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By theuseofa formoftheI’r&mdtl-Glauertmethodthatisvalid
forthree-dimensionalflowproblems,thevalueofthe~ incremental
velocityforcmpreesibleflowaboutthinellipsoidsat zeroangleof
attackiscalculatedasa functionoftheMachnmler forwmiousaspect
ratiosandthiclmessratios.ThecriticalMachmqbers(withinthe
accuracyofthel?randtl-Glauertmethod)ofthevariousellipsoidssre
alsodetermined.TheresultsinQicatean increaseincriticalMach
numberwithdecreaseinasyectratiowhid islargeenoughto explain
experimentalresultsonlow-aqect-ratiowingsat zerolift.

INTROISUCTIOIV

Recenttests(references1 and2)haveshownthatanappreciable
increaseinthecriticalMachnumber,togetherwithotherimprovements
oftheaerodynamiccharacteristicsat supercriticalMachnumbers,results
frcmtheuseofwingsofverylowasyectratio.Thesetiproved‘&arac-
teristi:shavebeensomewhatqualitativelyasqribedto “three-dimensional
relief,althoughno quantitativetheoreticaldiscussionhasyetbeen
provided.

Inthepresentpaperaneffortismadeto providesucha studyby
consideringtheflow,at zeroangleofattack,abouta seriesofthin
ellipsoidsofvariousaspectratiosandthiclmessratios.Ellipsoids
werechosenbecausetheysreamenableto calculation.Althoughthey
differappreciablyframthewingsofreference1,whichhadanNACA
0012airfoilsectionandrectangularplauform,ellipsoidsshouldnever-
thelessshowsimilaraspect-ratioeffects.Thecelculati.onsweremade
forellipsoidsoftkl.clmessratios0.10,0.15,and0.20,andforthe
entirerangeofaspectratiosfromtheellipticcylindertothe
ellipsoidofrevolution. .

Thecompressibilityeffectswerecomputedby theuseofa formof
thel?randtl-Glauertmethodthatisvalidfor_three-Ummsionalflow
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problems. Themethodhasbeengivenby @3the~(reference3)without,
however,veryexplicitmathematicalproof.Anothercorrectstatement
ofthethree-CUmmionalformofthel?randtl-Wauertmethodwasgiven
eerlierbyA.Busemanninreference4,where,however,no formulaswere
given.Sincethemethodsthathavebeenc-only used(see,forexample,
references5, 6,and7)ereapplicableonlytotwo-dlmensionsJ-protbm6,
a delxdledproofofthemethodcorrectforWree-dlmensiondflowis
includedintheappendix.A briefdiscussionoftheaccuracyofthe
I&sndtl+lauertmethod,asap@.iedto eX13psoids,is.alsogiven.This
workwasccmpletedinApril1946.

SYM601S

u

c

M

x, y, z

B

u’,v’,w’

a

b

c

free-stresmvelocity

velocityofsoundinfreestream

free-stresmMachnumber(U/C)

ratioofspecificheats (7= 1.4forair)

rectangularcoordinates

thinbody

velocitypotential

x-jy-,andz-ccmyonentsofincremental
velocityforcompressibleflowaboutB

bodyobtainedbystretchingB indirection
ofx-sxisby thefactorl/p

x-,y-,andz-compmentsofincremental
velocityforincompressibleflowaboutB’

maximumsemichordofeWLp60id

mmispanofeWpsoid

msximumsemithicknessofellipsoid
*

J
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A

ii(M)

ii(o)

G“

:(G,O).

Subscript:

max

( )(2b)2 4 baspectratio A= —=--
fiab ma

valueof E whentheMachnumberisequalto M

valueof ii forincmqiressibleflow (M= O)

thiclmessratio
~ (fi:~) ~

valueofratioofincrementalvelocityto
free-streamvelocityforcompressible
flowhavingMachnumberM abouta body
havingthicknessratio e

valueofratioofincrementalvelocityto free-
streamvelocityforincompressibleflowabout
a bodyhaving

maximummlue
.

thlclmessratio e

ME!I’HODSOF CALCULATION .

Thel?randtl-Glauertmethodforthree-Mmmsionalflow.-The
Prandtl-Glauertmethodisusedinthepresentpaperinthefollowing
form:

Theincrementalvelocitiesata pointP ofa three-climemiond
compressibleflowfieldabouta thinbody B mayle obtainedinthree
steps:

(1)Thex-coordinates
thefactorl/@,where

ofallyointsof B areincreasedby

endwhere
takesB

thex-axisisin
intoa stretched

@=&M2

thestreamdirection.This trensfomtion
body B’.

. - .—.. .-...—.— —. ~— ...-....-.—. . ..—. ——y-r— - . -—.. .-——— —_-.._.—_ ___
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(2)Theincremental.velocitiesu’,v’,w’,inthedirectionof
the x-, y-,andz-axes,respectively,atthe”~oint2’ intheflow
fieldof B’ correspondingtothepointP intheflowfieldof B
arecalculatedasthoughB‘ wereinaninccqressibleflowhavingthe
seinefree-stresmvelocityastheoriginalcapressibleflow.

.

(3)
yoint2
bodyare

TheTd.UeS U, V, Slld W oftheincrementalvelocitiesatthe
inthecanpressibleflowfieldoftheoriginslunstretched
thenfoundbytheequations

1 u,

“p
1~=-vl
P

1,
w =-$W

A derivationoftldsformofthePrandtl-Glauertmethodisgiven
inthea~endix.Themethodinessentiallythisformhasbeengivenby
G&hert(reference3)without,however,a veryclearproof.

,
(Gdtheti

prefersto shrinkthelateralcoordinatesofthebodyby thefactor11
ratherthanto expandthecoordinateinthestreamdirectionby the
factorl/~;obviouslythetwoproceduresleadtothesameresult.)

L

Prandtl (reference5)andVonK&mdn (reference6)statethemethodin
a formthatisvalidfortwo-dimensionalflowsbutin generalisincorrect
forthree-dhmnsionalflows.GoldsteinandYoung(reference7) alsogive
a discussionleadingtoresultsthatarecorrectonlyfortwodimensions.
A discussionofthereasonsforthefdlureofthesecomnonlyused
methodsforthree-dimensionalflow~oblemsisincludedinthea~endix.

Calculationofincrementalvelocityforcompressibleflowabout
ellipsoids.- In orderto determine,by thePrandtl-Glauertmethod,the
incrementalveloci@onthesurfaceofanellipsoidhavingsemisxesa,
b, andc (wherea .isthelengthofthesemiaxisinthestreemd3rec-
tion),theincrementalvelocityiscalculatedfora stretchedellipsoid

havingsemiaxesa’,b, and c (wherea’= ~ inen incompressible
flowhavingthessmestreemvelocity)andtheresultismultiplied
by 1/~2. Forincompressibleflowaboutthestretchede~psoid, the
velocitypotential.onthesurfaceoftheellipsoidisgivenby

‘O
9 =2— Ux ,- a.

b

8

,----- ---—,— --- -,-- --’- --, . ... - -- —---— –- --
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where

/

m

a. = a’bc

o “(a,2+A) ~(a12+]@+A)(c2+A) -

(see,forexample,reference8.) Theincrementalvelocityat x = O
(half-chordlineonthestretchedellipsoidinincompressibleflow)is
then~ven by

‘O
U’=2— U
,’ - a.

Thisvalueisthemaximumvalueof u’ (reference8)andevidently
isthesameatallyointsonthehalf-chordMae. Theincremental
velocityatthehalf-chordlinefortheccqressibleflowaboutthe
originalunstretchedellipsoidisgivenby

1

“P’
Variousformulasarenecessaryfor

when a’>b>c, b>

Fa a’>b>c,

a.

where F and E are

1 a.=—— u
P22-ao

(1)

theevaluationoftheintegrala.

a’> c, or a’> b = c (ellipsoidofrevolution).

the valueof a. isgivenby theformula k

2a‘bc=

(

(F-E)
a12 - b2) {a~2

incompleteellipticintegralsofthefirstand

(2)

secondkind,res~ctively,definedasfollmm:

bF=

o l-&sin2*

Jo
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where

l!JACA!i?NNO. 1792

and

For b > a’> c,thevalueof

2a‘3c~b2 - c2

‘0 ‘(bp - a!~ (alp- .2)

a. isgivenby the

where F and E aredefinedby theforegoingformulas

rb2- a’2
k=

~2 - ~2

forhula

202
(3)

a12- ~2

but

Equation(2)isderivedfra ‘thefirstequation
tions(5.13)ofreference8 by substitutjmga’ for

giveninequa-
a andby using

theexpressionfor k int& of a’,b,-andc. Equation(3)is
derivedfromthesecondequationgiveninequations(5.13)ofreference
by interchanginga and b, substitutinga’ for a,andusingthe
expressionfor k intermsof a’,b, and c.

For a’->b = c (elliysoidofrevolution),~ isgivenbythe
equation~

—— .——— _ ..._._— .-. , .—— — —,--- --- .,.
,.-’ .: .,... .-.,-, ‘“’ ..., ..: :.’, ,’.’ .,,..,,
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whichresolvesinto

1-02 ( 1+0
ao=— )lo& ~~ - *e

e3

where

@=e =
a’

Ifthisvaluefor ~ is substitutedinequation(1),theincremental
velocityatthehslf-chordlinefortheellipsoidofrevolutionisfound
tobe

l+e
lo% ~-e - *e

1

“3A- 1+0
lo% —

1-02 l-e

u

The13mitingcaseofinfiniteaspectratio(ellipticcylinder)was
treatedby theuseofformulasfortheellipseintwo-&lmensionalflow
(reference9).

CalculationofthecriticslMachnumber.-Forflowabouta .two-
dimensionalbody,thefree-tireemMachnumberforwhichsonicsyeedis
firstreachedat scumpointonthestifaceiscalledthecriticalMach
number,becauseofthedevelopmentofa shocksndtheaccompanying
deteriorationoftheaerodynamiccharacteristicsshortlyafterthis
Machnumberisexceeded.If an extensionofthedefinitionofthe
criticslMachmmibertothegeneralthree-dimensionalbodyisdesired,
thedefinitionappears,atfirstsight,torequiresomerevision,since
forthegeneralthree-dimensionalcasetheshockformationonpartsof
thebodymayoccuralonglinesyawedwithresyecttothefree-stresm
velocity(reference10). Theboundarylinesofthesu~rsonicregions
(soticlines)must,however,elwsyscontaina yortionthatisnormal
tothefree-streemvelocityandthusthedefinitionofthecriticsl
Machnumberforthetwo-dimensionalcase(infinit6unyawedcylinder)
maybe extendedwithoutmodificationtothegenerslthree-&bmmsional
case.Forthespecialthree-dimensional.caseoftheinfiniteyawed
cylinder,theyortionsof“theboundarylinesofthe“supersonicregions
thatarenormaltothefree-streemvelocitysrere~esentedby-two
yointsat infinity,ody oneofwhich(atthedownstreamend)hasthe
necessaryqualitiesforaccumulatingdisturbances,thatis,forshock
formation.It canbe seenthatforthegeneral”three-dimensionalbody
thecriticalMachnumber,elthoughstilldefinedinthesamemsnneras

. . ..-. .. . .. . —.—..———___ ____ . —~— —___ .——-, ———- ——. — .. .—.: ,



forthetwo-d3mmsionalbody,l~gelylosesitscriticalsi@ficance,
sincetheshockmaybeginto formoveronlya verysmell.pmt ofthe
surface,sothatitsoccurrencedoesnotnecessarilyimplyan imminent
deteriorationoftheaerodjnsmiccharacteristicsofthebody.

F~ thespecielcaseoftheunyawedeld.ipsoidconsideredinthe
yresent~ayer,however,no appreciableanelysisofshockformationor
shockextentalongthelinesjustindicatedseemstobe required.As
is showninthesection“Celcu&ionoftheEmmmentalVelocityfor
Ccqressi31eFltiaboutl?JJ_ip30ids”,themexhm velocityforanunyawed
elliysoidisinthestreemdirectionandoccurssimultaneouslyatall
pointsalongthehalf-chadline. Sonicvelocityisthusreached
stiultaneouslyalonga linethatextendsacrosstheentireepn ofthe
lodyendisnormelto thestreamdirection.Theseconditionsalso
existinthecaseoftheunyawedinfinitecy13.nder,thatis,thetwo-
dllmmlsionalbody.

ThecriticslMachnumberoftheellipsoid,withintheaccuracyof
theTrandtl-Glauertmethod,wasaccordinglydeterminedby solving
graphical@theequation

i

Y -11+-y IF
E(M)= ~ -1

y+l

2

where fi(M)istheratiooftheincrementalvelocityatthehsl?-chord
linetothestreamvelocityattheMachnumberM.

AccuracyofthePrandtl-Glauertmethod.- Thel?randtl-Glauertmethod
isbasedontheassumptionofsmallyerturbatj.ons.Consequently,neer
thenoseoftheellipsoidstiscussedinthepresentpayer,wherethe
assumptionofsmallyerturlationsisviolated,theresultsgivenby the
Prandtl-Glauertmethodcannotbe exyectedtobereliable.Morerelialle
velues,however,shouldle obtainedforthemadmumincrementalvelocity,
whichoccursatthehalf-chordline. TheaccuracyofthePrandtl-Glauert
approxhationfcmthe~ ticrementalvelocitymaybe estimatedby
comparisonwithmoreexactsolutionsofthecompressibleflowproblem.
An iterationmethodinfihichthe2randtl-Gl.auertmethodisusedasthe ~
firstapproximationhasbeenproposedbyBusemann(referenceIL). me
firstendsecofiapproximationshavebeencalculatedbyHantzscheend
WendtfortheelJipticcylinder(referenceX2)andby Schmiedenand
Kaw&Usifortheellipsoidofrevolution(reference13). Calctiation
ofthemsxhnnincrementalvelocityfortheellipticcylinderhaving
thicknessratio
inreference11

0.20hy a formulaforthesecondap~almationgiven
showsthatthevaluegivenby theI?randtl-Glauertmethod

.

,
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ata Machnumberof0.8isalmost20yercentlowerthanthevaluegiven
by thesecondappr~tion. Fortheellipsoidofrevolution,however,
thevalueofthemaximumincrementalvelocitygivenby theTrandtl-Glauert
methodagreedwiththevaluegivenbythesecondappmxhationtowithin
5 percentata Machnumberof().8forthicknessratiosupto 0.30.M_though
thesecondapproximationisnottheexactsolution,itinddcatesthatthe
errorinvolvedinusing-theFrandtl-Glauertmethodto estimatethemaximm
incrementalvelocityforellipsoidshavinga giventhicknessratiois
greatestforthelimitingbaseoftheellipticcyl.in.der(A= “) and
verysmallfortheellipsoidofrevolution,whichhasa verylowaspect
ratio.Theerrormaybe expectedtobe intermediateinmagnitudefor
intermediateml.upsoftheasyectratioandto decreasewithaspectratio:
Thereductionoferrorofthe2randtl-Glauertmethodwitha decreasein
aspectratiowastobe expected,astheincrementalvelocitiesaresmaller
fo;ellipsoidshavinglow-as~ctratio.

RESULTSANDDISCUSSION

Results.-Figures1 to 3 showthevalueof

ratioii= wu atthehalf-chordlineplotted

thevelocity

againsttheMachnuniber

forellipsoidsat zeroangleofattackforvariousaspectratiosandsec-
tionthicknessratiosequalto 0.10,0.15,and0.20.Inthesamefigures
thesonicvelocityhoundsryhav~ theequation

$+‘-1 M?
1 2

E=—M 7+1 ‘1
T

isPlottedforair. Theabscissaoftheintersectionofthisboundaryline
withthecurveof ii plottedagainstM forq aspectratioisthe
criticalMachnumber(withintheaccuracyofthePrandtl-Glauertmethod).
In orderto showtheeffectofccqressibilitymore&ectly, the

ratio
iii ofmsximumincrementalvelocityforcompressibleflowto
ii(o)

themaximumincrementalvelocityforificcqressiblefluwforthessme
free-streamvelocityisplottedagainsttheMachnumberinfigures4
to 6 forthesameas~ectratiosandthicknessratios.Similarcurves
fortheellipsoidofrevolution,whichisa specialcaseoftheellipsoid
havingthreeunequalexes,areplottedforthesamethiclmessratios
infigures1 to 6. Figure7 ~esentscurvesofcriticalMachnumber
againstaspectratioforthiclmessratiosof0.16,0.15,and0.20.

Three-dimensionalrelief.-Itmaybe seenfromfigures1 to3 that
thethree-Mmensiomilrelieflthatis,thedifferencebetweenthevelocity

—.-.. - _.—. —. — .—— .— ——-— —.—.- —— ----- .-.—— -. ..——- ———-—. .
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onthe
aspect
ratio.

dl.i~soidandtheveloci@onthecorreqmdingellipsoidofinfinite ‘
ratio(ellipticcylinder),increaseswitha decreaseintheaspect
Thisincreasehastwocauses:

(1) Fora flowat - valuesof M (&caqressillefluw),the
reliefeffectincreasesti-tha decreaseintheaspectratio.

(2)Forlargervaluesof M (compressibleflow),anadditional
re~ef effectoccurswitha decreaseintheaspect-ratiobecauseofthe
factthattheccxnpresslbilityeffect(increaseofticrementalvelocity
tithanincreaseintheMachnmiber)decreaseswitha decreaseinthe
asyectratio.(Seefigs.4 to 6.) Itmaybe seenthat@is additional
three-dimensionalreliefincreasesmostra@XLyathighMachnumlers.

Figures1 to 6 showthatthecompressibilityeffectonthemaximum
incramentslvelocityisgreatestfor A equalto infinity(infinite
ellipticcylinder)andis smallestfortheellipsoidofrevolution.The
compressibilityeffectonthemeximumincrementelvelocityfortheelliptic

cylinderispropotiionalto
&

,whichisinagreementwiththe

usualformofthe2randtl-Glauertmethodintwodimensions.Thecom-
pressibilityeffectonthemaximumincrementalvelocityfortheelli~soid

.

ofrevoluticmis smallincomparisonwiththatoftheellipticcylinder.
Infact,asthethicknessratioofanytypeofbodyofrevolution‘
approacheszero,thecaqrressllcllitycorrectionfactorapproachesunity,

,

forinthislimittheincrementalvelocityininccxqmessibleflowIs
proportionaltothesqwe ofthethiclmessratio,sothattheeffectof
stretchingthebody(firstfiepofPrandtl-Glauertmethod,seeaypendix)
isexactlycompe~atedforby themultiplicationoftheincremental

2 (thirdstepofthe2randtl-Glauertmethod).Forvelocitiesby l/~
ellipsoidsofpracticslthichessratios,however,theincremental
velocityvariesmoreslowlythanthesqwxreofthethicknessratio. ~
Thecompressibilityeffectfortheellipsoidofrevolution(figs.4 to 6)
isthusap~eciableathighMachnumlers.Farexample,fora thickness
ratioof0.20andata Machmmiberof0.8,thecompressibilityeffect
amountsto about30percentoftheincrementalpelocityinincompressible
flow.

Theeffectofthethicknessratioonthethree-dhmnsionqlrellef
maybe seenbya comparisonoffigures1,2, and3. J?mnfigure1 it
maybe seenthat,fora thicknessratioof0.10,ata Machnumberof0.75,
themsximumincrementalvelocityfor A = 2 is76percentofthemaximum
incrementalvelocityfor A =OY. Fromfigure3, ontheotherhand,it
mayle seenthat,fora tblchessratioof0.20,ata Mach
themaxhwmincr~ntalvelocityfor A = 2 is 75percent
incrementalvelocityfor A =w. Thus,anincreaseinthe
causesoxilya verysmallincreaseinthethree-dimensional

numberof0.75, .

ofthemeximum
thicknessratio
relief.

,

—— ----- --——, —. .,.- —--.,,- .--— ——— -----.,. - .-.:. ; .. . . . .,,, -,,- ,-.. ,.
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CriticalMachnumber.Figures1,2, 3,and7 indicatethatanincrease
inthecriticalMachnumberofan elliysoidat zeroliftmaybe obtained
by decreasingtheasyectratio.Forexsmple,for.el.lipsoidshavinga
thicknessratioof0.10,a decreaseintheaspectratiofran ~ to 2
causesthecriticalMachnumberto increasefrmn0.827to 0.857(aMach
num%erincreaseof0.Q3).Fora thiclmessratioof0.20,a decreasein
theaspectratiofrom w to2 causesthecriticalMachnumlerto increase
frm O.741to0.7&J(about0.04).Althoughellipsoidshavinggreater
thicknessratiohavelowercriticalMachnwibers,a decreaseinthe
aspectratiois slightlymoreeffectiveinincreasingthecriticalMach
numbersforellipsoidsofgreaterthicknessratio.Figure7 indicates
thatonlya largereductioninasyectratiowillcausea significantrise
ofthecriticelMachm.mher.

CampsxisonwithtestresultsonlowaspectratiowinRs.-Figure6
ofreference1 showsthendnimumdragcoefficient(CD forzerolifi)
pl.ottedagainsttheMachnumherforwingshavingan’NACAOO12secti~
andvariousaspectratios.ThecriticalMach”numberformy aspect
ratiomay%e estimatedroughlyastheMachnumlerforwhichthedrag
coefficientfirstleginstorise.Theroughestimateofthecritical
Machnumbersobtainableby thisconsiderationisnotsufficientlyaccurate
towarrantcomparisonofthenumericalvalueswiththenmericalvelpes
ofthecriticalMachnumberobtainedinthe~esentpaperforthin
ellipsoids.Caqsrisonofthenumerical.resultsis,moreover,not
wsrrantedinamuchasthewingsofreference1 didnothave“kmelliptic
sectionandfurthermorehada rectangular@an form.A qualitative
caqarisonmaybemade,however,betweentheresultsofthepresent
paperandthoseofreference1. Theincreasein criticalMachnumber
withdecreaseinasyectratioindicatedinfigures1,2, 3, end7 of
thep?esentpaperis consideredsufficientlylargeto explainthe
corresponillngeffectin&l.catedinfigure6,reference1.

It ismentionedinreference1 thatthel@chnmiberfora significant
riseinthedragcoefficientisapproxhately0.1higherforanasyect
ratioof2 thanfcmaninfiniteaspectratio.Thisvalueisappreciably
higherthan’theincreaseincriticalMachnumberdueto a decreaseinthe
aspectratio.Since,forluw-asyect-ratiowings,thedragcoefficient
increasesonlygradualJyafter’thecriticalMachnumberisreached,the
criticalMachnumberfora wingha~inglowaspectratiodoesnotindicate
socriticala changeintheflowphenomenaasthecriticalMa~hnuuiber
fora winghavinghighaspectratio.It isthoughtthatthesmallerrate
ofincreaseofthedragcoefficientforwingshavingluwaspectratiois
duetothefactthat,atthecriticalMachnumber,therateofincrease
withMachnwiberoftheincrementalvelocityislessthanforhighas~ct
ratios,asmaybe seenfranfigwes1 to 3.

-—..—. .——...— .—__ —— _ _____ ————.— ——.
. .
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COl!WXJJSIONS

A studyby the2rqitl-Glauertmethodofcoqmessibilityeffects
andcriticelMachnmiberforellipsoidsofvariousaspectratiosand
thiclmessratiosindicatedthefollowingconclusions:

1.Theflowabo”titheunyawedellipsoidIsanalogoustothatabout
theinfiniteunyawedcylinderinthatsonicvelocityisreachedaimul-
taneoudyalonga line.that@ends acrosstheentirespn ofthebody
andisnormaltothestreamdirection.

2.ThecriticalMachnuriberfora thinelliysoidmaybe ~edicted
withgoodaccuracybymeansofthe2randtl-Glauertmethod,andthe
accuracyincreaseswithQecreaseinasyectratio.

3.Thecompressibilityeffectontheflowaboutanellipsoiddecreases
astheaspectratiodecreases.

4.Thethree-dheneionalrelieffore~psoi@3 isessentially
independentofthethicknessratio,forthiclmessratiosfrm 0.10to 0.20.

5. Farellipsoidsofthiclmessratio0.20,thecriticalMachnumbe~
+

increasesby about0.04whentheaqectratioischangedfrcm ~ to 2;
forell.i~soidsofthicknessratio0.10theincreaseis0.03.

6. ThecalculatedincreasesincriticalMachnwiberaresufficiently
largeto explaimtheexpriment~ observedincreasesintheMachnumiber
atwhichthedragfirstbeginstorise.

7.Theexyerimentdlyindicatedreducedrateofdragriseforlow-
aspect-ratiowingsat zeroHft asccm~”aredwiththatforwingshaving
infiniteaspectratiomaybe expldnedqualitativelyonthebasisofthe
resultsobtainedfarthethree-dimensionalreldefforellipsoids.

LangleyAeronauticalLaboratory
NationalAd.visuqCcmmitteeforAeronautics

k@.eY w ForceEase,V’a.,April23,1946
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APPlmDn

THEl?WWDIZ-CXAUERTMEI!EODFORTHWWDIMENSIOI?ALFLOW

A derivationofthePrandtl-Glauertmethodforthree-iMmensionalfluw.-
A briefderivationofa formofthel%andtl-Glauertmethodcorrectfor
threedimensionsmeybe Rivenasfol.lws:A ftist-ortiram~~ti~ to
the
has

sulsoniccompre&ibl~fluwabouta thinbody B, thes~faceofwhich
theequation

S(x,y, z) = o

le obtainedby findinga solutionofthelinearizeddifferential
equationforthe~otentifiq oftheincrementalvelocities,

(Al)
.

wherethex-sxisisinthestreemdirectionandtheincrementxil
velocitiesT=,‘? ‘and ~

Y’
eremall coqaredwiththestreemz

velocityU. At allpointsonthesurfaceof B, thepotential~ must
satisfytheboundarycondition

(u + ‘?X)

whichstatesthatthefluwis

Sx+’?$%+qzsz.o (A2)

tangentialto B. SinceB isassumed
thin,~ is small.comparedwith ~ and S2;cormequerdil.ythesecond-
orderterm PJ3X w be neglected,andtheboundaryconditionbecomes

In orderto solvetheboundery-value
and(A2)intermsofincompressibleflow,
variablesisused:

.

XI=z 1
Pl”

problemgiven
thefollmdng

by equations(Al)
‘tJmrlsfomlationof

(A3)

.- .- ..— ..-. —.._ _-.. _—..__—._ _._.. .“. ., .
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equations(Al)and(A2)beccmm,respectively,

9’=1=1+@m+@zz =0 . (A4)

Usx,+@ysy +q’zsz= o (A5)

(A4)and(A5)ere,respectively,thedifferentialequationand
boundaryconditionforthe~oten~islQ’-“oftheincremental%locities
ofanincompressibleflowwithfree-streamvelocity“U, inthe x1,y, z .
space,abouta thinbody B1,thesurfaceofwhichhastheequation

S(px’jy, z)= o

Theincrementalvelocitiesinthecompressibleflowarethus
givenby

1u.%. ~ qlxf= $ “

(A6)

where u,v, and w and U1,v’,and w’ aretheincremental
velocitiesatcorrespondingpointsInthecompressibleflowaboutB
andtheincompressibleflowaboutB‘,respectively.

TheforegoinganalysisestablishestheFrandtl-Glauertmethod
forthree-Mmensionslflowinthefollowingform:Theincremental
velocitiesat“apointT ofa three-dhensionalcompressibleflow
fieldabouta thinbody B

(1)The
factorl/p,

x-coordinates
where

andwherethex-axisisin
takesB intoa stretched

maybe obtainedinthreesteps:

ofallpointsof B areincreasedby the

thestreamUrection.Thistransformation
body.Bf.

(2)TheincrementalvelocitiesU1,V1,w*,inthedirectionof
thex-, y-, andz-sxes,respectively,atthe~ointP1 intheflow
fieldof B’ correspondingto thepointP intheflowfieldof B

—.. — —_.— ,,, n- —Y. .-

. . . . . . . . .
.: -7--- v -- ,, - ,7 -------- —.

., ‘,, . . .. .. . . . . . . . . ., “,.. ,’..
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arecalculatedasthoughB‘ wereinan inccanpressibleflowhavingthe
samefree-streemvelocityastheoriginalcompressibleflow.

(3)Thevaluesu,v, and w oftheincrementalvelocitiesatthe
pointP intheccqressibleflowfieldoftheorigtialunstretched
bodyerethenfoundbythefollmdngequations:

1 u’‘=$

Thusfarithasbeenshownthat,throughthetranefomationgiven
inthispaper,a compressibleflowthatsatisfiestheboundaryconditions
forthebody B istransformedintoan incompressibleflowsatisfying
theboundarycotitionsforthestretchedbody B’. It canbe shown
furtherthatthestreemlinesoftheccznpressibleflowaboutB are
transformedintostreamlinesoftheincompressibleflowaboutB’.
Becauseofthisfact,themethodhasbeenreferredto intheliterature
(fore=ple, reference4) asthe“streti~-~o~” method.

Theproofisobtainedsimplyby applyingthetransformations(A3)
and(A6)to theequationsforthestreamlinesoftheincompressible
flowaboutthestretchedbody B’

Theapplicationofthe

ax’ dy’ (IZ’—=— =— (A7)
u v w’

transfomnationsresultsintheequationof
thestreamlinesforthecompressibleflowabout

Q=p ~
UV=T

thebody B

(A8)

Failureforthree-dimensionalfloww oblemsofthecommonlystated
formsofthePrandtl-Glauertmethod.-Accordingtotheformofthe ~
l?randtl-GlauertmethodgivenbyPrandtl(reference5)and~onK&m&
(reference6),theincrementalvelocitiesfora caqressibleflowabout
a thinbody B arethessmeastheincrementalvelocitiesofcorresponding
pointsforincanpressibleflowhavingtheseinefree-streemvelocityabout
a bodyobtainedby expandingB inthedirectionsnormalto thefree-
streamdirectionby thefactorl/p. Thatis,forbodiesofrevolution,
ortwo-dimmsionalbo~es,

--—— .- —-—- ,.,.—,— ——.—— —. —. .— —,-—- ... — — . -—— ._ _
.,”, -..,.. .-
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Accord@gto&theti’smethod,however,

ThuE,~andtl’sand~onK&’s mettiodisveMd onlyif

NACATNNo.1792

(A9)

.

thatis,ifandonlyiftheincrementalveloci~fw inccqressible
flowaboutthebodiesunderconsiderationis~oIortionalto thethickness
ratio.Thisrelationisapprmtely validfoqthintwo-dimmsiofi
bodies,sothatthemethodofI?randtland~onKerm6nmaybe eqected
tobe v&lidfortwo-dimensionalflows.Therelatimisnottruein
generalforthree-ihmnsionalboties;forexsm@&,fora verythin
bodyofrevolutiontheincrementalvelocityismorehearlypro~ortionel
tothesquareofthethicknessratiothantothefirstpwer.

~onK& approachestheyoblembymakingthetransfomnation

Y’ = PY

z’=pz .

Underthistransformationthelinearizedequationofcompressible
flowgoesintoLaplace[sequation;however,thetransformedboundary
conditionisnotsatisfiedonthesurfaceofthetransformed(contracted)
bodybutonthesurfaceof.aneqsndedbody.Thus,theboundarycondi-
tionisnotsatisfiedontheboundarybutatyointsneartheboundary.
Thisprocedureisapplicabletotwo-~nsionalyroblams(as,forexample,
inthethin-wingtheo~,reference14),becausethevelocityincrements
inducedby theequivalentlinedistributionof singdaritiesvaryonly
slowlyintheneighborhoodofthelineof singularities.Fora body
ofrevolution,however,thevelocityincrementsinducedby a lineof
singularitiesgoto infinityatthelineof singularityies;forsuch
bodies,accordingly,thelocationoftheyointatwhichtheboundary,
conditionissatisfiedisimportant.

.
AccordingtoGoldsteinandYoung(reference7),“inCompressible

flowthepressureincreaseatq yointofthetodyis l/jiltimesthe
pressureincreaseinincompressibleflmiatthesamepoint.“ Thatis,

.. .. . ._,, .. .—-— - -- - .-—— — .—,. .-...:, /. .,. , .. . . . . . .,.,. ., ., .
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%, M)=j#,’0)u

Ccmpsrisonofthisrelationwithequation(A9)showsthattheGoldstein-
Youngmethodisalsovalidfortwo-dhensionalproblemsbutgiveHan
incorrectresultforthree-dimensionalproblems.

—--—... ...—-—.- ___ —-–-—-——---— - . . ... . ..-—
. . .. . . .
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