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TECENICAL NOTE NO. 1678

THEORETICAL WAVE DRAG AND LIFT OF THIN
SUPERSONIC RING AIRFOILS

By Harold Mirels

SUMMARY

An approximete linearized solution is presented for the wave
drag and lift of an airfoil generated by rotating & thin supersonic
profile about an axis parallel, or nearly parallel, to its chord.
The serodynamic coefficients are obtained from a surface distribu~
tion of sources, of strengths proportional to the local airfoll
slopes, about a cylinder whose radivs and chord equal those of the
original ring alrfoil, This source distribution satisfies the
boundary conditlions when the part of the wing within the forward
Mach cone from & polnt on the wing surface departs only slightly
from a plane., The solutlion 1s therefore accurate for ring airfoils
having chords that are small in comparison to the radius of rotation,

The lift coefflcient of thin supersonic ring alrfolls, based
on the airfoll-surface area, ls one-half the Ackeret value for a
two-dlmensional wing of Infinite span. The drag coefficlent is
equal to the sum of the Ackeret value for the given profile (with
the ring ailrfoil at zero angle of attack) and the induced drag
coefficient, These coefficients are probably within 5§ percent of
the correct linearlized values for ring airfolls whose chord-rasdius
paremeter (chord divided by the product of the radius and the
cotangent of the Mach angle) is within the range fram O to 0.20.

INTRODUCTION

The linearized solution for the aerodynamic coefficlents of a
thin supersonic alirfoil whose chord elements form a £lat surface is
currently in an advanced stage. Conical superposition has been
extensively used to determine performance when the plan form 1s
bounded by stralght-line segments. Surface source distributions
have been used to develop analytlicel and numerical methods of solu~
tion (references 1l and 2) for an arbitrarily shaped plan~form
boundary. However, airfolls whose chord surface is not flat have
been comperatively neglected.
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Wave drag and 1lift are evaluated herein for the supersonic
ring alrfoll generated by rotating a thin sharp-edged profile
section about an axis parallel, or nearly parallel, to 1ts chord.
The chord-radius ratio of the ring airfoll 1s assumed to be small,
A swxface source distribution, as originally proposed in refer-
ence 3 for essentially flat alrfolls, 1s used as the basls for the
enalysis, The limiting chord-radius ratios for which this source
distribution gives a valld linearized solution are estimated by
compering the results for the external swface of the ring elrfoil
to those obtained by the nmumerical method of reference 4. The
ring airfoil in subsonic flight is consldered 1n reference 5.

The investigation, conducted at the NACA Cleveland laboratory,
wasg completed during December, 1947.

SYMBOLS
The following symbols are used in this report:

Cp drag coefficlent based on wing swrface, -l—D—
' ZPU2 2aFc

skin-friction dreg coefficient based on wing-surface axrea,

friction dreg
% 0% 2x%o
CL 11 coefficient based on wing-surface aresa, - L
-z-pUa 2xTo
c pressure coefficient, incrementel pressure
P T 2
2°
c Wing choxd
drag
1ift

froe-stream Mach numbex
local source strength per umit area

Hl @ =2 U

mean radius of alrfoil
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area of integration

t meximm profile thickness
t/ec  thickness ratio
U free-stream veloclty, taken in positive x direction
w perturbation veloclty normal to source surface
x, ¢
¥.n Cartesian coordinate system
2z
x, §
r cylindrical coordinate system
6,w
. angle of attack, radlans

angle between chord of profile section and axis of ring

airfoll, redians

cotangent of Mach angle, (YM2-1)

A local slope of wing surface with respect to direction of
free-stream veloclty

o) free-stream density
(o) local slope of wing surface with respect to chord
o perturbation-velocity potential
Subscripts:
e external surface of ring alrfoll
i internal surface of ring alrfoll
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METHOD OF ANALYSIS

The linearized equation for the perturbation-veloclity potential
of an irrotatlonal, compressible fluid is given by

(- )axz 3 i‘g-o (2)

A gemeral solution of equation (1) can be obtained from a surface
dlstribution of sources. The potential 2t a point in the flow fleld
is the sum of the contributions of the elemental sources In the
forward Mech cone from that point. If the source surface is in the
X,y plane, the potential at a point in the x,y plane is given hy

P= -~ qudn (2)
| Vix - )2 - 2 (y - 1)2

where ¢q 1s the function defining 'bhe' source-strength distribution,
The coordinate system and the limits of integration are lllustrated

in figure 1l(a).

The induced normal perturbation veloclty at & point on, or an
infinitesimal dlstance from, & plans containing sources ls simply
a function of the local source strength and equals ax. (See
reference 3.) Thus, if a planar distribution of sources is to
repregent the flow about the top or bottom surface of a thin super-
sonic airfoil whose chord surface is flat, the boundary condlitlons
are satisfled by setting

Moy B 3
ql ()

vhere A = w/U 1s the local slope of the wing surface in the free-

stream direction. If the sources are assumed to be in the x,y plane,

the equation for the veloclty potentlal becomes

U Adtay
w EE e o e — (4)
x ff Mz -£)2 - g2 (3 - 1)?
8
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The following sign convention for A will be used: When the surface
normal projecting lnto the stream has a component in the positlve

x direction, the slope 1s considered negative; when the surface
normel has a component In the negative x direction, the slope is con-
gldered positive. For a flat plate at angle of attack a, +the slopes
for the upper and lower surfaces are constant and have the values

A= =a and A= o, respectively.

The potential flow about a thin-ring airfoll can be found from
e source dlgtribution about a circular cylinder whose axis is par-
allel to the free-gstream direction and whose radlus and chord equal
those of the original airfoll; however, the function defining the
source~strength dlstribution remains to be determined. In the
limiting case of a thin-ring alirfoll having a small chord-redius
ratio, the wing section in the forward Mach cone from a point on the
wing departs only slightly from a plane. From the previous dise
cussion, a source dlstribution defined by the local wing slope
q = NJ'/:t ad.equately satisfles the boundary conditions, This rep-
resentation is directly analogous to the soiution of an essentially
£lat wing in thai allowance is made for variations of wing slope,
but the departure of the wing surface from a plane 1s considered
negligible. The velocity potential for points on a ring airfoll of
small chord, expressed in cylindrical coordinates, is then

-g Ad fw | (s)

where Tdw, Y, and 6T have replaced dn, 17, and y of equa-
tion (4). The coordinate system is illustrated in figure 1(Db).

The normel perturbation velocity at a polnt on a three-
dimensional source surface is not & simple function of the local
gsource strength. Equation (3), and consequently equation (5),
therefore do not satlisfy the boundary conditlions when the choxrd-
radius ratio of a ring alrfoll is sufficlently large that the
deviation from a plane of the chord surface in the forward Mach
cone is no longer negliglble,

WAVE DRAG AND LIFT QOF CYILINDRICAL-RING AIRFOIL

A cyl\indrioal-ring alrfoll is a ring airfoll of zero profile
thickness, camber, and flare (ag = 0). The velocity potential
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of such an airfoll may be found if the functlon defining A at all
points is known. For small angles of attack and a small chord,
this function is shown 1n appendix A to be
Ag = = a gin ® (6)
Ay = 8ln © (62)
The expression for the veloclty potential of the extermal surface

of a cylindrical-ring airfoll results from the substltution of
equation (6) into equatiomn (5):

(o sin w) afdw
f\/i‘-—'-g—)z-sz (6 - w)?

gT gin wdw
== | at] (7)
x =tV | o2 (g - w)?
0 x-£ /\/< T ) P2 (6 - w)
oS5

It is desireble to solve equation (7) directly for dP/dx. In
appendix B, this solution shows that

a:pe_wsine _ 1 __x__2+_]_._ _;:_4_ (8)
ox B 4\ g% 64 \ g7 *
The pressure coefflicient for a point on the extermal surface, based
on the linearized Bernoulll equation, is then

969
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The pressure coefficlent for the internal surface is the negative
of that for the external surface.
The lift and drag coefficients, referred to the airfoil-surface

area, may be obtained from the respective summations of the effec-
tive 1ift and drag forces acting on each element of area:

T
C - -
zj; uf?: [(cp,i - Gy, e) 5in 6 a6
"2
o = (10)

c x

zf axfz Tde
0 -2
2

7
e} -
2 =
zj; a.xf,t (Cp,1 M + Cp,e Ne) TdO
2

Cp = (11)
c X
2 f dx f T
0 X
2
The results for the 1ift and dreg coefficlents show that
2 4
20 1 c 1 c
cL:T[l-TZ-(a'f> +%<B}') --..] (12)
and
202 1 /eN\8 . 1 /o4
o-Fp- 2@ @] 6

The series in equations (9), (12), and (13) converge very
rapidly for values of x/(fY) and cf(B¥) that are sufficiently small
to Justify the use of a source dlstribution defined by the local
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wing slopes. No appreciable error will beé Initroduced by assuming
these series to equal 1. The pressure coefficient then becomes
simply the Ackeret wvalue corresponding to the local slope:

Co,e =% (-0 sin 6) (14)

This result indicates that the spenwlse variation of slope in the
forward Mach cone, due to chord-surface curvature, may be neglected
vhen calculating the pressure coefficient at points on an airfoll
by means of a source distribution defined by q = AU/x. Therefore
equation (14) could have been obtained directly from equation (7)
by usling the mean value sin 6 instead of sin w.

Similarly, the lift and drag coefficlents become

2a
°L=F (15)

2
Cp = %'.': (16)

Both coefficients are one-half the Ackeret values for a flat-plate
airfoil of infinite aspan.
WAVE TRAG AND LIFT OF RING ATRFOIL OF GENERAL FROFILE
In the general case, & ring-airfoll proflile section has camber
and thickness and lts chord mekes a finite angle with the axis of
the alrfoil. The local alrfoil slopes are then given by the
expresslons
Mg = Op = (ag + a sin 6) (17)
Ay =01 + (ag + o sin 6) (17a)

For a small chord, the pressure coefficient has been shown to equal
approximately the Ackeret value corresponding to the local slope.

Cp,e = %[ce - (ag + o sin 6)] (18)

Cp,i = %[01 + (@ + a sin 9)] (182}
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The lift coefficlent obtained by substituting these pressure
coefficients in equation (10) equals that of the cylindrical-ring
airfoll, Thus the 1lift coefficient of a ring alrfoil is independent
of its profile slope.

The drag coefficient is

c
2

2 4
CD"Z";'!" +-:;—° +-B% o (oez+c712)dz (19)

The first term of equation (19) defines the induced drag due to
1ift and is one-half the Ackeret value for induced drag coefficient.
The last two terms represent the drag of the ring airfoll at zero
angle of attack and equal the drag coefficient of an Ackeret airfolil
(having the given profile section) at angle of attack ag.

LIFT-DRAG RATIOS OF RING ATRFOIL
A calculation can be made to illustrate the order of magnitude
of lift-drag ratios obtainable from a ring-type alrfoil. For a

symetrical diamond profile, no flare, and & skin-friction drag
coefficient Cp, the lift-drag ratio is glven by

2a
B
E%z * % @2 + Cp

For small values of t/c and Cp, the L/D performance approaches
that of an Ackeret airfoil. With increasing t/c, the L
approaches one-half the wvalue for the corresponding Ackeret alrfoll.
Equation (20) can be maximized to give the angle of attack at which
(L/D)peyx ocours for a given t/c and SCp. The result shows

RRAORIL: @

and the corresponding value of (I'/D)max is

(20)

ol
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B -—2

2\/2(%)2 +Bog

Equation (22) is plotted in figure 2. The values of airfoil lif+%
coefficient at which (L/D)y.y occurs are cross-plotted in this
figure. As shown by equations (15), (21), and (22), this lift
coefficient is the reciprocal of (L/D)pay.

Little information ls avallable on the value of frioctlon drag
coefficlents at supersonic speeds. The mean value Cf = 0.006 is

sometlimes used for thin supersonic airfoils, If C, is assumed
independent of Mach number, figure 2 indicates that (L/D)mx
decreases with increased flight speed, but this effect beccmes
less pronounced with larger values of t/c.

Because the flare was considered zero and a dieamond profile
has the lowest possible wave drag for a given thickness ratio, the
values for (L )max presented 1in figure 2 are the largest values

theoretlcally obtainable from a ring-type ailrfoll,

VALUES OF o/(f%) FOR WHICH AERODYNAMIC
COEFFICIENTS ARE ACCURATE

The values of chord-radius ratio beyond which equations (15)
and (19) are no longer valid can be estimated by comparing the
external 1lift and dreg coefficlents as indicated by these egquations
to the values found from the numerical method of reference 4, which
is an extension of the solutlion for slender, polnted-nose hodies of
revolution presented in references 6 and 7. A line dlstribution of
sources and doublets ls placed along the axis of an open-nosed body
of revolution, and the strength distribution is so adjusted that
the flow and oross-flow components of the free-stream velooclty
follow the extermal contour of the body. The resulting valuea for
external wave drag and lift may be considered the correct linearized
solution. The intermal flow, however, is not properly described.

By use of the lins-doublet dlstribution of reference 4, the
lift coefficient for the extermal surface of & cylindrical-ring
airfoll, expressed in the form ﬁCL’e/a., was found to be solely a
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function of the airfoil perameter c/(pF). The relation is shown
in flgure 3. The decrease in 1lift with increase in chord indicates
that the downstream sections of the cylindrical-ring airfoll have
progressively lower external 1ift. Equation (15), based on the
surface source distributlon, ylelds a constant wvalue for ﬂCL,e/a,,
but the discrepancy between the two methods is less than & percent
for values of c¢/(F¥) wup to 0.20.

Computations for the extermal 1ift and dreg of finite-thickness
ring airfolls indicate that the effect of thickness ratio on the
discrepancy between the two methods 1s small for the magnitudes of
thickness ratlio permitted by the linearized theory. These dlscrep-
ancies depend primarily on the value of o/(fT). This result is to
be expected ,as chord-plane curvature, and not thickness ratio, is
the source of the difference., If the dlscrepancy for the intermal
surface 1s assumed to be of the same order as that for the external
surface, the generalizatlion may be made that the coefficlents
expressed in equations (15) and (19) are correct to within 5 per-
cent for values of c/ (f¥) wp to 0,20, The degree of error may be
estimeted by the plot of figure 3.

SUMMARY OF RESULTS

An approximate linsarized solution for the aerodynamic coef-
ficients of ring airfoils having small chord-radius ratios indicates
that the 1lift coefficient, based on the wing-surface area, 1s inde-
pendent of the profile shape and equals one-half the Ackeret value
for a two-dimensional wing of infinite span. The drag coefflclent
equals the Ackeret value for the given profile (with the ring air-
foil at zero angle of attack) plus the induced drag coefficient.
These coefficlents are probably within 5 percent of the correct
linearized solutlion for values of chord-radius ratio from O to 0,20,

Flight Propulsion Research Laboratory,
National Advisory Committee for Aeromautics,
Cleveland, Ohio, April 30, 13948,

Lo
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APFENDIX A
FUNCTION DEFINING LOCAL SLOPES ON CYLINDRICAL RING AIRFOIL

A oylindricel ring airfoll of small chord and at & small angle
of attack is assumed,

4

Av

for which

Av vertiocal displacement between corresponding points on leading
and trailing edges

Ar readial distance between corresponding points on leading and
trailing edges

Then
Av = ¢ 8in o
Ar = Av s8in W
= ¢ gin o sin W@
But

A:-A-—: = 8in a sin w

969
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Inasmuch as o 1is small
A=asin w
and with the proper sign convention
A, == 8inw®

©

Ay =asinw
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APPERDIX B
SOLUTION FOR % FROM VELOCITY-POTENTTAL EQUATION

From equation (7)

X 6+5i
T
P =% | at "i: . (81)
. x=tY 22 (p_ w2
0 9-1;_1_.—g ’\/( = ) Be (6 - w)

Because ein @ 1s independent of £, the order of integration
of equation (Bl) can be reversed and the equation integrated with
respect to ¢. The resulting expression for ®e can then be dif-
ferentiated with respect to x +to yleld a line integral equation
for J3®,/dx. Reference 1 shows that the result is equivalent to a
line integration along the leading edge £=0 of the airfoil.

Therefore,

x/(BF)
e . Do s8in wdw
"

6-x/(BF) 1/(%)2 # (0 - w)?

6+x/(BF)

2|8

| 2
6-x/(8F) \/""2 + 208 - 6% 4 *2p2

Integrating by parts glves

T
np

- 6+x/(BF)
.a_.E =g%' n sin 6 cos%+ cos W gin~t [%%]dw (B3)
x

6-x/(F¥F)

969
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Let
e-w _,
x/(B%)
Then
6+x/(BT) -1
cos w sin~t [272—5%‘%] aw = - -BET:J cos (9 - -;-:—;) sin~1 zdz
6-x/(BF) 1

-1
=-£I (cosecos-§§+sinesin-z§ gin~l zaz
BT Jy pr pr
(B4)
And by sine and -cosline series expansions
-1 1 2 1 4
.-.--E_.cosef 1__'_(z_x + = z—x)-... sin-1l zdz
pT 1 4 FT 4! pT
=1 3
b4 2 4 l /zx -1 :
- = in @ — =T = s o o in’ d BS
= ° J; [(ﬁ) 33<Br>+ ]s zdz (B5)

But
-1
J; z8 sin~l zdz = O

for n equal to a positive even integer or zero, and
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-1
n -1 S _ n n-~-2_n-4 1
j;- 2l gin Zdz=n+1(l+n+lxn-lxn-3"'2

Tor n equal to & positive odd integer. Therefore

6+x/(BT)

g - w X x /x\ { 1
s sin[;:/—(——s;)]dm --Zsmo | X (-2-) (-1 + E)
6-x/(pr) 5

g 4
- X _ x\ L 1 _/x\V 1, 3x1
_-ztsine[cosﬁ_i_‘ 14 B?) 2!xz B'f) 4:x4x2
5 OSX3 X1
Ab(pr) 6 4 x 2 Lad - .] (Bs)
Substlituting equation (B6) in equation (B3) gilves
Bcpe Ua X X
—— =—==< 5 8ln 6 cog == - 7 sin 6 cos —
ox “®B Br BT

=_U§sine[1-<é‘.)2x%+(ﬁ_§>4x.élz-...] (87)



NACA TN No. 1678 17

REFERENCES

1. Evvard, John C.: Theoretical Distributlion of Lift on Thin Wings
at Supersonic Speeds (An Extension). NACA TN No. 1585, 1948,

2. Cohen, Clarence B.,and Evvard, John C.: Graphical Method of
Obtaining Theoretical Lift Distributions on Thin Wings at
Supersonic Speeds. NACA TN No. 1676, 1948,

3. Puckett, Allen E.: Supersonlic Wave Drag of Thin Alrfolls. dJour.
Aero, Scl., vol. 13, no. 9, Sept. 1946, pp. 475-484,

4. Brown, Clinton E.,and Parker, Herman M.: A Method for the Cal-
culation of External Lift, Moment, and Pressure Drag of
Slender Open-Nose Bodles of Revolution at Supersonic Speeds.
NACA ACR No. LS5SL29, 1946.

5. Ribner, Herbert S.,: The Ring Airfoll in Nonaxial Flow. dJour,
ABJ’.‘O. Sci., 'V'Ol. 14’ I'.I.O. 9’ Septo 1947, Ppo 529-530.

6. von Kdrmén, Theodor, and Moore, Norton B.: Resistance of Slender
Bodles Moving with Supersonic Velocltles, with Speclal Refer-
ence to Projectiles. Trans, A.S.M.E,, vol. 54, no. 23, Dec. 15,
1932, pp. 303-310.

7. Tsien, Hsue-Shen: Supersonic Flow over an Inclined Body of
Revolution., Jour, Aero. Scl., vol., 5, no, 12, Oct., 1938,
pp. 480-483,



I8 NACA TN No. 1678

> N

TN

(b) Source distribution about circular cylinder
(first quadrant shown).

Figure 1. - Coordinate systems and limits of Iintegration
for surface source dlstributlons.
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Figure 2. - Maximum lift-drag ratlos obtalnable from ring
airfoil having symmetrical dlamond profile and no flare.
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Figure 3. - External lift coefflclents of eylindrlcal-ring
airfoils as indicated by line-doublet dlstributlon of
reference 4 and by surface source distribution.
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