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DETERMINATION (OF STRESSES IN GAS-TURBINE DISKS
SUBJECTED TO PLASTIC FIOW AND CREEP
By M. B. Millenson and 8. S. Manson

SUMMARY

A finlte-difference method previously presented for camputing
elastlc stresses in rotating disks. is extended to include the com-
putation of the disk stresses when plastic flow and creep are con-
sldered. A finite-difference method 1s employed to eliminate humer-
ical integration and to permit nontechnical personnel to make the
calculations with a minimm of englneering supervision. Illustra-
tive examples are Included to faclllitate explanation of the pro-
cedure by carrying out the computations on a typical gas-turbine
disk through a complete rumning cycle.

The results of the numerical examples presented indicsate
qualitatively that plastic flow markedly alters the elastic-stress
distribution and that, if the emount of creep is small, the eﬁ‘ect
on stress distribution is also small.

INTRODUCTION

With the advent of Jet propulsion as a motive force for air-
craft, the ges turbine has become an important source of power. In
most machinery, design stresses are limited by the yileld strength
or the creep strength of the materlal employed, together with a
certain factor of safety, and little or no analytical consideration
ig given to the occurrence of plastic flow under operating condi-
tions. Gas-turbine disks, however, are required to operate under
thermal gradients and centrifugal forces producing stresses that,
in materials currently avallable, frequently exceed the yileld
strength, resulting in plastic flow. The Interaction of plastic
flow and creep, together with the variation of thermal gradients
through a series of cycles consisting in sterting, running, and
stopping can produce stress distributions and even failures that
might not be suspected on a basis of elastic-stress analysis.

A rapid routine method of elastic-stress anslysis of rotating
disks is presented in reference 1, which gives accurate values of
the true stresses in disks, provided that the yleld strength of the
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material 1s not exceeded. The finlte-difference method.of refer-
ence 1 has been extended at the NACA Cleveland laboratory to
include consideration of plastic flow and creep, which thus allows
calculation of the true stresses in a gas-turbine disk and gives
the varigtion of stress distribution with time. The handling of
plastic flow is somewhat less routine than the calculation of the
elastic stresses in that a repetitive trlal procedure 1s regquired.
With practice, the correct value can be obtained on the fourth or
£ifth trial. The computation of the effect of creep, although in
procedure the same as the computation of plastic flow, is & direct
calculation requiring no trial-and-error procedures. Because the
method eliminates numerical integration, nontechnical personnel can
make the calculations with a minimum of englneering supervision.

SYMBOLS
The following symbols are used:
c créep rate under stress Ogs Inches per inch per hour

E elastic modulus of disk material, pounds per square .inch

h axlial thickness of disk, inches

' 3 ¢
R ratio |—=2
2 Og

r radial distance, Inches

T temperature, °p

u radlal displacement, inches

o coafficlent of thermal expansion between actual temperature
and temperature at which there 1s zero thermsl stress,
inches per inch per Op

r total creep under stress Cys 1inches per inch

A plastic increment of strain, inches per inch

plastic increment of strain in radial direction

Ay plastic increment of strain in tangential direction

AT temperature increment above temperature of zero thermal
stress,
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8, creep increment in radial direction, inches per inch
8y creep increment in tangential direction, inchea per inch
€ strain, inches per inch

plastic strain corresponding to stress Oy 1n tensile speci-
men, inches per inch

€ radial strain, inches per inch

€; ‘tangentiael strain, inches per inch

1 Poisson's ratio

a] " mass density of disk material, pound second.z per 1nch4

o stress, pounds per square inch

equivaelent tensile stress, pounds per square inch

c redial stress, pounds per square inch

tangential stress, pounds per square inch

o proportional elastic limit, pounds per squere inch

T time during which creep occurs, hours !

w angular veloclity, radians .per second

The following supplementary subscripts are used for denoting

values of the preceding symbols in connection with the finite-

differsnce solution:

n nth polnt station

n-1 (n-l)m1 point station

a  otation at smallest disk radius considered (For disk with a
central hole, this station is taken at the radius of hole;
for a solld disk this station 1s taken at a radius approxi-
mately 5 percent of the rim radius.)

b station at rim of disk or base of blades
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The following supplementary symbols denote combinations of the
foregoing symbols: .

Apn |
At n
Br,n

Bt,n )

Cn =

C'n‘ =

DD. =

D' =

G'. =

B! =

stress coefficlients defined by equations

f Or,n = fr.n Ot,a + Bron

Ot,n = At,n Ot,a + B n

Th By
My . (1 + un)gn - Tha)
En 2By v

% (rn - I‘n-l) b,

1 (L + pup)(ry - )
BT eE

Tn-1 Bpog

Pnaa (1 + “n-l) (xy - Th)
Epa 2 Bpal Taal

% (rq = Tpog) By

(L +uy )y - )
LN 2 B Thal

1 2 2 2
5 0% (ry -1y )Py by Ty 4+ ppo) By Tpoy )
op 8T ~an.y 8Tp3

FroDy ~Fp D'y
C'n Dy ~ Ch D'p

930
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o _ Fa-Cnfp
n C,D, -C, D'y

L, = _G'nDn"'GnD'n
' C'p Dy = Cy D'y

C'n Gy + C, G'y

Lia = =@ - C. D
n Dn n n
M, = D'n Hy + Dy (B'y - Py - Q'n)
', D_-c, D,
w . CmnfntCa (E'y - P'g - Q'p)
n ¢, D_ -Gy D

(M, and M', are defined in reference 1 for the special case
P'n = Q'n = o)

r - T, - r, -
. n n-1 n n-1 n n-l
P Apn ( 2T > + A na1 ('2" T > “8,n (1 fTEE )
Tn - n-l)

+ At)n.l <l - 2 rn_l

Th = Tph-l Th = Tp-1 Tn ~ Tn-l
¥n = 5r,n(2rn >+8r,n-1( 2rn-l>-5t:nl+n '

2 Th
Th = Tpal
+ 5‘lTu‘,l.'l.-l <l = 2 rn_l >

N

ANALYSIS OF PLASTIC FLOW AND CREEP

Assumptlons. - Four assumptlions are made in the subsequent
analysis: :

1, The disk material is linearly elastic up to a limiting stress
value, called the proportional elastic limit, and above this limit
plastic flow occursa.
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2. All variables of material properties and operating condi-
tions are symetrical about the axis of rotation.

3. Axial stresses may be neglected and the radial and tan-
gontial stresses are uniform across the thickness of the disk.

4. Temperatures are uniform across the thickness of the dlsk.

Outline of method. - In any thin, rotating disk, the complete
stress state 1s defined when the two principal stresses, radial 0.,
and tangential Oy,  are known at every radius. Two equations

relating these stresses to the radius are required to specify the
stress dilstribution. The first of these equations can be deter-
mined fram the conditions of equillbrium of an element of the disk
and involves no elastic propertles of the material. The second is
derived from the compatlibility conditions, which state the inter-
relation of radial and tangentlal strains. The compatlbllity ’
conditions are dependent upon stress-straln phenomena and must
therefore include any departure from linear elasticity. When
modification to allow for any posslible departure from Hooke's law
is made, the campatibllity conditions become true for any valus of
stress., The equation derived from the compatiblility conditions
thus modified, together with the equilibrium equation, 1s treated
by the finite-difference method of reference 1, and similar egua-
tlons are obtained. These equations result in additional terms in
the final equations, which are used to modify the result of the
elaestic calculation.

Whenever stresses under discussion have been calculated by the
method of reference 1 only, they will be referred to as "elastic
stresses"; where plastic flow and creep have been taken into
account, the stresses willl be referred to as "plastic stresses."

Derivation of method. - The equilibrlum equation, which applies
to both the elastic and plastic conditions, i1s

%—(rhor)-ho.b+pw2r2h=0 (1)
The elastic compatibility relations given in terms of the radial
displacement are

au _Jr "F O
€r=E= i3 + a AT (2)

og6
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and
Et=%=—’—T—r+G.AT (3)

Bgquations (2) and (3) must be modified to include consideration of
plestic flow. When a material 1s stressed beyond the proportional
elastic limit, the straln in the materlal is different from that
indicated by Hooke's law. The strain under such a load may be
considered as being made up of two components, one elastic as pre-
dicted by the laws of elastlicity and one an Increment of strain due
to the £low that occurs. Rewriting equations (2) and (3) on this
basgis glves

G ~H

du r t
€r=$=——E—'—+GAT+Ar (4)

o, ~ B G
ehz:%:-—t—-i—-—r-l-CLAT-l-At (5)

Similarly, any creep that occurs represents an additional
departure from elastic behavior, which further modifies equa-
tions (2) and (3) to

au %r "M G

CregEs g F AT + A+ By (6)
C. (TR
u b r
e‘b";:-T__"'a'AT"'At"'&b (7)

When the paramster u 1is eliminated as in reference 1,

Ap-by  Bp-By
r + T

EGo-Baramen ro) -3 om0 (8)

Applying the finite-difference method to equations (1) and (8)
end using the notation introduced in the section entitled "SYMBOLS"

glves

Cn Op,n = Dy Ot )n = Fp Op pn-1 + Gy Of,n-1 ~En (9)
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and
C'n O n ~P'n%,n=F'nOrn-1 - 6n0,na+En-Pp-Qn
(20)

The solution of the equations is facititated by the substitu-
tion of the stress coefficients Ar n» A,n» Br,ny and B’o,n

into equations (9) and (10). Proceeding as in reference 1 results
in the equations

Ca A.7.'_,11"])11 Ag,nFn Ar,n-1-Gy At,n-1 = 0

C'n Ar,n"D'n A'l;‘,n"F'n A:r:,::m-l"‘G'n Ag,n-1 = 0
(11)

Can Bron~Pn By nFn B n-1°Gn By n-1ty = 0

'n Bp nP'n By nF'n Bpon1+G'n By n-1-E'n#P'n*Q'y

All but the last of equations (11) and equations (15) of refer-
ence 1 are identical. When equations (11) are solved for Ap s

Ag,n» Bron, and By p,
Apn =Ky Ar ny + I g na

Ag,n =K'y A::-,izg-l + L'y Ag,n-1
(12)

Br,n = En By n-1 + In By n-1 + My
Bt,n = K'n By,n-1 + L'n Bt,n-1 + M'py

The symbols K,, K'p, IL,, and L', have the same meaning
as in reference 1. The M, and M'; " terms are now defined as

D'y Hy + Dy (B'y - P'p - Q'p)

Mn =
c'n Dn = cn D'n

(13)
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_C'an"'cn(H'n'P’n"Q'n)
n - C'n Dy = Gy D'y

The elastic case of reference 1l thus becomes a speclal case of the
more general problem. in which P'p, and Q'y are both zero.

Ml

(13a)

Evaluation of plastic terms. - In order to apply the finite-
difference method to problems involving plastic flow, a relation
between stresses and stralnse In the plastic. region must be esta-
blished. In reference 2, a numericel-integration method& for
computing disk stresses is presented In which elongation is assumed
to proceed at constant stress when the proportional limit is reached.
References 3 and 4 present equations for the plastic relation of
gtress to strain based on the maximum distortion theory. Relations
can be derived from the equations given in reference 4, which form
a convenlent means of finding the plastic Increments corresponding
to the stresses present In the disk. Rewrlting these equatlions in
the notation of this report and letting the subscripts 1, 2, and 3
denote the three principal directlions ln the most general case glives

b =3 [t -02) + (0 - 03)
Y =§ [(0'2 - 0’1) + (0'2 - 0'5): (14)
b3 =3 l-f% - 01) + (03 '02):

Op = -413 q(ol -62)2 + (03 - 03)2 + (03 - 07)? (15)

where the ratio R 18 defined in terms of the corresponding uniaxial
stress O, and plastic strain €p in a tensile specimen by the

relation

3€

R= a_of (16)

When equations (14), (15), and (16) are reduced to the biaxial con-
dition, which is assumed to prevail in the disk (that is, o3z = 0),
and the finite-difference notation is introduced
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R
brn =3 (Opn - Ot +Op,n)
(17)
R
Ag,n =3 (Og,n - Op,n +O,n)
2 2
Oe,n = vor,'n = Or,n Ot,n * Ot,n _ (18)
and
3¢ n
RegT (19)
e,n
Substituting equation (19) into equations (17) gives
1
n
Ar;n =2 Oe.n (2 Gr,n = o"I;,;n,)
J
(20)

bgn =3 oe,n— (204,n = Or,n)

A typical uniaxial stress-strain curve illustrating the relation
between effective stress Og,;, &and effective plastic strain €pn
on such'a curve is shown in figure 1. Investigations at the Natlional
Physical Laboratory of Great Britaln on turbine-disk alloys and
experiments by Taylor and Quinney (reference 5) were found to
correlate well with equations (20) for the range of strains over
which the volume of the material is approximately constant.

Equations (20) give the relations between plastic strains and
true stresses that will be used as the basis for numerical calcula-
tions in the present report. The method of stress analysis to be
presented does not depend, however, on the validity of these equa-
tions. As more accurate relations are determined between stresses
and strains, these relations may readily be used 1ln place of
equations (20). )

Calculation of plastic flow when no previous plastic flow has
occurred. - The determination of the plastic stresses in the disk
resolves itself into the problem of finding corresponding stresses
and strains that satisfy equilibrium and compatibility equations (9)
and (10), and biaxial stress-strain equations (20). The problem is
approached by first computing the elastic streasses, and the equiva-
lent uniaxial tenslle stress at each station 1s determined from
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equation (18). If at any station this stress exceeds the propor-
tional elastic limit of the material at the temperature at this
station, then plastic flow takes place, and 1t becomes necessary to
resort to a trisl-and-error procedure to adjust the stresses to
allow for this flow.

Assume, for exemple, the equlvalent uniaxial stress at a given
station lies at polnt A on the extension of the modulus line in
figure 2., Beocause the point A lles above the proportionsl elastic
limit (point B), plastic flow must occur. The stress and strain
must be adjusted to fall on the curved stress-strain curve that is
characteristic of the materlal. As a starting point, the total
straln In the true stress-straln conditlon is assumed equal to the
strailn at A. The stress-strain conditlion at the given station then
lies on the constant-strain line through B, or at C. The plastioc
strain €p,n is glven by CD. Values of 8y n, At,n: and P'p
may be obtained by using this wvalue of €p,ns together with the
velues of Op p, Og,p, end Og,n from the elastic calculations.

Once P'y has been calculated, new values of Oy p, O4,ns
and Og p can be computed. The new value of Og,n 1s greater

than that at point D, such as that at point E. Although the stresses
corresponding to Oe,n &t point E together with the strain CD meet

the conditions of equations (9) amd (10), they locate the stress-
strain point F, which 18 not on the stress-strain curve, so that
the physical conditions imposed by the materlal are as yet unsatie-
fied. Inasmuch as any value of €p , less than CD would give a

value of Og n @greater than that at E, CD 1s a lower limit

of €pne Similerly, because the value of Og,n calculated by
using an €p,n of CD is too great, the Increment of strain EG
corresponding to this Oe,n is an upper limit of €p,n* Inasmuch
as the true value of ¢&pp 1lies between CD and EG, their numerical
average, shown as HK, is assumed to be a good approximation. New
values of Py, Oyr,ns ot,n: and Ce,n can be computed by using
HEK for €p n, the stress at E for O n, and Oy n and O p-
Suppose thls new value of oe,n lles at the point M. Because the
gtress at M is higher than the stress at H in value, the increment HK
is too emall & value for €p p and 1s therefore established as a

new lower limlt of €p n. Further, because M is less than E, the
corresponding increment MN is a new upper limit for €p,n and the

process could be repeated again with the numerical average of MN
and HK., Similarly, if the calculation using an €p,n of HK had

resulted in a Og,; at P, HK would constitute a new upper llmit
and PQ & new lower limit. Had the resulting Oe,, been at R, EK would
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have stlll become the new upper limit of €p,n> but CD would have
remained as the lower limit. The process 1s repeated until the value
of €, used in the camputation eand the €p,n corresponding to the
resulging Oe,n &re equal.

Calculation of plastio flow when previous plastic flow has
occurred. - The equations for strain that would apply to a disk that
had already undergone the plastic strain are

er=9_1:_};_“c_’2+aAT+[Ar]+Ar (21)
ep = 2T 4 aar 4 [ag] + 8y (21a)

Here the terms [A,] and [Ay] represent strains already
existent in the material before the application of stresses oy
and O, and are constant for the calculation, whereas Ay and Ay
represent the cdmponents of plastic straln resulting from the
application of O, and Oy. In the solution of the equations by
the finite-difference method, a term [P',] appears together with
term P'p. When previous plastic.flow has occurred ocnly once,
[P'n] 1s identical with P'y, from the previous calculation; where
plastic flow has previously occurred more than once, B3 'n] is the
algebralc sum of all earlier P', terms. Thus, the previous plastic
flow given by [P'pn] may be grouped with the temperature-effect
term H'p, by replacing E'y with H'p - [P'p].

This procedure amounts to an assumption that, as the load and
the temperature change, the stress positlion on the new stress-strain
curve would be the same as if a test specimen were loaded above the
yield point, the load removed, the temperature changed, and a new
load applied. This assumption 1is illustrated by figure 3, in which
polint A represents a loading at, the first temperature condition; the
dotted line AB represents the load-removal path; the curve BCD, the
gtress-straln curve at the new temperature; and point C, the new
stress position. The total straln at this point C is given by the
sum of three stralns. The resldual straln caused by the first
loading 1is €15 €2 1s the elastic part of the straln caused by the
second loading; and €3, the plastic strain caused by the seccnd
loading. ’

When the foregoing procedure is applied, the curve BCD must,
of course, represent the true stress-strain curve at the new tem-
perature of a material that has already been subjected to the plastic

930
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oycle OAB. In general, the new stress-strain ocurve is different
from the stress-strain curve at the given temperature of a material
that has not been subJected to plastic flow; however, unless data
are available it may be necessary to assume that the curve BCD is
the stress-strain curve at the given temperature of a specimen of
virgln material.

Calculation of effect of creep. - Creep is usually defined as
the continuous deformation of material under a continuously applied
load. Experimental data on creep of various materials are usually
obtained from tests run under constant load and temperature, although
in many engineering applications of materials the more general
problem of changing load and temperature must be considered. The
deformation curve obtained in a typical test is shown in figure 4.
From this figure 1t can be seen that the deformation may be
considered as having occurred in three stages. During the primary
stage, the deformation proceeds at a decreasing rate; during the
secondary stage, at a constant rate; and during the tertiary stage,
at an Increasing rate, which proceeds until failure occurs.

Because of the lack of data on creep except for uniaxial
tenslle stress, a relation between oreep deformation and stress
must be assumed. The following equations have been used for cal-
culations in this report but, as better data become available,
more accurate relations can be used. By the use of reascning
similar to that employed in determining the biaxial components of
plastic-strain formules for the creep increments, 8p,n and B4 p
mey be written

T
n
®rm = 20, (2 %,n - O%,n) (22)
n
Bt’n = m:; (2 O't’n - C'r’n) (22&)

In equations (22) and (22a), I n Tepresents thé total creep
that would occur in time T under the uniaxial stress Cg.n It

is here assumed that for sufficiently small values of T 'f'.he creep
may be consldered as ocourring instantaneocusly at the end of the
time period.

During the secondary stage of creep, a characteristic oreep
rate c¢n exists, corresponding to the stress: Ce,n at temper-
aturs T, and I'; 1is given directly by '
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This rate 1s the value usually publlished in papers on creep and
is the rate used for the numerical calculations of this report.
During primary and tertlary oreep stages, the creep rate is also a
function of time, but doss not otherwise complicate the computation.

Once values of Bp n and B4, have been found, the values of
the Q'y terms may be determined and new values of Or,n and Ot n
may be computed. If the computed values of Oppp and Oy p+ differ
by more than a small amount, perhaps 2 percent, from the values of
these stresses before creep occurred, a shorter time interval should
be selected and additional computations made for each such time
interval required to equal the total time during which creep occurs.
The effect of creep that occurred at previous time Intervals 1s
considered in a manner similar to that employed in consldering
previous plastic flow. The successive values of Q'p, are summed to
form a term [Q'p], which gives the total effect of all previous
creep deformation so that the term

By - (e 'n:I
is replaced by
H'n - [P'n] = [Q'n]

In any calculation of stress distribution subsequent to the
occurrence of creep, the creep term [Q'n] 1s combined with the
term [P'y] as the cumnlative effect of all previous plastic
deformation.

Examples showing in detall how successlve gtages of plastic flow
and creep are computed, each stage considering all previous plastic
deformation, are given in the section entitled "NUMERICAL EXAMPLES."

NUMERICAL EXAMPLES

The numerical examples presented here represent a set of com-
putations during ocne complete start-run-stop cycle for a typical
turbine dlsk with a continuous rim and welded blades. The assumed
profile of the disk 1s shown in figure 5, together with the loca-
tions of the point stations used in the computations. The assumsd
temperature distributions and corresponding turbine rotative
speeds are shown in figure 6. Curve IV and the corresponding speed
of 11,500 rpm represent the steady-state running condition.

Curves 1 to III and the corresponding speeds represent ruming

~

0g6
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conditions through which the turbine disk passes 1n reaching steady-
state operation. Curves V to VI1 together with the respective
speeds represent running conditlions through which the turbine disk
passes when belng stopped. Creep 1s assumed to occur only during
the steady-state running periocd.

The physical properties of the disk material, including specific
gravity, modulus of elasticity, stress-strain characteristics, and
thermal coefficients of expanslon, were based on the data appearing
in references 6 and 7, together with unpubllshed data obtained from
the author of these references. The stress-straln curves were
constructed on the basis of these data and those for example I
appear In figure 7. Inasmuch as no data were avalleble on the
effect of previous plastic flow on the shape of the stress-strain
curves, 1t was necessary to lgnore such effects and to use curves
obtained directly from simple tenslle-test data. The creep
properties used in the computations were assumed, but they corres-
pond approximately to the secondary creep rates glven in reference 8.
The effect of primary creep was omitted because of lack of data.

Because the dlsk used for these calculations 1s solid at the
center, a supplementary numerical example showing the tomputation
of the plastlic-flow effect on stress distribution in a disk
containing a central hole 1s given in the appendix.,

Example I. - Example I is the calculation of the stress dis-
tribution in a disk operating under the condltions of curve I of
figure 6 and having been subJjected to no previous plastic deforma-
tion. These condltlons are assumed to represent disk operation
after the first short perlad of steady combustion, when gas tem~
peratures are high, thereby establishing a steep temperature
gredient between the center and the rim of the disk. .

The preliminary elastic calculatlion is carried out 1n
table I(a) by the method of reference 1. Two changes are made in
the tabular setup. The first change 1ls the Ilnsertion of
columms 25a and 25b immediately following columm 25. Columm 258 °
lists the accumulated values of [P'y] and - [Q'p], the total
effect of previous plastic deformation. For the present example,
this colum is zero for all stations. Column 25b is the value of
the term H'y - [P',] - [Q',], which in this example is the same
as column 25. The second change 1s the computation of M, and M'p
(columns 31 and 32), which were computed in reference 1 by the use
of column 25. In the present computations, column 25b is used. In
addition, two more columns, 40 and 41, are added. Column 40 lists
the wvalues of the proportional elastic limit ‘7y,n of the materlal
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and column 41 lists the values of GCg ,n 88 computed from equa-

tion (18). The entries in columns 40’and 41 of table I(a) show that
the equivalent stress Oe,n 1s less than O ¥,n for all point
stations except 17 to b. The effect of plastic flow must dbe
congldered at these statlons and flow at these stations modifies the
gtresses at other locatlons in the disk. With the exceptions and the
additions noted, the method of computation is the same as the method
of reference 1 and will not be discussed in further detalil.

The plastic-flow calculation has been divided into two parts
because several quantities used in the computatlon depend only on
the dimensions of the disk and can be used in all subsequent calcu-
lations involving plastic deformation. These quantities are
computed for stations 17 to b as shown by the four column headings
of table I(Db).

The second part of the plastic-flow calculation is glven In
table I(c). The first column in this part of the table (column 46)
lists the values of €p n obtalned from the corresponding stress-
strain curve (fig. 7) as explained previously. Colum 46a lists
the value of €p, used for the ensulng calculation, which for the
firet approximation is the same as column 46. Columns 47 and 43
list the values of Ay p and Ag,n» Tespectively, computed by
equaticns (20). Columns 49 to 52 are computed as shown by the
column headings and from these columms the values of P'p are
computed and listed In column 53. Column 54 gives the wvalues of
the term H'y -[P',] - [Q'n] - P'p, which is then used to compute
new values of M,; M'p, Br,n: Bt ns °1-, a’ Or n %%
and G p as shown in colums 55 £0 62, reepectively The new
values of €p,n corresponding to the new values of Ce,n are read
from figure 7 and listed In columm 46 of the second-approximation
calculation. The values in column 46 for the first and second
approximations now constitute the lower and upper limits, respectively,
of the possible strain Increments. For the second approximation,
column 46a therefore lists as the values of ¢ p,n to be used in this
set of calculations the numerical averages of the two sets of
readings from the stress-straln curve. From this value, another new
set of stress values 1s computed and a third set of readings listed
in column 46.

At this point in the calculation, two alternate procedures are
possible, as shown by consideration of station b. Inasmuch as the

average value of 4300 X 10-6 inches per inch used in the second
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approximation gave a graph reading of 1900 X 10~8 inches per inch,
the averaging procedure would indicate that the next trial should be

4300 + 3960 5 3960 % 1076 or 4130 X 106 inches per inch

This value could be used and the procedure cohtinued until the correct
value 1s found. Conslderable time may be saved in maeking the calcu-
lation, however,’ 1f a welghted approximastion is used. Because the
plastic-strain value of 3960 X 10~8 1inches per Inch gave a result
reading of 4650 X 10~€ inches per inch whereas the wvalue 4300 x 10~
inches per inch gave the reading 1900 x 10-6 inches per inch, the
gtrain 3960 x 1076 inches per inch is apparently more nearly correct
than 4300 X 10-6 inches per inch. In addition, the shape of the
stress-strain curve in the region of 3960 X 10-8 1s such that small
increases in stress correspond to large changes In straln. If a
trial calculation were made using a value closer to 3960 then 4130
(for instance, 4100), more information might be obtained than would
be obtained by the averaging procedure. The right answer is thereby
obtained more quickly. The same reasoning might be applied to the
selection of values to bhe used at the other stations for the third
calculation. The second of these two procedures has been used in
table I(c), as can be seen from the values of €p,n 1in column 46a
used for the third approximation.

Completion of the third approximation and comparison with new
values of strain obtalned from the stress-strain curve shows the
estimates of the third approximation to be nearly correct, so that
small adjustments made to compute the fourth and fifth approximations
give the final answers. A calculation equivalent to a sixth approxi-
mation is then made to colum S5S3 to get the final correct values of
the P'; terms. The stresses at the other stations a through 16
can now be computed by using the value of Ot,a found in the sixth
approximation with the values Ar p, A¢,n, Br,n: and Bt,n found
in table I(a). The values of plastic stress at all radii together
with the elagtic-stress distribution are plotted in figure 8.

Example ITI. - Example II considers the disk studies in example I
at the time that the operating condlitions have reached those indicated
by curve II of figure 6. The elastic calculations are made by the
method of reference 1 modified in accordance with the changes mede
in example I. The essentlal parts of the computation are shown in
table II, which 1s abridged from the complete calculation. Column 25a
lists the values of [P'n] that were found as the final values
of P'; in example I. Plastic flow occurs at stations 17, 18, 19,

and b, and calculated true stresses when this plastic flow is
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considered are listed in table II. The stresses obtalned as a result
of this computation are plotted in fligure 9. The elastic stresses
obtained without considering the plastic flow that occurred
previously are also plotted for comparison in figure 9.

Example ITI. - Example III continues the cycle analyzed in
oxamples I and II, at the condltions of curve III of figure 6.
Table III glives the essential parts of the calculation for this
e le, which is similar in procedure to table I. The value of
[ﬁ:ﬁ, column 25a, however, is the total of the values of P'p
obtained from examples I and II. In this example, plastic flow
occurs only at stations 17 and 18. The results of this computatlion,
together with the elastlic-stress curves found without consideration
of previous plastic flow, are shown in figure 10.

Example IV, - The steady-state operating conditlons represented
by curve IV of figure 6 are treated in example IV. The essential
calculations shown in table IV(a) wers made similarly to those in
table III except that [P'n] in column 25a is now the sum of the
values of P'y, from examples I, IT, and ITI. Because no values
of Og,n exceed those of Oy.n, no plastic flow occurs and the
stress valuss of table IV(a) are the true stresses at the beginning
of steady-state operation. However, as parts of the disk are at
elevated temperature, significant creep can occur at steady load
at statlons 16, 17, and 18, where the stresses are sufficlently
high. Table IV(b) shows the calculations of creep. Column 63 lists
the creep rate ¢, (in./(in.)(hr)), and column 64 the creep
increment I', for the S-hour running periocd. Columns 65 and 66
give the computed values of Op n and 81-,’11, respectively. The
computation then proceeds in a manner similar to the plastic-flow
calculations, as indicated in the column headings. The values for
stress obtained indicate that, for small values, creep has only a
slight effect on the stresses. Figure 1l shows the stress distribu-
tions at the beginning and the end of the steady-state running
period, together with the elastic stresses obtalned without considering
elther creep or previous plastic flow.

le V., - The conditions of example V represent one of the
conditions through which the turbine disk is assumed to pass during
the stopplng perlod., The abridged elastic calculetions are given
in table V. Values listed now represent the acoumulated effect of
plastic flow [P'nJ plus the additional effect of the creep repre-
sented by [Q'y); [Q'n] 18 the same as the Q'p computed in
example IV. All values of Og,n are less than the corresponding
values of ,oy,ni therefore no plastic flow occurs. The results of
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the calculation are plotted in figure 12, together with the elastic
stresses computed without consldering previous plastic flow or creep.

Example VI. - Example VI 1s the computatlion of the streass dis-
tribution at the temperature distribution assumed to be present
shortly after the wheel has stopped turning. The essentlal parts
of the calculation are shown in table VI. Because no flow was found
in example V, the [P';] + [Q'p] term will be the same in this
example as 1t was iIn example V. DPlastlc flow occurs at station b.
The resulting stresses are plotted In figure 13, together with the
elastic stresses computed without consideration of previous plastic
flow and creep.

Example VII. - Example VII 1s the computation of the stress
distribution in the disk after the temperature has become uniform
at the ambient temperature (assumed to be 70° F) throughout the disk.
These stresses are therefore the residual stresses in the disk
resulting from the flow occurring during the complete operating
cycle. The abridged calculations given In table VII Indlcate that
plastic flow occurs at station b and the residual stresses are
plotted in figure 14.

Discussion of numerical exzamples. - The foregolng cycle of stress
calculations 1s Indicative of the means of obtaining a complete
analysis of the stress behavior of a turbine disk. Although the
results plotted in the various figures and summarized in figure 15
do not represent the exact behavior of any particular turbine disk
because of the lack of date on the material properties and temper-
ature gradients, they do give a qualitative picture of the bsehavior
of a turbine disk with welded blades. The high residual -tensile
stress at the rim of the wheel provides & plausible explanation of
the rim cracking that has occurred in such wheels. The compressive
flow at the rim during starting and the tenslle flow on stopping
result in cyclic flow of the rim material with each start and stop
and possibly induce cracks. When accurate data are available on
creep, stress-strain curves, the effect of strailn-hardening, and
temperature distribution, quantitative analyses of disk behavior will
be available as a gulde in future turbine design.

CONCLUSIONS

A method for studying the operating stresses In gas-turbine
disks hes been presented that includes conslderation of the effect
of plastic flow and creep on the stress distribution. Results of
calculations indicete that rim cracking in turbine wheels with
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wolded blade attachments may be caused by alternate compressive and
tensile plastic flow as the wheel is alternately heated and cooled.
From the results of the numerical examples presented, it may be
qualitatively concluded that plastic flow alters the elastic-stress
distribution markedly end that, 1f the amount of creep is small, the
effect on the stress distribution is also small.

Flight Prdpulsion Research ILeboratory,
Natlonal Advisory Comittee for Aeronautics,
Cleveland, Ohio, March 5, 1948.
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APPENDIX - STRESS CALCULATION FOR DISK
WITH CENTRAL HOLE

The celculations glven In the sectlon of the report entitled
"NUMERICAL EXAMPLES" dealt with a disk that was solid at the center
and had temperature gradients such that the plastic flow was
confined to the region of the rim. Disks of other types spun under
different conditions may be subject to plastic flow iIn other regions.

Cne example of such & disk is a parallel-slded disk with a
central hole spun at a uniform temperature. In this disk plastic
flow first occurs in the reglon of the central hole. Such & disk
spun et a speed great enough to cause some flow near the hole is
calculated here.

The essential columns of the elastic calculation are given in
table VIII(a). Flow is indicated at stations a, 2, 3, and 4. How-
ever, as flow occurs the stresses farther out in the diek may be
Increased. The quantities depending on disk dimensions, together
with the first approximation, shown in table VIII(b), are found in
the memner given in the text. However, when the velues of By p

and Bg,n (columns 57 end 58) are found for the stations at which
flow occurs, new values of Br n and By ,n must be computed for
all other point stations also before a new value of O%,a

(column 59) can be found. These computations are also shown in
table VIII(b) for the first approximation. Additional approxima-
tions must be made in the same manner until the correct flow
Increments are found. The stresses so calculated are.plotted in
figure 16,

Where large numbers of ccmputations involving plastic flow at
the center of the disk are to be made, 1t may be desirable to change
the finite-difference approach to the problem in such a manner that
the calculations are made from the outside of the disk toward the
center instead of from the center towards the rim. This procedure
has certain disadvantages as a general approach to the problem of
stresses in disgks, particulerly in that it requires a greater
number of significant figures to obtain the same accuracy. However,
for speclal applicatlions it may present advantages that outweigh
the dlisadvantages 1n more general problems.
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FABIE I. - CALOTULATION OF STRXSS DINTRIBUTION FCR EXANFIE I

(a) Elastio-stress osaloulation

1 2 3 4 [ 8 7 8 8 10 11 1s 13 14
Cne Dy [ Hps
n T Pril® bn En AT, .
no | e = B2 Q- Mng ) (d)x(e) [(R)pqx(e) | (3)x(e) [ 8120F | (e)x(23)
3 x(1) |(1Bdpa3
a | 0.8000 |4.3780 30,400x10% B8.2070x1076] 0O 2.1875 584,86
g | .8250 |4.3780 20,400 B,8970 0 8.7344 | 0.08380 | 0.27344 0.87344 #13.86] 1,468.7 05,672
3| L7500 |4.3760 20,400 8,8070 0 5.2818] . 27344 27844 1,315.9 2,840,8 139.38
4 11,0000 |4.3750 50,400 B.8970 0 4.53760 | .12500 54608 .54588 B,339.4 5,655.3 456.92
5 ]1.26500 |4.2750 o 20,400 8.2970 0 5.4488 | .12600 54680 54885 3,858.4 5,984.6 749.57
6|1.6000 |4.2780 | &~ 20.400 B.B970 0 6.5485 | .12500 834688 54888 8,26%,8 8,919.2[ 1,114.9
7 | 2.0000 |4.2750 : 20,400 8.2970 ) 8.7%00| .eso00 | 1.0038 1.0938 ®,3657.8 | 14,828 3,656.4
& | 3.0000 |3.8400 5 o |%0.400 8,2870 ) 11.830 50000 | 1.,9800 B.1876 18,480 27,838 | 13,919
9 | 4,0000 |3.2750 30.400 8,8070 0 13,100 50000 | 1,63578 1.8200 28,080 46,500 | pa,eso
10 | 5.0000 |2.8B00 | % 4 [50.300 8.3020 3.00 | 15.400 .B0000 | 1.,3400 1.8378 35,887 835,847 | 31,823
1 | 5,5000 [2,2700 50.300 8,3080 7.00 113,048 .23000 58300 .87000 | =8 283 74,1906 | 18,548
12 [6.0000 12,3100 | g q [30.200 8,3840 17,00 |13.860 | .o8000 | .ss@sD 89200 | 42,543 80,911 | 20,28
13 | 6.5000 |2.,1600| S E 50,100 8,3680 28,00 | 14,040 «25000 «54000 56360 | 48,708 01,5348 | pp,p3s
14 | 7.0000 [2.1850 g a 30.000 8.4240 76.00 | 15.086 26000 563676 58,487 106,870 | g8,m7
15 | 7.5000 [2.7000 £9.600 8.5500 188,00 | 20.260 +26000 67800 .83878 | a1,218 137,680 | 34,480
18 | 8.0000 |2,7000 © S [ee.900 8.7810 308.00 | 21.800 25000 .87800 87800 | 98,401 173,880 | 43,404
17 | .8500 [2,6500 28,400 8.9550 410,00 | 21.038 .12800 .3157B +35760 | 98,6808 185,210 | 3,182
18 | 8.8000 |2.5800 - 37,600 9.1840 663,00 | 80,230 .12800 29780 +31878 | 91,952 184,760 | g5, 005
19 | 8.7500 12.1450 £26.000 09,4820 739,00 18,788 +149800 .30818 29750 | 87,019 179,770 | ge,471
b | 9.0000 {1.9100 ££.100 $.0590 260,00 |17.190 . 19500 .23678 26812 | 82,788 170,650 | 21,318
18 16 17 18 19 20 al Bg B3 B
Clgs LI Fly, a'ns
n 1/(5) (4)x(18) ﬂ**‘*(li’;(lsL (17)x(9) (17).0x(0} | (18)+(18) | (16)+(18) | (18),_,-(10) | (18),,-(18] (6)x(7)
;o.gaaggggxlo-ﬂ o.ouuwno—ao-gaﬂlﬁﬂo'ﬁ - o o x4
. 011813 .071063 0+0044410x1078|0.0065610x10-6 |0, 01895421080 037838210 D 0. 20x10-4 x10-5
5| .032008 .011613 0598811 0037010 0044420 .01agf4 O.ggguec °.88583ao °:8§§i§2 8
4 .oze808 »011513 «044408 0088810 + 0074010 017064 ,038448 + 0041120 LORE494 0
5| .032806 .012613 +03E528 0044410 .0088810 018954 .0373%8 . 0050820 027344 0
e{ .03gaes L011613 086808 0057010 0044410 JO15814 .036806 0070780 028484 0
g .gggggg 'oiiﬁla .o§9304 .0035810 0074010 017084 025448 L041120 -025464 o
. L011615 ,014803 0074010 .011102 .018814 . . °
9| .o32s98 ,011515 .011102 +00B5510 0074010 .017084 g‘aéﬁg .ﬁﬁégo :ggﬂgi 8
10| 052003 LOL1EEL 0089108 00445560 .0058810 016008 .037458 0058620 027344 24,508
11| 035003 01158851 0081007 . 00R0260 0022280 L015578 .055028 0093330 020776 56,168
19| 033118 .011589 0074802 0018630 .O0B0SS0 -013459 034978 0098280 030978 141.508
13| .C3zeeR 011628 +0063000 0017830 .0018630 015383 LOZ4047 .00972480 0351940 317,604
14| 033333 .011687 00842886 +Q018070 0017860 .013274 034040 0098030 LO81487 865.456
16| .033784 .012824 .0080811 +00LES00 .0016070 L013344 035504 .020060 .03L728 1380.90
181 ,034808 »0123121 +00B830L 0014800 0016200 01357
013671 036062 .010304 032684 £2651.88
17| .036211 012394 .00576818 .0007200 00073000 . 013044 035831 .0113B1 033872 3671,65
18| 038384 .012797 -0057754 .00072200 « 00072000 012449 037086 011604 034491 5078 .76
10| .oos4sE .013468 .00s934e .00074200 . 00072200 014204 039304 018006 038842 007 .20
bl .o48B40 .015a37 + 0087873 00084800 00074200 0168658 046087 018720 037720 571,68
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PARIE I. - OALOTULATION OF STRESS DISTRIBUTION FOR EXAWFLE I - Jontlmied

(a) Elesticestresa aalenlation - Oonoluded

T [Ty 2Eb as 27 2 29 59 2l
'y K I.n, I‘n, L'py L
-[p'pl ~ Q)]  (R0)x(10) {aa):(m)- [u;xélo}* [{e)x(2R8)~ ((e0)x[11)+ B6b )x(10) +
(24)-(84 )| PLIHQ' ) n F 8)p.1x(21) ] éu x(e1)) (80)x(8)p-11 (8)x{23) 14)x(81) 1
(28)-(BBa) ~(8)x(21) + (28) +~(88) +(28) +-(28) +{28)
a
g o azo-8 o x10-8 ~0.097TR8 0.81908 0.180%97 Q116089 0.80971 -35.788
sl o o -.11603 84887 JL8344 .15870 84120 ~43,998
4 ©® ) -.12867 L7788 .82010 9T9L9 78080 -110.57
8l o 0 -.10548 LBLE0L +15097 19039 .B0870 -143,14
8l o 0 -, 85184 64857 15344 18670 JB4LEL -176.9%
7l @ o 0 - 81774 S1990 .ERO11 23090 76080 -i42,30
8l o - 0 - 0 .B2R18 « ,30379 37670 68343 ~1,310.8
ol o . 9 - 47870 01889 , 84265 . 20000 JTT094 -1,879,1
10| %4.806 B4.908 -.48049 1.0048 LBO3PL «2TOLE 81712 -2,288,1
1| 33,2 ﬁ 33,850 -.44098 1,0853 L09R030 13450 91451 -1,491.8
13| 83.352 az,352 -.45834 ;98854 082085 10777 91768 -1,681.8
13| 17¢.10 174.10 -. 48245 94754 JOT4844 .083789 NERDPT -1,547.4
14] 347,80 347,69 -.51998 93338 .0360Q7 071187 90764 -3,189.1
18] 885,40 808,40 - TOES0 74488 .0B7RaR - QOB4B93 L9R020 -2,576.8
18(1201.0 1301.0 -.76678 JT39aR 1086013 .067878 Ja17es -5,174.8
17(1019.7 1010.7 - 75178 1.0878 030493 .0B4E0C .B8378 -1,538,9
13(1407.8 1407.8 -, 74098 1.0400 LOBDERL .084678 4078 -1,708.9
19/15R8.4 1028,4 -.7880) 1.0791 .0E8948B L004733 .D1945 ~1,909.8
biass4.4 2684,4 - 1.0038 ) . .BBA0Y -8,053.3
3 q ) .4 F7) Ev I ) T 0 41
' A A a o [ ¢
Was r,n! t.n’ Br,n' Bt.n’ t,et r,n’ t,n’ o %a,n
n .-
[(20)x(14) + |(27)x(80)n-1¢ | (29)x(33).y| (V)x(38Yny | (29)x(28)n-1|[op,p -(3601| (38)x(37) | (24)x(37) J‘_’f‘f,}gf,
(a)fg{h)l {£8)x(54)pa) |+(20)x(34)pay] *‘:Bﬂlﬂﬁ)n.l +(30):;(3Q]n-1 +(3)y +{35) +(36)
FAST ] Ty +(32)
a 1.0000 1,0000 [ 27,758 27,788 75, BOO 27,788
2 -15.299 6909 1.0000 -38,786 -18.002 27,719 7,740 73,800 /7,780
3 -18.200 1.0000 1.0000 ~78.,650 -36.834 £7,678 27,718 73,800 27,696
4 -49.077 0008 20009 -178.48 -93,431 L 27,876 27,859 73,600 87,618
8 ~81,166 9908 9908 -308,58 -172.30 § 27,447 sag 73,800 27,516
4 -75.163 09RT 99009 481,97 -264.85 4 27,208 488 73,500 27,301
7 ~196,51 L0998 90009 -681,33 ~609.63 B £6,803 7,948 73,500 7,071
= -815,85 1.1356 1.0501 -B,173.8 -1,%87.5 e 3~ 29,078 28,108 75,800 25,804
® -834.01 1.e808 1.1843 «4,188,0 -2,478.6 w v 31,808 20,669 73,500 20,635
10! -1,788.0 1.8300 1.8916 -7,B87.8 -4,613.8 s B 35,289 20,922 73,500 33,285
1| -1,637.8 1.7010 1.3388 +457, ~8,007.5 Ly -sre 21,408 73,800 55,081
18| -3,018.3 1.7071 1,45880 -11,879 -10,459 w8 39,300 29,988 73,500 54,0883
13] -5,744.9 1.68120 1.4941 -13,603 =18, 388 ° 55,889 £5,103 73,500 32,408
14| -10,788 1.7941 1.5149 -15,9E8 -26,018 2 s 33,548 15,131 75,800 89,364
18| 0, M8 1,4231 1.3860 -16,800 —8,038 i 23,808 -5,504 73,800 27,533
18| ~x7,871 1.4803 1.3807 -£0,718 -70,644 b 18,702 -41,528 73,500 53,490
17| -28,038 1.6015 1,3883 ~25, 867 ~108,070 A 18,412 ~87, 508 72,000 77,120
18| -58,664 1.6057 1.4011 -51,157 ~139,930 2 13,374 -101, 0% 70,300 108, &0
19| -43-59 . $244 38,88 -1A1,250 9,693 -141, 730 87,000 144,750
b ’ * . 9,8 2380 4,505 =174,7560 54,000 177.090

.

&%

¥z

“ON NL YIO¥N

9¢91



- e

TABLE I. - CALCULATION OF STRESS DISTRIEUTION POR EXANFLE I ~- Continned

{b) Constants determined by disk gecmatry to
be used in all pIantic ocaleulations
4B 43 44 45
n {2)/(1) (8)/(1)pq 1+ (48) 1 - (43)
17 0.015158 0.,015685 1,016 0.66438
ia .014706 .015158 1,0147 .958486
19 +014886 014706 1.0143 .88539
.013880 .014886 1.0139 085671
(6} Flastis-streas caleoulatiom
48 48a 47 48 49 B0 51 58 83
“p,n €p,n Ap,ns TR Plye
A x~ |n | {gra 46a 48a {47)x(42) (47 )p.1x(43) (48)x(44) {48),_1x(45) (49)+(80)
imstion roadfh , Keotimats) (&E?é x (&)= - o
fig.7 e -(51)+(E6R)
L2{60j-{61)j Ji8{6ij~-{600
17 o8 g0x10~%| 1s.081x10-8| -19.887xL0-6 | 0.19729x10-%| 0.00000x10"% -19.966x10-8 0.000x10-Y 20.183x10~°
1 1e ewg“1 670 305.07 -868.15 8.5009 0.19789 ~675.94 -19,350 882,50
19 /1880 1880 1014.8 ~1847.1 14,489 5.8099 -187%.6 -856.35 1B37.4
b |5860 3060 2086.6 ~30680.1 28.564 14,469 -4014.1 «1620.7 2p38,5
17| so 20 1g,.562 ~10,759 0,18034 0 =20.060 0 20.849
g 18| &90 685 402,14 -881.31 8.913% .19034 ~601.33 -16.460 _877.97
1571880 1585 1640.5 -1660.7 14,668 B.313P =1B87.3 -671.29 1836,.8
b |4680 4300 £318.1 -4208.8 32.113 14,858 ~4 555,68 -1834,1
17| eo 20 18,544 -16.708 0.19007 0 -20,088 0 £20.288
s 18| 670 avo 393,08 368,43 8.7803 .19007 ~876.83 ~19.463 66£.74
19 |1850 16880 1028,5 ~1866.8 14,807 5.7808 -16882.3 -656,63 1346,3
B 1600 4100 £218.5 ~4095.2 30,810 14.807 -4188,1 -182p,3 25658,4
| =o 20 12.585 -16,760 0,19083 (o} 20,060 o BO.BBO
4 i8] 690 580 398,99 -876,38 5.8875 19083 . -19.461 a72.90
19 |1880 1860 1037.2 ~18665.7 14,817 8.8878 , |-1888,2 -g86 .42 1234,5
b |2800 4000 £2158.0 ~3096.8 B9, 045 14.817 4061 .8 -1829,2 P68, 9
| g0 20 12,558 -10.759 0.10088 o -20.059 0 £0.249
5 18| 680 680 390,87 -878,33 5.8717 19028 -886,87 -19.480 872.87
19 |1880 1880 > | 1037.8 -1865,7 14,823 5.8717 -1883.2 .38 1236,8
b |4200 4018 £160,5 -4011,0 . 14.828 -4008.8 -1820.8 |esa2.4
17| 20 20 12,857 -19.780 0.198086 o -80,060 0 20.2850
P 18| 880 630 309,85 -8768.33 5.5714 19026 -688.27 -18,461 878.87
1p [1880 1880 10357.8 ~-1885.7 14,828 5.8714 -108082,2 -686.58 1836.8
b |4005 4016 2180.8 —4011.0 50,011 14.882 40888 -1029.3 EBCE.4

"ON NL VYIVN

99|

1T A



M

TARIE I. ~ CALOULATION OF STRESS DISTHIRUTION FOR EXAMPIE I - Conoluded
(o) Flastio stress cslonlation - Conoluded

B4 56 68 57 88 B9 80 o1 68
Hn~[2'n]-R1] LAY L) Br,n» Btyno To, a0 Tryne Y To,ns
Approx~ i, (5d)xf10) [ (54)x(8} (27)x(B7)5y | (BO)EIBT)50 | lop,5-(57)5) | (33)x(B9) | (34)x(B4) [ (6017 HB1)E
RRRORL™ | (280)-(85) | +(14)x(21) |+(14)x(20)  (28)x(88)ny |*(30)x(88)n-1 +(33) 67) (68} -(80)x(81)
+28) +(28) +sB) Hes)
I W
e g~
gj;.g.& 16 | 1%01.0x206 =3174.8 37,871 ~30,718 79,6844 87,768 18,708 ~41,628 33,490
w2H |17 | 1019.7 -1630.9 -35,938 -a5,887 ~106,070 18,41% 67,543 .
adogo |18 | 1407.8 -1708.7 38,564 ~51,137 ~1359,980 13,374 -101,080 108,400
5355 |10 | 19B6,4 -1808.6 -4p,B81 -50,607 -181,860 9,508,7 | -141,720 145,780
= b | 2864,4 -B063,3 -58,543 -50,838 313,380 4,895.2 | -174,750 177,080
£
17 | ©90.88 -1630.3 -28,374 ~86,840 ~108,500 28,093 13,619 59,484 77,968
18 | 744.81 -1444.8 ~20,608 -30,848 -181,480 10,885 -85,018 £0, 962
19 | 891.00 -1468.8 -18,154 38,886 152,400 7,836.,9 | -95,425 9,567
1 b | 4a7.80 ~1378.0 - 8,780.7 ~46,810 -184,080 4,596,0 | -67,881 00,847
17 | 999.45 -1630.3 -88,371 -85,848 -105,500 25,9857 13,720 -59,516 7,208
18 | 729.83 -1428.5 -20,185 -50,843 -121,070 10,788 -84,702 90,877
a 1o | 66l.60 -1458.8 -18,160 -38,248 -133,120 7,727.0 | -96,147 99,357
b 96.000 ~1876.5 -8,544.3 46,660 -116,540 1,506.5 | -80,413 88,807
17 | 999.46 -1630.3 -28, 571 -85,849 -106,500 25,908 12,782 69,459 77,277
18 | 744.48 14445 -80,608 s -121, 480 10,845 ~BS8,084 90,063
3 16 | sea.10 ~1465.5 ~17,086 ~38,263 -138,260 7,764,7 | -95,228 99,340
b | 896.00 -1338.1 -8,904.9 -46,761 -121,010 4,506.4 | -84,888 67,816
w 904,48 -1530,3 -£8, 37} -p8,240 ~108,500 £8,008 13,7067 -69,445 77,875
18 734,350 -1440.5 -20, 338 B4 -1£1,200 10,888 -64,780 90,688
4 1e 601.90 -1456,9 -18,177 -58,R04 -132,260 7,811.4 ~98,204 90,340
: S 207,50 ~1386.8 -9,117.9 ,781 -1P3,280 4,895.8 -87,028 2e,408
= .
17 990,46 ~1530.3 ~28,571 -25,B40 -108,500 88,008 13,794 ji’,;ég 37,%
13 754,33 =1440.8 -20,323 B44 -181,200 10,868 0
5 10 | ee.80 -1456.9 -18,177 .| -38,es4 ~132,260 7,807.8 | ~96,807 99,341
b | =e2.00 -1582.1 ~8,772.9 48, 122,880 4,696.3 | -88,686 89,072

El!1:|.:|.l value of o g 14 also substitubed for the original vilue of & 5

used in table I{a) to compute plastio stresa for stationa a to 16.

W
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TABLE IT, - ABRIDORD VALUES FROM CALCULATION OF SYREES DISTRIBUTION FOR EXANPLE II

1 [ 3 [ 7 L L0 a5b 38 28 [ 80 81
Hi,-(P !
n *n En En % b, By, R0 [ -TP ) -] opn| Tenf B -?E‘{QJ ¥r,n Tt
a| 0.6000 |4.3750 [20,700x10%| B.5060x10%6| 130 |, o ] 28,002 | 38,083 «l 85,088 35,888
27 JS885Q 4,3750 (80,700 £.508C 130 G 055G o x.0™ G x5} 36,037 | 36,069 Q x10~¥| 38,689 35,881
3| 7800 | 4.5750 [89.700 68,5060 120 0 o 0 35,073 | 34,038 0 8,588 35,887
4| 1.0000 | 4.5780 [8%.700 B.5080 130 4] 0 1} 35,614 38,044 ¢] 28,408 35,838
5] 1.800 | 4.3750 |89.700 6.5080 130 0 o] 0 35,613 | 38,831 o] 38,806 55,413
8| 1.5000 | 4,.3750 |89.700 B, 130 0 e} 0 38,370 35,875 Q 4,930 36,287
7| B,0000 | 4.3750 |89,700 8,5080 130 o] o] 0 34,746 | 35,206 0 34,538 4,887
8| 3.0030 | 5.8400 |R9.700 8.5080 130 o] o] o] 37,840 | 36,218 Q 38,781 38,783
0| 4.0000 | 5,8760 [26,700 8,8070 131 8,8400 o] B.6400 39,977 | 37,887 8.6400 39,451 37,088
10| 3.0000 | 2.8000[20.700 8.5180 138 81.060 o} 61,080 43,774 38,288| B81.080 43,149 37,700
117 8.8000 12,3780 128,800 8.85330 147 78.87¢C ] 78,870 45,410 | O7,849] T8.870 45,780 37,083
12] 4.0000 | 2. 29.600 8.5620 1685 | 1868.38 0 158,38 46,300 | 34,176| 188,38 45,867 33,581
8.5000 | 2.1800 |29.400 8,8130 197 | 264,03 o} 284,03 43,37 £8,320| 284.03 42,887 98,710
7.0000 | 2.1660 39,800 8.7000 851 | 488.04 0 408,04 59,876 18,677| 486.04 34,5435 12,080
7.5000 | 8.,7000 28,700 8.6410 320 | 613.40 0 813,40 268,038 | ~1E,100f 813.40 85,084 ~12,673
8,0000 | R.7000 |87.800 9.0880 461 |1384.8 0 1354.6 18,476 | -47,587|1384.6 19,804 -47,041
68,2800 | 2,5800(87.300 §.2860 579 | 0b0.14 20,280 2.80 18,843 | ~70,30.0| 838,94 16,301 -87,810
8.5000 | 8.3200|24.400 9.4200 700 |126%.8 a78,87 679,33 13,480 | 80,687 380.08 15,031 -75,0035
B8.7800 | B.1480|24.700 9.8870 848 116895.1 1228,58 580,60 10,1982 | -81,6656| 251.64 0,988 -78,108
9.0000 1 1.9100120.700 9.84900 1030 190882 29884 =024.10 7,052 | 51,545 =108.13 - 7,062 -26,196

‘ON N1 VOV¥N
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1 g ] 4 7 28 364 21-]] 5B 59 54 [:0s] 81
t 1
*n tn Bn a 8%, BT A A B Ll IR Il TounE'n ’{fp}‘fﬁd %r,n “en
had n

2 0.8000 |4.3780 [28.000x108|0.82a0x10°% | 330 44,438 | 44,435 _g| 44,410 44,418
2| .62BO |4.5750 (20,800 8,8280 230 0 x93 o ngd [5} A0 44,381 | 44,408 0 x10 44, 44 44,364
3 L7800 |4.5780 |88.800 8.8260 330 o] o} o] 44,877 41,35% o] 44,880 44,3482
41,0000 |4,37E0 [28.800 8.8P80 330 ] 0 0 44,068 44,850 V] 44,049 44,231
all,8500 |4,.5750 |29.800 8.8e60 30 4] 0 Q 43,802 44,079 o] 43,785 44,0683
6| 1.8000 |4.5750 |eA.800 a,8860 320 1} 0 0 42,480 | 43,884 0 43,4082 43,867
7| 8.0000 |4,3750 (28,800 8.8260 330 o 0 5} .685 | 43,301 a 4,638 43,364
B 3.0000 | 5.84050 128,800 &.58250 331 2.5000 Q ©.5000 45,497 | 44,189 9.8000 45,478 44,241
9 4.0000 |32.2750 [20.700 8,380 334 48,800 0 48,800 48,300 | 44,8351 46,800 48,377 44,842
5.0000 |3,8800 |88,700 8.3820 368 | 180.80 9 150,50 62,198 | 43,481 150,80 58,178 45,450

5.8000 | 2.3720 |BB,800 68,8890 369 | 160.80 9 140.60 64,778 | 41,188| 180.80 54,749 ,1
8.0000 |8.2100 }BB,400 6.9310 385 | 247,70 0 247.70 54,088 | 35,B88( 847.70 ,052 35,533
§.8000 |2.1600 |28.200 C.9880 436 | 3%4.%0 0 394.80 80,086 | 28,228| 254.80 50,038 26,08
7,0000 |2,1660 |B7,900 9.0830 4196 | 887.80 0 5a7.60 44,243 g,aag 587,80 44,812 0,635
7.3000 | R.7000 127,300 9.2280 BBl | 681,80 0 851,80 yROO | -15,112| 8E1,.90 89,176 -18,138
a8,0000 | 8,7000 |38.400 0,4300 700 [16832.0 0 1232.0 21,368 |-44,828(1938,0 21,3520 -44,851
8.2500 (2.5500 28,700 S.84CC KL T¥%.00 14i.1v 638,31 16,041 |-08,888| 633,54 18,088 =-87,881
8,5000 |3.3800 |24.600 B.6780 849,80 ae,12 77.68 14,659 |-5B,758 91,368 14,888 =-58,548
6.7500 |£.1480 |22.400 0,8410 55 |1135.8 1243.5 ~309.80 11,807 |-44,488| 200.54 11,807 -44,478
9.0000 |1.9100 |19. 10,038 1080 |1384.1 8133.4 =809, 30 9,330 |-291,474|-800,.30 9,330 ~£21,405
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TABLE IV, =~ CALCULATION OF SHAES3 DIATAIBUTION POR EXANFLE IV
(a) Abridged values

4
,

B¢

1 g B -1 i a6 2Ba 26b 38 59 e 78 a”)
‘ T - 17,0 -1Q)
n Ty by En I aT, By |lEgHQY Hip-(pt24Q v,n | Tt,n = Qg Tryn “%,n
a| 0.5000 |4.3750 }27,800x10%]0.1470x10-8 | B20 | 0 moH o =0 46,008 | 46,006 48,006 48,008
2| .6960 |4.3750 £7,800 9.1470 5% | © 0 0 x10°8| 45,932 | 45,674 0 x10-% 46,051 48,973
5| .7500 |4.3750 [37.600 9.1470 B20 | o o 0 45,848 | 45,830 0 46,547 45,929
4| 1.0000 |4.3780 }7.800 9.1470 520 | o 0 0 46,837 | 45,800 0 46,636 45,808
§ 1.8600 |4.3750 [B7.800 9.1470 530 o} [¥) o] 46,57% | 45,860 0 45,378 45,849
6] 1.B000 |4.3750 87,800 9.1470 B20 | 0 0 0 45,051 | 45,466 0 46,050 45,454
7| 8.0000 |4.3750 [87.800 9.1490 821 { 10.R00 0 10.200 44,104 | 44,808 10,800 44,195 44,697
B 3.0000 |35.8400 7,400 9.1680 B27 | 50.700 0 £9.700 46,959 | 44,410 58,700 46,858 44,418
9| 4.0000 |3.2780 127,800 9.16840 583 [161.00 0 161,00 49,449 | 48,607 | 161.00 49,448 48,606
10{ 65.0000 |B.8800 [B7.300 9.2380 B87 |343.80 0 345,00 52,320 | 57,156 | 343,00 58,588 37,184
11| 6.5000 |8.3730 B7.100 9.2820 814 (278,40 0 278,40 54,107 | 52,687 | £76.40 54,105 52,836
18| 8.0000 |8.8100 [28.800 9.3380 840 (361.30 e 361,30 52,668 | 95,030 [ 361.30 52,666 26, 028
13| 6.5000 |8.1600 [6.800 9.4080 893 [480.30 0 489,30 47,980 | 14,400 | 480.30 47,918 14,300
14 7.0000 {£.1B80 23,800 $.5000 780 1605,30 ] 605,50 41,517 837 | 606,50 41,616 ey
15| 7.8600 |e.7000 28,100 9.6100 819 |745.80 0 746,80 2780 |-10,805 | 746.80 26,778 | -19,804
16| 8.0000 |2,7000 [23.800 9.7480 05 |e51.30 0 861,30 10,148 |-38,687 | ©561.%0 19,145 | -38,6238
17| 8.2800 |2.8800 R8.700 9,9570 o84 {70B.70 186,17 539,63 16,107 |-45,488 | B35.E4 16,106 | 4B, 443
18| 8.85000 |2.2800 [p1.200 9.9120 1007 [4563.80 828,44 -404,84 18,800 [-32,446 | -406.17 13,160 | -spla1s
19| 8,7800 |2.1450 he.800 L0007 1086 |886.60 1534.0 ~648.40 21,002 |-18,654 | -647.94 11,003 | -1a.p3s
bl 9.0000 |1.9100 B7.900 L0.109 11%0 [758.00 2163.4 -1407.4 9,240 10,470 | -1408.5 9,354 10" 470
(b} Oaloulatilon of effect of aresp on Iinal stresses
[i}] 84 65 [T g7 8 £9 70 [al
n eq L a4 dr, &0 '
(63138 |81 rre(30)- (5o {88)— ateioe)-(san| (62)=(42) | (88)_ xtem)] (s6)x(se) |(86), 1x(s6) | {ET)e(se)-
17|  0.8x10-5] 1.0x10-8 0.70E28x10"® -0,86766x10-8 0.010641x10-6] 0,00000x10~8| -0,98237x10%[0, 00000x10"8  |0.90301210~8
ie .3 1.6 1.0848 -1.4396 015983 .010641 -1.4808 -, 283500 JE3429
19 .2 1.0 0248 -,91800 JOL1484 .018083 -.03113 -1, 4184 -. 45985
o] o 0 0 0 0 011484 0 -. 90488 -, BPE42
i) 73 T4 78 78 ard 78 T
H'-t?'%-;{&'n.‘l 1 Hns e ey ‘-'t.n' u_—t,g! L Tn
L 72)x(10)+ 178 )xtg) + (R7)x(7T8)p 1+ | (B9)x(TB 4
n n-1 -1+ |[e= . <(7B)p] | (33)x(77)#{75) (34)x(77 34 (78)
(25b)-(71) ez n {asy TP
14)x{=zo)d + (26)](38)x(76 )n- 30)x(78 )n- s
Te o) Ge)xraos | (O)xfrdlas | ™uiag,
17 638.54x1070 -2489.1 -18,076 -53,373 ~105,190 46,008 16,105 -48, 443
18 -405.17 -2247,2 7,607.5 -59,834 -91,838 13,199 -32,418
19 -647.94 -2306.2 11,751 -69,520 78,073 11,003 +16,538
Y -1408.5 -g830.7 23,868 -80,379 =50, 065 9,554 10,470
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TABLE V. - AFATDGED VALURS FROX OALCOLATION OF STRESS DISTRIBUTION FOB ELMFIE V

1 =] -] ] a6 =1 8 25b 39 54 a)
HY ~iPij-(Q7 ]
a| o, n, Eg, a, B, Ry | By -tPy-qe ) %,n| Zopr) n %,n
al 0.5000 | 4,5780| 8.600x10% 8.8280x10-0 pe,285 22,285
2| .6850 | 4.3780|¢8.800 8.B300 B.4 0 x10-0 9.49 x20-8 28,023 9.49 x10-8 a9,08%
3| .7200| 4,2750|28,600 8.8310 f.18 0 9.18 21,811 .18 al 811
4} 1.0000 | 4.3750|28.800 8.8330 9.50 0 9.50 21,845 8,60 21,646
6| 1.B500 | 4,3730[28.700 8.8300 37,28 o 37.56 20,887 37,38 20,687
6| 1.85000 | 4,3750|28,700 B.8440 28,22 0 20,92 £0,085| 25,33 £0.005
7| 2.0000 | 4.3750|26.700 8.8830 84.50 0 84.50 18,160 84.80 18,180
8| 5.0000 | 3,8400|25.800 8.6970 2e8.70 0 826.70 14,140 228.70 14,149
©| 4.0000 | 3,8760|28,300 8.9830 334.78 0 334,79 8,3 334,78 8,500
10| 5.,0000 | 2.6800]23,100 2.0240 4£6,09 Q 426.09 1,010 420,09 1,010
11} 56,8000 | B.3720|R8.,000 9.0850 254,87 0 254.27 -3, 348 254.27 , 340
12( 8,0000 | 8.8100|e7.800 £.1120 BA7,96 0 287,78 -8,724| es7.76 5704
6.5000 | 2.1800]87.800 9.1820 300.42 0 309.48 -14,887| 309.42 -14.887
7.0000 | 2.1550(£7.40 9.2140 338,09 o 332,00 -21,882| 338,09 —B1.662
7.5000 | 2.7000 GO 9.8780 566,97 0 366.97 -29,BAT| 268,87 -20.887
8.0000 | 38,7000 9.3330 20L.74 0 301.74 -57,781| 391,74 87,781
8.2200 | 8,5600 9.3680 £07.97 167,16 40,840 -37,430| 40,840 -7 428
8.5000 | 2.3800 9.3990 220,02 888,97 638,97 -18, %93 | -838,07 -18, 303
8,.7500 | 8.14580 9. 4400 233,78 [1333.8 -1100.8 9,833 |-1100.56 I
9.0000 | 1,9100 98,4900 244,38  [3168,6 .1918.5 55,858 [-1918.5 55 688
TABIE VI. - ABRIDOED VALUES FRCX OALOULATIOR OF STRESS DISTHIETTION FOR EXAMFLE VI
1 [ 85 £oa [ 39 54 81
. ~CPT 1Tt
n n
n| o, n o H [P HQr | Y -LP72-1Q1 ] %
’ - Ply tn
a| 0.8000 [ 4.3760]20.300x10Y &,87680x10-8 3,616
8| .8%80 | 4,3760 8.8770 8.01x10-8 o0 xw0¥  Bs.51x108 5,878 8.91x10-8 g'ggg
sl 7800 | 4,3750 8,5790 9,15 0 9,15 3,180 9.15 3 004
4| 1.0000 | 4.3750 8.8340 87.20 0 87,20 8,680 | ev.20 2,888
g| 1,3500 | 4.3780 8.6880 27,03 o 27,05 1,958] av.05 2’ 000
8| 1.5000 | 4.3750 8,6030 £7.50 0 R7.30 1,408 27.30 1,536
7| 2.0000 | 4,23780 8.7010 45.48 0 43.48 BE7 |  45.48 ‘800
8| =.0000 | 3,8400 8,7180 100.44 0 100.44 ~1,301 | 100.44 -1,180
9| 4.0000 | 5.2750 8,7370 100,84 0 100.84 -3,144 | 100.84 -2.980
5.0000 | 28,8800 B.7560 110. 0 110.88 ~5,860] 110.28 -6.087
5.5000 | 2.3720 B.,7640 45,11 0 46.11 -6,005] 46,11 -6, 907
6.0000 | 2.2100 8.7730 56,86 0 £5.98 -7,186] 55,26 -8 vo1
€.5000 | 9.1800 8.78%0 46.68 o 46,68 -8,043| 48,88 7' 84%
7.0000 | 28,1560 8.7910 BB, 46 0 865,46 -9,160( 66.48 a'otm
7,5000 | £.7000 8.7980 48 .48 0 48,46 -0,019| 46.48 -9,831
5.0000 | 8.7000 8,8080 55,98 0 B6.98 -10,889 | &5.98 10 702
8,8500 | 2.5500 8.8140 88.04 167,186 -130.18 -8,786 | -136.18 -3, 584
g.gggg 2.3800 B.8170 18,60 888,87 -840,37 17,13 | -840.37 17,389
. 2.1480 8.8880 £8.09 13335 -1208,4 63,554 [-1
. . . ’ -1306.4 83,740
9.0000 | 1.9100 8.8260 27.79 2162, 5 £154.7 118,800 |-1461.0 93,872
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TARLE VII, - APRIDGED VALUES FROM CALCULATION OF STRESS DISTRIBUTION FOR EXAMPLE VIT

1 2 [ a 7 28 26a 25 =3 59 [:19) B1

- Hy-r7g-1a1d -
n| =g By X, a, AT, Bn PRy mp el opn| a| Rl Tr,n t,n
a | 0,8000 [4.37580 & ~2,468 | -8,468 .| ®.3568 -2,356
2| .6250 |4.3780 0 x10 0 xd%| -2,488] -8, o x10™°| -3,358 -3,366
2| 7800 (4.37830 0 0 -2,468 | -8,4a8 ) -2,304 -2,368
41,0000 (4,5750 0 0 -2,468 | -8,468 0 -2, -2,366
5| 1.2800 (4,3750 ©_ $ 0 0 -2,468 | -2,468 ) -3,386 -2,366
8| 1.5000 (4.3780 g o 0 ) -R,468 | -3, 488 0 -2, 386 2,358
7| 2.0000 |4,3760 L E o o ) 0 -8,468 | -3,488 o -3,386 -8, 368
a8l 5.0000 {5.8400 g o . 0 0 8,770 | -27814 0 2,655 | -.498
0| 4.0000 |3.2750 A E e " 0 ) -3,183 | -2,840 0 ~3,039 -2,780
[10 | 5,0000 [28.6800 2 y o o} o -3,719 | -5,19% 0 ~5,608 -3,040
11 | 5,56000 |3.3720 " @ § E o 0 4,802 | -5,428 0 -1,012 | 3873
12 | 8,0000 [8.2100 - " 0 ) ~4,437'| -3,804 0 -4,2337 -3, 448
13| 8.5000 |3,1800 B " 3 g 0 0 “4,475 | -3,708 0 -4,373 -3,837
14 | 7.0000 (.15650 g 8 8 g o 0 4,432 | «3,768 0 -4,233 -3,B9R
16| 7.5000 [8.7000 B s 0 0 -%,818 | -3,478 0 -5,559 -3,318
16 | 8.0000 |8.7000 0 0 -3,515 | -5,479 0 -3,356 -3, 531
17 | 8.£500 |2.85800 § 1687.18 -167.18 -3,844| 1,380 -187.18 -3,478 1,510
18 | 8.8000 |2.2800 4 858.97 -B588,97 -3,378 | 26,812 -B28,87 ~3,169 28,677
149 | 8.7500 [2.1480 1335.6 ~13533.6 -2,202 | 66,023 | -133%,8 -2,08% 86,166
b | 9.0000 [1.9100 1488.8 ~1488.8 o107,180 | -047,81 ) 91,189

TAPLE VIII. -~ CALOULATION OF STRESS DISTRIBJTION FOR PARALTXL-SIDED DISK
(a) Abridged valmem

1 B [ 3 7 T 268 255 20 40 41 ag a1
B Tn by E % AT, By ety JEG-IPRRYY o | Ty | % e, %,n “t,n
a2 10.5000 0]|176,040 176,040 0 184,580
21 .ees0 31,680|142,820 126,880| e4,882 |137,180
53| .7500 “f) 48,400 (124,880 109,050| 41,510 |1e4,510
412.0000 84,973|108,250 ¥2,802| 60,032 |111,830
b11.8000 3 o o o e 74,3%4| 91,000 84,808| 72,849 | 9%, 077
8 |2,0000 g & - - n » 75,607| 843,873 § 81,704 74,825 87,813
7 18.8000 r & " 1 " ] 74,187| B2,e68| © 79,119| 73,888 84,008
8 [3.0000 = = o . o o 71,389 80,2758| g 76,216| 70,578 80,503
| 9 |3.6000 o I q g 87,582 77 2aal 9 72,658| &7,28¢ 77,569
10 |4.0000 ] ] 2 8 3 k-] 3 68,802 74,080 ,, | @89,186| €2,700 74,380
11 14.5000 o o o g g a g 57,471 70,878 @ | ee.ced| 57,32 | 70,845
18 6.0000 g g E 8 K] S g 81,202 64,782 w» | 60,551 851,885 | 67,000
13 | 5.6000 a £ 44,473| 62,880 g 55,827 | 44,400 62,847
14 |6.0000 2 ] 36,954 | B2,1683 B60,970| 38,583 58,320
15 | 6.6000 E; E o ea,711| 83,217 B 48,219| 28,678 53,476
18 |7.0000 © 19,813| 48,103 § 41,873| 1@,792 48,849
L7 {7.8009 10,248| 42,818 39,4331 10,232 43,854
b 18.0000 o| z8,882 36,862 0 8,919

0g6

o¢

*ON NL YI¥N

9¢9|



®ARIE VIII. - CALCOLATION OF STRESS DISTRIBUTION FOR PARALLEL-SIDED DISK - CGonpluded

{v) Calomlation

for first approximation of plaestic-stresa distritution

48 (1] T 45
n (8)/(1) (9)/(1), 4 1+(42) 1-{43)
a
2 0.10000 0.12500 1,1000 0,87600
3 08333 10000 1.0823 90000
4 (12600 18670 1.12850 LO3333
48 468 47 48 49 50 53 62 53
Ep,::x ‘p,n hr,n ‘*t,n Plas
Bl ETn, | (ortimeel dte) x| (Al 5 (47)x42) | (47)px43)]  (48)x(44) | (48)nx(43)]  (48)*(60)-
Tia. 7) [2(38)-(38)) | [ 2(38)-(38)] (61)+(62)
a |1800x10~8] 16800x10-3 | ~900,00x10~8 1800.00x10-8 .
2| 660 560 -168,08 557 .56 -168.808110~6 | -112.80x10~6 | 6501,32x10-8 1676.0x10-5 | 884.57x10
3| 300 300 -38.59 £276.95 ~3.2150 -18,806 300.08 483,80 182,75
4| o 0 0 0 0 -5,45%0 0 230,78 224,34
54 113 56 57 B8 59 80 81 52
oy -eg-lag My Ml Br,n' St,nr Tt,e’ c-l‘;n’ %,n’ %e,n’
n P, [(84)x(10)+  [(B4) x(B8)+ | (a7)x(87) (89)x(67)p3 [on p~(67),] | (33)x(89) (54)x(69) |[ (go)2+(61)
o (L4)x(820 | (d)x(e0¥) | . . (503 x(BE) - PN . R
(25b}-(53) +(26) +(36) +88)x(68)yq | VTV 0L + {33y +(b67) +(58) W (60)x(61)
+{66} +{68)
&
8| -884.87x010-8  £,144.1 25,400 2,144.1 25,459 158,510 138,610
5| -185.78 . 4,475.8 5,639, 24,500 27,816 125,700 124,390
4| -3eé.54 101.8% 6,529.7 9,836,0 25,878 a 43,881 122,980 107,930
5 0 -1,878.7 i796.88 | 12,436 19,888 o 81,477 109,960 25,480
8 0 -2,841.2 -1,050.8 11,424 17,081 3‘
7 ") ~3,433.5 -1,%08,6 9,013,.8 14,866 n
8 0 -4,918.0 -1,581.8 £,667,5 18,309 N
9 0 ~5,006.0 -1,709.8 1,8555,.5 9,518.1 o
10 0 -5,800.8 -8,045.1 -3,520.3 8,510.0
1 0 -8,507.3 -8,800.8 -8,889.8 3,176.3 g
12 9 -7,395.5 -8,534.7 | -15,136 ~B18.0
13 0 -8,104.8 -2,778.8 | -£8,060 -4,578.8 |
14 0 -8,904.4 -,081.% | -29,857 ~9,009,.8 8
15 0 -9,704.8 ~3,268.0 ~57,933 -13,814 @
18 0 -10,506 ~3,607.8 | -46,886 -18, 984
17 0 -11,%98 ~5,7680.1 | -566,454 -84,850
B 0 -18,197 -5,002,5 | -88,717 =30, 463
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€ .
and plastic strain p,n

Figure 1. - Unlaxial stress-strain curve showing relation

between stress aB,n
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Figure 2. - Unlaxial stress-straln curve illustrating procedure
used to find correct value of plastic strain.
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Flgure 3. - Unlaxlial stress-strsin curves showing components of

strain when plastic flow occurs a second time.
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Time

Figure 4. - Typlcal deformation-time curve from a constant-
: temperature, constante~load creep test.
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Figure 6. - Cross saction of disk used for numerical examples showing location of polnt stations.
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Fi o 6., = Assumed temperature-distribution curves and corresponding turbine speeds.
Curves I, II, and III are consecutive starting oconditions; curve IV represonta
steady-state operatlon; and curves V, VI, and VII are conseocutive stopping
conditions.)
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Figure 7. - Stress-strain curves of disk material for various
temperatures.
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Figure 8. - Stresses in turbine disk under conditions of curve I
of figure 6.
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Figure 9. - Stresses in turbine disk under conditions of
curve II of figure 6.
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Figure 10. - Stresses 1ln turbine disk under condltlons of
curve III of figure 6.

41




42

Stress, 1lb/sq in.

Stress, 1b/sq in.

NACA TN No. 1636

80x10°
S btiunting L8
—— —3&@\ ~ {
40 e N
X \\ Radial
. ‘\\v N stress
R
\{
0 \ /
Plastlc stress \\ //

0 ———— Elastic stress \ -
(previous flow Tangential
neglected) \ _ stress

N
-8
© 2 4 6 8 10

curve IV of figure 6.

Radiel distance, in.
Figure 1ll. - Stresses in turbine disk under conditlons of

(The stresses before and after creep

occurs coincide within the accuracy of this plot.)
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Figure 12. - Stresses in turbine disk under conditions of
curve V of filgure 6.
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Figure 13. - Stresses in turbline disk under condltions of
curve VI of figure 6.
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Figure 14. - Residual stresses in turbine disk upon completion
of one operating cycle.
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Figure 15. - Plastic tangential stresses in turbine disk

during one running cycle.
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Figure 16. - Stresses in parallel-sided disk with central hole.




