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The Forest Products Laboratory has pointed out that the expression
for Mgt in equation (A10) (p. 11) can be simplified to

st {l + r(sg + j;)}
M.t— B
st ~ 2
(s2 - +2)(1 + 5%2)
The absence of Poisgson'’s ratio ue from this simplified expression

indicates that the numerical results of the present paper are valid
for any value of ur. :
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NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

TECHNICAL NOTE 1910

SHEAR BUCKLING OF INFINITELY LONG SIMFLY SUPPORTED
METALITE TYPE SANDWICH PLATES

By Paul Seilde

SUMMARY

\

A theoretlical solution is obtained for the problem of the shear
buckling of infinitely long simply supported elastic Metalite type
sandwich plates. An approxlmate correction 1s suggested for the
determination of the critical shear stresses of plates that buckle
in the plastic range.

INTRODUCT ION

The problem of determining the critical compressive stresses of
flat rectangular Metalite type sandwich plates has recently recelved
much attention in the litersture (references 1 to 6). Little has
appeared, however, on the stability of sandwich plates under conditions
of loading other than compression. A loading that is very important in
alrcraft design is that of shear. The sghear buckling of infinitely
long simply supported Metalite type sandwich plates (fig. 1) has been
treated in reference 7. The analysis, however, is based on assumptions
that render it intrinsically approximate and is limited to the deri-—

vation of stabllity equations, without any presentation of numerical
results.

In the present paper the problem treated in reference 7, the shear
buckling of infinitely long simply supported Metalite type sandwich
plates, 1s solved by means of the more accurate sandwich—plate theory
of reference 8. The Rayleigh-Ritz energy method is used to obtain
approximate values of elastic critical shear stresses for various
values of the ratio of plate flexural stiffness to core shear stiffness.
For two limiting values of this ratio the critical stresses are
within 1 percent of exact values, and it may reasonably be concluded
that the critical stresses for intermediate values of the ratio are
also within 1 percent of exact values. An approximate correction to
the elastic stresses 1s outlined for the determination of the critical
shear stresses of plates that buckle in the plastic range.
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Shortly after the work of the present paper was completed,
reference 9, which is on the same subJject as the present paper, was
received at the Langley Laboratory. Approximate assumptions were
made in that analysis as to the behavior of sandwich plates, and an
approximate deflection function was used. The numerical results,
however, agree very closely with those of the present paper and are
discussed in more detail in the section entitled "Comparison with
other Solutions.”

SYMBOLS

Ep Young's modulus for face material
He Poisson's ratio for face material
te face thickness
GC shear modulus for core material
he core thickness
D flexural stiffneas per unit width of Metalite type

2

Eortpe(h, +
sandwich plate (-t £ (e Zf)
2(1 — by )
b plate width
. %°D
r core shear—flexibility coefficilent [——=
b2G b
Tor critical shear stress
2
2b°T
k elastic shear—-buckling—stress coefficient (}——Eé?ﬂﬁé
n

ny critical shear load per unilt length (aTbrtf)
X, ¥ coordinate axes (see fig. 1)

w deflection of middle surface of plate
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Q
Géx ' G J angles between lines originally perpendicular to
che” Gehe undeformed middle surface and lines perpendicular
to deformed middle surface

2 wave length of buckle
=X
B = b
\' potential energy
b C
8ns Pns Cns Fourler coefficients
d—n: en, fn

i, J, 1, m, integers
n’ p, q.’ s’ t

RESULTS AND DISCUSSION

Elastic Shear-Buckling-Stress Coefficients

The elastic shear—buckling-stress coefficients of infinitely long
simply supported Metalite type sandwich plates (fig. 1) are given in
figure 2 for Poisson's ratio of the face material equal to 1/3. Shear—
buckling—stress coefficlents k are plotted as a function of the core
shear—flexibility coefficient r. The values of k were computed
from the approximate stabllity equations derlived in the appendix and
are gumerized in table 1. From a comparison of the approximate
values and known exact values of k for r equal to O and 1.0, 1t
seems reasonable to conclude that the approximate values of k for
intermediate values of r are accurate to within 1 percent of exact
values. '

As the core shear—flexibility coefficient increases, the shear—
buckling-stress coefficients approach those for compressed simply
supported plates (fig. 2, refeerence 5). The two groups of coefficients
are equal for values of r equal to or greater than unity and are
given by

=
]
K

(1)

This phenomenon 1s explained in the appendix.
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Plastic Shear Buckling Stress

When buckling occurs in the plastic range, the stresses computed
from the elastic shear—buckling-stress coefficlents of figure 2 are too
large and must be corrected for plasticity effects. An approximate
plasticity correction may be obtalned by means of the theory of
reference 10. In that paper the plasticlty corrections for solid
isotropic plates have been derived and apply with no error to sandwich
plates with an infinite core shear modulus (r = 0). If these correc—
tions are used for sandwich plates wlth finite core shear stiffness
(r > 0), the results are conservative and are probably accurate enough
for most design purposes.

In figure 3 the plastic shear buckling stresses for plates
of 24S-T3 aluminum alloy are plotted against the corresponding
elastic shear buckling stresses. This curve is another way of
presenting the computed correction curve of figure 1 of reference 10.
Plates that buckle in the plastic range may be analyzed by first
computing the elastic shear buckling stress from figure 2 and then
entering the curve of figure 3 with this stress to obtaln the
corresponding plastic shear buckling stress. Similar curves for
materials other than 248-T3 aluminum alloy may be plotted by use
of the equations on the upper half of page 12 of reference 10.

Comparison with Other Solutlons

The results given in reference 9 apply to plates with faces
for which the resistance to bending about their own middle surface
is not negligible. The face bending stiffness 1is shown, however,
to have only a small effect on the shear—buckling—stress coefficients
if the core shear flexibility coefficients are less than 1.0. In
this range of values of r +the shear-buckling-stress coefficients
of reference 9, computed from the theory of reference T which 1is
known to yleld results lower than exact values, agree very closely
with those of the present paper. The present results are slightly
high, as is characteristic of energy solutions, but the excellent
agreement with the results of reference 9 indicates the accuracy of
both solutions.

When r 1is greater than 1.0, the bending stiffness of the faces
may have a large effect on the shear-buckling—stress coefficlents. The
resulte of the present paper 1In this range of values of r are conserv—
ative and apply only to plates with faces that are very thin in
comparison with the core. Sandwich plates having practical dimensions,

however, will probably not have core shear—flexibility coefficients
greater than 1.0.
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CONCLUDING REMARKS

The elastic shear—buckling—stress coefficlents of infinitely long
simply supported Metalite type sandwich plates have been computed for
Poigson's ratio of the face material equal to 1/3. An approximate
correction for the effects of plasticity has been outlined. This
correction is theoretically conservative and is probably accurate
enough for most design purposes.

Langley Aeronautical Laboratory
National Advisory Committee for Aeronautics
Langley Air Force Base, Va., May 20, 1949
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APPENDIX

DETERMINATION OF CRITICAL SHEAR STRESSES OF
INFINITELY LONG SIMPLY SUPPORTED METALITE
TYPE SANDWICH PLATES
Energy expression.— The potentlal-energy expression for flat
sandwich plates is given by equation (16) of reference 8. For plates
aubjected only to shear and with the physical constants of Metalite

type sandwich plates given by equation (Al) of reference 5, the energy
expression becomes

2
v -2 3w a\,d(fw_ %
2 ox\ox  Ggh, oy\dy  Ggh,

2
1w %N, fw Y
Liay\ax  G.h, ox\dy Ggh,
Goh [/ @x V2 . (& \°
* 7D [(a—‘> (@"h; oo

+ny/f%w;-g-;dxdy (A1)

Boundary conditlons.— Because the plates considered are infinitely

long, the middle—surface deflection w and the shear angles 59%;
c
Q
G ic are periodic in the x—direction over a wave length A.
c
(See fig. 1.) Furthermore, the functions chosen for w, ag%—,
ctc

must satisfy the simple support conditions of no moment,

and.

and

Cc**C
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no middle-surface deflection, and no rotation parallel to the boundary,
due to shear deformations, of any line in the boundary perpendicular to.
the middle surface. These conditions are given by the following equa—
tions: At y = 0,b

=My=G§’ﬁc=o (a2)

vhere My 1is given by equation (6b) of reference 8 as

. pl2fx_ Y o (w _ 8
M, = D[ay oy Gchc> T hr ox\ox Gcic>] (43)

Fourier series for the middle-surface deflections and the shear
angles are therefore taken as

W = Zl(an gin XX 4 bn cos ——)sin ngy
n—

cn sin X 4+ dp cos X)gin XY
Gchc Z(nsn ncsx) b (AL)

Q [e0]

vy E nx X ny
= e gin =4+ 1 coS = \cog —*~
Geho n=l( " »on x)

-

These equations satisfy the boundary conditions (A2) term by term.

Stability determinant.— Substitution of equations (AlL) in

equation (Al) and integration between the limits x = O,A and y = O,b
yields, after some gsimplification,
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Shv-2, {[(l 088y =yt = npet] + [ n262,

+cp' - ann':Ie = 2(1 —pe) [nB (8n — dn*)(nBan — en')

+ nB(bn + Cn') (ann -_— fn') - %(21’13&11 - ann' — en') 2

2
%(Qnﬂbn + nfep — £,") ] + E};— cn'2 + dn'z + en'2 + fn'z)I
16 o3 jg: jg: g
+ =2 B’k —=2 —ab (a5)
i B q p2 - q2 8p°q
where
Cn! d_nt enl f | A
°, 4 o fpb T«
=2
B = b
DNy
Xy
k ghear-buckling—stress coefficient 5
8
r core shear—flexibility coefficient -129-—
b2G,h,,
P, q integers such that p + q 18 odd

The undetermined Fouriler coefficlents a,, b,, cn, 4y, €p,

and f, must now be chosen so as to make the potential energy V
a minimum. This condition requires that

av = av = av = av = av = av = O (A6)
da, Ob, Odcp, Oodp Oep Ofp
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where n = 1, 2, 3, « « «, or, when the indicated operations are
performed, that the coefficilents satisfy the following set of
similtaneous equations:

1l - 2 1
(l + neﬁe)an -— <; + ——Ergz-n252,+ %?)dn' - il nfe,! =0 (ATa)

1 1- 2
nB (1 + neﬁz)an - ; br np dp* - ( = ad + n°p2 4 %;)en' = 0 (ATD)

- 2
(l + nzBe)bn + <? + EL??ltg nQB2 + E—)cn' —-l Z at npf,* 0 (ATc)

nB(1 + n2p2)p, + . ; Pe nBot - (l S P n2pR 4 %?—)fn' =0 (A7d)
(1 + n?BQ)ean — (1 + n?82)ap* — np(l + n°B2)ep!
+-§-B3k§;-r?n{—;§bl=o (A7e)
@ + n282)%py + (1 + n®82)cp' — nB(1 + n?B=)fy*
—-‘331*2— s o = O (A7£)

where n=1,2, 3, . .. and 1 and m are Integers such
that n+ 1 18 0odd and n + m 1s odd.

The criterion for the shear buckling of Infinitely long simply
supported Metalite type sandwich plates 1s determined from the condition
that the Fourier coefficlents have values other than zero; that is, that
the plate buckles. The determinant of the coefficlents of these terms
in equations (A7) must then be equal to zero. The determinant obtained
from equations (A7) is rather unwieldy, however, and may be simplified.



10 NACA TN 1910

Simplification of stability determinant.— Equations (ATa) to (ATd).
may be solved to give expressions for d,' and ep’ 1in terms of ap,
and for en' and fnp' 1n terms of bp. These expressions are

S}e
lll
|

2
(1 + n2p2) + Er’

1 - 2\/1 — 2 1 2
(o 2ge w202 4 B)(igpbe , 22 s £2) (Lt op)

=(1+ n2B2)

(A8)
wvhere n=1,2, 3, . « « .« Substitution of equations (A8) in
equations (ATe) and (ATf) then yields

- 2
(l + nEBQ)[ uf(l + n232)+ Ef]
(1+n282) &1 - 50 on
<].+l —Br n2t32+pr£)<:L f+n2I52+E2:>—(1 ; at o nﬁ)
8 a3 nil _
1 -
2 (1 + n2B2)[ L(1 + n22)+ Eg]
(1 +n2p?) r 5 ¢ bn
1 —pp 252 2)(1““'3? 242 ;32> (l+uf
<l+—2—n[3 +%—- -——2-——+nB +-?——-——2 nf
m - m ‘

where n=1,2, 3, « .. and n+ 1 18 0dd and n + m 1s odd.




NACA TN 1910

Equations (A9) may be divided into two independent groups. One
group of equations involves only the Fourier coefficients

a2’ a)_‘_, 36, e o o ; bl’ b3’ b5’ * e o
whereas the other involver only the Fourier coefficients
al, 8.3, a5, . e @ ; b2, .b)_'.’ b6, o e o

The determinants of these two groups of equations are identical. In
the final simplification of the stability determinant, therefore, only
one of the groups of equations need be considered.

Those equations (A9a) ﬁhat involve only Fourler coeffilcients of
the first kind may be solved to give the coefficients ap, ay, ag, . . .

in terms of the coefficlents b3, b3, b5, « « . . These expressions are
then substituted into the appropriate equations (A9b) to yield

by + (% p3k)2 g g M sMy jby = O ' (A10)

where both Mpi and Mij are of the form

V.. - ot 1 |
>
(82-12)(1 +8262) 1+ 5252)[ L (14 6282) + ]

1 -
<1 + 5282 4 L)( £ 42824 ﬁ) -+ t‘f

and

fa]
!

“1,3,5,000

"2,’4‘,6,.00

(oY
¥

’l,3,5,-¢¢

C.
f

7
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The second approximation is given by the second—order determinant as

S| A

i=2,4,6
—< Z M iM13 < Z M31Mi1
1=2,11,6,... 1=2,4,86,...

2 < w ‘
+ (% B3k) < > MMy + > M31M13> +1=0  (A13)

1=2,k4,6,... 1=2,4,6,...

4

The shear—-buckling—stress coefficient k 18 a functlon of the
parameters r and PB. For a glven value of r the correct value
of B 1is that which ylelds the lowest value of k. In the computations
made for the present paper, therefore, the parameter B was varied
until a minimum value of k was obtained for a given value of r. The
results of the computations made with equations (Al2) and (Al3) are
summarized In table 1. The values of k¥ for r =0 and r = 1.0
obtained from the second approximation are seen to agree excellently
with the known exact values. The exact value of k for r =0 was
obtained from reference 11 and agrees with the second approximation to
two decimal places. The exact value of k for r = 1.0 was obtailned
as a result of physical reasoning, which 1s explained in the next
gection, and 1s only 1 percent lower than the second approximation. It
may reasonably be concluded that the approximate values of k for the
intermediate values of r are also within 1 percent of the corresponding
exact values.

Stability criterion when r > 1l.— A shear buckling mode that is
possible for Metalite type sandwich plates is shown in figure 4. The
plates may buckle with straight nodal lines inclined at an angle of h5°
to the direction of the shear stress and with an' infinitely small wave
length. If an element of plates between consecutive nodal lines is
igolated (fig. 4), it is seen to. be subjected to a compressive stress
which i1s equal in magnitude to the critical shear stress. The element
is therefore equivalent to a very short compressed simply supported
plate for which the buckling load is given by equation (1) of
reference 6 as

(A1L)

3
1
B+
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The computatlons of the present paper Indicate that the wave length of
buckle rapidly decreases with increasing r so that the shear-buckling-
stress coefficlents approach those of compressed simply supported plates.
When r 1is équal to or greater than 1.0 the shear—buckling-stress
coefficients are given exactly by equation (Alk).

As was noted in reference 6, this result is a consequence of the
assumption implied by the sandwich-plate theory of reference 9, that
the stiffness of the plate faces in bending about their own middle
surface 1is negligible. The plate is then free to buckle as shown in
section A-A of figure (U4); that is, buckling is due to the core
shearing in planes perpendicular to the faces, with no interference due
to bending of the faces.
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TABLE T
SHEAR-BUCKLING COEFFICIENTS FOR INFINITELY LONG SIMFPLY

SUPPORTED METALITE TYPE SANIWICH PLATES

e -4

Kxy

i First approximation | Second approximation { Exact solutlon
0 5.56 5.34 5.34

.05 4,80 4.55 ———

1 k.23 3.95 ——

.2 3.42 3.11 -==-

A 2.48 2.1h -=--

.6 1.94 1.58 ===
1.0 1.34 1.01 1.00
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