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TE EFCT OF WALL FRICTION ON TEE STRENGTh OF SEOCK 

WAVES IN TUBES ATD HYDRAULIC JUMPS IN CEPELS 

By Coleman duP. Donaldson and Roger D. Sullivan 

• A theory is presented for the attenuation due to viscous boundary 
layer of shock waves traveling in closed passages. Because of the 
similar nature of the problem, the theory is also developed, for the 
attenuation of a hydraulic Jump moving in a channel. The results of 
experiments that bear out the theory are presented for both a shock 
tube and a hydraulic channel.

INTRODUCTION 

Recent interest in intermittent—flow devices, as, for example, 
shock tubes, has caused questions to be raised concerning the 
viscous effects. 

Although a large amount of literature exists on the theory of 
shock tubes in which perfect fluids are used (see, for eample, refer-
ences 1 and 2), no discussion is known to be available of the effects 
of viscosity in such devices. The present a.nalyeis is an attempt to 
develop a quantitative method for determining the attenuation of a 
shock wave moving in a tube or passage resulting from the action of 
viscosity at the walls. 

Because of the similar nature of the attenuation of é. hydraulic 
jump traveling In a channel, the method is also developed for this 
phenomenon. 

a velocity of snail disturbances in fluid 

A area of tube
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g	 acceleration due to gravity 

	

h	 depth of liquid 

	

H	 depth ratio (h2/h1) 

(H) = (H -	 + 

	

m	 mass flow per unit time 

M Mach number 

n(P) = j6p + i 

	

p	 pressure 

	

P	 pressure ratio (P2/Pi) 

	

r	 radial coordinate from center of tube 

	

R	 radius of cylindrical tube 

	

t	 time 

	

T	 absolute teniperature 

	

u	 velocity 

	

w	 width of channel 

x horizontal coordinate 

y vertical coordinate 

	

7	 ratio of specific heats 

	

t	 absolute viscosity 

	

v	 kinematic' viscosity (pjp) 

	

p	 density 

Subscripts: 

	

0	 conditions in fluid on high—pressure side of diaphran or barrier 

	

1	 conditions in fluid on low—pressure side of d1aphran or barrier
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2 conditions in fluid behind shock or hydraulic jump 

3 conditions in fluid. after wave reflection 

ex pertaining to expansion wave 

i pertaining to initial flow conditions 

a pertaining to shock or hydraulic jump

BOU1DARY LAYER IN A TUBE IN WHICH TEE	 IRE

FUJID IS SIJDDLY ACCELERATDD 

Since the boundary layers that cause the attenuation considered 
are assumed. to depend. principally on time, the differential equation 
of viscous motion is solved for the case of an infinitely long tube 
of radius R in which the entire fluid. at time t = 0 is suddenly 
set in motion at velocity u. In this case, the velocities caused 
by viscous action depend. only upon the distance from the center o 
the tube and on the time that the fluid. has been in motion, rather 
than upon position along the length of the tube; therefore, the 
differential equation of viscous motion in cylindrical coordinates 
becomes

u	 (2u Jji\ 
rr) 

The boundary conditions to be imposed are: 

at t = 0

u=ui	 (Or<I 

andat r=R	 (2) 

u=O	 (t>o) 

In addition to these boundary conditions, the function u = f(r,t) must 
be continuous at r = 0. 
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The solution of this equation subject to these boundary conditions 
is well—mown In the theory of heat conIuction (see reference 3) and is 

- 2 (3) 
- n=l	 anji(cxn) 

where the values of a are the rOOtB of the equation Jo(x ) = 0 
and J0 and J1 are Bessel functions of the first kind of order 0 

and 1, respectively. 

.The velocity profiles in the tube for various values of the time 
parameter vt/B2 are plotted in figure 1. This solution for small 
values of. the time parameter reduces to the two—d.ixnensional solution 

—=erf 
Ui	 24t 

where

erf(x) = a. rXe_x2 

do, 

and y is the distance from the surface at which the velocity is 0 
and In this case is equal to B - r. This solution is useful not only 
for evaluating the boundary layer In tubes of other than circular cross 
section but also for evaluating the series of equation (3) for small 
values of the time parameter since, for these values of the parameter, 
many terms of' the series are necessary.. 

Figure 1 indicates that, as time passes, the mass flow in the tube 
decreases from its maximum and initial value at t = 0 of mj = itpujR2. 

The ratio of the mass flow at any time to the initial mass flow 

= JR	

=	
vt/2	

(4) 
mi	 itpU1R2	 n=l a 

is plotted in figure 2 as a function of the time parameter vt/B2
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For al1 values of the time parameter equation (14.) reduces to the two—
dimensional solution

= 1 - 14. 

where A Is the area of the tube, so that for the circular tube 

m	 14./ 

ml 

This result is also plotted in figure 2 for comparison with the results 
of equation ( Ii. ). These solutions areused to discuss the ateenuation 
of a shock wave traveling in a tube. 

ATENUATION OF A SEOCK WAITE IN A TUBE 

A shock tube is a closed tube that is divided into two compartments 
by means of a breakable diaphran. If the two compartments are pumped 
to different pressures P and p1 where P > p1 an the diaphran 

is broken, an expansion wave travels into the 'conipa.rtment where the air 
is at rest at o the air Is thus accelerated to velocity u 2 and. the 
pressure decreased from p 0 to p2 . A shock wave travels into the 
compartment where the air is at ret at pressure P1, accelerates 
it to the seine velocity u2, and raises its pressure to the 
same pressure P2 . This process is illustrated in figure 3. The result 
of bursting the diaphran in the absence of viscosity is to set the 
entire mass of air between the expansion wave and the shock wave in 
motion at velocity u2 . Thus, the mass flow per unit time set in 
motion across a section of the tube between tile diaphran and the 
shock wave is

=
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This mass flow is related to the pressure ratio across th9 shock 

wave ?2. = P and. the conditions ahead of the wave by the foflowing 
pa 

equation (for y = i.14) 

In	 p1P_l_(p)	
(5) P+6 ff 

which i derived in the appendix; thus, 

n(P) = J6P + 1 P - 1	 (6) 
P+ 6 

In order to evaluate the effect of viscosity upon the flow in the 
tube, the following assumption ie made: The thicluiess of the boundary 
layer at any point behind the shock depends only upon the length of time 
the air has been in notion with respect to the wall of the tube, or upon 
the length of ime since the shock wave passed those particles. Such an 
assumption neglects variations of velocity in the stream direction and. 
can be shown to give an answer to the steady flat—plate boundary—layer 
flow that is a good approximation to the Blasius solution. Since, in 
the present prOblem, the shock wave travels faster than the fluid in 
motion behind it, this assumption should be an even better approximation 
to the real solution. Thus, the boundary layer between the shock wave 
and the particles that were originally at the d.iapbran is essentially 
as shown in figure 4. 

When this assumption is made, the solution obtained in the 
preceding section is applicable, if attention is coafined to the 
position in the tube at which the particles, originally at the diaphran 
are found, the mass flow in this section must drop off with time according 
to equation (14-), so that the mass flow at any time t is 

-.

	

	 _2/2 

n=1 cx
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If the value of the initial mass flow in terms of the initial 
pressure ratio (equation (5)) is substituted in this expression, the 
mass flow at any time is given by 

_______ 5	 P - 1	 Q2Vt/R2 
i1	 6 p1a1R2 =
	

i +	 n=l 

This formula indicates that the mass flow in the tube decreases with 
time according to the function that is plotted in figure 2. 

Furthermore, the shock wave itself sets in motion a mass flow 
that is given by (see equation (5)) 

m	 .\J6p1Pl 

p+6 

If this mass flow is greater than that crossing the tube at the 
position of the diap1iran particles, an expansion wave would be formed 
that would catch up with the shock wave, reduce its.strength, and thus 
reduce the mass flow it was initiating; but if the mass flow caused by 
the shock was less than that across the diaphragm-particle section, a 
compression wave would develop that would. move after the wave, catch it, 
increase its strength, and thus increase the mass flow it wa initiating. 
Hence, it may be assumed for the purposes of estimating the attenuation 
that the mass flow initiated by the wave is just equal to that given by 
equation (7). If both the expansion wave and the compression wave were 
reduced in this TnArner, a pressure gradient would be produced between 
these to waves in order to preserve the pressure ratio between the two 
undisturbed regions. Part of this pressure gradient would be used to 
accelerate somewhat the flow between the two waves, and thus the decrease 
in mass flow at the diaphran—particle section would be somewhat less 
than that given by equation (7). However, for the purpose of determining 
the approximate maiitude of the attenuation; the effect of this pressure 
gradient is neglected. If the mass flows given by equations (5) and (7) 
are set equal to each other, the relationship between the strength of 
the wave P and its initial strength P 1 is found to be 

______	 _______ - 1 z5	 e2\it2 4 (8) 
P1+6	 n=lan2
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The function

11(P) = [
6P + P - 1 

p+6 

is plotted in figure 5 as a function of the strength of the wave P. 
Substituting n(P) fronisequation (6) in equatIon (8) gives 

n(P) =
	 (9) 

n(Pj)	 n=l a 

which is the seine function as is plotted In figure 2. 

If the strength of the shock at any distance from the dlaphragu. Is 
to be determined, the values of t need only be found In terms of the 
distance x and the velocity of the shock u 5 and. the kinematic 
viscosity behind the shock evaluated in terms of the shock strength P 
and the conditions ahead of the shock. If 'the attenuntion Is small, 

4-A, - 
uSj 

Then, since u51 is a function of the strength of the shock and the 

condition ahead of the shock, v 2t/R2 becomes (see derivation in the 
appendix) 

v2t - J7(P1 + 6) 2P1 V1X	
(io) 

R 2 (6p1 + 1)2.5 a1R2

where linar variation of viscosity with temperature is assumed. 

If the initial strength of the wave and. the conditions into which 
it is traveling are known, V2t,tR2 can be evaluated for any distance 
from the dIaphran. After this value is determined, the ratio n(P)/n(Pj) 
may be found from figure 2. Then, from fIgure 5, the value of the 
strength of the wave P. at x may be evaluated. 

Bef ore proceeding with an account of an experimental test of this 
theory, the theory for the attenuation of a hydraulic jump in a channel 
is presented.
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BOUI1DARY LAYER IN A FWID OF FINITE DFTTh 

An analysis parallel to that of the boundary layer In a cylinder 
may be carried out for the boundary layer In a fluid of finite depth on 
a flat plate. This analysis can be applied to find the attenuation of 
a hydraulic jump traveling in a channel. 

The differential equation (corresponding to equation (1)) is 

t 

The boundary conditionB are: 

at t = 0

u=u1	 (O<y^h) 

at y = 0

u=O	 (t>o) 
at y = h

(t>o) 

The last condition ecpresses the absence of tangential force on the 
free surface. 

The solution of this boundary—value problem is also known from 
the theory of heat transfer. (See reference 3.) The solution is 

=	
2ii— 1	 [( —1) 

The ratio of the mass flow past . a section of width w at any time t 

m=wpf udy
Uo
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to its value at t = 0 0±'

m1 = wphu1 

is

Co 

m	 8'Z _______ _if.(2n_l)2	 (ii) 2nl)2 

This result is plotted. in figure 6 and 18 used to evaluate 'the attenu-
ation of a hydraulic jump traveling In a channel. 

AT]NUATI0N OF A HYDRAULIC JUMP IN A CKAIEL 

If a channel is divided. into two parts by a barrier and. the two 
parts are filled with a liquid. to different levels h0 and h1, 
where h0 > h1, and the barrier is suddenly removed., a situation 
analogous to that of a shock tube exists. Although the equations of' 
a shock an a hydraulic jump are completely different (not just the 
same equation using different ratios of specific heats, as in the 
case of continuous flows such as the water analo r, see reference ii.) 

the phenomena are fundamentally similar; in particular, the liquid. 
originally at a depth h1 is suddenly accelerated. to a velocity u2 
and the depth is increased to h2 when the jump passes by it. 

- The mass flow per unit time set in motion inmiedlate3j behind a 
hydraulic jump in a channel of width w is 

m = pwu2h2 

This mass flow Is related to the ratio of the depths on the two sides 

of the jump	 = H and to the conditions ahead of the wave by the 

equation (derived in the appendix): 

m	
= - ( - l)E(H + 1) = -- (u) 	 (12)
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where a1 =	 is the speed of an infinitesimal wave. The 

parameter i(u) is plotted as a function of the depth ratio II 

in figure 7. 

By an argument parallel to that for a shock tube, if the channel 
is assumed to be wide in comparison with the depth of the liquid so 
that edge effects may be neglected, the strength of the wave after it 
has gone a distance x can be determined by the relation 

____ - 8	 1 

(	 - )2 e
	 h22	 (13) 

Ef vt/h22 is expressed in terms of the jump strength and condi-

tions ahead of the wave, and if the assumption is made that t =
Si 

this parameter becomes, as shown in the appendix: 

vtl/	 2	 vx	 (l1l.) 
h22 E2 Vn(u	 -) a1h2 

With the aid of equation (l11) and figures 6 and 7, the strength of a 
hydraulic jump at a position in the channel can be computed. 

TE3TS OF TEE ATJNUATION OF A SUOCK WAVE IN A TUBE 

In order to obtain an experimental check of the theory just 
presented, a special shock tube was constructed. The tube was 0.11. inch 

in diameter, and the high-pressure compartment was 14.1 feet from the 

diaphragu to the end of the tube. Two low-pressure chambers were 
interchangeable on the other side of the diaphran - the first 1 foot 
long, the other 11.3 feet long from the diaphran to the pickup 
crystal. The experimental apparatus with the short low-pressure 
chamber is shown in figures 8 and 9. 

Tests were made by charging the high-pressure chamber with nitrogen 
to the desired pressure. The diaph.ran was then broken by puncturing it 
with a solenoid-driven plunger, and. a shock wave passed into the
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low—pressure chamber, which was at atmospheric pressure, reached the 
end of the tube, and was reflected back toward the diaphran. The 

' voltage output of a piezoelectric crystal mounted flush in the end of 
the tube was recorded. This voltage, which was a measure of the ratio 
of the initial pressure in the tube and the pressure after the shock 
wave had been reflected, was recorded by mans of an oscillograph and 
rotating drum camera the seine as that described in reference 2. One 
such record, which is typical, is presented herein as figure 10. 

By this method the voltage output of the crystal was obtained for 
a range of initial ratios of pressure between the high—presaure and 
low—pressure sides of the diaphragm with both the 1—foot and the 
11.3—foot pressure chambers. Since the reflected—pressure ratio 
measured (p3/) is related to the strength of the wave striking the 

end of the tube by the fornuila (see the appendix) 

=	 - 1) 
Pi 

the records made are a measure of the relative attenuation of the wave 
at stations 1 foot and 11.3 feet from the diaphragm and are seen to be 
independent of the crystal characteriatics. 

The theoretical reflected—pressure ratio p3/p1 as a function of 

initial—pressure ratio PO/Pl, with and. without the effect of viscosity 

considered, is plotted in figure 11 for a station 1 foot from the 
diaphragm, along with the voltage output of the crystal measured at 
the seine station. The derivation of the relation between PO/Pi 

and P is given in the appendix. 

If the theory is assumed to be correct, those data may be used to 
determine the voltage output of the crystal for a given pressure rise. 
This information is given in figure 12. The reflected—pressure ratios 
corresponding to the crystal voltage outputs measured with the 11.3—foot 
tube can be determined from this figure and are plotted in figure 13, 
along with the theoretical pressure ratio at this station. 

Although the theory seems always to predict too little attenuation, 
the order of magmitude (12 to 15 percent) agrees very well with that 
measured (12.7 to 16.7' percent). However, the theory takes into account 
only one factor contributing to the attenuation, and other factors (such 
as the impossibility of a perfectly efficient diaphragm) may contribute 
to a reduction of the strength of the initial wave formed which might 
well be the order of the difference between the theory and. experiment.
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TES OF TEE MTENUATION OF A HYDRAULIC JUMP IN A CHA11NEL 

For experimentally determining the attenuation of hydraulic jumps 
an apparatus was used. that consisted of a standard 8—inch steel channel 
20 feet long with plates welded to Its ends. A transverse cut was made 
in the middle, Into which a removable metal barrier was inserted. Liquid 
was poured Into different depths on the two sides of the barrier. The 
barrier was suddenly removed, and. the depth just behind the wave was 
measured at two points - one close to the barrier, and one farther down-
stream. The depths were measured in sixty—fourths of an inch by means of 
thin steel scales. By this means the height of the moving liquid could 
be obtained within 3 percent. 

The first tests were made w•ith water. The attenuation of the waves 
was found to be about twice that predicted by the theory. However, 
surface tension, unaccounted for in the theory, was believed to contrib-
ute a large share of the attenuation. In order to avoid this effect, 
SAE 10 oil, which has a surface tension about one—third that of water 
and a kinematic viscosity about seventy times that of water, was used 
so that the effect of surface tension would be negligible compared to 
that of the viscous boundary layer. Measurements were made of the 
attenuation of hydraulic jumps of various strengths moving into liquid 
depths of from 30/64 inch to 60/64 inch. The height measurements for 
this purpose were made at a position 2 inches downstream and at a 
position 4 feet downstream from the barrier. 

Seine of the results are given in figure 14. Since the derivation 
of the relation between H1 and h0/h1 is straightforward (see 
appendix) the experimental values of the hydraulic jump strength H 
measured close to the barrier position plotted against h 0/h1 when 

compared with the theoretical curve Indicate the accuracy of the 
measurements. On the other hand, the plots of H measured 4 feet 
downstream against ho/h1 indicate the reliability of the theory 
advanced herein. In the case of the initial strengths an error of 
measurement seems to exist which gives wave strengths consistently 
higher than the theoretical values, if the results are corrected 
for this consistent error, excellent a'eement between theory and. 
experiment is obtained.

CONCLUSIONS 

A. theory has been presented for the attenuation due to viscous 
boundary layer of shock waves traveling In closed passages. Because 
of the similar nature of the problem, the theory was also developed
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for the attenuation of a hydraulic jump moving in a channel. The theory 
in its two forms was then checked experimentally. 

Experimental results obtained by two 'eatly different methods 
indicate that the thebry is sufficiently accurate to allow analysis of 
the effects of viscosity in shock tubes and intermittent—flow apparatus. 

The assumption that the boundary layer in the intermittent—flow 
processes described depends only on time seems to be justified. 

Experiments made in the shock tube show that, in the relatively 
small tube used, the pressure ra10 across the shock wave dropped only 
some 12 to 17 percent in a distance of 11 feet. Thus, since the parameter 
controlling the attenuation is increased in proportion to length and. to 
the inverse square of the radius, in t}e passages of a normal intermittent—
flow apparatus the effect of viscosity at the walls causes little change 
in the strength of the waves moving in the passages. 

Langley Aeronautical Iboratory 
National Advisory Committee for Aeronautics 

Langley Air Force Base, Va., July 6, 1914.9
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APPENDIX 

DERIVATION OF FORMUlAS 

Derivation of Formula for m/itp1a1R2 

The equations characterizing a moving plane shock may be found by 
changing the frame of referenàe so that the shock appears to be 
statibnary. The velocities in this frame of reference are denoted by 
primes; the other quantities remain unchanged in the two frames of 
reference. The equations of a stationary normal shock are well—known. 
(See reference 5.) Thus, if the ratio of specific heats y is taken 
as 1.11., the pressure ratio across the shock is given by 

a_p_7Ml2_l	
(15) 

p1 	 6 

and. the density ratio by

2	 6Mj 
P1 - M12 + 5

(16) 

where

U, 
a1 

Further, the continuity equation is 

u1 1 p1 =

(17) 

(i8) 

In order to change the frame of reference back to the case of a shock 
moving into a still gas, the relations

1 
=	

(19)
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are used. By substituting values fran equations (15)' to (19) in the 
expression for mass flow

= 

the following relation, equation (5') in the text, is obtained: 

rn	 ___ 

icp1a1R	 •q' •	 p + 6 

DerIvation of Formula f or V2t/R2 

If the gas law is written 

paa 
Pj p1T1 

and if viscosity, is assumed to vary linearly with temperature 

= T2 
p1 T1 

the' kinematic viscosity can be written 

=	 =	 p(! =	 '	 (20) 
P2 P1 \PJ	 \Pj 

Writing t =	 and using 'equations (15) to (20) result In 

V2t'1J7(p + 6)2P V1X 	 ' 

	

- (6P + 1) 2 .5 a1R2 '	 ' 

wtuich is equation (io) in the text.
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Derivation of Formula for p0/p1 

Reference 6 shows that, on the two sides of an expansion wave, the 
relation

u0+21a0=u2+21a2	 (21) 

holds. In this case, u0 = 0 and a0 = a1 since the original tempera-

ture on the two Bides of the diaphran is the seine. If the speed of 

1T sound is taken as a =	 the isentropic relation as .._a = 

	

yP	 p1 \PiJ 

y as i., in equation (21), and by use of equations (17) to (19), the 
following expression is found. for p0/p1: 

2. [_ 	 -'i7 

	

P1	 L	 V'7(6P + l)j 

Derivation of Formula for P3/Pi 

In order to determine the pressure in the end of the tube after the 
wave Is reflected, a new frame of reference is taken so that the 
reflected wave appears to be stationary. This change Is accomplished by 
setting	 - 

U1' = U53 + u2 

U2' = U53	
(22) 

where u53 is the velocity of the reflected shock. 

Equations (17) to (19) can be solved for U2 in terme of P, but 
equations (17) to (i8) also apply to the reflected shock (after suitable 
changes in the subscripts) and, together with equation (22), can be 
solved for u2 in terms of p 3/p2 . Equating these two expressions 
for u2 and simplifying result In the expression 

= 8p - 1 

Eenc e,

= p (8p — 1) 
p+6
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Equations for Hydraulic Jump 

If a frame of reference Is taken so that the jump appears to be 
stationary, the equation of continuity can be written as (see 
reference 14.)

u1th1•= U21h2	 (23) 

and the moontum equation as 

+ u1'2h1 =
	

+	 (2k) 

By substituting values from equations (19), (23), and. ( 214.) n the 
expression for mass flow

In = 

the following relation, equatio (12) in the text, is obtained: 

= ..LB -. l)jH(E + 1) 
pwa1h1 

Also, the following expression for vt/h2 2 ,, equation ( 114.) In the text, 
is found:

Vt	 1/	 2	 vi 

h22 -. 112 V11(H + 1) a1h12 

Since ' the expansion wave is a continuous phenomenon, equation (21) 
may be used in the hydraulic case in which y = 2. (See reference 11..) 
Thus, if the speed of a small wave is a = \fi and if U0 = 0 in 
equation (21), and. by use o± equations (19), (23), and (214.), the following 
expression for h0/h1 is obtained: 

= [ + (n - 1) JH l]2
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Figure 5.- Plot of the function n(p) from equation (8).
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Figure 7.- Plot of the function 2(H) from equation (12).
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alibration voltage 

Figure 10.— Typical voltage record obtained when shock 18 reflected from 
end of tube.
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