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NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 

TECHNICAL NOTE 1913 

ME7PHOD OF DESIGNING AIRFOILS WITH PRESCRIBED VELOCITY 

DISTRIBUTIONS IN COMPRESSIBLE POTENTIAL FLOWS 

By George B. Costello

SUMMARY 

With the assumption of the linearized pressure-volume relation, 
asolution of the problem of designing an airfoil with any 
theoretically attainable prescribed dimensionless velocity distri-
bution in a potential flow of a compressible perfect fluid was 
obtained by a method of correspondence between potential flows of 
compressible and incompressible fluids. 

If the prescribed velocity distribution was not theoretically 
realizable, that is, the distribution would result in an open pro-
file, the method gave an easy way of modifying the velocity distri-
bution in order to obtain a closed profile. Numerical examples are 
included.

INTRODUOTION 

In order to avoid flow separation and excessively high local 
velocities in designing an airfoil or profile, it is advantageous 
to prescribe the velocity distribution as a function of the arc 
length along the airfoil and then compute the airfoil shape. For 
a two-dimensional potential flow of an incompressible nonviscous 
fluid, several methods based on conformal-mapping theory are avail-
able for obtaining a profile with a prescribed velocity distribution 
in a uniform stream. (See references 1 to 3.) 

Asim1lar solution for the two-dimensional potential flow of a 
compressible nonviscous fluid was obtained at the NACA Lewis lab-
oratory. This solution Is based on the assumption that the pressure-
volume relation Is given by the tangent to the leentropic curve 
instead of the true curve • The flow pattern of the compressible 
fluid is obtained by transformation from corresponding flow of an 
incompressible fluid in the manner developed by Lin In his 
extension (reference 4) of the method developed by von Krtnn and 
Talen (reference 5) for obtaining the flow of a compressible fluid 
past a given profile. An approach similar to that of reference 4 
is given by Gelbart in reference 6.
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The method presented herein consists in using the prescribed 
dimensionless velocity distribution about the airfoil in compressible 
flow (1) to select the proper potential flow of an incompressible 
fluid about the unit circle, and (2) to determine the mapping func-
tion that transforms this incompressible flow Into a compressible 
flow. The image of the unit elrcle under this mapping gives the 
airfoil with the prescribed velocity distribution provided the 
velocity distribution is theoretically attainable. For velocity 
distributions that are not realizable, a method Is given for so 
modifying the velocity distribution that a closed profile is 
obtained. 

The following symbols are used herein: 

A,B,C,D, constants 
a,b 

F()	 complex potential in 	 plane

regular function of 

g	 real part of f() 

K ( )	 analytic function of 

h	 imaginary part of f ( ) 

Lu	 imaginary part 

k	 regular function of 

n	 number determined by included tail angle of airfoil 

P	 profile 

p	 pressure 

Q(s)	 auxiliary function of a 

magnitude of dimensionless velocity in compressible plane 
(ratio of actual velocity to stagnation velocity of sound) 

Be	 real part
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a	 arc length on profile 

W	 free-stream velocity in inccanpressible flow (See fig. 1.) 

w	 ccplex veltc1ty in Incompressible flow 

z = x+ly complex variable (compressible-flow plane) 

U	 angl. velocity makes with x-axis (cc2npresslble flow) 

1'	 circulation (See fig. 1.) 

7 -	 angle determined by trailing-edge stagnation point on 
unit circle (See fig. 1.) 

8	 tail angle of airfoil 

= +iT complex variable (Incompressible-flow plane) 

auxiliary complex variable 

e	 circle angle 

p	 densIty 

p	 velocity potential 

stream function 

Subscrlptss 

c	 compressible 

I	 incompressible 

mm	 minimum 

n	 nose 

Prime indicates a related function.
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THEORY OF METHOD 

In reference 4, Liii shove that if the pressure-density 
relation for a compressible fluid is expressed as 

	

p=A-
	

(1) 

where A and. B are constants, then given a potential flow of an 
incompressible nonviscous fluid past a profile P1 in the 
plane described by the complex potential function F(,) and. the 
complex velocity v(), the potential flow of a nonviscous com-
pressible fluid about some profile P 0 in the z plane can be 
obtained by choosing a function k(), regular and nonzero in the 
exterior of the profile P and satisfying the conditions 

<k(<°°	 (2) 

onP1, and	 ______ 

	

- .k1 w2 (	 d = 0	 (3) 
4f1 k(s) 

along any path enclosing P 1 . (The bar denotes the conjugate 

complex quantity.) Then the equations 

= + 1 =fkd -

	

	 d	 (4) 
4J k() 

______ e	 - w()	 () 
l+Jl+q2 

cp0 +	 = P()	 (6) 

give the parametric representation of the compressible flow past a 
profile P0 in the z plane with	 as a parameter and where 

has the same general analytic nature as the original profile 

P1 . In these equations cp 0, P 0, q, and a. denote for the com-
pressible flow, the velocity potential, the stream function, the 
magnitude of the dimensionless velocity, and the angle the.velocity
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makes with the x- axis, respectively. Equation (4) gives the 
correspondence between the two planes and equations (5) and (6) 
give the relation between the velocities and the potentials at 
corresponding points. 

It is also shown in reference 4 that if the 	 plane is con-
formally transformed into the 	 plane by the analytical function 
= () (taking the profile P1 into a profile P 1 ) and this 

resulting flow about 	 is mapped Into a compressible flow In the 
z plane by

z =J() d	 d 
4J k() 

2q	 e''=" 
l+[l_q2 

+ 117c = 

where
( 

P() = F() 

d w() = tF() = w() d 

k(L) = k() 

then the profile obtained is the same as that given by equatIons (4) 
to (6). Consequently, the unit circle in the plane can be taken 
as P1 . When the unit circle Is taken as P, a profile with a 

pointed tall can be obtained as indicated in reference 4 by allowing 
k() to vanish at the trailing-edge stgnatlon point where 
w() = 0. 

In order to apply this transformation to the problem of obtain-
ing the profile with a prescribed dimensionless velocity distribution 
in a compressible potential flow, the complex potential about the
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circle in the	 plane must be determined and the function k() 
-	 obtained. .For the actual computation of the profile, only the 

values of these functions for points on the circle are needed. 

Plow in Circle Plane 

The complex potential in the 	 plane for the incompressible 

flow about the unit circle 	 = i.e is 

=	 + i = _w( 
+)+	

lo	 + C	 (7) 

where W is the free-stream velocity and is in the direction of 

the negative	 axis, r1 is the circulation, and C is an 

arbitrary constant. For points on the circle, equation (7) becomes 

	

i Ce) = -2W (cos 9 + cos y) + _ (9 + i - 7)	 (8) 

when C is so chosen that 	 = 0 at the trailing-edge staation 

point	 = -e17 . (See fig. 1.) The velocity is 

w(9) = -ie	 (2W sin 9 +
	

(9) 

Both q)1 (e) and w(e) are completely determined when r1 , w, 

and y are known and these quantities are obtained from the pro-
scribed velocity distribution in the following 'ner: The magnitude 
of the prescribed dimensionless velocity along the airfoil is given 
as a function of arc length q = q(s) (fig. 2) where, the total arc 
length is taken as 2,t and is measured from the tail along the 
lower surface. If Q(a) is defined as 

Q(s) = -q(s)	 when	 0 < s <Sn 

Q(s) = q(a)	 when	 5n < S 

where s is the nose staation point (fig. 2), then 

c() I s 
=	 Q(s) de	 (10) 

0
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= /	 Q(s) ds	 (ii) 
do

r\e in 
c,min =J	 Q(s) ds	 (12) 

Jo 

By equation (6) the potentials are equal at Corresponding points 
so the

i,min = c,min 

r =r 
I C 

Then ' is given by (reference 2) 

-	 - tcp1 mm -	 - 'c mm	 (14) coty+y-2	
r j - 

and W is given by

Fm	 =	
(15) 

4siny 4nsiny 
The flow about the circle is obtained by using these values of 
r1 ,	 , and 7 in equations (8) and (9) 

Function k( ) 

The function k() Is computed for points on the unit circle 
by using the prescribed velocity distribution on the airfoil and 
the velocity on the circle to determine the real part of k() on 
the circle. Then Poisson's integral gives the imaginary part of 
k() on the circle. The values of k() for any point in the 
exterior of the circle can be obtained from these values on the 
circle by further use of Poisson's integral. For the computation 
of the airfoil, however, only the values on the circle are needed. 

Airfoil with pointed tail. - In order that the airfoil have a 
pointed tail, it is necessary for k() to vanish at the trailing-
edge stagnation point ( = _0i7) of the unit circle. Hence 
k() can be written

(13)
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e1 " g+lh	 - 
k() = (i+_r) e	 (16) 

where g + ih is a regular function of 	 on and outside the 
circle. The exponent n and the included tail angle B of the 
airfoil are related by

-	 (17) 
It 

as shown in appendix A. For points on the circle 	 = e 19, 
equation (16) beccnes

n 
k(9) =• 

L	
i(7_e)]	 + ih(e)	 (18)1 +e 

DeterminAtion of g(9) and h(e). - fron equation (6) the 
potentials p 1 (9) and P 0 (s) are equal at corresponding points. 

Thus, by matching these potentials a correspondence is established 
between points along the airfoil arc end the circle angle; that Is, 
a = s(0). By this relation,, the mai1tude of the dlhienslonless 
prescribed velocity along the airfoil Is obtained as a function of 
the circle angle q = q(e). Hence, by taking the absolute values 
of equation (5)

2q(9)	 - lw(9I	 (19)
l+l+q2(e)I°1I 

for points on the circle. By use of equations (9) and (18), equa-
tion (19) reduces to 

2(e)	
=	 2Wsin9+--

	

_______________	 2It	 (20) 
l+#\jl+q2(9)

[2 +2cos(y - 9)]2g(e) 

or, on solving for g(e), 

g(0) = loe(	 [1 +Vi + q2(]	 log[2 + 2cos(y-9 2W sin 9 + -, + log 

	

2/	 e[	 2q(e)

(21) 

The function h( 6), the barnionic conjugate of g (0), is 
obtained for points on the circle by using Poisson's integral
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h(9) = I 1	 8(T) cot 
(T_-_6) dT + D	 (22) 

23t j0 	 \2J 

where D is a constant (reference 7). For convenience, this con-
stant is taken as zero because a change in D merely rotates the 
coordinates in the z plane, as shown in appendix B. Hence k() 
is now completely determined on the circle by using the values of 
g(0) and h(e) (eq.uatlona (21) and (22), respectively) in equa-
tion (18). 

Closure conditions. - In order that the airfoil P 0 be closed, 
k() must satisfy the condition 

d - 1v() d 
=	 (23) 

j k() 

along any path .nclosing the unit circle. If these functions are 
expanded about infinity and residues considered, this oondition can 
be expressed In a more useful form, which permits the adjustment of 
the values of k(9) as given by equation (18) so that equation (23) 
is satisfied. 

Now

ei7' eW k() 
= (T) 

where f() is regular on and outside the circle. By writing 

r(t) =ao^.t+_4+. . 

then
a [	 ne1+a1	 •1 

k() = e 
°L1 +	

_(+ terms In	 J >2)	 (24) 

Hence,

= 2x lea0(neuy + a1)	 (25)
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Froii the incompressible flow about the circle, 

w() a()	 - 2Wi eiriy + 

'and

+ 

(terms 1n-, j >2)] 

Therefore

d = 2,cie aO(4W21 sIn 7 - nW2e1 - a1W2 )	 (26) 

Then by using equations (25) and (26), eq.uatlon (23) becomes 

2iea0(ne17 + 
a ) - [2ie O W2 (4i sin y - ne1 - a1 )] = o 

or

I Im(aO)e_Re(aO) 2Be(a0) [nei + Re(a1) + I Im(ai )] + 2,Ie

[i sin 7 -ne1 - Re(a1) + I	 = 0	 (27) 

where Re and Im indicate the real and imaginary parts, respec-
tively. Equating the real part of equatIon (27) to zero gives 

[e2 Re(a0) - ] [, cos 7 + Re(a1)] = 0	 (28)
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But

e2 Re(a6) - 

cannot be zero except for zero free-stream velocity; hence 

U COB 7 + Re(a1 ) = 0	 (29) 

The imaginary part of equation (27) gives 

2 Re(a0)r 
e	 [U si y + Im(ai)1 +	 sIn y + Im(a1) + n sin 71 = 0 

or

Im(a1) + n sin 7 =	 2	 (30) 
e2a0)+L 

4 

Consequently, k ( ) will satisfy equation (23) if Re (a1) and 

Iuit 1) satisfy equations (29) aM (30), respectively. 

Determination of Re(a0), Re(a1), and Iin(a1). - In order to 

determine Re(a0), Re(a1), and Iin(a1) when k(e) is given by 

equatIon (18), the expansion In equation (24) is written as

F



r
+ 
4 

N 

0 

0 

.1

s-IlK 

.4 

K 
'9 

r.II 
U 
4

U 
çq

ri 
s-I 

+ 
P.. 

.9 0 

s-I

j 

N 
All 

'.4
0 

.9 

I

12
	

NACA TN 1913 

+ 

0 0 

I-I 

+ 

m 

LJ 

r1 
rl	 + 

+	
19 

4	
+ 

ii 
i9	 LJ 

4 
.'-I ,LJ 

+ 

N 

M

+ 
0 0.9 

r-'	 0 
i-	 r--

ri 

I-I 
•

19 
+ 

0 0 0.9 
__ 0 

LJ + + 
v.4	

i-:z-i 
s-I 

19 

.+ 

.9	 + 
0 

L_J
0 

+	 L__J 
4

LJ

+ 

N 
M 

'.4 

.9 

I 
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Re k(e) sin e dO = ALn sin 7 + (a)J + B[n 005 7 + Re(a1)] 

Then

	

e10) =1V'A2 +	 (31)	 - 

Ar2 RO k(e) cos 0 dO + Bf2X Re k(0) sin e dO 
n cos y + Re(a1) 	 0 

x
A2 + B2

(32) 
-	 r2 

A I	 Re k(0) sin e ao - BJ	 Be k(e) cos 0 dO 
l• 0 nsiny+Im(a1)

A2 + B2

(33) 

-	 These equations give Ró(s0), Re(a1), and Im(a), which are 

required to satisfy eluations (29) and (30) for closure. 

Adjustment of k( for closure. - If these values of a 0 and 
a1 do not satisfy the conditions, k() must be modified and this 

modification will change the velocity distribution slightly in most 
cases. For adjusting k(), b1 is defined, 

Re(b1) -[ii Cos 7 + Re(a1 

	

= _[(a1) .+ n sin -	 sin i 

I	 2Be(a)	 2 
I	 0 

L	 4
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where Re(a0), Re(a1), and Im(a1) are given by equations (31) to 

(33). Then the function k' () defined by 

k'() - k() e(t	
)	

()

will satisfy equation (22) and the airfoil obtained using k'() 
viii close. The velocity distribution q' on the resulting profile 
will differ slightly fron the prescribed velocity because of this 
adjustment. The ratio of these velocities is 

. (4ikl2 _IVI)e(b coa0 + 
un ( b1) sin e 

q 41k12 e2[ e(bl) cos 6 + Lu (bi) sin 0]	 2 
-lvi 

Because

Re(b1) cos 0 + Im(b1) sin 0 

1k' (0)1	 IkIe 

it is possible that k'() will not satisfy inequality (2). If it 
doesn't satisfy the inequality, a new funtion k"() defined by 

d, 
d0+.i 

k"()	 k() e	 (35)

where d0 is chosen so that k" () will satisfy inequality (2) 
and

	

Re(d1) = Re(b1 )	 ( 

	

W2 s1n7	 + 

	

Im(d1 ) = Im(b1) - e

25 & +	 e(a0 + d0) + 

will satisfy all requirements and yield a closed airfoil. That such 
a d exists is shown by taking d 0 • to be any positive real number 

such that

IW2siny d0 >fRe(b1 )J + IIm(b1)I +

IT
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but
+ Re(d1 ) cos e + Im(di) sin e 

= k() e 

and	 S

I W2 slny	 W2siny	 1< Re(dl)l+IIrn(dl)l<IRe(bl)I+JIm(bl)I 	 2Re(aJ 2	 2Re(a0)^2d0 ,2I = 
j e 	 e 

Bo(b1 +JIni(bi )J	 !Bimi! <d0 iH 
I	

I 

Therefore

fk"()IIk()I >	 v()J 

which is inequality (2). 

If this method is used, d0 should be chosen as small as 
possible, so that the velocity on the profile will differ only 
slightly from the prescribed values. With k"( ), the velocity on 
the profile is

+ Be(d1 ) .cos 0 + Ini(d1 ) sin e 
41 k(e)I w(e)I e 

4k2(e)Ie2O + Re(dj) cos e + Im(di) sin 

In some cases it may be better to modify k'() to satisfy 
inequality (2) by changing the higher harmonic terms which of 
course, do not affect the closure; that is, multiply k'(5 by 
b2 b3 

e	 • In fact, these terms may be used to reduce
the changes induced in the prescribed velocity distribution when 
modifying k() to obtain a closed profile. These terms also may 
be used to alter the airfoil shape when the computed profile is 
too thin or has negative thickness. The selection of the coeffi-
cients b2, b3 , . . . depends on the particular problem and the 
velocity distribution desired and therefore no general method can 
be given for determining them.
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Airfoil Coordinates 

The function k(e) baa been obtained to satisfy all require-
ments; hence, the airfoil coordinates in the z plane are given by 
equation (4) on inteating around the unit circle • For convenience 
let k(e) be written

k(e) = k1(e) e	 (36) 

Then fran equation (4) the airfoil coordinates are 

_(2w sin 9 +
2i) 

X	
4k1	

sin(k2 + 9) dO	 (37) 

p 

J 2 (	
ri\2 

-2WsinO+----} 
2 I = I	 coe(k2 + 0) dO	 (38) 

CUTPTI0IAL PROCEDURE 

An outline of the procedure for computing the airfoil follows: 

1. Obtain	 I', and %,min fran equations (10), (11), 

and (12), respectively. 

2. By use of these values in equations (13), (14), and (15), 
obtain	 y, and W, respectively.. Then calculate .p 1 (e) and 

v( 9) from equations (8) and (9). 

3. Plot q)0(a) and q) j (0). By comparing equal values of these 

potentials, obtain a as a function of 9, which permits writing 
the prescribed velocity q as a function of 0, q = q(0). 

4. Compute g(8) by equation (21) and h(e) by equation (22). 
Then k (0) is obtained from equation (18). 

5. The closure conditions are checked by computing Re(a0), 

Re(s 1), and Im(a1) fran equations (31), (32), and (33), respec-

tively, and checking these values in equations (29) and (30). If



NACA TN 1913
	

17 

these equations are not satisfied, k(0) is adjusted by equation 
(34). This new function k'(e) must be checked in Inequality (2). 
If it does not satisfy this condition, k'(6) is further modified 
as indicated in equation (35). 

6. By use of the adjusted values of k(e) that satisfy all 
conditions, the airfoil coordinates are obtained from equations (37) 
and (38) by integration. 

ILLU&TRATIVE EXAM? LiE 

Circular profile. - As a check on the method, the theoretical 
velocity distribution on a nearly circular profile, as computed in 
reference 8 from the simplified pressure-density relation, was taken 
as the prescribed velocity distribution (fig. 2) and the profile was 
computed. The profile agrees with the one used In reference 8, as 
shown in fIgure 3. 

Airfoil profile. - In this example, the prescribed velocity q 
was obtained from the Incompressible velocity distribution about a 
symmetrical Joukowskl profile, computed by LIman Bers at Syracuae 
University in the form of the ratio of actual velocity to free-stream 
velocity, by taking the dimensionless free-stream velocity to be 0.538. 
The resulting distribution is shown in figure 4 together with the 
final velocity after adjustment for closure. The computed profile 
(fig. 5) Is slightly thicker than the Joukowski profile toward the nose 
and. has some reflex camber. The peaks in the velocity distribution 
about the computed profile are lower than those that would occur in a 
compressible flow about the Joukowaki profile with the same free-stream 
velocity and angle of attack because: (1) the circulation was kept the 
same as for the Incompressible flow, which resulted. in the reflex 
camber; and. (2) the thickening of the profile reduced the curvatures 
In the vicinity of the velocity peaks. 

CONClUSIONS 

By the assumption of the linear pressure-volume relation, a 
method baa been given for uniquely obtaining the shape of an air-
foil having any prescribed velocity distribution, which is theo-
retically realizable - that Is, yields a closed profile - In a 
potential flow of a compressible perfect fluid. If the prescribed 
velocity Is not realizable, the method gives a means of modifying 
it so that a closed profile is obtained. Whether the resulting
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profile is practical or not will depend on other considerations 
such as thickness. The applicability of the method is limited only 
by the accuracy of this linear approximation to the actual pressure-
volume relation. 

Lewis Flight Propulsion Laboratory, 
National Advisory Coittee for Aeronautics, 

Cleveland, Ohio, May 4, 1949.
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APPENDIX A 

RElATION BETJEF2 n AND & 

On the unit circle, equation (5) becomes 

i(e + 2q	 -Ia' e	 (sin 0 + sin y) 2W ____ e 

i+i + q2	
[ + e 7 ] e8 + ih 

or

2q	 -Ia' e 0 +	 (sin 0 + sin y) 2 W 
____ e = 

q2	 i[h + n arc tan. 5i7) 1 + 
1 + cos(7-e)j 

[2 + 2cos(7_Q)] e [

(Al) 

For a point p1 on the upper surface of the airfoil very near the 

tail of the airfoil, the angle of the velocity In the z plane is 
given by equation (Al) and

sln(y-01) 
a.1 =(01 +)+narctan-

1 + cos(y-01) 

where	 Is the circle angle corresponding to p1 and 

+ 7 

Similarly, for a point p2 on the lower surface 

3g	 sln(y-02) 
= (e2 + —) + n arc tan	 + h(92) 

2	 1 + 008(7-92) 

where

- 3 + y<0<- ,
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Hence

sin(-91)	 sln(7-02) 1 
=	 +	

1 + cos(y-61) - arc t1 + coa( 7_02 )] + 
arc tan—	 _____________ 

h(e1 ) - h(e2) 

Then the angle 5 is the limit of (a1-a.2 ) as p1 and p2 
approach the tail. But 

limit rarc tan ain( 7-e1) 1 - 

+	
1 + ooe(_e1 )J 	 2 

].imit [rc	
ein(7-e2) 1 

+	 1 + cos(i_e2 )j 2 

Hence

2 

S = ,c + 

or

S 
n = 1--
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APPENDIX B 

INPIL1ENCE OF D ON PROFILE 

If D is not taken as zero In equatlon (22), the airfoil 
coordinates x' and y' are 

4k2	
r1\2 

= j' 
1 - 2Wsin7+)

sin(k2 + D + e) de x' J	 4k1 

r4k12 (
	

r12 

-	
W sin 7 +	

L5in(k2 + e) cos D + cos(k2 + e)sinDl de -	 4k1 

= X 00$ D - y sin D 

and r1 \2 
y' f4ki2_(2w3in+)

cos(k2 + D + e) d9 
4k1

r)2 
f4k12 _(2W sin y +	

Lcos2 + 0) 005 D ain(k2 + e) sin D]de 
4k1 

= y cos D + x sin D 

Consequently, the airfoil given by x' and y' is the same 
as the one given by x and y rotated through the angle D. 
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