.&al
,-

pri-ticflonliofsemi-infinitelengthandinfiziitiwfdtli“wi{li
a fIat-sidedwedgebottogl.The$l@tl@gipsatthestepend
extendsindefinitqlyforwqrd.Itisa@med tohaveno.afterbom.
ThefZoat$sassumedto~intaina con&~t ~rimanglethroughout
the-et period. ~,

Infigure7an.idea~floatisshoynimmersedinthe~ter
afterhavingtravelle~alonga pathofmotionindictedbythe
dottedMne. Theoriginofcoordinatesischosenasthepo$nt
onthewatersurfacewhere’thepoint..A“ofthefloatentersthe
water.TheX-axisi.schosentobeparalleltothekeelandthe
Z-axisisnormaltothekeel.Thepositivedirectionsofthe
axesayeasshown.IiIthepositionof.thefIcatasshownthe
flight-pathanglehas;decrqasedfromthe.initialvqlue.70 ,to .,.
theinstantaneousvalueY.

ThefI.uidbeneaththefloatisshowndividedinto unit

slioesbyplaneswhicharepegendicular.*Qthekeel.3ueto~-
thelackofa satis~ac~orythree-dimepsi~lhydrodynamictheo~.
itisnecessarytoassmethatthereactiononthefbat isdue
tothemotionintheseslicesoffluidwhichhavea cauibined
widthequa~tothewettqikeellength,Itisneceesaqy.,toassume
thatthemotimofthefhid ineachs13.ceIsindepmdentofthe
motioninadjacemtslicesandthat.thedispl.acem=mts~velocities,
andaccelerationsinea@ sliceareina planenorml tothekeel.

,.,
A particularunitslicehasbeenindicatedbycrosshatching

infigu~e7. At thecenterldneofthisslicethekeelisata
distance.~,S&cmthewater:surface.““Correspondingtothetwo.‘.
..dilllensiowlt@oqyprevious~‘de’ve~op.edtheremeybeassooia~ed
witha particularsliceoffluidtiea&ii.tiongLLwatermass m
givenby

..,,
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..
!. (y) ..

,, .’ .,

It:iqwd.erst”od,%hat.the”coeffi&nt‘~~nowc&t@na.aWductiti-
factorforaspect-mitioe%l%ct,.‘ . ... .1.’. .’,s-. ..., .

,. ...‘.
TheCenterlinaof’ “tie crjxm-hq{ched-slice .in fiwre 7‘+at“ .

a M stance~ ..fromthe”leading‘edge‘M?theloadedarea.The
quantities~ and ~ areinstantaneousvalues● ThefluidIn
thecross-hatche&sliceexe~s,O?the,floa~,a forcef gfven%Y .
the.follotd.ngfcnmula:‘ ~,,‘- :‘, .... .. ‘. ‘

,. ,..,,, ,,,., .,

f’=~ (id)w q + fii’t2 (33)

Inorder
ofthefloat,the
keellengthL?.

,,.

to obtainthe
abovefOZ’IIIUk

-,

rIL

.,.

totalfcmceontheentirebottom
W beintegratedoverthewetted

,, .,. ..’
,.:

,“. .

Jo . - do “

Substitutionofequation(32)andit~derivative
,:

lL

~ L.

L
F= ~~2~~”+ ““ 2%~~2d~.

o ‘ “ ,,
,.. .

Thedfstances~ and g al?erelatedthrough,the

g=gtan T

Substitutingthzsfomuzl&intoequation(35)ad
c~s~t termsoutsideofthei~tegrals@vesj

., .ftL .?L

,(34)’ .

“, .

.

“ (3!3),.,

trimangle. “’

(30

bringingthe

. .

() ( )““=~~&2T.”$ +’27~2&+ ‘“, - , (38) .,
.,. -.,,.j,. .

,. . .,,
Itm& heqe& fr~ thedefinttionsof c and ~ thatj altiowh .
theirmagnitudesaredifferent tJkeir firstandsecond.derivative~. . -
with?WSpeCt.tQ MI?@We equal; , ;.

,/,
. ..”.

[=i, “i=z (39)
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If s iSthevzi.lueof ~ Atthestep,it.@~ be~re~ted*Othe
lengthL “throughthetrtiangle. .’

.,, ..”
s E.~’&l’l’r (!!1)

. ,., .-.,- .-.-.,-.“ :1”’-“.““
T%USequatfon(kO]my.bewritten, “

... .
,.

. . ,:

() ”.’ ..-
?&g2

F’= ‘3 E+-(as)# “(42)

—

,.:. ,,. ,

Thequantitywhichiswithinthefirst‘parenthesismayberecognized
asthemassof“ahalfccmeo?yater..This.three.dimensionaladdi-
tionalwatermassisillustYat6dtrifigure8. !lhtsmass w be
writtenas, .-... .;

( ).=s= ---z.-S3S“;S3 (43)
., .,..3 , 3-?:. ,-;: ,.. . -.

.“ .,. ,..... .. -
ThederivativeO; m @*h ~sP?c*,*Os.~~”~eVf**eny

.:” .~82”” ,...
dm—= In’= —

,2”:~,
ds ~T=3es

,.:- -“, ~ (44)
.. .,-i . . . .. . . t: . . . .C.

.

. .

Theauantitvwhichiscontainedinthesecondparenthesisof
equa{ion(4>)?rayberecoghimd..as-eqwl
Henceequation(42)~ be*it~n$

F= ti+ IIl”i2

Thisf’omulawasori@nal.ly:developed.in
formbyW. L.~jo,(~feregce:5)~”“..:.,. ..

to theabovederivative.

(45).,, .----
ap~rox5ma.te3ythesame
,!.

~ntheaboveequationttisofparticularimportanceto
notethatthederivativemf istakenwithrespectto s rather
than z asInthetwo-dimensionalcase.Theimportanceofthis
distinctionarisesfromcertainnewfeaturesofthethree-
dimensionalcaseaAlthou&.thereactionofa particularunit
sliceonthefloat3snotafteded~ thecomponentofvelocity
paralleltothekeel?then~berofw@t s~ces* the~te of
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changeofthisnumberareaffectedlythisoomponentofvelocity.
Or,fromanother’vlewpolnt,theadditionalwatermassisdetermined.
bythestepdistances whichvaries dueto k as wellas ~:
Thismatterhasbeengivenratherextensivedtscuseion‘byMayo
(reference~).

Theanalysis willbebasedontheasaumptkmthat&e hori-
zontalvelocityT

$
renmtnsconstant.Thismeansthatthe

resultantaoceleraionisverticel,Hencetheequaticmofmctlon
mustbewrittenforforcesintheverticaldirection.The
resultantvalueoftheaoceleratiop,whichisvertlczd,tsgiven
byti/COST, Theverticalcomponentofreactionforceisgiven
by F COEJT. Thisassumesthattheresultantreactionforce~s
normaltothekeel.Newton’sequatio~ofnmtlonmy ‘be..w&lttenY

Substitutionof

.,

ME—+FCOST=OCosT

equation(47)gives, :

z t.2+ticos’r+nlz coeT=OG

“(46)

(97)

‘Anequa+sionofthistype,showingconsiderablevariation,however,
wm ori@na31ypublishedbyMayo(reference6)● A singleinteP-
tionof,hiseqyationwasperformedbyMayoafterwhichrelatiqqs
bet~endisplacement,velocity,acceleration,endtimewere
okktdnedbynumerical methods.-

Itisconvenienttointrcducethe

Equation(47)may%&’’written., ., .,. .
,,

k“+(A
m Cof32T

., ,..“.::. ....”-. ~,
,,, .,,:’ ,., . .. .. .

.. ...
‘&r :--, ,.‘,,

as

dimensionless

.. .. .
,.’

●b, m’.Coa .2 * *,‘“( )z‘.,-~ “z,..

constant P as,

. ,(48),....’”

.

,i. -

. ... . (49).....,’., ..
,’ -. :..,’,. . ... . . ,,. .. . . . . .

,: -..,-1 ... ,,2..- .’”. .

(W.L)b+=o (50)
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TM.Sa+atimi ,ECW‘he..pt~n .inthe SOm, , . .
. ... .. ,, .. ..,... .-.:. -.”_.-------~““.-”--’.

.’-. ” ,- ., ..

(),“k2w””- - . .. .
, (l+v)~+.~~=~ .i.

.’, ,’ % . .. ... . . . . .-

(51)
,.”’ >:, - ~ “.* . .- . .-’,..

ItIs-w necessa~tod&&e20pexpressionsfor-& and &-‘in
termsoftheconstantvelooityVh anda convenientvariable*

.!?hefol.lotinggeomet~icrelationsareap~rentfromfigure8.

. .

.,1. .
.L,

. .

. . ,

. .

,,.

..”

‘, ,..

!2=vsin(7+T) (52)

=vSi117COST+v COS7 S&T....’” ,‘,”(53),,
=~v COST+ vhSin T (54)

(*)2~’b(~vL?OS T + v~sinT)2 ‘ ‘: . ‘
.“

+

(55)

(56)

Theratio Vv/Vh isthetangentofthefllght-pathangle.Itis”
convenienttointroducethedimpnsion~ess.variable.r -given%y
theratioof -y to:-T. ,.

,.. ,. tan7 ‘
r=~r (57) —

. .. .
iW%e flight-path’anglemayberegardedasa ‘dy%amictrimanglead

‘~‘-tl$eratio~r 5.sthe,%tio of,t*dpamic.totiestatictrimangle.
~“”Equa@on:(56),b?C~S; .. ,...).7 .,’.,. (5)2=(r+ 1)2Vh2..sin2T~“ : ,“.:(58)

Thedeythoftheyoj.nth’ ohthefloatbelowthewatersurface
atanyinstantisequal’+0’.,s C-es’‘r.Theverticalvelocityof A
naybeobtainedbydifferentiatingthisquantitywithrespectto
w-’ .H-e? . . .. ., ... ,,,..,*.“, :,. . . . . . . . ..’..”-... .“.. .”;, ., ., . ..-.

or

..
,, .:,

~vU&&T - .-—,. ;‘“(59),
.,,.....
;:’::’n~’:~f;~),.,., “., (60)- “-’”

~~~ Si.IIT ,m .“,. ......,:s .,.,., ,., r .,,> :
..f~,-...”’-<..”.~,-.,. ‘.. (62)... . t .... .“,... .=.-f’- .:-[

,. ,.
-.—



~- . .,.,. .. .. .... :. .:,-. . .,NfiuA”mNo.->437 ““-
----

—
. .. ..+ .

‘.
—

It “fademimabletodel%& thede~bttveof r ~th”respect
totime. ,

Substitutingequations(58),
givea3

(63)

(61.),and(63).intoequation(51)

or

(W.L)dr”+=cofwluo
3?

Separatingthevariablesandintegratinggivesz

.,, log(1+ r)+=&y+C082T log(l+w)=c
,. ,: .!,-..

TheoonstantofintegrationC mustbedeterminedfromthe
conditions● At t = CIithedistances 3szero,thewatermss m
iszero and,hence,H=O. Thevalueof rat t=O maybe
indicatedas r . Thisvaluewillbedetermined’bytheinitial
f’11.ght-pathangye7.,

(64)

‘(65)

(66)

initial

,. :,”.

“tamya.:: ““.’
ro=—

tanT
(67)

Substitutin~theInitialconditionsinequation(66)givesthe
valueof C, ,’

c = log.(l+ro)”+,k*-
,. .. ...

Equation(66)becopesj, .... ., ‘-H......--------
.:.:

(68)

.—

.

r.

.

lof3(1+ r)+ ~+ti + COS’%log(l+pk=.log (1+ ro)+*
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This“equattbne~hessesa r&.ation between‘%wtantmeousvalues
of w and r fora particulartrti angleanda giveninitial
flight-pathangle*Byassumingvariousvaluesof r from r.
tozerotheassoctated~luegof v -w readilybeco~utedc
Thisprovidesadtrect.rehtionshipbetweenthe”verttcalvelocity
andthedmft ofthefloat.

At thispofntintheanal.ykisitibnecessarytoreturnto
the”orlgi,nald$ffqrentialequationofmbti.on,justasinthe
two-dimensionalcase,andtoregard.thisequationasa formula
for theaccelerationintezmsofthedisplacementandvelocity.
Solvingequation(~) for l!gives,
,.

J?mmequations(44]‘imd(48)itisseen’that; -

@,. w—u—.
ds.s.’ (7N
‘.

Substitutionof’equatfons.(58)and(71)intoequation(70)gives,

(72)

A relatio~”hip%et”weenp and r whichholdstrueattheinstant
ofmsx.imumac-celerationcanbeobtained‘bydifferentiatingthe
formutifor Z tith.respectto s andequatingtheresultto.
zero.Iilordertocarryoutthisdiff’erentialxlonitisnecessa~
toestablishthederiwtiveof r withrespectto s. ,Divi~
equation(63)IW:S;givesj: ,

‘. .. .,.
:., .,, ..

drdt E—— =~
dtds (73)&~h sinT

.

Substitutingequhtion“(61)ontheright-hand.~i,degives,.

{74)
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Differentiatingequation(72)}andusingtheaboveformula,results
Inthefollowingequation,

(75)

Thequantitywithin’the‘brace“mayboequatedtozerotoobtaina
relationbetweenI.Iand r whichmustholdtrueattheinstant
.ofmaximumacceleration.Theseparticularvaluesmy be indi~ted.
as ~lm and rm.

,., ,
!? - Pm

(76)

solved for Mm or rm to

2??m
rm(l+ 6 00S2T)+ 6 Cd-T

&m (20s2 T .

2‘-(1+ 6 COEI*)I.Lm

..

obtaintheformulae.-

(77)

. .

(7$)

By Integmting“theoriginaldifferentialequattonofmotion
a relationbetweenp and r wasestab~lshedasgivenby equa-
tion(69). TMs re~tionmustholdtrueata13Instantsofthe
@act period.Eqtitlon(76)givesa relationwhtchmusthold
trueatt@einstant’,ofmaximumacceleration.Equations(69)
and(76)m~ besol~edsimultaneouslytoobtainmlutionsfor ~
and rm interms,oftheMown ~tial q~tity r..‘Theresulting
values nay. thenhesubstitutedintoequation(72)todetermine
themaximumacceleration~

Sinceequation(69)isofa transcendentalnature,no~rect
analyticalsot:utioncanbeobtainedforthemaximumaccelemt,ion.
If~endzm areintroducedtotndicaiethe“valuee of thflse
quantitieswhen.theaccelerationisa maximum,equation(72)givesj

(79)
..’

.,, ,-
. .
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Fromeqyat%ons(43)and(48)thedista.me ~ is given by,. .. . . . . . . .:... w“”\/--Sin=3
.. cC08dT
...

. .. .,
Itisrmwapparentthat,byusl.~kkericiland.graphtcalmethods
for determining~ and rm, itwouldbepo&Kbletooalculate
the.-ximumaecelerationiftheparametert werelmowniThis
parameterdeterminestheapparentnassofthewater.Noattempt
willbematieinthispaperto&iscussthevariousthooretioaland
experimentalekudies whichhavebeeqmadetodeterminethis
pu%meter. ThesedevelopmentshavebeentM.Ewussedby Mayo (refer-
ence5). A qonsiderdbleamountofbastcresearchworkinthis
field.1$s%ill.needed,

. . .
Themaximumaocel.emttmmyhe expressedintermsofvarioue

componentsoftheinltia$velooi@.Thatcqonentwhichseems
mostrationaltouseisthecomponentnormaltethekeel;which
isindicate~aa ~o. Fromequation(58)Itisseenthat,

“

.

Substitutioninto

Vhz %= *“2sin
{1+ ro)~

equation(79)gives,

..
‘rtl=-

3’02?desi.gnpurposes
accele=tlonintermsof
Usingthedefinitionof
readilyshownthat,

. .

.. .

(81) ‘-

it is mostcmvemmt toexpressthe
theresultantfnitia3.velocityVo.
r aBgivenbyequation{57)i.tis

(82)

.
V02

‘h2= 1 + ro2tan2T

mmstituti.mIntoeqya.tfon(79)@vess



.

.“20 “’”NACATNNQ.1437
.

~At’th~“ikwtamtof’.naklkumdraft”ltioflight-gath’angle”4s”’zero.
Substitutingr a O inequation(69)gfve~, .

,.
. .

f ,.... .-,
‘oCOS2Tlog(1 +“vJ“- log(1+ ro)-—l+ro (6)

., r,..,:, ,.,,,,,. -----—.:--

.-!Plmsubscript“4”isused~oliki.catethevalueoffunctionsat
theimstant-ofmaximumdraft..Foranygiven
correspbndingvalub’of J.&ncm ‘becomputed.
~my then.bed.etelq.?xhedfromequation,(80)by
~ .to.,,~a‘, :,,, ,, -,,:,.
,’1 ,, ,- ,. ,.

:,.. .... .

valueof“ro9 the
The.maximumdraft
changi~thesubscript

L

AJ?PROXIMM?EFORMUIASFQRDESIGN
_.. ..—

..<. . ..c - .. . . .- -----
.,. - . .. . . . .. . . .. . . .. . ---- . . . . . -.-= -’ -.”:. ._.-

‘ Since the.trim””a~leisa smll.anglein~orlmillandingsit
appea,z%raatiahc-fititoaewme,..cosT = 1 wherevevthieprovesto
becornw i?i;ti.W.-A3Ythikasm.uqtionthe.approxinpte#’Qrmof
equations(69)and(77)bec~~~

\, .
.,. .

log (1 -+r)+ ~~ti””+“log(1+ V)= log(1+ ro)+ *- (86]
0

2rm
wn=—~rm.+ 6-.-,

.

(87)
.

. .

A specialcaseisworthy,ofnoteZorresearchpurposes.Inthe
caseofa verticaldrop,withguides‘toMRfm@in~h= 0, the
valhieof r wi11beinfiniteat‘allinstants~ Dividing
numetitorandd6nomlnatorofequation(87)b

7
rm endsetting

rI=~ “givestheuniversalconstantVm= 2 7 forth~three-:
d%ensionalcase.!T!hIsconstantwasfirstarrivedatby
1.W.McCa@of.@eatBrltati... -.

Equations.(86)ahd(87)‘mustbesolvedsimultaneouslyfor
variousvaluesof r.;”A graphicalmethodhasbeenusedforthis
purpose.An illustrationofa part~cularsolutionisgivenin
figure9. Curienumber.,1.iEIa gr@phic!alrepnesentattmof .
equation(86)for r = 10 Curvenumber2 isa representation
ofequation(87).~&e Intersectionofthetwocurvesgivesthe
valuesof ~ and r~.for r = Z. M order:%0showthesmall
errorinvolvedhinegeoti~gt~e”effectoftmtnangle,the
dottedcurvesFsveteenplottedinfigure9 fromequations(69)
=d (77)for T = 8Q.
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Usingthemethodillustrate~infigure9,the fhncti~s~
rm wereocnrputedtogivethegrap~sshowninfigureW.

Thesefiiversalourvesareindependentofthephysto&lproperties
of!thefloatorthecoefficientwhichdefinestheadditionalwater
EE.es,

The @y faotorremtnibgtobe determine~intheformula
fOraooelerationisthestepdraft~. Thisquantityisaffeoted
bytheflcatpropertiesandthewatermasscoefficient.The
additionalwatermass~ %ewritteninthefolhwlngform:

IU=CS3= @pY@)3P (08)
.

Thefactormls
.

isintroducedtoacco~tfortheprim= effects
ef T and B wponm. Thisfactorisdeterminedfromt~eintev-
seotionof thefloatbottomwiththeoriginalwatersurface,It
definesa halfcm ofwater whichistbet?mee-d$mmsionalanalog
of the or+giml hm.dimenst

T
1 conueptof von

fromthegemetr$offigure itisseenthat8

ccl3= -*
6ta7tasL2B

.
The faomr ~g 3sintroducedintoequation(88)to@ocount

forSeO@k~ effectsof T and ~ uponm. Someoftheseeffects
arez

(1)

(2)

(3)

Thereis
rema.ra~
thetest

E$f60tofpiled-upwateri”

Dead-risesinglecorrectiontoflat-platetheoqy.

hepeat-=t%oeffeet.

a seriousneed.forboththeoreticalandexperimental
s-tudtestoestab%ishthesefaotorsaccumte~. using
evidenceavailable,%yo (reference5)hassuggeet&&be

follcwiig formula:.

(w

to 3!2°and p from 20°
the Xang.g.0.9< ap < h3~
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‘Zsi:ordertoobtaindimensionlessquantitietiforplotting
,...

purp$kea,,Itisc?tiveni~ttointroducethe@zidamentallength
parameter%. ““ .,,

. . .

1437

(9M
... ,

Dividingthroughe&ation(88)by M, &d using~equation(91)
givesthedimene+anlekb””varia.bleP as, “ ‘

,>. ,“, .

““ (al%93 (*)
.,, ,.-

,.. ,’..... - . m-

“or “’ -.=+ ‘“ - .,-
.’ ..,,,

.,, ,,. ... . .. “..3 , . . . .
?.! ,.’.

-. .-. Cqs 1 3
<

....-.
... .Te,q ‘- “ ,:.,. ‘(93),,

.—-. . .

,,’
Byusingfigure10for M thertght-handg$~eofthis;q~tton
~:hasbeencomputedfor d =0.9,1.1,and1.3.Thesetheoretical
curvesareshowni!i’fin”e“11.

r
Fora“gtvenf@at,landingata

giventrimamgleand.igl!rbpathangle,thestepdraft~ maybe
. ..,detemninedtoa.,~’acttcaldegreeof’accuracyfromthesolidlineof

>.,. ff~re11;“, ...””. <.,....’,-,.,...“’i.,..,,, .. :...>. -
Forplottingptioses,equati~18h).’mY:bewrittenin$he

!l!he.right-handsideofthisequationisa function

.
.,

(94)
. .,

of r. which
mayp,be,”mmputedand lottedforvarious.trimangIes.

5
usinga

.@veragevalueof ~ = 1.1 thisfuncttoni~plotted M $@ure32
for T= 3° andM figure13for T= X2°.-l?rcgnnzchcuqes the
M.ximumaccelerationmaybereadilydeteminedfor. a& float.

.-!

Thereactionforceisthenobtainedbymultiplyf.ng-theacceleration
bythemasqofthefloat.

Thel~gitudimldietrlbutlonof thereacti~maybedetezmdned.
-.

“T@.ozii.i.nateto,l@eIu%ddistributiondiagramisgivenby f.
Referringt~’bquaticm(33)itisspe~t&t._?aconsistsoftwo

.

parts.The;~~rst”’part2spropo~ionaltom,lmWieh,-variqsas ~2.,,.., ..... 4,. ’-” ,.

.-
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Hencethefi,rstW- “hasa“quadraticvadiliti.m”.’Thesecqndpart
hash lineartiriatbmsinoe.~:va~iesas

$
.’M&@itim” of

thefirstpartof f .givesthe+firstparto the”tot&lreaction.l?.
Thema’~itutko%.~hisfirsttartof“’~‘“i’~seentohe“h% or MM!!.:.
ConseqiientIjhe”kecontipart-of1?Wet begtmn%y’”-(1+“M)&:
Thetwo’partsof thereactionandthetrdiatribut30nareindl.cated
bY”@ diagrams’offf@.n%14:- ; z :.. ...f ,.. ....-..... ..“, ...-,.. ,,.

m&mN w TIiIwmWITE~
.,,: ‘, .’.,- ,.

Someexcellent expe&tm6ntal N’&Itshave’~een~eiently
publishedbytheNationalAdv$so~Committeefor,Ae~utiosfor
landingImpactscm smqothyate~..Thesetestswererunwitha
flc@twel@@ in poundsam @vifiga &ad-rtge_angle of22 ●5°.
ThefloatswereUnu’@edatvarious.t@mangbsandvarious
flight-patisr@es● E~rimentilvalueswillbe@ken fromtwo
reportsbyS.A.Batters=(referenceff7 and8)for T s 3°

—

ead.T =12°. Noattmpttillbetie toexplainthe‘dis&repeJ3ct&’
‘betwentheo~~“”e~e+iment.“Vbeeedisgtie~anclesinayb6dueto
~ of.anumberofcauseswhich‘arenotsuffioknt~ wellunder-“. .stood.at.present. ----.,

Infigure”Iie&erln.&talvaluesOf&f3rblatived%p di%f’t”
------

at mxi~ amelsmtion havebeenplotted.The scatteringof the”
pointstndioatesthenecessityforaccurate. displacement%~sure- “
mentsandtheneedforeffectivestatfstlqlmethodsof interpreting
hydrodynamictestdata.Theexperimentalspreadofthepointsis
greaterthanthetheoretloalsp~ead.predicted%7theWyo fomu3.a
for w. Thegeneraltrend0$thepointsfor T = 3° h higher.“
thanthatfor T = 1.20● Thisisindirectopposittcmtotheorettoal
predicticmandthereisnoapparente~-tfon ofthecontradiction.“ ‘

. .
~ figures32and13eqerimentalvalueaofrelativeaccelera-

tionhave‘beenplotted.Theagreement%etweentheoryandexperiment
isverygood.Thecurvgsareplottedforaqaveraqevalueof ~.-.-..

i’hevalueof ~
%

attheinstantof,m9xhnumdraftmaybe
computedfromthefo owingapproximateformofeqwtion(85).

,.-% ,. . ..

. . . . iog (W@’= lcdl+% o)”-;+.
,,

..’ ... :. . . Q
.-” -.-. ”.—. .-, —

(95)~
.. ...

Theright-hand~staleof,equatfon{93)hasbeencmqpute~forthree
valuesof ~ togivethecurvesshowninfigure15. Experimental
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,,

.“ “’:’-::%(*$C;$”:‘“”;:“’9;(.. ~.-....,......,.;’. .
>

. . .
,... ,..

St W, be ng$ic~.thht.& .righk-bhnd’~~de.of’“e&h’of thckeequa,,ions
is affw%t@b~”va~atioqqin T .a.I@.p ~~onlythroughthe’minor
variationsqf’thq~ecog~ryfactor~. Usinganave~geva~ue
or ~, a theoreticalcur%hasbeemcomputed foreachof‘these
equationsand CCRUWYXIwithexperimentalvaluesin ftgures16
and 17. Thegeneraltrepdoftheexperimnt%ipoints”for:T = 3? ,
is‘higherthanthat,for T =,””12°.ThisiEIina@%Mentwith
theoretictil’p~ction. Eitherof theeeourvesx be usedfor ‘
design~lX@O&l s.

,,.

Forreaearcshp~oses equations(79)and
in thefollowingforms:,

,,
,. ,,

.
,.,

. -,

1

.,‘ $l=”.%==($$CZY’,,. (Jtimam 311~ ‘“’. 0,
lp2-“.--m— (1+’rmp ‘ . (99)

,.vhe.~&,T“,1+- ;, ‘ .,,. ...

(98)..

,,

Ineachcasethefirstdefinitionof w containsquantitieswhich
nyLYbe measuredexper.jmen.tqlly.!I@eeecond“defi!ilt:tonisa function
of r. only.The O ftinctioneareuniversalfuncttwsof r.
being in no weyaffeotedby variationsin T or B. These~
f%ncticmshavebgenplottedand ctipatiedwithexperimentin’
figures18and39,1,.,.~,ese$upct$onsarenotddpbndentuponthe
properties@ thefloatorthede$hition of the additionalwater
msa ●

.
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Col’muwm” . , - .,
,.” . .

Thelandingimpactofa seaplanemaybeemalyzed?)Ymeansof
Newton’slawofmotionandeleme@awhydm@ixmtc theo~,providing
a nuniberof
assunqltions

1.The

2.The

3.The

4,The

5,The

6.The

restrictivea~sumptims“aretie ● Someofthese -
areasfollows:

intersurfaceissmootk.

seaplaneisa rigi~body.

trimangleremainsconstantdurtngthet~ct.

wedgebottomofthehullisnotflared,

finitewidthofthehullhasnoeffectonthemotion.

wingliftequalstheweightoftheseaplane.

7.BuoyancyelxiViscdsityforcesmaybenegledeil.

Thethree-dimensionalapymentmassoftheweitermy betakenas
a direct analog ofthetwo-dimensionalconcept0$elemen’k~i@ro-
-CS* ~ t~s

*
qisa solutionformaximumaccelerationmay

be obtainedwhicfis owsgoodagreementwithexperimentalreawlts.
Agreementbetweentheo~andexperimentinre@ardtodisplacements
ismoredifficu~ttoobtainandcallsforfurtherirqmovementstn
theanalyqisthroughtheoreticalande~erimentalresearch.The
maximumaccelen%tion’Isfoundto%eproportionaltothesquareof-
theinitialvelocityandinverselyproportionaltot~edraftat
theinstantofm.ximumacceleration.Thecone-t 0$’PrOPofiio~~tY
isgtvenbythetheoreticalamdyslaandisfo@ tobei~eP~dent
oftheflcatpropertiesorthedefinitionoftheaddit$cml=ter
llama●
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In thepreparationof the~phicalillustratloneof,thepaper
a numberoftablesoffunctionswerecomputed.someofthe“k%les
areincludedinthisappendixinordertoprovideassisiamce“in
further.researahstudiesgmdfordesignuseofthegraph~of ‘
accelerations.Thefollowingf~ction-i.sgivenin table X.

.,

#=log(l+ r)++ “’ “(1OO).. .

Inta%leIIaregiventhevalues’of rm and Wm asobtainedby
simultaneoussolutionofequations(%)and(87).Thevaluesof rm
were readfromtheintersectionsofgraphsandcqmot‘beconsidered
asaccurateinthelastsignificantfigure.Thevaluesof Urnwere -
notread.fromthegraphioalintersectionsbutwerecomputedfrom.“
equaizion(87)uBingthevalues of rm●

Intable111thevaluesof ~ aregiven,asobtainedby
solvingequation(95).IntableIVvaluesof cq are@venas
definedbyequation{89).TableV givesvalueeofthefunctions
$1 =d VP as definedby equations (98)and(99):

.“
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o 1.000CX) 2.1 1445398 ‘,.
I ,1 1.00440 2.2 I 1.47565

.2 1.01565 2.3 1.4g6gP

.3 1.03159 2.4 1.51793

.4 1.05076 2.5 ‘ 1.53847

?5 1s07’214‘“ 2.6 I..55871

.6 1.09500 2.7 1.57860

97 1,33.887~ 2,8 1.59816

●8 1.14334 2.9 1.61739

●9 ‘ 1.16817 3.0 1.63629

1.0 1019315 3s 1.65489

1.1 1.21823 - 3.2 1.67318

1.2 1.~4301 393 z:69118

1.3 1.26769 3.4 z.70887

1,4 1,2214 393 ., L.7’2630

1,5 1.31629 3.6 1*74345

1.6 1.34013 3●7 1.76Q33

1,7 1,36362 3.8 1.77695

1.8 1.38676 3*9 1*79332
1.9 1.40954 ‘ 4.0 I..83944

2.0 1.43194
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