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EFFECTSOFSEVERALDEKKWVARUBIESON
.

mm31mwHEELWEIG33T

ByVticentL.I.aValle
andMerleC.Huppert

SUMMARY

Ananalysisispresentedtoshow
variablesonturbine-wheelweight.A

,

theeffectofseveraldesign
modelwheelwasseleotedbased

onthedeLavalequationfora diskofuniformstrength.Equatim3a
weredevelopedforthecalculationofweightsofthedisk,therim,
andtheblades,invol~ asvariablesthebladingaspeotratioend
solidity,theratioof”thecentrifu@stressatthebladerootsto
thatinthedisk(stressratio),andtheratioofwheeldiameterat
thebladeroottowheeldiameteratthebladetip(diameterratio).
Theeffeotofohanges”inthesevariablesontotalwheelwrightand
diskweightispresented,aswellastheeffectofc-es ~ di~eter
ratio,aspeotratiojmsolidityonb~e wei@t.

F’ora turbinewheelwitha blade-annulusareaof2 squarefeet,
a bladingaspectratioof2>a s~ess~tio ofO*9>@ a b~@3
solidityof1.85,changesh thedi=eter~tio =sed we =eatest
changeinwheelwright.limreasingthediameterratio#’rem0.70
to0.80approximatelydoubledwheelweight;however,inoreas@
diameterratioinoreasedtheallowabletipspeedfora givenstress
atthebladeroot.

Theverlationofdlemeterratioandaspeotratiohadthegreatest
t effectonwheelweightwithinthersmgechosenforthevariables.

Aninoreaseofstressratioandbltiingsolidityinoreased
totalwheelweight,stressratioha- a greatereffeotontotal
wheelweightthansolidity.

INTROIXJCTIOI’J

h thepreliminmystagesofenginedesignorina comparative
evaluationofvarioustypesofpowerplant,itisdesirabletohave
a methodofobtainingtheapproximateweightsofthevariousengine
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oompments.Cyoleanalysiswill,establishoycleefficienciesand
poweroutputperpoundofair,andaercdynamiostudiesofthegas-
turbineenginewillestablishair-flowoapaoityforspeoifiedsizes
ofgas-turbinecomponents.Theestablishmentofproperrelaticms
‘Q weightof@s-*bfie oompon=tsj~S offlowpassages,
pressu?x?ratios,endoperatingtemperatureshasnot,however,been
reduoedtoa rationalprooess.Stator-androtor-weightpower
ratios~arediscussedinreferenoe1 intermsofstageeffIoienoies
endbendingsbsses‘atthebladeroot;however,onlyoanpressors
areconsideredandthepresentationisnotdetailed.Othermethods
havebeendevelopedtorelateturbinegeometryto”performano?whereby
thesignificantgeonmtrioturbinedimensions,insofarasthermtiymmio
andaeroiynemioproperties’areuoncerned,maybedetermined.

AnanalysiswasuonductedattheNACA‘Lewislsb~ratorytorelate
thesesign.ifioantgecme~lcdimensions& theturbinetowheelweight.
A ocunpsrisonismadetoshowtheagreamentbetweentheoaloulated
andobservedweightsofturbinewheels.VkMationofwheelweight
with,variationofannulnsareaanddiemeterratiois~esentedfor
a representativesetofvaluesofaspeotratio,solidity,&d ratio
ofstressInthebladetostressinthedisk.

SiMBoIs

Thefollowingsymbolsareusedintheanalysis:

A

Ab

Al

Ao

b

b=

Di

Do

JWo

exp

ammlusflowereabehindrotor,(sqf%)

oross-seotional-a ofbladeatanyradius~, (sqft)

tioss-seotional=ea ofbladeatitsroot,(sqft)

oross-seutionalma ofbladeatitstip,(sqf%)

radialrimthichess,(fig.1),(ft)

axialrimthiokness,(fig.1),(H)

wheeldiameteratbladeroot,(ft)

wheeldiameteratbladetip,(ft)

dismeterratio

baseofITapiertan1
x

ithmiosysteme raisedtopowerin
parenthesesfoil erp

,
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centrifugalforoe

centrifugalforoe

centrifugalforoe

totaloenta%&l

arearatio,~/A1

atanyradiusrb,(lb)

ofblade,(lb)

ofrim,(lb)

foroe,(lb)

3

acaeleraticmduetogravity,32.2(ft/sea2)

proportionalitymnstmt, (A+=2)

bladelength,(fig.1),(f%)

nmer ofblades,

faotcmusedfordefiningblade-areadistribution

diskraaius,(fig.l),(ft)

anyradiusalongbladelength,(H)

radiustobladeroot(outerradiusofrim),(fig.1),(H)

radiustobladetip(outerradiusofwheel),(fig.1),(H)

innerradiusofrim,(fig.1),(ft)

bladestress,(lb/sgN)

diskstress,(lb/sqft)

stressratio

axial.thioknessofdia tipat rr~(fi6.1)}(N)

velooityatbladepltohseotion,(ftfsec)

wheeltipvelooity,(ft/see)

bladewei@t,(lb)

diskweight,(lb)

rimweight,(lb)

. ...— —....- . . ...-. . . . ...S_.. _. .__-. —— —--——— — ..-— -_—



NACATNNO. 1814

totalwheelweight,(lb)

disk thlolmessat

diskthioknessat

anyradiusr, (fig.1),(f%)

centerofrotation,(fig.1),(ft)

aspectratio,(Z/bx)

b=/t

bladedensity,(lb/cuft)

diskdensity,(lb/cuft)

bladesolidity,(>/T)

bladepitch,(ft)

e&esscorrection

=l@= Velooity,

factm

(radians/see)

1

BASISOFJWALYSIS

Thebasis of this analyeis was a wheelmodelcmposedofa disk,
a rim,anda bladesection,asshownh figure1.

Thedisk-sectionprofileofthemodelisdefinedbytheequatim

,.yae~(-pt~f)
Disksofthistypewereusedbydesignersofde

(1)

Lavalwheels(ref-
erence2)andareinaccordancewiththedesignpracticeusedfcm
scmecurrentwheels.

Therimd thewheelyasassumedtohavea squarecrosssection
withtherimthluknessinthe@al directionequaltotheaxial
dimensionofthebladeatitsroot. .

,

4
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Inordertoarriveata valueofthethicknessofthediskat
therim,therimwasassumedtobedividedintoseparatesegmentsby
radialcuts.ThisoonditionIscloselyapproachedbyturbinesthat
usefir-treeattachmentsoranyattachmentsysteminwhiohtherti
isslotted.Thisassumptionwasmadetofind6 =b~t, whlohis
definedastheratiooftheaxialrimthlckmesstotheaxialthiok-
nessofthediskattheinnerradiusoftherim.

Theonlystressesconsideredinthediskandthebladeswere
those,causedbycentrifugalforoe.Vibratoryandbendingstresses
~er oertainoonditlonsmaybecomeimportantbuttheirooneidera-
tionisbeyondthescopeofthisreport.Stressesduetotempera-
turegradientsh thewheelarellkewiseneglected.

b theconsiderationofthecross-sectionalareaoftheblade
atitsroot,itwasassumedthatthisareawouldbeequaltoa.
constanttimesthewidthoftherimsqum?edor Ai=K bxz.

ANALYSIS

Qnthebasiscd?themcdelchosen(fig.1),theweights
disk,therim,andthebladesmaybeoomputedasfollows:

.
DiskWeight

ofthe

Equation(1),whichdefinestheprofileofa diskofunifom
strength,isusedasthebasisoftheanalysis.

Y=yae+::)
(1)

Theweightofanannularelementofthediskis

dwd=2tiypdrdr

Inte@at@ betweenthedietanuetotherimofthewheelrr and “
zeroyields

~d fiya~d[e~(-)-~
=

pd6)2
-—
2s~g

... . . ..- ——— —..— —___ .
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Eromequation(1)when y = t and r = rr,

‘a=t‘=(”::32)
then

.,=--[= ’=(-)-’I
p~6)2 (2)

Inordertoeliminate6),rr,and t fi?romequat@n(2)toget
thediskweightintermsM thefollowingvariables,stressratio,
diameterratio,solidity,andaspeotratio,a relatiaisfirst
derivedfa thebladestressduetocentrifugal.foroefora blade
taper& thefolluuingtype

% - ri ()Ab-Ain——
ro -ri= Ao -Ai (3)

wheren isa faotorthatdefinesthevariationoftheoross-
seotional~ea frcmtheroottothbtipoftheblade;forexample,
whenn = 1 thetaperisllnearandwhenn
Paraboliu.!l!hen-

% ‘ri+~

h
% = (A.-~)n

Thecentrifugalforoeatauy
mlume ofbladeiSequalto

m.

andthebladestressatits

= 2 thetaperis- -

(Ab- Ai)n-lMb

radius~ dueto

8

rootis

(4)

(5)

anelemental.

(6)

(7)

,
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Substitutingequatims(4),(5),and (6)in equatlcm(7)andintegrat~ fields

~ L02(r.- ri){( ~&-Al

%“ ) [ 11n(Ao-Ai) 1

‘in+l, Ai
——+1 +(ro -ri) -+Z

8

- f i$ substitutedfor &JAl

.

andthepreoedingequatim ie rearran@,

Let
r t-

then

Thisequationgives thestressat therootofa bladefardifferentblade-area
time. l!hesmbol V rmreaentstheratioof thestress
a IwW-IAk3i~A blade. ben $ = 1, theequationgives
oidedblade.

in a taperedbladeto the
the stressat therootof

(8)

dMmitu-
StreSsin
a parallel-

●

4
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-Ihfigure2,
‘ofdiameterratio

* isplottedagalmt-a ratio-f forvalues
Di~O of0.6,0.7,and0.8,andforthreeblade

oross-sectionalareadistributions,n = 1 (linear’taper),n = 2
(~bolic taper),and n = 3/2.A plotofbladetipvelooityVt
againstdiameterratioD@. forfourdifferentvaluesof 8b/w
ispresentedInfigure3. Figure4 issimilartofigureS except
thattheordinateisbladepitohvelocityV.j whhh isusefulIn—
calculationsofturbinepower.

momfiguhe2 if f, Dibo>
determined;thenI&cmfigure3 if
tipvelooityVt oanbefound.

Whenthefollowingrelations
inequation(8)

zro=— Di>
lD.—

0

thenequation(8)yields

&-
.

ahdn areknown,~oanbe -
~ isknown,theallowablbblade

for r. and P aresubstituted

(9)
Pb02 22*P

sb = 2g .

Fb=SbA~~

~mz Z2 @A@
s

2g

Itmaybeassumedthat thecross-sectionalareaoftheblade
attherootisequaltoa constanttimes>2 or

Ai=-2

andthenuniberofblades
.

fi(ro+ ri)0
N. bx

I

—. --——
., . ...-
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WhenitIsalsoassumedthattherimofthewheelissquarein
crossseotion,

then

P#224VB2Kxu
Fb= 2g3 (lo)

Therimofthemodelwasassumedtobeseparatedtitoseguents
bymdialoutsinordertoarriveata valueofthethi~essof
thediskattherfm. Then

(L?
Fr=$(2ro-22- b)2bxb Pd~

lt ~d 246)2( 12
n )p+-g

262g

Thecentrifugalforoeactingat rr isthesum
and(11)andisequalto

P_#224W~2KfiCJ XPd 246)2~ ‘1
FT= +

(
--

2g13 262g

(11)

ofequations(10)

12
)s

(12)

Theoentrlfugalforoeaotingat rr isalsoequaltothearea
at rr timestheStZWSSat rr.

(13)FT.2firrtsd

Cdmbinimgequations(2),(12),and(13)emdusing

rr=ro -2-b

— . . ... ..-— —_______ .
-T. — —— ———- — .— __ — ___– _ _ _
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10 NACA~ NO. 163-4

yieldsthefinalformofthedisk-weightfomula

[

exp

,

Whenequations(9),(lZ),and(13)
isdevelopedfor E = b~t, definedas
thicknesstotheaxialthioknessofthe
oftherim. Then

1-1
(14)

txreoonibtied,a equation
theratio”of-theaxialrim
diskattheinnerradius

Inequation(14)

[
( )1‘2Pdsb ‘-1-~ Y~=—‘q ~~ 4$9 t (15a)

Thisexpressioninconjunctionwithequation(15)maybeused
fordeteminhgwheelproportions.

BladeWeight

Thetotalbladeweightis

Byuseofequation(5)andintegrationbetween& and Ai,
equation(16)becanes

.

.—-, _.. ..- ..—. .—.
,’.
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Clearingandrearrmgbgequation(17)yields

Wb=‘K:”’AP=+4
Fora ltiearlytaperedbladewheren = 1

(36)

(19)

RimWeighb
\ Withreferencetofigure1,theweightoftherim,assuming
thatithasa squareoroseseotion(thatis, b = bx) is

Wr= ( )2firo-Z-$b2Pd

Clearingandrearrangingyields

Yt 23 ~d
wr=— (p++

52 )

. RESULTSANDDISCUSSION

Inordertoillustratetheeffectofeachvariable
wheelweight,oaloulationaweremadeapplyingvaluesto
oonsietentwiththoseofsomeourreritturbines.

xi.

(20)

onturbine-
thevariables

Theweightsofthedisk,bladesandrimwereoalcuiatedbythe
useofequatione(14),(19),and(20~,respectively,andthenadded
toobtainthetotalwheelweight.

Plotstktishowtheeffeotofthevar$ablesconsideredon
diskweight,bladeweight,andtotalwheel.weightareshownin
figures5,6,and7,respectively.b thecomputationofthedata
forthesefigures,representativevalueswereassignedto-the
diameterratio,theaspeotratiojthestressratio,andthesolidity.
Whileonefaotorwasbe- tivestigated,theothervariabletiwere
maintainedcmnstant-atanassignedbasicvalue.

.— -_ .— ..-_ ._______ —.—. —— -—.— --- .—.-— -———.- . .. —..—.—
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Thebasiavaluesassignedtoeaohvariablebehg investigated
andtherangeofthevariableinvestigatedae listedInthe
followingtable:

variableBasiovalue

D3Do 0.700 0.600- 0;800
6 I 2.000 11.500-3.500

qJs~ .900 .700- 1.100
D 1.850 1.250- 2.300

*
Theoonstantswereasfollows:

Arearatio,f.. ● . . ● , . ● , . . . ● . . . ● ● , ● . ● ● ,(3*3
Annulussxea,A,eqti . . . . . . . . . . . . . . . . . . . . z
~pcn%iondityoonstant,K . . . . . . . . . . . . . . . . . O.H

/
Bladedensity,~,lbouft. . . . . . . . . . . . . . . . . .540
Diskdensity,Pd,lbouft . . . . . . . . . . . . . . . ...510

Curvesofcalculatedvaluesofdiskweight,asaffectedbythe
fourvarla~les,diameterratioDifio,aspectratio8, stress
ratiosb/9~,andSolidztyu, areshowninfigure5. For
comparisonpurposestheabsoissasaresoarrangedthatthebasio
valuesofthevariablesintersectata ocenmonwheel-weightpoint.
Withdiameterratioasthevariable@ aepeotratio,solidity,and
stressratiooonstent,itmaybeseenthata changeofdiameter
ratiofromthebasicpointof0.70to0.80causesanincreasein
diskweightofmorethan200percent;however,witha fixedstress
atthebladeroot,increasingthediameterratioincreasesthe
al16wabletipvelocityasshowninfigure3. A changeinaspect
ratiofrom1.5to3.5causeda disk-weightidcreaseofalmost72per-
cent.A changeinstressratiofrom0.7to1.1causedanincrease
indiskweightofabout65percent.Solidity,overitsrange,had
a smallereffectondiskweightthantheothervariables,increasing
thediskweightabout23percemtoveritsrangeoffrom1.25to2.3.

Theeffectsof~ dirmeterratio,aspectratio,and
solidityonbladeweightareshowninfigure6. Overtheentire
rangechosenforthesevariables,thebladeweightwasdecreased
about40percentbyanincreasetndiameterratioof0.60to0.80
andabout79percentbyanticreaseinaspectratioof1.5to3.2.
TheeffectofticreasingthesolidityI&cm1.0to2.0wastotimease
bladeweightabout54percent.

.— . .. . . .-. -... -——— —



NACATIiNO. 1814 13

Curvesofcalculated valuesoftotalwheelweight,asaffected
bythefourvariables,diameterratio,aspeotratio,stressratio,
md solidity,areshownh figure7. Whenthecurveisinspeoted
withdiameterratioasthevariable,andtheaspectratio,solidity,
andstressratioccmstantjitcanbeseenthata carefulccmsidera-
tionofdiameterratioisnecessaryiftheweightofa wheelIsto
bekeptlow.Itwillbenotedh thispartic- casethatwheel
weightincreasesvery~pidlywhenthediemeterratioishcreased
beyondabout0.70,andthatanticreaseindiameterratiofrom0.70
to0.80morethandoublestheweightofthewheel.As inthecase
ofdiskweight,however,increasingthediameterratioand
maintainingthestressatthebladerootconstantlncrea4esthe
allowabletipvelocity.

Inthecalculationofwheelweightwithaspectratioasthe
variableandalltheotherfactorsmaintainedconstant,theeffect
isprinmilythatofchan@ngthethiulmessofthewheel.@much
assolidityisconstant,thenumberofbladeswillchange.Itmay
benotedthatinthiscasedoublihgtheaspectratiofrcm1.5
to3.Omorethanhalvestheweightofthewheel,andthatwheel
weightieapproximatelyinverselyproportionaltoaspectratio.

Maintainingsolidity,aspectratio,anddiameterratio
mnstantandvar@ngstressratiofrom0.7to1.1causesawheel-
wrightincreaseof39peroent.

Solidityhadlesseffectontotalwheelwrightthananyof
theotherthreevariables.Fora soliditychangefrom1.25to2.00,
thewheelweightvzwies17peroent.

A comparisonofcalculatedweightsandactualweightsofscme
currentturbine.wheelsispresentedinfigure8. Thevaluesforthe
variablesandconstantsusedinthesecalculationsm showninthe
followingtable:1

1 Measuredfromwheel
# I 1 I I

I ‘ I p lDJDol0 “‘eel (sqAft)(f%)
I

1 0.8020.2215.2300.6802.1721.511
2, 1.920 .3335*51.5.6922.0001.720
3 1.965 .3754.450.6342.7691.393
4 1.439 .3264.310.6253.2071.262
5 1.439 .3264.310.6252.778.900
6 .853 .2245.415.6882.6801.314
7 .296 .1009.425.8072.7331.762

Estimated

*

10.9000.3.900.3
.900.3
.900.3
.900*3
.900.3
.900●3

540
540
540
540
54Q
540
540

~d
(lb/&

510
510
510
510
510
510
510

\

—.— ---—— . . . . —— .—. — .. . . .. . .. ... . . ..... . . . .+ .+- ___ ___
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Exceptfor
weighte average

thelightestwheel,allofthecalculatedwheel
aboutH poundslessthantheactualwheelweights.

Figure9maybeconsidereda desl~ch& inwhichthevalues
ofsolidity,stressratio,anddensitychosenfordesignarekept
mnstant,andtheeffectofa varyingannulusareaandbladelength
onwheelweightperunitofannulusareaisinvestigated.lhcluded
Intheplotarelinesofconstantdimmterratio.Forgeometrically
similarwheels,thewheelweightperunitofannulusareaIsless
forsmallwheelsthanitisforl=gewheels.Itwill~enoted
thatthiseffectIsmfnimizedatthelowerdiameterratios.

SUMMARYOFRl?stmrs

A studyhasbeenmadeoftheeffectofchangesinaspectratio,
solidity,diameterratio,andstressratioontheweightofa
turbinewheel.Theaspectratio,solidity,anddiemeterratioare,
ingeneral,fixedbytheaerodynamicad thenmxlynamicspeclfica-
timm oftheturbine-wheeldesign,andthestressratiobythe
qualityofthematerialstobeused.Theeffectofthesevariables
onturbineefficlenoyandtheirchoiceandvariationwiththe
aerodynamicandthermmlynamiccharacteristicsoftheturbinedesign
havenotbeenconsideredinthisanalysis.

Equaticmshavebeendevelopedfm thecalculationofdisk,
blade,EUM3rimweightsfora wheelmodelhavinga diskprofileof
thedeLmalt~e. Theeffeotofbladingaspectratioandsolidity,
stressratto,anddiameterratioonthesewheelcomponents,assuming
a bladewhosecross-secttonal=ea -ies linearlyfromrOOttotiP,
hasbeenshown.Figureshavebeenpresentedandequationsdeveloped
wherebybladeswithcross-sectionalareadistributionsotherthan
line=maybeconsidered.

I&cmtheourvespresented,Itisseenthatfora givenannulus
area,wheelweightwasverysensitivetodiemeterratio.h the
regionofhighdimeterratios,thewheelweightticreasedvery
rapidlywithanIncreaseindiameterratio.Thiseffectwasalso
observedfrominspectionofthedisk-=d blade-weightequatims
inwhichitisnotedthatbothdiskandbladeweightwe dlrec.tly
dependentuponbladelength.

Increasesinstressratioandinbladesolidityticreasedthe
totalwheelwright,thestressratiohavinga greatereffectonthe
totalwheelweight- thesolidity.

.

.

g
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NACATNNO.1814 M

Anincreaseinbladeaspeutratiodeoreasedwheelweight,wheel
weightbeingapproximatelyinverselyproportionaltoaspeotratio.

A curveoftheactualweightsofscansourrent turbinewheels
plottedagainstcalculatedwheelweightsusingthemethdofthis
reportshowedthata goodcorrelationexistsbetweentheaotualand
theaetioalwheelweights.

A chartshowingthevariationintotalwheelweightwith
ohange,sinannulusareaendinbladelengthwasconstructedfor
obtainingapproximateturbinewheelweightsfora fixedsetc&
valuesfordiskandbladedensity,stressratio,and

LewisFlightI&opulslonLaboratory,
NatianalAdvisoryCommitteeforAeronautics,

Cleveland,Ohio,Deoember9,1948.

1.Howell,A. R.: Design
IssueHo.12pub.by
inU.S.byA.S.M.E.,

ofAxialCampressort3.War
Inst.Meoh.I@. (London),
Jan.1947,pp.452-462.)

bladesolidity.

lQnergenoy
1945.(Reprinted

2.StodoM,A.: Steamand&s Turbines.Vol.I. Mc&aw-lIillBook
cm, inc.,1927,pp.372-379.(Reprinted,PeterSmith(New
York)j1945.)
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Figure2. - Chartfor determiningstresscorrection
factorfortaperedblades. Bladedensity~b$
540poundsper.cubicfoot.
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Figure4. - Chartfordeterminingblade‘pitchvelocity.
BladedensityPb,540poundspercubicfoot.
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