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EFFECTOFH3AT-OAPACll!YIAGOI?A VARIETY

OFTURBI193-N3ZZLElZOWPROCXSSIS

ByRobertB.Spooner
.

‘Asa necessaryconsiderationintheapplicationofthevariable
heatcapaoityofgasesintheanalysisofturbine-engineprooesses,
theeffeotofheat-oapacitylagintheadiabaticexpansionofa gas
(nitrogenpluswatervapm)througha turbinenozzlewascomputed
usinga one-dimensionalanalysisofa representativeflowprocess.

A numberofparametervariationsintheflowprocesswerecon-
sideredtodetemuinethefactorsthatamplifythiseffectandto
showthemagnitudeofthedeviationfromequilibriaconditions.
Theflowparameterschosentodmonqtratethisamplificationwere
totaltemperature,outletvelocity,relaxationtime,inletpres-
sure,nozzlelength,andvelocitydistributioninthenozzle.

Fornozzle-outletMch numbersof0.9andlessandfornozzle-
inlettemperaturesof3500°R andless,theratioofoutletto .
inletpressureaorossthenozzlenecessarytoobtaina specified
outletvelooitywaslessthan1 percentsmallerthanthatmmputed
onthebasisoftheusualassumptionthatthegasisintemperature
equilibriumatalltimes.Theprocess,however,correspondedeven
moreoloselytooneinwhiohthevibrationalenergyofthegas
wasconsideredentirelyunavailableorfrozen.A valueforthe
ratioofspeoificheatsof1.4oanthusbeusedtoyielda closer
approximationtotheactualeasethandoestheequilibriumvalue,
whiohinoludestheeffectofthevaryingheatoapaoityofthegas.
Inoreasesinnozzle-outletMaohnmberledtocorrespondingly
greaterdeviationsi.n~essureratiofromtheactualcaseifthe
calculationswerebasedonanequilibriumexpansim.Ata turbine-
nozzleoutletMachnuniber of approximately4 andaninlettemperature
of3500°R,thisdeviationinpressureratiowasapproximately85per-
centoftheactualvalue.Calculationsbasedona oonditionof
frozenvibrationalenergyyieldeda pressureratiodifferingby
only8.9percenttiomtheactualease. 9

A setofconditimsapproximatingthoseforflowthroughthe
e~ust nozzleofa ram-jetengineresultedina processthatcould
bemoreoloselyapproximatedbyequilibriumconditionsinmntrast
withtheconclusionsdrawnforturbine-nozzleprocesses..

.
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2 IJACATM2193

Therangeofcomlmetiontemperatures
a

encounteredingas-turbine g
enginesmakesItnecessarytooo~iderthe=iationwtth-tempera- A
tureoftheheatoapacityoftheworkingfluidwhendescribingany
flowprocessthattakesplace.Inprocessesinvolvingrapidexpan-
sionofthefluid(initiallyintemperatureequilibrium)andhenoe
rapidtemperaturevariations,themedami~contributingtothe
inoreaseinheatoapacitywithtemperaturedoesnotinstantaneously
folMwtheohangesimposedbytheprocess,butlagsbehindbyan
amountthatinoreasesasthetimerequiredfora givenchangein
temperaturedeoreases(referenoe1). Asa result,theinstanta-
neousheatoapacityoftheexhaustgasesdurin$theflowprooess
Isleesthantheexpectedequilibriumvaluecorrespondingtothe
temperatureofthegas.Insomeoasea,theheatoapacityofthe
exhaustgasesapproachesthelow-temperatureheat-oapaoityvalue
(correspondingtoa ratioofspeoifioheatsof1.4fordiatomic
molecules).eventhoughthegasremainsata hightemperaturethrough-
outtheprooess.Consequently,inanyinvestigationoftheeffect
ofvariableheatoapaoityona flowprocess,thisadditionaleffecrt,
knownasheat-oapaoitylag,mustalsobeconsidered.

A gascanad$usttoa &angeonlyinsomefinitetimeinterval
asevidenoedbythedependencyoftheheat-oapacitylegonthethe
requiredfora changeintemperature.Thus,aOa measureofthe
heat-oapacity-lageffecttobeexpectedina process,thetime

.

requiredforthegastoapproachequilibriumafteranabruptohange
intemperature,oalM therelaxationtimeofthegas,isused.
5 phenomenonwasfirststudiedinmuneotionwithitseffeoton
thedispersionofsoundwaves.LandauandTellergivea theoretical
treatment.oftheprocessinreferenoe2whereitisoonoltiedthat
longrelaxationtimesaretheresultsofa verylowprobabilityof
exchangeinenergybetweenvibrationalsystemsandtranslational
androtationalsystemsduringmoleoukr-collisionprocesses.

Thesignifioanoeofthisphenomenoningasdynamioswas
investigatedbyK&nixowitz.Inreferenoe1,hedesoribesa gas-
-O m~~ for-as=@? remtim timesanddemonstrates
howthepresenoeof’certainimpuritiesoanap~ed.ablyaffectthe
relaxationtimeofa gas.

Theeffectofvariableheatoapmityinoludingheat-oapacity
lagwasevaluatedattheI’?ACALewislaboratorybyanalysesofthe
flowOonaitions.. relaxation-time
andHuber.The

in typioal gas-turbinenozzlesusingresultsof
measurementspresentedInreferenoe3 byKantrowitz
resultsobtainedarecomparedwithoaloulatlons

.
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madeassmingequilibrhuuexpansionofthegas(zeroheat-capacity
lagorzerorelaxationtime)andassuminga oonditionoffrozen
vibrationalenergy(infiniterelaxationtimeorratioiofspecific
heats,1.4).~uilibriumexpansionandfrozenvibrationalenergy
representthetyopossibleextremesoftheheat-oapaoity-lageffeot.
Theresultspresentedhereinformmparisonwillindioateifinsome
oasestheaotualflowprooessoanbecloselyapproximatedbyoneof
thesetwooases.

SYMBOIS

The followingsyrfibolsareusedinthe’oalcmlationsandthe
figures:

exp()

lit

%’
K

L

M.

P

R

s

T

T3

t

●

heatoapaoityofgasatmnstantpressure

vibrationalenergyofgasperunitmass

equilibriumvaluefor l!!atgiventemperature

Mmensionleasvibrationalenergy,E/Re.

exponentialfunotionofquantityinparentheses

totalenthalpyofgasperunitmass

dimensionlesstotalenthalpy,K@

dimensionlessconstantq~elii usedin equation(90)

dsraoteristiolength,oforderofnozzlelength

Maohnwnber

static”pressureofgas(absolute)

gasconstantperunitmass

entropyofgasperunitmass

statictemperatureofgas

d.hensionlesstemperature,T/e

time, second
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velocityofgas

dimensiotiessvelooity,u/@

fbaotionofwatervaporingasmixture(byweight).

‘distanoealongmeanstreamlineinnozzle

dimensionlessdi6tanoe,xjk

proportionalityconstantdefinsdinequation(3)

ratioofspecifioheatsof-S

oharacteristiovibrationaltemperatureofgas

P densityof

T relaxation

Subscripts:

gas

time, seoonda

o nozzleinlet

., 1 nozzleoutlet

s standardease

A briefdiscussionofthemechanismoftheheat-capacity-lag
phenomenonispresentedasaretherelationsusedtoemploymeasured
valuesofrelaxationtimestoaccountforheat-capaoitylagInflow
processes.~uationserederivedtodeterminetheflowconditions
ingas-turbine-nozzleexpansionprocessesforthefollowingthree
possibleconditions:

(1)V=iableheatoapacitywithheat-capacitylag

(2)Variableheatoapacityyithzero~(equilibrium)“

(3)Frozenvibrationalene&y

Heat-capaoity-lagphenomenon.
explainsthevariationoftheheat

(7= 1.4)

-Thekinetio’theoryofgases
oapacityofa gasintermsof

w
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NACATN2193 5

theformsinwhiohinternalenergyisstoredbythegasmolecules. ‘
Inanyidealgas,theequilibriuminternalenergyperunitmassdue
totranslationalkineticenergyis(3/2)RT.Thatenergydueto
rotationalkinetioenergyina diatomicgas,suohasnitrogen,for
example,atroantemperatureoraboveis RT. Forthisgas,the
energystoredintheformofmolemlarvibrations,however,inoreases
inproportiontothetranslationalandrotationalenergywithrising
temperatureapproachinga maxima RT attemperatureswellabove
6000°R.

Thethreeformsofenergy(translational,rotational,andvibra-
tional)oanbeconsideredasseparateenergy-storingsystems;each
systemisconsideredtobeata temperaturedeterminedbythe .
internalenergystoredinthatsystem.‘Whenthegasisinequi-
librium,thethreesystemswtllbeintemperatureequilibrium.If
theinternalenergyofthegas’molecules,hmever,is.notdivided
amongthethreesystemsintherelativeproportionsrequiredbya
ccamuontemperature(equivalenttothethreesystemsbeingatdiffer-
enttemperatures)thesystemsarenotinequilibriwn.Themedanisms
leadingtothermalequilibrimnarethemolecularcollisionsthatare
effectiveinproduoinga netinterchangeofenergyamongthethree
systems.Thosecollisionsthatoauseaninterchangeoftranslational
androtationalenergyina gasarepredominantsothatthetransla-
tionalandrotationalsystemscanbeconsideredin~quilibrium.
Beoauseofthehighprobabilityofexchangeofsimilarenergyquanta
inmolecularcollisions,anequilibriumdistributionofvibrational
energyquantaisassumedtoocouramongthepossiblevibrational
statesofthemolecules.Molecularvibrations,however,are
excitedonlybycertaintypesofoollision.Theresultofthe
infrequencyofthesecollisionsistodecreasetherateatwhich
energyoanbetransferredto- fromthevibrationalsystem.This
effectisresponsiblefm theobservedheat-capacitylagandky
beimportantingas-flowprooessesbecauseitplacesa limitation
ontherateofavailabilityofvibrationalenergywheneverthe
temperatureofa gasisoausedtochangerapidly.

Relaxation-timerelationsusedinanalysis.- Theprincipal
mmponentofthegasmixtureconsideredintheanalysisisnitrogen;
watervaporisassumedpresento= inregardtoitscatalytic
effectontherelaxationtimeofthenitrogen.NOW oftheother
exhaust-gascomponentsarelmowntohaveanappreciableeffect
(referenoe3). Eveninthepresenceofoarbondioxide,whichmtght
beexpectedtoexchangevibrational-energyquantareadilywith
nitrogen,littleeffectoocursotherthanthatproducedbywater
vaporbecausethewatervaporisa necessarymediumfortherapid
Imansferofvibrational.energyfromoarbondioxideaswell.

.. . . . . . .. . .——. - -- —.- ——..— —-— ———— —..-—— .— -- -. --——..--—



. . .

NACATN21936

Nitrogen
themain

waschosenasthesingleprincipalcomponentbecaweitis
constituentofamixtureofexhaustgases,whichmakesthe

effectshownbynitrogeninriicativeofthema&lt&eoftheeffect
inexhaustgases.●Tnaddition,onlyonecharacteristictempemture
e wouldbbrequiredtodeterminetheequilibriumvibrationalenergy
ata giventemperature.Thediatomicnitrogenmoleculesareapprox-
imatedbyrigidrotator- harmonicoscillatorsd onlytheheat
capacityofthevibrationalsystemofthemoleculesisconsidered
astemperaturedependent.

tithefollowinganalyses,theappoachofthevibrational
ene&gytoequilibriumwillbeaccordingtotherelationspresented
inreference1,whichstatesthattherelaxationtimeofa gasis
inverselyproportionaltothecollisionfrequencyofa gasmolecule
anddirectlyproportionaltotheaveragenumberofcollisionsper
moleculenbcessarytoapproachequilibrium.Theaveragenumberof
collisionsisnearlyindepetientoftemperature,accordingtothe
dataofreference3,whensmallquantitiesofwatervaporarepresent
ascatalystsoragentstoacceleratethead~ustmentofthevibra-
tionalenergytoitsequilibriumvalue.

WhenthevibrationalenergyE ofthegasdiffersfromits
equilibriavalue& where

(+)&=RT eTeeT-1 (1)

itapproachesthatvalueaccordingtotherelationfromreference1

(m= - + (E-m)
at

(2)

HereitisnecessarytoevaluateN attheapparenttemperature
T definedbytheenergystoredintherotationalandtranslational
systems,whichareassumedatalltimestoremaininequilibrium
witheachother.Thetemperature ofthevibrationalenergysystem
thusapproachesthatofthetranslationalandrotationalsystems
which,inturn,establishwhatisdefinedasthegastemperatureT.

TherelaxationtimeT, becauseitIsd&ectlyproportionalto
thenuniberofcollisionspermoleculerequiredtoapproachequilibrium

.—. - ---- — —-. . .-_. .-\ -— --- .-— __—.
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(hereinconsidereda
vapor)andinversely
moleculesofthegas

constantnumberbecauseofthepresenoeof
proportionaltothecollisionratebetween

7

water

&d-theoatalyst,isshowninreferenoe1 and
bythekinetictheoryofgasestobe -

(3)

Theconstantu canbedeterminedfromrelaxation-timedataforthe
mixtureata lmowntemperature- pressureandisapproximately
proportionaltotheconcentrationofwatervapororthefraction
ofwatervaporinthegasmixturew.

Flowprooesswithvariableheatoap&ityincludingheat-capacity
%* - Theflowprocessesconsideredhereinarerepresentativeof
thoseoccurringingas-turbinenozzlesandarelnvestiga~edbya
one-dimensionalanalysisfora gasofnegligibleviscosity.For
eachprocessconsidered,thegasisadiabaticallyacceleratedtoa
specifiedvelocityandtherequiredpressureratioisoalmlated.

Theone-dimensionalEulerequationfortime-steadynonviscous
flowis

(4)

Theequationofstateforanidealgasis

P=- (5)

Theenthalpytheoraappliedtoa diatomiogasmmposedofrigid
rotator- harmonicoscillatorsatroomtemperatureandabove,where
therotationalcontributiontotheheatoapaoityofthegasiscon-
sideredashavingreacheditsmeximumvalueR, is

,,

,
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.

.

whereE isthevibratimalenergyofthegasazilT isthetempera-
tureoftherotational- translational.systems,whichareassumed
tobeinequilibriwn. g

m
Theequilibriumvibrationalenergyofnitrogenwouldconstitute

lessthan30percentofthetotalenthalpyHt atanInfinitetem-
peratureandonlyaboti9.5percentata temperatureof3500°R.
Forthetemperaturerangeconsideredherein,dangesin I!dueto
relaxationeffectswilltherefcmebeexpwtedtohaveonlya perturb-
ingeffectontheflowprocess.Themagnitudeoftheeffect,however,
mayohangeconsiderablywhenthegasisinitiallyfarfromequilib-
rium.JYthevibrationalenergyofthe@s isinitiallygreater
thantheequilibriumvalue,itispossible,inviewofequation(2),
fortherateofadjustmentofvibrationalenergytobeasgreatas ,
orgreaterthanthatoocurringinan‘equilibrium-expansionprocess.
Theoppositeeaseoflowerthanequilibriuminitialvibrational
energywouldresultina transferofenergyintothevibrational
system, therebyconsiderablymagnifyingtheheat-oapacity-lageffect.
Thesepossiblenonequilibriutuinitialconditionsofthegasresult
ina widerangeofeffeotsbeoauseofheat-oapacitylagandarenot
consideredherein.

‘Conibiningequations(4)and(5)yields ,
.

CtJ.-udu&
P RTdx (7a)

or

(ux luduti~=exp - --—
RTdx

(n)
Po

o

Stistituting”equations(1)and(3)intoequation(2)andusingthe
d id

‘ehtiona = ~ applicablefortime-steadyone-dimensionalflow
gives

.

— —.. .—.-----
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CNwo-i

Equations(6),(7b),and
lessforrabytheintroduction

. T’ =T/9.

x’

Thesesubstitutions

/=xL

yieldthe

F

(8)oanb:&ansformed
ofthev=iables:

u’=

El =

K=

folJ.owingset

1 1-Et - (u’)zT’=;%’ 2

(8)

intodimension-

ofequations:

(9a)

(9b)

~1 ()”-K (p/po) E, -_
1 (9C)~= U1* #T ‘-1

A cmpletesolutlonoftheflowconditionscanbeobtainedfor
themixturebythesimultaneoussolutionofequations(9)ifthe
InitialstateandtheconstantK arelmownforthefluidandif
thevelooitydistributionu(x) isspecified.Inordertoobtain
thereeultspresentedherein,theseequationsweresolvedbynumer-
ioalmethodstogivetherequiredflowconditionsoftemperature,
pressureratio,andvibrationalenergy.Thefinalvaluesofthese
quantitiesthenspecifytheInletconditionsforthenextstageof

. . . .- - .- . -- - _. -.. . . ... . .. . .. . . ...--— —---- .-- .-— --— -.---— .— - -—--—— ——-——— ---



10 NACATN2193 -

theflowprooess.Itshouldbenotedthatforcertainvelocitydis- “
tributio&thenmerioalsolution
initialvelooityisassumedtobe
toa oontradictioniftheinitial
asa nonequilibriumstatebeoause
tion(90)requiresanequilibrimz
tiontimeisfinite.

isdif’fioulttostartifthe
zero.Thisassumptionalsoleads
stateofthefluidisspecified z
a valuOof u’= O inequa- 2
valueof E’ whenevertherelaxa-

ThemnstantK appe&lnginequation(9c)containsthree
importemtp=ametersoftheflowprocess:thelengthofthenozzle,
theabsoluteinlet’p’essure,andtherelaxationtimeofthegasat
somestandardtemperatureandpressure.A variationinanyof
thesequantitiesoanthusbeneutralizedorsimulatedbya varia-
tionofoneoftheothers.

Asthevalueof K approacheszero,as’itwouldforan
infinitelylongrelaxationtires(u= O),equation(9c)requires
thatdE’/ax’bezeroorthatthevibrationalenergybe “frozen”
atitsinitialvalue.Similarly,iftherelaxationtimeisneg-
ligible,K approachesthelimltingvalueofinfinityandequa-
tion(90)requiresthattohavea finitevalusfor dE’/dx’itis
necessaryfor E‘ tobeatalltimesequaltoitsequilibrium
value.

Flowprocesswithvariableheatoapaoityassumingzeroheat-
Oapaotty~. - Fromequation(1)andtheenthalpytheoremasgiven
byequation(~),thestatictemperatureofa as inequilibriumis
relatedtoitstotalenthalpyandflowvelocityby

or

ForIsentropicflow

ds. o. Cp$#-R~
P

(lo)

(1.la)

(llb)
w

.-. ●✎✿✎ ✍
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Whenthevalueof N givenInequation(1)issubstitutedinequa-
tion(1.lb)andequation(llb) isintegrated,thefollowingequation
isobtainedrelatingpressureratiotothestatictaperatures:

.T.

Interms ofdimensionless
a8

‘0
(12a)

quantities,equation(12a)maybewritten

T’,

(12b)

Forspecifiedvaluesoftotalenthalpyandflowvelooity,
equations(10)and(12b)givethecorrespondingvaluesofstatio
temperatureandpressureratio.

FlowWocesswithfrozenvibrationalenergy(Y= 1.4).-If the
relaxationtimeie.s0longastopreventanyrecoveryof,energyfrom
thevibrationalsystem,thevibrationalcontributiontotheenergy
inequation(10)isa constantevaluatedattheinitid temperature
To; thereforenochangeinvibrationalenergyoccureduringtheflow
processandtheflowvariationsobtainedcorrespondtooonstantheat
capacitywith y = 1.4.Theetat$otemperatureisthenrelatedto
theinitialtemperature,thetotalenthalpy,andtheflowvelocity
by

“l=+’-E’O-(=)

-

..—. —.. ..— -. -... .. —-..——,... .-. —-.—- -------- ..— .—— .-- ..._ .- .-— -.-—. —. .— -.——...
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changeinvibrational
(12b)reduoesto

energyduringtheflowprocess,

(14)

FLOWCONDIl!IO?SAPPLIEDTOCAUXJIATIONS

resultsoftheforeaoimzanalvsiswereusedtoocmputethe
extentofadjustmentofvibrationalenergyandtommputethepres-
sureratiorequiredtoobtaina specifiedflowvelocityatthethroat
oroutletoftheturbinenozzlesconsideredand,inaddition,to
providea comparisonoftheactualflowprooesswiththeflowprooess
forequilibriumheatoapacityandforfrozenvibrational.energy
(~= 1.4)0Inalloases,theinitialvelocityofthefluidinthe
nozzlewasessentiallyzeroandtienecessaryparameters,suchas
inletpressureandtemp~ature,relaxationtime,andvelocitydis-
tributionwerespecified.Calculationsweremadebothfora standard.
setofgas-turbineconditionsandfora rangeoftheimportant
parametersthatwoulddemonstratethefactorstendingtoamplify

.,

theheat-oapacity-lageffect.
.

Calculationsofflowintypioalturbinenozzle.-A character-
isticturbinenozzleinwhichtheflowvelocitywasfoundtovary
approximatelylinearlywithdistanoealongthemeanstreamlinewas
chosenasa standardforthecalculations.Thedistanoefrominlet
tothroatalongthisstreamlinewas1.4inches,whichisysedasa
characteristiclengthinthecalailations.Thegasndxtureisthu8
acceleratedfianzerovelocitytonearsonicvelocityina distanoe
of1.4inches.Otherparameterschosenasrepresentativeofthe
turbine-nozzleflowPocessesIna turbojetengineoperat@ atsea
levelwereinletpressureof4 atmospheresandinlettemperatureof
2000°R.

Theexhaustgaswasconsideredtocontainonlynitrogenwith
2 peroentofwatervapor.Thewatervaporisapproximatelythe
amountthatwouldbeproduoedbythecombustionofa fuel-airmix-
turecontaining0.0175pounloffuelperpoundofair,theamount
necesserytoprcducethedesWed inlettemperature.Therelaxation
timeforthisgasmixturehasbeenexperimental

%
measuredby

KantrowitzandHuber’(reference3)tobe2.3xI.0-secondsat
1034°R and1 atmospherepressure.Thecatalyticactionofthe
waterv~porallowstheuseofequation(3)togivethevariation

.

.

CD
N
!3
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NACATN2193. M

ofrelaxationtimewith,pressureandtemperaturebecausethequantity
a isthenindependentoftemperature.A listoftheparametersof
theflowprooessesconsideredinthecalculationsispresentedin
tableI. h ease1,thes~ easelistedintableI,thegas
isconsideredduringtheprmessofaccelerationtoa velocitycor-
respondingtoa Machnuzbersomewhatgreaterthan0.9.Further
accelerationofthegastoa Maohnumberofapprcmtmately2 is
presentedasease2 althoughtheexpansionbeyondthethroatofa
turbinenozzleisessentiallya corner-flowprocess,whiohmnnot
beapproximatedasaccuratelybya one-dimensionalprooessasoan
flowwithinthenozzle.

A turbineoperatingwitha nozzle-inlettemperatureof2500°R
isconsideredinease3whereinallotherparametersinoludingK
areidentioaltothoseinthestandardease.TheIncreasedfuel-
atirationscessarytoobtaintheinlettemperatureof2500°R would
resultina higherconcentrationofwatervaporandhenoea corres-
pondingshorterrelaxationtimeinthe%S mixtureconsidered.For
thesameturbinenozzle,PO mustthereforebesmallerforease3
thanforcase1. lYtheinoreasedwater-vaporconcentrationis
assumedtoincreasethemnstantK bya factorofapproximately
1.5,therequireddecreasein PO bythissamefactorwouldmake
ease3 correspondtooperationoftheturbojetengineatanaltitude
ofapproximately12,000feet.

A changeintheparameterK fromthatemployedinthestandard
easeispresentedasease4whereinK = 0.25Ka. Thisvalueof K
represents,forexample,thecaseforturbojet-engineoperationat
analtitudeofapproximate~33,OOOfeet(whereP.= 0.25ofthe
valueatsealevel);allotherparametersarefixedatthevalues
usedinthestandardcase.

Effectofvariousparametersonflowprooess.-In orderto
Investigatethefactorsthatmightbeexpectedtomagnifytheheat-
oapaoity-lageffeot,theflowoomlitionswerecalculatedforvarious
~ter ~ues, whichsmt-s variedfromthoseapplicableto
typioalgas-turbinep’ocesses.

Cases4 and5 t&etherwiththe.standardeasedemonstratethe
effectofseveralvaluesoftheconstantK ontheflowprocess.‘
Case4,asalreadydescribed,omsidersK = 0.25Ka, whereas
ease5 treatstheoppositeease,whichdiffers&a thestandard
caseonlyinthatK . 4Ka. Theresultsofaninoreaseininlet
pressureorinnozzlelengthbya factorof4 (asmaybetheease
ina largestationarygas-turbineinstallation)ontheeffeotpro-
duced,byheat-capaoitylagontheflowprocessarethusdemonstrated.

. . ..-— ----- __ ._...,. _. ___ ----- —- -.. ..——- -— . .. —-. —- .,-----.-— -— -—- .- —-—-



14 NAOATN2193.

Theeffeotsoftwononstandardvelocitydistributionsina tur-
binsnozzleareobtainedinoases6 ati7. Theftistdis~ibution
consistsofa lowinitialaccelerationfollowedbya rapidaccelera-
tiontothespecifiedvelocityintheneighborhoodofthenozzle
throat;thevelocitydistributionischosenproportionalto X3.
Thesecondvariationinflowisproduoedby~escribinga flow
velocityproportionalto 1 - (1-X)3.Thisdistributionrequires
a rapidaccelerationofthefluidattheInletfollowedbya more
gradualvelocityinoreasenearthethroat.

Thestandardeaseandcases3,8,and9 oonsidertheeffecton
heat-oapacitylagofinlettemperaturesof2000°,25000, 3000°,~
3500°R,respectively.Theeffectof’continuedaccelerationofthe

L. gasmixtureatthelowtemperaturetoa Machnmnberofapproximately> 2 isconsideredincase2,whereasinease10thegasatan inlet
temperatureof35000R isacceleratedmorerapidlytoa Machnunlber
ofapproximately0.9inthedistanoeofil.4inches.Thecontinua-
tionofthisexpansionprocesstoMachnuoibersofapproximately2
and4 ismadein-oases11and12,respectively.A linearvelocity
distributionduringthee@ireexpansionprocessisassumedfor
theseoases.

TheconditionsohosenforeaseI-3,similkmtoease11except
foranIncreasein K&s toa valueof6,conformtothosefor
ram-,lete~ust-nozzleflow.Thenozzleis18inohesinlengthand
the=ari-jetengineisoperatingatan-altitudeof50,000feei.

REWJI!TSOFCOMPUl?4TI01’JS

listedintableI,theVariati-inflowccmdi-
tionswithdistancealongtheflowp&magearemmputedforthetime
conditionsofnormalheat-oapacitylag,zeroheat-oapacitylag,and
fizenvilmaticmalenergy(~= 1.4).Ty@oalresults obtained
(case11)areplottedinfigure1,whiohindioatesthequantities
usedforevaluationofthemagnitudeoftheheat-oapacity-lageffect.
Figurel(a)showsa plotfortheaotualexpansionprooess,whereas
figurel(b)isanenlarged.plotofa sectionoffigurel(a)onwhich
areshownthevariationsinpressureratioandflowkineticenergy
withdistanceinthenozzle.Inaddition,figurel(b)showscurves
fortheoasesofequilib??iumexpansionE@ forfrozenvibrational
energy.Fora givenfinal velocityat x/L= 1.75,thepress~e
ratiosrequiredare0.136,0.149,and0.134foractual,zero,and
infiniterelaxationtimes(y= 1.4).Fora givenpressuredrop
correspondingtothatrequtiedfortheequilibriumexpansionprooess}
therespectiveflowkinetioenergies(indimensimlessform)are
0.847,0.878,and0.842.
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Thequantitieschosenfordeterminingtheeffectofheat-
capacitylagarethepercentagelossinavailablekinetic
energy(definedasthepercentagedecreaseinflowkineticenergy
producedinanexpansion~ocessasccmparedwiththatprcdumdby
anequilibriumexpansionprocesswiththesamepressureratio)and
thepercentagedeviationinpressureratioina processfromthat
requiredforaccelerationtothesamevelocitybyanequilibrimn
expansionprocessthatgivesmaximmzutilizationofavailableenergy.
Theactualpressureratioisalsocomparedwiththatrequiredfor
accelerationtothegivenvelocitywhenfrozenvibrationalenergy
isaasumed.ThesequantitiesarepresentedIntableI foreachof
the12casesconsideredalcmgwiththepressureratiosandtheper-
centagechangesinvibrationalenergy,whichisprimarilyresponsible
fortheheat-capacity&geffects.

Theparameters,whichhavebeenstudiedinthisinvestigation
oftheeffectofheat-capacitylag,arenozzle-outletMach“nuniberMl
orvelocityul, thevelocitydistributionInthenozzle,theinlet
temperatureTO andpressurePo, thenozzlelengthL, andthe
percentagewatervaporinthegasmixturew. Thelastthreepar-
ametershavebeencombinedina singlefaotorK, whichislisted
intableIrelativetoa standardvalueKS, sothat

K“ ‘OLW.=— ——
Ka Po,s% Ws

0

(15)

Theparameterschosenfwthestandardcaseinwhicha linear
velocitydistributionisassure@are:nozzle-outletMachnumber,
approximately0.9;nozzle-inlettemperature,2000°R;nozzle-inlet
vessure,4 atmospheres;nozzlelength,1.4inohes;andfl?mtion .
ofwatervaporbyweightingasmixture,2 percent.

Anycasecontainingparamete&withlntherangeofthosecon-
sideredcanbemmparedwiththecalculatedresultsbydetermining
K@8 forthecaseandf~ing thesetofparametersintableI to
whichthecasemostoloselycoincides.Thetrendsproducedbyvar-
iousparameterchangesfromthestxdardcasethenindicatethe
exp@ed effectofheat-oapacitylaginthecaseconsidered.The
resultsforthefirstorstandardcasedemonstratethat:(1)l!hs
effectofheat-capacitylagontheusuallyassumedflowconditions
issmallinmagnitudebecauseonly’ssmallpartoftheinternal
energyof-thegasisstoredasvibrationalenergyandtheprocess
callsforreleaseofonlya fraction ofthisenergy;(2)ofgreater

. ..— . .— .. ..- .—. —— —- —-—-- - — .-—..— . .-—— — — .
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importance,istheresultthatthe-actualprooesscorrespondsmme
closelytoa prooesswithfrozenvibratiozialenergy(y= 1.4)than
itdoestotheusuallyasaumdequilibriumprooess.

EffectofvariationinfaotorK.-BeoausethefactorK
directlyreflectstherateatwhichvibrationalenergyoanbetrans-
ferred,a reductionin K to0.25ofthes~ard v&luemakesthe
pressureratioandlossunavailableenergy,asshownintable1,
closelyapproachtheconditionoffrozenvibrationalenergy.The
parameterK, ifinoreasedbya factaof4,however,givesa
correspcmdingincreaseintheavailabilityofvibrationalenergy
withtheresultthatease5 approachesanequilibriumexpansion.
The~essureratiofortheequilibriumprocessdiffersfromthe
actualvaluebyonly0.19percent.A plotofthedeviationsin
pressureratiofm theassumptionsofequilibriumexpansionand
frozenvibrationalenergyasfunctionsof K@s isshowninfi~e 2.
Theassumptionoffrozenvibrationalenergyisequivalentto
K& =0..Theassumptionoffrozenvibrationalenergyisequivalent
to K/K~= O beoausefrozenvibrationalenergyoomespondstothe
conditionofInfiniterelaxationtimeor a = O. Thedependence
of K-on a thenrequiresthatK = oana K&=O.

EfYectofvariationinVelocitydistiibutlon.-Bothofthe
nonlinearvelocitydistributionsconsideredinoases6 and7
requiredpressurO-ratiosintermediate@etweenthestandardoasO
andtheconditicmoffrozenequilibrium.Thelinearvelocitydis-
tributimisthusshowntoresultina smallerlossinavailable
energythaneitheroftheextr~evelocitydistributicmstreated.
Thet3merequhedformostoftheaccelerationinoases6 and7
wasshorterthanthatinthestandardeasesothatlessadjustment
ofvibrationalenergyoccurredduringthispartoftheacceleration.
Thedetailsofthecalculationresultsareparticularlyinteresting
inthatthelargerohangeinvibrationalenergyindioatedincase7
thaninease6 occm?ed.principallyaftertheraPidaccelerati~= ,
Thisenergywasthusnotappliedtothekineticenergyofthegas
duringtheaccelerationprocess,butcontributedonlytotheinorease
inentropyofthegasasitapproachedtemperatureequilibrium.

13fYectofvariationininitialtemperature.-Asthetempera-
tureisincreasedfromthatemployedinthestaudarclease(2000°R)
tothevalueassumedtioases3,8,and9 (25000,30000,and3500°,
respectively),progressivelysmallerfractionalchangesinvibra-
tionalenergyoctiintheexpanslcmprocess.Thisresultisdue
principallytothefactthata smallerfractionofthevibrational
energyisnormallytransfezmdh theaccelerationofthegasto
thespecifiedvelocityevenunderequilibriumconditions.The
accompan@ngsmallerdeviatimsinpressureratioand,athigher
temperatures,lossesfiavailableenergyarealsoshownintableI.

“
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Thepressureratiosforfrozenvibrationalenergydifferbyless
than0.14percentfromtheaotual.values,whereasthepressureratio
forequilibriaexpansiondiffersbyapproximately0.4percentfrom
theactualvaluefora nozzle-inlettemperatureof2000°R.

Effectofvariationinfinalvelocity.- Theeffeotofoon-
tinuedaccelerationof’thegasmixtureispartlyshownbyease2,
whichextendsthestandardaccelerationprocesstoa Mch nuziber
ofapproximately2. Here,a largerportionofthevibrational
energy(87percent)“wouldnormallybereleasedinanequilibrium
expansion:however,beoauseofheat-oapaoitylag,only18peroent
ofthisenergyismadeavailable.Theresultanteffectonthe
requiredpressureratio1sseenintableI tobea significant
decreaseflxunthatdeterminedbytheusualassumptionofanequil-
ibriumexpansion.Again,theactual.easeismuch~e closely
approximatedbya processwithfrozenvibrationalenergythanby
equilibriumconditions.Thedeviationinpressureratiofromthe
actualvalm islessthan1.7percentforfrozenvibrationalenergy,
whereasthedeviationisapproximately4.5percentforequilibriwn
expansion.

A changeInease9 toproduceanaccelerationtoa Machnumber
#approximatelythatattainedinthestamiardcaseinthesamelength
ofnozzleandtocausea largerproportionaltemperaturedropis
presentedasease10. Here,boththedeviationi.npressureratio
andthelossinavailableenergyaregreaterthaninthestandard
casebeoauseoftheincreasedvibrationalenergystca?ageatthe
‘hQhertemperature.Thedeviationinpressureratioforequil-
ibriumexpansionisapproximately0.6percentcomparedwitha
deviationoflessthan0.14peroentf~ f&ozenvibratlonalenergy
ata temperatureof3500°R. A continuedaccelerationofthegas
toa Machnuniberofapproximately2,consideredincase11,shows
a significantfurtherinoreaseinthedeviationinpressureratio
fromtheequilibriumvalueaswell.asa greaterlossi.navailable
energy.Thedeviationsinpressureratiofromthevaluesfor.equil- ‘
ibriumexpansionandforfrozenvibrationalenergyareapproximately
9.9and1.7peroent,respectively.ticasessuchas12ata tem-
peratureof35000R andaccelerationtoa lkchnumberof4,the
considerationofheat-capacitylagisevidentlyofprhmrgimportance
asevidenoedbythelargechangeinpressureratioad lossinavail-
ableenergy.Thepressure-ratioforfrozenvibrationalenergy
deviatesfromtheaotualvaluebyapproximately8.9percent;
whereasthepressureratioforequll.ibriumexpansiondeviatesby
approximately85percentfromtheactualvalue.Althoughthe
deviationinpressureratiofromtheequilibriaconditionbecomes

..— —-. ..—— ,—— -.——. -- -——- - ---- ——— --- - --
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verylarge,thelossinavailableenergyislimitedtolessthanthe -
amountofenergystoredinthevibrationalsystemofthegas
molecules. $

r
EffectofvariationinfactorK forhim tempe”~tureandhigh

finalvelocity.- Ilwreasingthevalueof K& to6,aswasdone
inproceedingi%omcase11tocaseX5,produceda processdiffering
markedlyfromthatdescribedinthepreviousparagraph.Although
theconditiausweresuchastomaketheprocessconsiderablydepend-
entonvibrationalenergy,theavailabilityofthisenergy,as
reflectedbytheMger valueof K&, madetheprocessdiffer
onlyslightlyfromequilibriumconditions.Thepressureratio
assumingequilibriume~ansiondeviatesbycmly0.54percentfrom
theactualcase,whereastheassumptiono?frozenvibrationalenergy .
wouldresultina pressureratiodifferingby10percentfromthe
actualprocess.Thiscase,representativeofram-jetexhaust-nozzle
flowprocesses,thuscannotbebetterapproximatedbyueingthevalue
7 = 1.4.

TheresultsdescribedinthissectionandlistedIntableI
demonstratethatthegreatesteffectofheat-capacitylagisobsezwed
inoaseswherea relativelylargeamountofenergyisstoredinthe .
vibrationalsystemofthegas,asoccursathightemperatures,at
thetimewhenthegasundergoesa largechangeintemperature.If
thischangetakesplaceina timeshortcompar~withtherelaxation
timeofthegas,aswouldoccur
orsupersmicvelocitiesingas
ticmalenergyisutilized.

in expmsion processesathighsonic
turbines,verylittleofthevibra-.

OFRESUM’S

Theeffectof
expansimofa gas
turbinenozzlehas
flowConditionsin
variationsofthis
chosenbecausethe

heat-capacitylagontheflowconditionsfor
mixtureofnitrogenandwatervaporthrougha ~
beencalculatedfcma setofrepresentative
a typicalturbojetengineandfora nuniberof
stand- flowprocess.Thisgasmixturewas
resultswerefelttobeindicativeofthe

importanceofheat-capacitylagingas-turbineengines;chemical
dissociationwasnotconsideredinthisinvestigation.Thepres-
sureratios(outlettoinlet)acrossthenozzletoprovidea given
nozzleJetvelocitywerecomparedforthreeoases,namely:

(a)Actualcase,‘awhichheat-capacitylagisconsideredin
theezpnsionprocess

(b)Equilibriumcase,inwhichheat-capacitylagisassumed
tobszero

—.. — . —— -- -—-



NACATN2193 19

.
(c)IYozen-vibrational-energycase,.inwhichtheheat-capacity

lagisassumedinfinite.(Forthiscas~,theratioof
specificheatsisconstantandfordiatamicgasesis
equalto1.40.)

Fcrnozzle-outletMachnumibersof0.9andleasandfornozzle-
inlettemperaturesof3500°Rd less,thethreecasestoproduce
thesamejetveloci$yrequiredpressureratiosdifferingbyless
than1percent.Allcasesinwhich2 percentofwatervaporor
lesswaspresenttithegasmixtureshowedthata conditionof
frozenvibrationalenergygavea closerapproximationtotheactual
casethandidthsequilibriumexpansion.For2 percentwatervapor
anda nozzle-outletlhchnumberofapproximately0.9,thepressure
ratioforfrozenvibrationalenergydifferedbylessthan0.14per-
centfromtheactualvalue;whereasthatpressureratioreguiredfor
equilibriumexpansiondifferedbyapproximately0.4and0.6percent
fortemperaturesof2000°and3500°R,re~pectiyely.

Atnozzle-outletMachnumbersofapproximately2,thepressure
ratiosfcmfrozenvibrationalenergydeviatedfromtheactualvalues
bylessthan1.7percentfornozzle-inlettemperaturesof2000°and
3500°R,whereasthoseforanequilibriumexpansiondeviatedby
approximately4.5and9.9percent,respectively.kappr=~ti~
tothscontinuedaccelerationofthegaswithaninlet”temperature
of3500°R toa’Machnuniberofapproximately4whenequilibrium
&pansionwasassumeddeviatedinpressureratiofrcmtheactual
casebyapproximately85percent;whereasanassumptionoffrozen
vibratimalenergyledtoa pressureratiodeviatingfromtheactual
caseby8.9percent.

Conditionscloselyapproximatedbyequilibriumexpansionwere
obtainedfor K& = 4 fora nozzle-inlettemperatureof2000°R
anda nozzle-outletMachnumberofapproximately0.9.A similar
resultwasobtainedfora nozzlewithinletlxmperatureof3500°R
andoutletMachnumberofapproximately2when K& = 6. The
respectivedeviationsinpressureratiofromactualvaluesby
assumingequilibriumeqanslcnswereonly0.19percentand
0.54percent.

CONCLUSION

Asbasedonthecalculationsdescribedherein,theeffectM
heat-capacitylagonnozzleexpansionprocessesisdependent
principallyona parameterK, whichisproportionaltothenozzle-
inletpressure,thenozzlelength,andtheamountofwatervapor

●
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presentintheexhaustgases.Fora rangeofvaluesof K repre- - -~
sentativeofturbine-nozzleflowprocesses,cmassumptionof
fhzenvibratiomilenergyorconstantheatcapacitygivessmaller 2
deviations&cm theactualflowconditionsthandoestheequilibrium
variableheatcapacityofthegas.Largervaluesof K diotatedby
??sm-Jetoperat~conditions,however,leadtoflowprooesses,whtch
canbecloselyapproximatedbyequilibriumconditions.

LewisFlightI&opulsionLaboratory,
NationalAdtismyCommitteeforAeronautics,

Cleveland,Ohio,March2,1950.
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Figure1.- Concluded.Flowklnetioenergyandpressureratioofgas

asfunctionsofpositioninnozzle(case(11))0
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Figure 2. - Deviation fn pressure ratio from aatual value as funotion of K/&3 for assiungtioneof equilibrium expansion and frozen vibrational energy. Nozzle-inlet temperature, 2000 R;
nozzle-outlet Mach nuaber, 0.9; nozzle-inlet preseure, 4 atmoepherea.
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