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NATTONAL ADVISORY COMMITTEE FOR AERONAUTICS

' TECENICAL NOTE NO. 1879

CRITICAL AXTAT~COMPRESSIVE STRESS
OF A CURVED RECTANGULAR PANEL WITH A
CENTRAL LONGITUDINAL, STIFFENER

By Murry Schildcrout and Manuel Steln
-~ SUMMARY

A theoretical solution 1g presented for the critical axial-compressive
gtress of a simply supported curved rectangular panel having a central
longitudinal stiffener offering no torsional restraint. The results are
pregented in the form of computed curves and tables.

Because a panel of moderate or large curvature buckles in compression
at a stress lower than the theoretical value, a method is suggested to
aid in determining the critical stress for use in design.

INTRODUCTTION

Ag part of an investigation to determine whether the critical axial-—
compressive load of a curved rectangular panel can be increased by means
of a central stiffener, panels having central chordwlse stiffeners were
treated in reference 1. The present paper gives an analysis for panels
having a central longitudinal stiffener. By means of these two papers,
the most effective way of reinforcing curved rectangular panels with a
gingle central stiffener to resist axial compression can be determined.

A theoretical solution, based on small—deflection theory, is derived
for the critical axial—compressive stress of a curved rectangular panel
with a central longitudinal stiffener and theoretical curves present the
axlal-sgtress coefficlent ags a function of the dimensions of the panel and
the flexural stiffness and crogss—sectional area of the stiffener. Because
unstiffened panels of moderate or large curvature buckle in axial com—
pression at loads below the theoretical, a procedure 1is presented which
modifies the theoretical solution for the critical compressive stress of
stiffened curved panels and permits an approximation to be made for the
actual compressive gtress of gtiffened panels.
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SYMBOLS

a axlal dimension of panel

b cilrcumferential dimension of panel

k, m, n

7 ’\L integers

pa

r radius of curvature of panel

t thickness of panel

w digsplacement of point in median surface of panel in radial

direction, positive outward

X axial coordinate of panel

¥y circumferentlal coordinate of panel

A crogg—gectional area of stiffener

D flexural stiffness of panel per unit length Et3 5
]j?(l - H )

E Young's modulus of elasticity

I effectlive stiffener moment of inertia

L length of cylinder

Z curvature parameter (% \ll - u2>

2
o.b t
kx axlal—compressive—gtress coefficlient x2
n D
B aspect ratio of panel <%>
4 . ' ratio of flexural stiffness of stiffener to flexural

stiffnegs of plate (%%—
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s} ratio of cross—sectional area of stiffener to transverse

cross—sectional ares of plate (é%)

-

i Poisson's ratio

Oy critical axial-compresslve stress

g
2
‘6( - 32’-> Dirac ® function defined by j £(y) ‘6<y - ié!) dy = f(%)
y
1

where ¥y < 323- < Yo

N 4 4 !
vua ) d

SR 3y2 * o

inverse of VlL defined by V"’*(vuwﬁr) =W

RESULTS AND DISCUSSION

Theoretical critical stresses.— The critical uniform axial-compressive

stress of a simply supported curved rectangular panel with a centrally
located longitudinal stiffener having zero torsional stiffness (see fig. 1)
ls determined from the equation

_ JD

g
bot

X

A theoretical solution giving kk ag a function of the dimensions of the

panel and the flexural stiffness and cross—sectional area of the stiffener
is derived 1n the appendix. The results of this solution are plotted in
figure 2 to Iindicate the relationship between the stress coefflcient Kk

and %l (the ratio of the flexural stiffness of the stiffener to that of

the plate) for specific values of the curvature parameter Z and & (the
ratio of area of stiffener to area of plate). The horizontal portions of
the curves indicate the range in which buckling occurs with no deflection

of the stiffener so that an increase in the flexural stiffness of the

gtiffener is not accompanied by a correspondling increase in the compressive—
gtress coefficlent.
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A sgharp break isg found to exlst at the lower end of some of the
curves., This break corresponds to a change 1n the buckle pattern from

two half waves In the axlial direction at low values of EE to one half

Db
wave in the axlal dlrectlion as %% increases. This change in buckle

pattern is due to the increasing effect of the column action of the stiff-
ener as compared with the plate action of the sheet as the flexural stiff-—
ness of the stiffener increases. Because a slmply supported column has

its lowest critical load when it buckles into a single half wave, the panel

will also buckle into one half wave in the axlal direction when %% is

gufficiently large. The break in the curves occurs at decreasing values

of %%, as the curvature parameter 7 increases, because the plate strength
increases with curvature, and, thus, less flexural stiffnesss of the stiff-
ener is requlred to meke columm action predominate.

The decrease in the crltical-stress coefflcient kX' with increasing

ratio of gtiffener area to plate area i1s algo explalned by the column
action of the stiffener under end load, because a column buckles at a
decreaging stress if the area increases while the flexural gtiffness
remaing constant.

Figure 2 also shows that the effect of the central longitudinal stiff-
ener decreases with increasing values of the curvature parameter Z. As
the curvature parameter Z Iincreases, the number of buckles in the cir—
cumferential direction increases. When there 1s more than one buckle,
additional flexural stiffness at the center of the panel hasg little effect
because the stiffener remains almost gtraight.

A comparison of the theoretlcal values for the critical axial—
compressive—stress coefficlents of unstiffened rectangular curved panels
and the coefficlents corresponding to buckling of the stiffened plate with
a node at the stiffener is presented In table 1. The percentage increass
is a measure of the effectiveness of a central longitudinal stiffener in
reinforcing curved panels., A comparison of the results of table 1 with
the corresponding results of reference 1 indlicates that a panel of moderate
curvature (Z < 30) may be more effectively reinforced to resist axlal com—
pression by a longltudinal stiffener at the center than by a chordwise
stiffener. Nelther a central longltudinal stiffener nor a central chord-—
wise stiffener can appreclably strengthen a panel of higher curvature
(Zz > 30). The comparison also shows that whereas a central chordwlse
stiffener does not strengthen a panel to any appreclable extent when the
ratio of axlal to circumferential dimension is greater than 1, a central
longitudinal stiffener may considerably strengthen such a panel.
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Egtimate of deslign critical stresses.— Unstiffened pansls of moderate
and high curvature buckle in axial compression at a stress lower than the
theoretical stress predlicted on the basis of small-deflection theory.

(See reference 2.,) Curved panels with a central longitudinal stiffemer,
therefore, may also be expected to buckle at a stress lower than the theo-
retical stress. In the absence of direct experimental information, the
following procedure, which makes allowances for the fact that an axlally
loaded stiffener will buckle at a stress close to the theoretical stress,
is offered as a reasonable method for obtaining an estimate of the actual
critical stress of the panel.

From the appropriate part of figure 2, determine the difference
between the buckling stress of the stiffened panel and that of the unstiffened
panel (reference 2). To this difference add elther the design stress of an
ungtiffened panel having the same value of Z and r/t, as obtalned from
figure 3 or L, or the flat—plate buckling stress, whichever 1s larger.

The flat—plate values may be obtained from column (a) of table 1 for Z = 0.
If the circumferentlal dlmension of the panel is greater than the axlal
dimension, the design curves for simply supported cylinders from figure 3,
taken from reference 3, should be used. If the axlal length is equal to or
greater than the circumferential length, the design curves for. simply sup-—
ported long curved plates from figure L4, taken from reference 2, should be
used. These values are always conservative. The resulting stress should
be a falr approximation of the actual critical stress of a stiffened panel.

CONCLUSIONS

The theoretical analysis shows that for certaln curvatures a curved
rectangular plate can be appreciably strengthened to reslst axlal com—
pression without buckling by the use of a central longitudinal stiffener.
The strengthening effect decreases as the curvature parameter lncreases.
Semliemplrical results are pregsented for the estimation of the axial-

compressive buckling stress to be used in the degign of a curved rectangular
plate with a central longitudinal stiffener.

Langley Aeronautical Laboratory
National Advisory Committee for Aeronautics
Langley Air Force Base, Va., March 15, 1949
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APPENDIX

THEORETTICAL SOLUTION FOR CRITICAT, AXTAT~COMPRESSIVE
STRESS OF A CURVED RECTANGULAR PANEL WITH A CENTRAL

LONGITUDINAL STIFFENER

BEquation of equilibrium.— The critical uniform axial-compressive

stress of a curved rectangular panel having a centrally located longi-—
tudinal stiffener of zero torsional stiffness (see fig. 1) may be obtaihed
by solving the equation of equilibrium (reference i)

’Dv%+ "”M+E16<y——>

X

2 2
QW b oW _
+ 0.t X 4+ 5 AB 3/‘——>—""—0 (1)
R ( 2/

The equation of equilibrium may be represented by

Q(w) =0 \ (2)
Method of solution.— Equation (1) may be solved by the Galerkin

method as outlined in references 4 and 5. As suggested in reference 4 for

gimply supported rectangular panels, the followlng series expansion is
uged for w

N 2;: Zg: apmn sin Eﬁ& gin E%Z (3)

The coefflcients ap, are determined by the conditlon that they satisfy.
the relationships

f f sin ‘1"3' Q(w) dy dx = 0 (p=1,2,3, ...) (&)
(a

1, 2, 3, ...)
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Substituting for w from equation (3) in equation (4) and performing
the indicated operations result 1n the following set of linear hamogensous
algebraic equations for the coefficlents ap,:

2.k L
2a2\2 ZBp 2.2
P~ + q°B - kpB
( ) h (p + q252>
2 qmn kn
+ 2(7p kX6p B )sin 5 j;; Bl sin 5 = 0 (5)
(p=1,2, ...)
(a=1,2, ...)
These’equations may be written as two independent sets:
L 202 - ‘ =
apgMoy + (7o - kP8P )(-1) L (6)
(p=1, 2,3, ...)
(q =1, 3, 5, '°)

corresponding to buckling across the stiffener and

=0 (p=1,2,3, ...) (7)
aqupq (q = 2, u: 6: '-'g

I
My, = (£ +q 262)2 2 22plp —_ k1%
(p + ¢°p )
Equation (6) may be rearranged to yield
2,2
2\rp P B
pq+< — kP >, ) 2 Z%k(_lﬂ -0 (8)

Mg k=1,3

(p=1,2, ...)
(¢ =1, 3, ...)
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gq-1
Multiplication of each equation by (~1) 2 and sumstion with respect
to q give ‘

2 at
23 apq (1) 2 4 2(7P kx8p2¢32> ; Z pk(--1) =0 (9)
=i, = A

k—l

Dividing equation (9) by the quantity

w q—l © k=1

_—>: ‘apq 1) 2 = E ap(-1) 2
q=ly3 k='l:3

and solving for 7 yileld

2
y = =L + kg 2B (10a)
g=1,3 MPQ.

Equation (10a) in different form is

ET _ -1
T + ky

ot > ' L
=1,3 h
q= (p c @2 ;_1_; 7 zifs 4 7 - 1P

o
?292- (10b)
9

The value of p to be used in equation (10) is that value which yields

the maximum value of %% needed to maintain equilibrium of the panel—

stiffener combination for given values of ki’ B, 5, and Z.

The solutions of equations (8) which correspond to buckling with a
node at the stiffener are glven by
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or

2ok I

Z B
(2 + a%6%)2 + i‘% (P + :;)232>2

nou

(YW
ESAY)
.

-
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TABLE 1.— CRITICAL AXTAI~COMPRESSIVE-STRESS COEFFICIENTS

FOR BUCKLING WITHOUT STIFFENER AND FOR BUCKLING WITH

NODE AT STTFFENER OFFERING ZERO TORSIONATL. RESTRAINT

2
oy tb
ky 2
. b2 \[ 5 ' Percentage increase
T e (a) (p) () = (a) 10
Buckling Buckling (a)
without with node at
gtiffener stlffener
2 0 4.70 17.h 269
3 5 5.35 17.5 228
10 7.32 18.1 147
30 21.1 23.7 13
100 70.2 70. 4 0
1000 703 708 1
1 0 4,00 16.0 300
5 h,77 16.2 240
10 7.08 16.8 137
30 21.1 22.9 9
100 70.3 70.4 0
1000 703 709 1
1.5 0 b, 34 16.0 269
5 5.05 16.2 201
10 7.18 16.8 134
30 21.2 22.9 8
100 70.2 70.8 1
1000 TOY4 708 1
2 0 4,00 16.0 300
10 7.08 16.8 137
30 21.1 22.9 9
100 70.3 70.3 0
1000 70k 708 1

~RAGR
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s

b
a'x-—-r- k J -4—-0'x
L 2\ -
q | |

l

Figure 1l.— Coordinate system used in the analysis.
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Figure 2.— Critical axlal-compressive—stress coefficients for rectangular
curved plates with a central longitudinsl gtiffener,
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Figure 2.— Continu_ed.
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Figure 2.~ Continued.
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