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EFFECT OF HEAT-CAPACITY IAG ON A VARIETY
OF TURBINE~-NOZZLE FLOW PROCESSES

By Robert B. Spoonsr

SUMMARY

" As a necesgsary consideration in the application of the variable
heat capacity of gases in the analysis of turbine-engine processes,
the effect of heat-capaclity lag in the adlabatic expansion of a gas
(nitrogen plus water vapor) through a turbine nozzle was computed
using & one-dimensional analysis of a representative flow process.

A number of parameter variatlons in the flow process were con-
sidered to determine the factors that amplify this effect and to
show the magnitude of the deviation from equilibrium conditions,
The flow parameters chosen to demonstrate this amplification were
total temperature, outlet velocity, relaxation time, inlet pres-
sure, nozzle length, and velocity distribution in the nozzle.

For nozzle~-outlet Mach nmumbers of 0.9 and less and for nozzle-
inlet temperatures of 3500° R and less, the ratio of outlet to
inlet pressure across the nozzle necessary to obtain a specified
outlet velocity was less than 1 percent smaller than that computed
on the basls of the usual assumption that the gas is in temperature
equilibrium at all times. The process, however, corresponded even
more closely to one in which the vibrational energy of the gas
was considered entirely unavailable or frozen., A value for the
ratio of specific heats of 1.4 can thus be used to yleld a closer
approximation to the actual case than does the equilibrium value,

" which includes the effect of the varying heat capacity of the gas,

Increases in nozzle-outlet Mach number led to correspondingly

greater deviations in pressure ratio from the actual case if the
calculations were based on an eguilibrium expansion. At a turbine-
nozzle outlet Mach number of approximately 4 and an inlet temperature
of 3500° R, this deviation in pressure ratio was approximately 85 per-
cent of the actual value. Calculations based on a condition of
frozen vibrational energy yilelded a pressure ratio differing by

only 8.9 percent from the actual case.

A set of conditions approximating those for flow through the
exhaust nozzle of a ram-Jet engine resulted in a process that could
be more closely approximated by egquilibrium conditions in contrast
with the conclusions drawn for turbine-nozzle processes.
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INTRODUCTION

The range of combustion temprratures encountered in gas-turbine
engines makes it necessary to consider the varilation with tempera-
ture of the heat capacity of the working fluld when describing any
flow process that takes place. In processes involving rapid expan-
sion of the fluid (initially in temperature equilibrium) and hence
rapid temperature variations, the mechanism contributing to the
Increase In heat capacity with temperature does not instantaneously
follow the changes Imposed by the process, but lags behind by an
amount that Iincreases as the time regulred for a given change in
temperature decreases (reference 1). As a result, the instanta-
neous heat capaclty of the exhaust gases during the flow process
18 less than the expected equilibrium value corresponding to the
temperature of the gas. In scme cases, the heat capacity of the
exhaust gases approaches the low-temperature heat-capacity value
(corresponding to a ratio of specific heats of 1.4 for diatomic
molecules) even though the gas remains at a high temperature through-
out the process. Consequently, in any investigation of the effect
of variable heat capacity on a flow process, this additional effect,
known as heat-capacity lag, must also be considered.

A gas can adjust to a change only in some finite time interval
as evidenced by the dependency of the heat-capacity lag on the time
required for a change in temperature. Thus, as a measure of the
heat-capacity-lag effect to be expected in a process, the time
required for the gas to approach equilibrium after an abrupt change
in temperature, calied the relaxation time of the gas, 1s used.

The phencmenon was first studied in commection with its effect on
the dispersion of sound waves, Landau and Teller give a theoretical
treatment. of the process in reference 2 where it is concluded that
long relaxation times are the results of a very low probablility of
exchange in enesrgy between vibrational systems and translational
and rotational systems during molecular-collision processes.

The significance of this phencmenon in gas dynamics was
investigated by Kantrowitz, In reference 1, he describes a gas-
dynamic method for measuring relaxation times and demonstrates
how the presence of certain impurities can appreciably affect the
relaxation time of a gas.

The effect of variable heat capacity including heat-capacity
lag was evaluated at the NACA Lewls laboratory by analyses of the
flow conmiitions in typical gas-turbine nozzles using results of
relaxation-time measurements presented in reference 3 by Kantrowitz
and Huber, The results obtained are compared with calculations
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made assuming equilibrivm expansion of the gas (zero heat-capacity
lag or zero relaxation time) and assuming a condition of frozen
vibrational energy (infinite relaxation time or ratio 'of specific
heats, 1.4). Equilibrium expansion ani frozen vibrational energy
represent the two possible extremes of the heat-capacity-lag effect.
The results presented herein for comparison will indicate If in soms
cases the actual flow process can be c¢losely approximted by one of
these two cases.

SYMBOLS

The following symbols are used. in the calculations and the
figures:

Cp heat ce;.pacity of gas at constant pressure

B vibrational energy of gas per unit mass

E* equilibrium value for E at given temperature
E! dimensionless vibrational energy, E/R9.

oxp( ) exponential function of guantity in parentheses

Hy total enthalpy of gas per unit mass
Hy'  dimensionless total enthalpy, Hi /R
K dimensionless constant La.po/e'E used in equation (9c)
L ocharacteristic length, of order of nozzle length
M Mach number
P static pressure of gas (absolute)
R gas constant per unit mass
i - entropy of gas per unit mass
T static temperature of gas

3] dimensionless temperature, T/6

t time, second
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u velocity of gas

ut dimsnsionless velocity, u/ ARo

W fraction of water vapor in gas mixture (by we_ight)_
x ‘distance along mean streamline in nozzle

x'  dimensionless distance, x/L

a propor_tionalit-y constant defined in equation (3)

4 ratio of specific heats of gas

2] characteristic vibrational temperature of gas

o] density of gas

T relaxation time, seconds

Subscripts:

0 nozzle inlet

1 nozzle outlet

8 standard case

phencmenon is presented as are the relations used to employ measured

ANAINSIS

A brief discussion of the mechanism of the heat-capacity-lag

values of relaxation times to account for heat-capacity lag in flow
processes. Hquations are derived to determine the flow conditions
in gas-turbine-nozzle expansion processes for the following three
possible conditions:

(1) Variable heat capacity with heat-capacity lag
(2) Variable heat capacity with zero lag (equilibrium)
(3) Frozen vibrational ene'rgy (7 = 1.4)

Heat-capacity~lag phenomenon. - The kinetic 'theory of gases

explains the variation of the heat capacity of a gas in terms of
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the forms in which internal energy is stored by the gas molecules.

In any ideal gas, the equilibrium internal energy per unit mass due
to translational kinetic energy is (3/2)RT. That energy due to
rotational kinetic ensrgy in a diatomlc gas, such as nitrogen, for
example, at room temperature or above is RT. For this gas, the
ensrgy stored in the form of molecular vibrations, however, increases
in proportion to the translational and rotational energy with rising
temperature approaching a maximum RT at temperatiures well above
6000 R.

The three forms of energy (translational, rotational, and vibra-
tional) can be considered as separate energy-storing systems; each
system 1ls considered to be at a temperature determined by the
internal energy stored in that system, When the gas is in equi-
1ibrium, the three systems will be in temperature equilibrium, If
the :lnternal energy of the gag' molecules, however, is- not divided
among the three systems In the relative proportions required by a
common temperature (equivalent to the three systems being at differ-
ent temperatures) the systems are not in equilibrium, The mechanisms
leading to thermal sgquilibrium are the molecular collisions that are
effective in producing a net interchange of ensrgy among the three
gsystems, Those collislions that cause an interchange of translational
and rotational energy in a gas are predominant so that the transla-
tional and rotational systems can be considered in equilibrium,
Boecause of the high probability of exchange of similar energy quanta
in molecular collisions, an equilibrium distribution of vibrational
energy quante 1s assumed to occcur among the possible vibrational
states of the molecules. Molecular vibratlions, however, are
excited only by certain types of collision. The result of the
Infrequency of these collisions 1s to decrease the rate at which
energy can be transferred to ani from the vibrational system. This
effect 18 responsible for the observed heat-capacity lag ani may
be importent In gas-flow processes because it places a limitation
on the rate of availability of vibrational ensrgy whenever the
temperature of a gas 1s caused to change rapidly.

Relaxatlon-time relations used in analysis., - The principal
component of the gas mixture considered in the analysis is nitrogen;
water vapor 1s assumed present only in regard to its catalytic
offect on the relaxation time of the nitrogen. None of the other
exhaust-gas components are known to have an appreciable effect
(reference 3). Even in the presence of carbon dioxide, which might
be expected to exchange vibrational-energy quanta readily with
nitrogen, little effect occurs other than that produced by water
vapor because the water vapor is a necessary medium for the rapid
transfer of vibrational energy from carbon dioxide as well.
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Ritrogen was chosen as the single principal component because it 1s
the main constituent of a mixture of exhaust gases, which makes the
effect shown by nitrogen indicative of the magnitude of the effect
in exhaust gases. In addition, only one characteristic temperature
6 would b required to determine the equilibrium vibrational energy
at a given temperature. The diatomic nitrogen molecules are approx-
imated by rigid rotator - harmonic oscillators and only the heat
capaclity of the vibrational system of the molecules 1s considered

as temperature dependent.

In the following analyses, the approach of the vibrational
energy to equilibrium will be according to the relations presented
in reference 1, which states that the relaxation time of a gas is
inversely proportional to the collision frequency of a gas molecule
eni directly proportional to the average number of collisions per
molecule necessary to approach equilibrium. The average number of
collisions is nearly independent of temperature, according to the
data of reference 3, when small gquantities of water vapor are present
as catalysts or agents to accelerate the adJjustment of the vibra-
tional energy to its equllibrium value,

When the vibrational energy E of the gas differs from its
equilibrium value E* where

g% - BT +gg> CY

it approaches that value according to the relation from reference 1

dg _ _ 1
=E- ?(E-E*) (2)

Hero it 1s necessary to evaluate E¥ at the apparent temperature

T defined by the energy stored in the rotational and translational
systems, which are assumed at all times to remain in equilibrium
with each other, The temperature of the vibrational energy system
thus approaches that of the translational and rotational systems
which, in turn, establish what 1s defined as the gas temperature T,

The relaxation time T, because it is directly proportional to
the number of collisions per molecule required to approach equilibrium

1326



93sT

NACA TN 2193 ' 7

(herein considered a constant number because of the presence of water
vapor) and inversely proportional to the collision rate between
molecules of the gas and the catalyst, is shown in reference 1 ani
by the kinetic theory of gases to be '

= G,M-% (3)

Al

The constant o can be determined from relaxation-time data for the
mixture at a known temperature and pressure and is approximately
proportional to the concentration of water wvapor or the fraction

of water vapor in the gas mixture w.

Flow process with variable heat capacity Including heat-capacity
lag. - The flow processes considered herein are representative of
those occurring in gas-turbine nozzles and are investigated by a
one-dimensional analysis for a gas of negligible viscosity. For
each process considered, the gas 1s adlabatically accelerated to a
spocified velocity and the required pressure ratio is csloculated.

The ong-dimensional Euler eguation for time-steady nonviscous
flow is .

du  1dp _
iz toa -0 (4)
The equation of state for an ideal gas is

The enthalpy theorem appllied to a dlatomic gas composed of rigid
rotator - harmonic oscillators at room temperature and above, where
the rotational contribution to the heat capacity of the gas is con-
sidered as having reached its maximum value R, 1s

2 :
Htg-%-+;27.RT+E (8)

e e e e o e g A ¢ = am——— —a s : — — oy — e = NP~ — e -
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wvhere E is the vibrational energy of the gas and T 1s the tempera-
ture of the rotationasl and translational systems, which are assumed
to be In equilibrium.

The equilibrium vibrational energy of nitrogen would constitute
less than 30 percent of the total enthalpy Hy at an infinite tem-
perature and only about 9.5 percent at a temperature of 3500° R.

For the temperature range considered herein, changes in E due to
relaxation effects will therefore be expected to have only a perturb-
ing effect on the flow process. The magnitude of the effect, however,
may change considerebly when the gas is initially far from equilib-
rium. If the vibrational energy of the gas is initially greater
than the equilibrium value, it is possible, in view of equation (2),
for the rate of adjustment of vibrational energy to be as great as
or greater than that occurring In an equilibriwm-expansion process.
The opposite case of lower than equilibrium Initial vibrational
energy would result in a transfer of energy intoc the vibrational
system, thereby considerably magnifylng the heat-capacity-lag effect.
These possible nonsquilibrium initlial conditions of the gas result
in a wide range of effects because of heat-capacity lag and are not
considered herein.

* Combining equations (4) and (5) yields '

%:--ﬁ%}-g—‘x}h . (7&)

or :

x
-gg=exp-f - (7v)
0

Substituting equations (1) and (3) into egquation (2) and using the

% =1 %x- applicable for time-steady one-dimensional £low

w4

His

Ele
&

relation

glves
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Equations (6), (7b), and (8) can be transformed into dimension-

less form by the introduction of the variables:

© o =T/o. u' = u/ARE
He' = H /RO - E' = E/Re
x' =x/L X =19£%

These substitutions yleld the following set of equations:

"2
T'=§E1t'-z'-1“_aL] (92)

x?*
u' du' .
%o " O <J T ax & (5b)
o ”

dE,.___ X (v/pg) (& _

—_— (9¢c)
ax'  yur AT oL/ g

A complete solution of the flow coniltions can be obtained for
the mixture by the simultaneous solution of equations (9) if the
initial state and the constant K are known for the fluid and 1if
the velcoity distribution u(x) is specified. In order to obtain
the results presented herein, these equations were solved by numer-
ical methods to gilve the required flow conditicns of temperature,
pressure ratio, and vibrational energy. The final values of these
quantities then specify the inlet conditions for the next stage of

e me e e ot e mm 4 m s e p cem mam mm e A = e m e Aoy v e eEno = = e o e - g% = o -
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the flow process. It should be noted that for certaln velocity dis-
tributions the mmerical solution is difficult to start if the
initial velocity is assumsed to be zero. This assumption also leads
to a contradiction if the initial state of the fluid is specified
as a nonequilibrium state because a value of u' = 0 1in equa-

tion (9¢) requires an equilibrium value of E' whenever the relaxa-
tion time is finite,

The constant K appearing in equation (9c) contains three
important parameters of the flow process: the length of the nozzle,
the absolute inlet' pressure, and the relaxation time of the gas at
some gstandard temperature and pressure., A variation in any of
these quantities can thus be neutralized or simulated by a varia-
tion of one of the others.

As the value of K approaches zero, as it would for an
infinitely long relaxation time (a = 0), equation (9c) requires
that dE'/dx! be zero or that the vibrational energy be "frozen"
at its initlal valus, Simllarly, if the relaxation time 1is neg-
ligible, K approaches the limiting value of iInfinity and equa-
tion (90) requires that to have a finite value for dE'/dx' it is
necessary for B' +to be at all times equal to 1ts equilibrium
valuse, )

Flow process with variable heat capacity assuming zero heat-
capacity lag. - From equation (1) and the enthalpy theorem as given
by equation (98.) , the static temperature of a gas in equilibrium is
related to its total enthalpy and flow velocity by

2 u'y 1
pr =2 |[Hy' - S S S (10)
1 7 2 1/pt
e /T 1.
For isentropic flow
ds=0=0,8 _grdp
0=0Cp 3 > (11a)

]

0=JRA4T , 1 4E¥ 4pn _pr dp 11
z T YT T P (11n)

1326
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When the value of E¥ given in equation (1) is substituted in equa-
tion (11b) and equation (11b) 1s integrated, the following equation
is obtained relating pressure ratio to the static temperatures:

M
s P
Tiog. L +|8 (1 _Y-1 (1-e'9/'-‘> = log, =%
7 Be g, YT <ee7m_1> %e % 2%
T
0

(122)

In terms of dimensionless quantities, equation (12a) may be written
as

Tt
fal

T 1
7 1 1 1 -1/1')
1 == log, —= = -1 1-

08y —= o 2 -] T|0 + o <617T'-1> O8g e

T
(12v)

For specified values of total enthalpy and flow velocity,
equations (10) and (12b) give the corresponding values of static
temperature ard pressure ratio,

Flow process with frozen vibrational energy (y = 1.4). - If the
relaxation time is so long as to prevent any recovery of ensrgy from
the vibrational system the vibrational contribution to the energy
in equation (10) is a constant evaluated at the initial temperature
To; therefore no change in vibrational emergy occurs during the flow
process and the flow variations obtained correspond to constant heat
capaclty with 7 = 1.4, The static temperature is then related to
the 1nitial temperature, the total enthalpy, and the flow velocity
by

Y-
T'l =—$- Het - E'o - (uzl) ) (13)

— m = vy A —— = m e m = % e B pawn S = e~ T — o = T = — = — o — .
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For Zero éha.nge in vibrational energy during the flow process,
equation (12b) reduces to

P _7 Ty
-— =L 1 —_— 14
loge 5 3 C8g T'o (14)

FLOW CONDITIONS APPLIED TO CALCULATIONS

The results of the foregoing analysis were used to compute the
extent of adjustment of vibrational energy and to compute the pres-
sure ratio required to obtain a specified flow velocity at the throat
or outlet of the turbine nozzles considered and, in addition, to
provide a comparison of the actual flow process with the flow process
for equilibrium heat capacity and for frozen vibrational energy
(y = 1.4). In all cases, the Initial velocity of the fluid in the
nozzle was essentially zero and the necessary parameters, such as
inlet pressure and temperature, relaxation time, and velocity dis-

tribution were specified, Calculations were made both for a standard

set of gas-turbine conditions and for a range of the important
parameters that would demonstrate the factors tending to amplify
the heat-capacity-lag effect.

Calculations of flow in typical turbine nozgle. - A character-
istic turbine nozzle in which the flow velocity was found to vary
approximately linearly with digtance along the mean streamline was
chosen as a standard for the calculations. The distance from inlet
to throat along this streamline was 1.4 inches, which is nsed as a
characteristic length in the calculations, The gas mixture is thus
accelerated from zero velocity to near sonic velocity in a distance
of 1.4 inches. Other parameters chosen as representative of the
turbine-nozzle flow processes in a turbojet engine operating at sea
1eve:(|). were inlet pressure of 4 atmospheres and inlet temperature of
2000% R.

The exhaust gas was considered to contain only nitrogen with
2 percent of water vapor. The water vapor 1s approximately the
amount that would be prcduced by the combustion of a fuel-alr mix-
ture containing 0.0175 pound of fuel per pound of air, the amount
necessary to prcduce the desired inlet temperature. The relaxation
time for this gas mixture has been experimentally measured by
Kantrowitz and Huber (reference 3) to be 2,3X10~% seconds at
1034° R and 1 atmosphere pressure. The catalytic action of the
water vapor allows the use of equation (3) to give the variation

1326
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of relaxation time with/ pressure and temperature because the quantibty
a 1is then independent of temperature, A list of the parameters of
the flow processes consldered in the calculations is presented in
table I, In case 1, the standard case listed in table I, the gas
is considered during the process of acceleration to a velocity cor-
respondiing to a Mach number somewhat greater than 0.9. Further
acceleration of the gas to a Mach number of approximately 2 is
presented as case 2 although the expansion beyond the throat of a
turbine nozzle is essentially a corner-flow process, which cannot
be approximated as accurately by a one-dimensional process as can
flow within the nozzle.

A turbine operating with a nozzle-inlet temperature of 2500° R
is considered in case 3 wherein all other parameters including K
are ldentical to those in the standard case., The increased fuel-
alr ratio necessary to obtain the inlet temperature of 2500° R would
reosult in a higher concentration of water vapor and hence a corres-
ponding shorter relaxation time in the gas mixture considered. For
the same turblne nozzle, p, must therefore be smaller for case 3
than for case 1, If the increased water-vapor concentration 1s
agsumed to increase the constant K by a factor of approximately
1.5, the required decrease in Pg by this same factor would make

case 3 correspond to operation of the turbojet engline at an altitude
of approximately 12,000 feet.

A change in the parameter K from that employed in the standard
case 1s presented as case 4 wherein K = 0.25 K_,, This value of K
represents, for example, the case for turbojet-engine operation at
an eltitule of approxima.tely 33,000 feet (where Do = 0.25 of the
value at sea level); all other parameters are fixed at the values
used In the standard case,

Effect of various parameters on flow process. - In order to
Investigate the factors that might be expected to magnify the heat-
capacity-lag effect, the flow conditions were calculated for various
parameter values, which sometimes varied from those applicable to
typlcal gas-turbine processes.

Cages 4 and S together with the. standard case demonstrate the
effect of several valuss of the constant K on the flow process.
Case 4, as already described, considers K = 0.25 K;, whereas
case 5 treats the opposite case, which differs from the standard
case only in that K = 4 Ks" The resulis of an increase in inlet
pressure or in nozzle length by a factor of 4 (as may be the case
in a large stationary gas-turbine installation) on the effect pro-
duced by heat-capacity lag on the flow process are thus demonstrated.
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The effects of two nonstandard velocity distributions in a tur-
bine nozzle are obtained in cases 6 and 7. The first distribution
consists of a low initial acceleration followed by a rapid accelera-
tion to the specified velocity in the neighborhocd of the nozzle
throat; the welocity distribution is chosen proportional to x3.
The second variation in flow is produced by prescribing a flow
velocity proportional to 1 - (1-x)3. This distribution requires
a rapld acceleration of the fluid at the inlet followed by a more
gradual velocity increase near the throat.

The standard case and cases 3, 8, and 9 consider the effect on
heat-capacity lag of inlet temperatures of 2000°, 2500°, 3000°, and
3500° R, respectively. The effect of continued acceleration of the
gas mixture at the low temperature to a Mach number of approximately
2 is considered in case 2, whereas in case 10 the gas at an inlet
temperature of 3500° R is accelerated more rapldly to a Mach number
of approximately 0.9 in the distance of'l.4 inches. The continua-
tion of this expansion process to Mach numbers of approximately 2
and 4 is made in cases 11 and 12, respectively. A linear veloclty
distribution during the entire expansion process is assumed for
these cases.

The conditions chosen for case 13, similar to case 1l except
for an increase in K/K; to a value of 6, conform to those for

ram-Jot exhaust-nozzle flow. The nozzle is 18 inches in length and
the ram-jet engine 1s operating at an altitude of 50,000 feet.

RESULTS OF COMPUTATIONS

ror each case listed in table I, the variations in flow condi~
tions with distance along the flow passage are computed for the three
conditions of normal heat-capacity lag, zero heat-capaclty lag, and
frozen vibrational energy (7 = 1l.4). Typical results obtained
(case 11) are plotted in figure 1, which indicates the quantities
used for evaluation of the magnitude of the heat-capacity-lag effect.
Figure 1l(a) shows a plot Por the actual expansion process, whereas
figure 1(b) is an enlarged plot of a section of figure 1(a) on which
are shown the variations iIn pressure ratio and flow kinetlc energy
with distance in the nozzle. In addition, figure 1(b) shows curves
for the cases of equilibrlum expansion and for frozen vibrationsl
energy. For a given final velocity at x/L = 1.75, the pressure
ratios required are 0.136, 0.149, and 0.134 for actual, zero, and
infinite relaxation times (y = 1.4). For a given pressure drop
corresponding to that required for the equilibrium expansion process,
the respective flow kinetic energies (in dimensionless form) are
0.847, 0.878, and 0.842,

1326
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The guantlties chosen for determining the effect of heat-
capacity lag are the percéntage loss in available kinetic
energy (defined as the percentage decrease in flow kinetic energy
produced in an expansion process as ccmpared with that produced dby
an equilibrium expansion process with the same pressure ratio) and
the percentage deviation In pressure ratio in a process from that
required for acceleration to the same veloclty by an equilibrium
expansion process that gives maximum utilization of available energy.
The actual pressure ratio 1s also compared with that required for
acceleration to the given velocity when frozen vibrational energy
is assumed. These quantities are presented in table I for each of
the 12 cases considered alang with the pressure ratlos and the per-
centage changes in vibrational energy, which is primarily responsible
for the heat-capacity-lag effects,

The parameters, which have been studied in this investigation

of the effect of heat-capacity lag, are nozzle-outlet Mach number My

or velocity W, the velocity distribution in the nozzle, the inlet
temperature TO and pressure 7p,, the nozzle length 1, and the
percentage water vapor in the ges mixture w. The last three par-
ameters have been ccmbined in a single factor K, which is listed
in table I relative to a standard value K, so that

S -
X __0 L w (15)

The parameters chosen for the standard case in which & linear
velocity distribution is assumed are: nozzle-outlet Mach number,
approximately 0.9; nozzle-inlet temperature, 2000° R; nozzle-inlet
pressure, 4 atmospheres; nozzle length, 1.4 inches; and fraction
of water vapor by welght in gas mixture, 2 percent.

Any case containing parameters within the range of those con-
sidered can be compared with the calculated results by determining
K/KB Por the case and finding the set of parameters in table I to
which the case most closely coincides, The trends produced by var-
ious parameter changes from the standard case then indicate the
expected effect of heat-capacity lag in the case considered, The
results for the first or standard case demonstrate that: (1) The
effect of heat-capacity lag on the usually assumed flow condltions
is small In magnitude because only 'a small part of the internal
energy of “the gas is stored as vibratlional energy and the process
calls for release of only a fraction of this energy; (2) of greater

-

- e e e e — - — - ——
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importance, is the result that the-actual proceas corresponds more
closely to a process with frozen vibratiodal energy (y = 1.4) than
1t does to the usually assumed equilibrium process.

Fffect of variation in factor K. - Because the factor X
directly reflects the rate at which vibrational energy can be trans-
ferred, a reduction in K +to 0.25 of the standard value makes the
pressure ratio and loss in avallable energy, as shown in table I,
closely approach the condition of frozen vibrational energy. The
parameter K, 1f increased by a factor of 4, however, glves a
corresponding increase in the avallabillty of vibrational energy
with the result that case 5 approaches an squilibrium expansion.

The pressure ratio for the equilibrlum process differs from the
actual value by only 0.19 percent. A plot of the deviations in
pressure ratio for the assumptions of equllibrium expansion and
frozen vibrational energy as functions of K/KEl is shown in figure 2.

The agsumption of frozen vibrational energy is equivalent to
K/Kg = 0.  The assumption of frozen vibrational energy is equivalent

to K/Ks = 0 because frozen vibratlonal energy corresponds to the

condition of infinite relaxation time or o = 0. The dependence
of K-on o then requires that K = 0 and K/Kg = O. .

1326

Effect of variastion in velocity distribution. - Both of the
nonlinear velocity dlistributions considered 1n cases 6 and 7
requived pressure ratios intermediate between the standard case
and the condition of frozen equilibrium. The linear velocity dis-
tribution is thus shown to result in a smaller loss in available
energy than either of the extreme velocity distributions treated.
The time required for most of the acceleration in cases 6 and 7
was shorter than that in the standard case so that less adjustment
of vibrational energy occurred during this part of the acceleration.
The detalls of the caleuletion results are particularly Interesting
in that the larger change in vibrational energy indicated in case 7
than in case 6 ogcurred.principally after the rapid acceleration.
This energy was thus not applied to the kinetic energy of the gas
during the acceleration process, but contributed only to the increase
in entropy of the gas as it approached temperature equllibrium.

Effect of variation in initial temperature. - As the tempera-
ture is increased from that employed in the standard case (2000° R)
to the value assumed in cases 3, 8, and 9 (25000, 30000, and 35000,
respectively), progressively smaller fractional changes in vibra-
tional energy occur in the expansion process. This result is due
principally to the fact that a smaller fraction of the vibrational
energy is noxrmally trensferred in the acceleration of the gas to .
the specified veloclity even under equilibrium conditions. The )
accompanying smaller deviations in pressure ratio and, at higher
‘temperatures, losses in available energy are also shown in table I.
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The pressure ratios for frozen vibrational energy differ by less
than 0,14 percent from the actual values, whereas the pressure ratio
for equilibrium expansion differs by approximately 0.4 percent from
the actual value for a nozzle-inlet temperature of 2000° R,

Effect of varlation in final velocity. ~ The effect of con-
tinued acceleration of the gas mixture 1is partly shown by case 2,
vhich extends the standard acceleration process to a Mach number
of approximately 2. Here, a larger portion of the vibrational
energy (87 percent) would normally be released in an equilibrium
expansion; however, because of heat-capacity lag, only 18 percent
of thils energy is made avallable. The resultant effect on the
required pressure ratlo is seen in table I to be a significant
decrease from that determined by the usual assumption of an egquil-
ibrium expansion, Again, the actual case 1s much more closely
approximated by a process with frozen vibrational ensrgy than by
equilibrium condiitions. The deviation in pressure ratio from the
actual value 1s less than 1.7 percent for frozen vibrational energy,
whereas the deviation is approximately 4.5 percent for equllibrium
expansion,

A change In case 9 to produce an acceleration to a Mach number

. approximately that attained in the standard case in the same length

of nozzle and to cause a larger proportional temperature drop is
presented as case 10. Here, both the deviation in pressure ratio
and the loss in available energy are greater than in the standard
cagse because of the increased vibrational energy storage at the
‘higher temperature. The deviation in presswre ratio for equil-
ibrium expansion 1s approximately Q.6 percent compared with a
deviation of less than 0,14 percent for frozen vibrational energy
at a temperature of 3500° R, A continued acceleration of the gas
to a Mach number of approximately 2, considered in case 11, shows

a significant further increase in the deviation in pressure ratio
from the equilibrium value as well as a greater loss 1n available
enorgy. The deviations in pressure ratio from the values for. equil-
ibrivm expansion and for frozen vibrational energy are approximately
9.9 and 1.7 percent, respectively. In cases such as 12 at a tem-
perature of 3500° R and acceleration to a Mach number of 4, the
conglderation of heat-capacity lag is evidently of primary importance
as evidenced by the large change in pressure ratio and loss in avail-
able energy. The pressure ratio for frozen vibrational energy
deviates from the actual value by approximately 8.9 percent;

whereas the pressure ratio for equilibrium expansion deviates by
spproximately 85 percent from the actual value. Although the
deviation in pressure ratio from the equilibrium condition becomes

o v e e e m——t ————— ot = e ——— ———— —— —— e



18 " NACA TN 2193

veory large, the loss in avallable energy is limited to less than the
amount of energy stored in the vibrational system of the gas
molecules.

Effect of varliation In factor K for high tempeira'bure and high
final velocity. - Increasing the value of K/Ky; to 6, as was done
In proceeding from case 11 to case 13, produced a process differing
markedly from that described in the previous paragraph. Although
the conditions were such as to make the process considerably depend-
ent on vibrational energy, the availability of this energy, as
reflected by the larger value of K/Kg, made the process differ
only slightly from egquilibrium conditions. The pressure ratio
assuming egquilibrium expansion deviates by only 0.54 percent from
the actual case, whereas the assumption of frozen vibratlonal energy
would result In e pressure ratio differing by 10 percent from the
actual process. This case, representative of ram-jet exhaust-nozzle
flow processes, thus cannot be better approximated by using the value
7 = 1.4, .

The results described Iin this sectlon and listed in table I
demonstrate that the greatest effect of heat-capacity lag is observed
in cases where a relatively large amount of energy is stored in the
vibrational system of the gas, as occurs at high temperatures, at
the tlme when the gas undergoes a large change in temperature. If
this change takes place in a time short compared with the relaxmtion
time of the gas, as would occur in expansion processes at high sonic
or supersonic velocities in gas turbines, very little of the vibra-~,
tional energy 1s utillized.

SUMMARY OF RESULTS

The effect of heat-capacity lag on the flow conditions for
expansion of a gas mixture of nitrogen and water wvapor through a
turbine nozzle has been calculated for a gset of representative
flow conditions in a typiceal turbojet engine and for & number of
variations of this gtandard flow process., This gas mixture was
chosen because the results were felt to be indicative of the
Importance of heat-capacity lag In gas-turbine engines; chemical
dissociation was not considered in this investigation. The pres-
sure ratios (outlet to inlet) across the nozzle to provide a given
nozzle Jet velocity were compared for three cases, namely:

(a) Actual case, in which heat-capacity lag is considered in
the expansion process

(b) Equilibrium case, in which heat-capacity lag is assumed
to be zero

122AR
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(¢) Frozen~vibrational-energy case,. in which the heat-capacity
lag 1s assumed infinite. (For this case, the ratio of
specific heats is constant and for diatomic gases is
equal to 1.40.)

For nozzle-~outlet Mach numbers of 0.9 and less and for nozzle-
inlet temperatures of 3500° R and less, the three cases to produce
the same Jet velocify required pressure ratios differing dy less
than 1 percent. All cases in which 2 percent of water vapor or
less was present In the gas mixture showed that a condition of
frozen vibrational energy gave a closer approximation to the actual
cage than did the equilibriuvm expansion. For 2 percent water vapor
and a nozzle-outlet Mach number of approximately 0.9, the pressure
ratio for frozen vibrational ensrgy differed by less than 0,14 per-
cent from the actual value; whereas that pressure ratio required for
equilibrium expansion differed by approximately 0.4 and 0.6 percent
for temperatures of 2000° and 3500° R, respectively.

At nozzle-outlet Mach numbers of approximately 2, the pressure
ratios for frozen vibrational energy deviated from the actual values
by less than 1.7 percent for nozzle-inlet temperatures of 2000° and
3500° R, vhereas those for an equilibrium expansion deviated by
approximately 4.5 and 9.9 percent, respectively. An approximation
to the continued acceleration of the gas with an inlet “temperature
of 3500° R to a'Mach number of approximately 4 when equilibrium
expansion was assumed deviated in pressure ratio from the actunal
case by approximately 85 percent; whereas an assumption of frozen
vibrational energy led to a pressure ratio deviating from the actual
case by 8.9 percent,

Conditions closely approximated by equilibrium expansion were
obtained for K/Kg = 4 for a nozzle-inlet temperature of 2000° R
and a nozzle-outlet Mach number of approximately 0.9. A similar
result was obtained for a nozzle with inlet temperature of 3500° R
and outlet Mach number of approximately 2 when K/Ks = 6. The
respective deviations in pressure ratio from actual values by
assuming equilibrium expansions were only 0.19 percent and
0.54 percent.

CONCILUSION

As based on the calculations described herein, the effect of
heat-capacity lag on nozzle expansion processes is dependent
principally on a parameter K, which is proportional to the nozzle-
inlet pressure, the nozzle length, and the amount of water vapor
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present in the exhaust gases. For a rangs of values of X repre-
sentative of turbine-nozzle flow processes, an assumption of

frozen vibrational energy or constant heat capacity gives smaller
deviations from the actual flow conditions than does the egquilibrium
variable heat capaclty of the gas. Iarger values of K dictated by
ram-Jet operating conditions, however, lead to flow processes, which
can be closely approximated by equilibrium conditions.

Lewis Flight Propulsion ILeboratory,
Fational Advisory Commlttee for Aeronmautles,
Cleveland, Ohio, March 2, 1950,
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TABLZ I - RESULTS OF CALIULATIONS FOR

Lad LS

COHPARISON OF FLON PROCESSES

Cepa|Valocity|Retio |Inlet|Final |Final Pressurs ratio required (Percent deviation |Loss in avallabls |[Retio of|Percent change
distri- |of K [tem~ |veloc=- |Hach of Qvﬁb.frmlaotugl enerzgy for given [initlal |in vibrational
butlon foctor|pera=-|Lity numbar valie for a glven plfpo, percant vibra- |energy

to ture |{dimen-| (approx kinatic enopgy tional -
stend- | (°R) |sion- |imats} [Actual[Frozen ul- "[Equl- gen Actual|Frozen onergy [Actual[Equi=
ard loss) vibration-|libriwa|librium (vibretlon- vibration- |to total librium
> value Rl onergy al energy &1 ensrgy (enthalpy
12| Linear | 1 2000 |0.5672 0.9 0.5858| 0.5830 0.5869 | 0.380 0.137 0.827 0.867 0.0414 | 9.68 | 37.0
28| tinesr | 1 2000 |1.001 +1388 1335 11417 | 4.50 1.86 1.69 2,27 <0414 [1B.0 | 87.5
38! Linesr { 1 2600 | .B572 .8 «8548( .B538 +8585 s 280 +107 844 877 0822 | 8,28 | 24,9
48[ Linear <25 | 2000 | 572 N .5633| .8830 + 58569 » 448 +0B1 2790 | .5887 «0414 | 3,07 | 37.0
B Linear | 4 2000 572 9 +5848 65830 «5859 188 308 +9B1 867 «0414 [21.2 37.0
8 .| 1 2000 | 572 9 58556 .6B830 « 5839 .41} .088 730 . 887 .0414 | 6,38 | 3v.0
7 1-(1-x)3 1 2000 572 .9 +6858 5830 +5889 504 +103 +687 «887 «0414 | 15.3 37.0
8 | Linesr | 1 3000 | «b7R .7 «7060] .7045 « 70686 .BR7 071 +815 .826 .0803 | 4.42 | 18.1
-} Linear 1 5500 572 T » 7427 7423 «7440 178 084 674 +761 +0P84 S.20 13,9
10 | Linear | 1 38C0 | 757 -] .5838| .5851 .BB76 834 . 137 1.10 1.38 0964 | 4.23 | £4.1
11 | Linear | 1 3500 |1.324 2 «.1368| 1336 -14p2 | 9.87 1.68 5.75‘ 4.36 «0964 | B.28 | 67.8
12 | Linear | 1 3800 |1.741 4 L0070| L0073 .0146 | 84,8 8.88 6.87 7.72 «0854 | 9.0L | 66.9
le Linear ] 3800 |1.324 2 21484 «1356 «1492 « 339 10.04 222 4,38 .0954 166.2 87.8
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R
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Distance along mean streamline, x/L .
(a) Actual expansion process.

Figure 1. - Flow kinetlc energy and pressure ratio of gas as functions of

position in nozzle (case (11)).
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Figure l. - Concluded. Flow kinetic energy and pressure ratio of gas
as functions of position in nozzle (case (11)).

B e e et~ e e e A s e e A= e e o = —— - -




G801 ~ 0g-o-~0T - SeeT-VOVN

0.5 |

N,

\\ ‘
T} \
S 0.4 AN
e N
[ ] ‘- ]
p' -
@
[}
4 Equilibrium |
[« 0-3 \\ prannlon 1/1 -
~ T —
é “ /A

—
o - ~—]
E P S
« 0.2 r \\
& e
E / Frozen vibrational
energy
.

x| 7
g 0.1 /
-l
® /
o«
£ Su——

/ e Vel

1 1
0 1.0 2.0 3.0 . 4.0
E/Kq .
Figure 2. - Deviation in pressure ratio from actual value as function of K/Ky for asaimgtions

of equilibrium expansion and frozen vibrational energy. Nozzle~-inlet temperature, 2000° R;

nozzle-outlet Mach number,

0.9; nozzle-inlet preasurs, 4 atmospheres.
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