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AMETEDDFORTBEDETEMUTATIONOFTEESI?ANISEMAD DEITUMETOIV
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~ RichardB.Skoog“andHarveyH.Brown

SuMMAm”

Amethodispresent@forthedeterminationofthespanwlseload
distributionofa flexiblesweptwingatsubsoniospeeds.Themethod
isbasedona relaxationapproachutiliz~aerodynamicloadings
obtainedfrompreviouslypublishedwork(NACARey.921, 19h8)basedon
Weissinger’ssimplifiedUfting-mufacetheorytogetherwithsimplebeam
theory.@ solutionisexpressedina convenientformsuohthatthe
dmouutofdetailedmmputinginvolvedwhenexhhsiveaeroelastiocal-
cul.ationsformanyflightconditionsaredesiredisreduoedtothatfor
a singlesetofflightconditions.Themethodissimplifiedfurtherby
anabbreviatedsolutimtotherelazatimprooess.Sampleccqputing
foresmd a numericalexample

In thedesignofunswept
dmamioI.Oadusuallmhasbem

are~resmtedtoillustratethemethod.
.

IlvTRomom

wings,tiespanwisedistributimof,aero-
consideredtobeindependentofstructural

deflectionsslnoetorsionaldeflectimsnormallyarenegligibleat
designoperatingspeeds(ueualdywellbelowthewingdivargmcespeea)
andbendingaeflectionsarenota factorforzerosweep.Ona swept
wing,however,thespanloa&~stributionno longermaybemnsidereato
beindependentofstructuraldeflectionssimethecontributionof

e

bemiingtothestreamwisechangeinsectionangleofattaokcanbecome
ofconsiderablemagnitudeasthesweepangleisinoreased.Jhaddition‘
tothisaeroelasticeffectassociatedwithwingsweepthetrendtoward
higheroperatingdynamicpressurescausesfactors,whichwerepreviously
negligible,toassumeinoreaseasignificance. .

Severalmethodshavebe& suggesteaforcalculatingtheaerodyn&mic
loadingoftheflexiblesweptwing,bothexplicitly(references1 ana2)
anabyiteration(reference3). The-approachineaohofthesemethods

. .

. . . .._ . . . .. . . ,- -=. — ~..--: ., .— .-. -.—. .-—.. - .—.-.= - ... . . .—.. --—- .-— —. .—..-
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2 NACATN 2222

hasbeento~orporateaerodynamicandstructuraltheoryh anequation
ofequilibriumexpxxsingthebal.auceexistingbetweenexternaland ‘“
internalforcesonthewing.Tosimplifythemathematicsinvolved,
matrixnotationshavebeenempl~d intwoofthesemth@s (references
land 2). Althoughtwoofthemethods(references2 and3) indicatehow
aerodynamictheoryotherthanstriptheorycouldbeemployed,itis
appsrentthatsuchapplicationincreasesthemathematicaldifficulties
a greatdeslsothatthesimplestaerodynamictheoryhasbeenusedinall
themethods. M addition,althoughsolutionoftheproblembyuseof
matriceshas’theadvantageofsimplicityinreducingthenecessarycom-
putationstoa routineform,theengineerumersedinthismathematical
toolencountersa lossinphysicalappreciation.

Thepresentmethodarosefromtheefforttofilltheneedfora
mathematicallysimplea~oach whichcsnyetincludetheaerodynamic
refinementscontainedinlift-line orliftin&mrfacetheories.It
wasdesired,also,toseparatetheaeroelasticeffectsassociatedwith
thevariousrigid+ingloadingssothatitwouldnotbemcessaryto
performdetailedcalculationsforeaphnewsetofflightconditions.

Themethodofthisreportisbasedonr&laxationconcefisendemploys
aerodynamicspanloaddistributionsfrompreviouslypublishedwork
(reference4)basedonWeissingertssimplifiedliftingsurfacetheory
togetherwithstructuraldeflectionsfoundfromsimplebeamtheory.
Samplecomputingformsandcalculatedeffectsforemexamplewingalso
arepresented.

. SYMBats

—.. —-

()wingaspect‘ratio~ .

distancefrcunelasticaxistosectionqrumterchordmeasured
normaltoelasticaxis(positivemasuredforward),inches
(Seefig.1.)

ratioofnetaerodynamicforcealongtheairplaneZ axis
(positivewhendirectedupward)totheweightoftheairplane

WingS= msasurednorllldto@S210OfSymUE3try,iIIChOS
,

sectionchordparalleltotheplaneofsymm3try,inches1
sectioncliordnormaltotheelasticaxis,*s

averagesectionchordparalleltothepleneofsymmtry,inches

0

~c’dy
=au aerodynamicchord —, ~c~ >~-s

,,
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., !:, .



NACATN2222

C’*

t

.

Cle

Cz
‘a

c%
cl
ect
%

c2e AZ

E

e

%0

sectionpitcliing+omentcoe~icientduetoceaiberasusually
defined(

sectic)nPitchizuzmoment
qc2 )

sectionpitching+omentcoefficientduetocaniberasusedin
thisreport(associatedwithcaniber,chordlength,and
dynamicpressure~rmaltothewingquarter-chordline)

()wingliftcoefficient~

3

rateofchangeofliftcoefficientwithangleofattackof
rootsectionatplaneofsymmetry

sectionliftcoefficient

sectionliftcoefficientfromadditional-typeloading

sectionliftcoefficientfromba&ic4g_peloadingassociated
withbuilt-instructuraltwist

totalchangeinsectionliftcoefficientduetostructural
deflection

changqinsectionlift
tionassociatedwith

changeh sectionlift
tionassociatedwith

chemgeinsectionlift
tionassociatedwith

changeinsectionlift
tionassociatedwith

coefficientdw tostructuraldeflec-
additionalloading

coefficientduetostructuraldeflec-
basicload@

coefficientduetostructumldeflec-
torsional~nt duetoceuiberloading

coefficientduetostructuraldeflec-
inertialoading ,

YOWIS modulusofelasticity,poundspersquareinch

totalchmgeinsectionangleofattackduetostructural
deflection,radians

changeinsection-e pfattackduetostructuraldeflection
associatedwithadditionalloading,radiems

changeinsection
associatedwith

chemgeinsection
associatedwith

angleofattackduetostructuraldeflection
basicloading,radians

angleofattackduetostructuraldeflection
torsionalmomentduetocauiberloading,radians
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_ fisection@ Ofattackduetostructuraldeflection
associatedwithinertialoading,radians

built-instficturaltwistoftipsectionwithrespecttoroot
section,radians

.
chengeinsectionangleofattackduetostructuraldeflection
~oducedbyrigid+dngloadings,radians

changeinsectionangleofattackduetostructural.deflectifm
producedbytheaerodynamicloadingintroducedbydeflection,
radiens .s.

modulusofelasticityinshearing,poundspersquareinch.

distancefrcmelasticaxistosectioncenterofgravity,
measuredncmmaltoe@stic~is (positivemeasuredforwsrd)S
TQches

momentofinertiainbending,inchestothefourthpawer

polarmo&entof,inertia,inchestothefourth~ower

sectionlift‘loading,poundsperinch

sectionliftloadingplussecti~inertialoadingforchokd
sectionsdefimedby ct, pouudsperinch

bend.imgmomntatmy positionalo&thesweptspanina
planenormaltoassumedeffectiveroot(seefig.1),
inclWpouna 1

dimensionlessspancoordinate[Y/(b/2)],-fractionofsemispan

free-streamdynamicpressure,poundspersquareinch

wingarea (total),squarehches . ,
.

semispanmeasuredalongelasticaxis,*s

torsionalmommtatanypositionalongtheSw@ spanina
planenormeltotheelasticaxis,inch-pound

spancoordinate,inches
(Seefig.1.) s ..

torsionalmomentre~sentingconibinsdcontributionofsectia “
lift,ine~ia,CL@momnttothetorsionalloadimgaboutthe
elasticaxisat~ spanwisestation,inch-poundsperinch

.

4
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=rchange inslopeoftheelasticaxisduetobending,

rotationofwingsectionsnormaltotheelasticaxisdueto
torsion,radians .

singleofsweepof
(Seefig.l.)

angleofsweepof
(Seefig.1.)

thequarte~ord line,degrees

elasticaxis(positiveforsweepback),de~ees

totalairplaneweight,pounds

sectionstructuralweightbasedonchordsectionsdefinedby
cl, poundsperinch

wingtaperratio
@:=J ‘

TmmRY

Themethoddiscussedinthisreportisdevelopedtoapplytothe
generalcaseofa flexiblewingwithbuilt-instructur+twist~ canber,
andwithstructural.inertia.Theessentialfeatureofthemethodis
theap@icationofrelsxationlprocedurestothephysicalproblem-d
determiningtheaerodynamicspanloaddistributionfortheflexible
Wing.Informulatingthetheoryinthesubsectionsofthereportwhich
follow,theunlmownaerodynamicspanloaddistributionfortheflexible
wingexpressedh @neraltermsisappliedtothewingtogetherwith
theknownloaddistributionduetoinertia.Fromthebendingandtor-
sionaldeflectionsassociatedwiththisloading,therotation(oraero-
elastictwist)ofwingSectionsparalleltotheplaueofsymmetrythen
isderived.An implicitequationthusisobtainedforthetwistdis–
tributionoftheflexiblewingcorrespondingtothefindequilibrium
position,ofthew- underthecotiinedaerodynamic,elastic,and
inertiaforces.Tosolvetheequation,relaxation=thodsareapplied,
resultingina series–typesolutionfortheloadingchangecontributed
bystructuraldeflection;Asa finalstep,thelengthyseries–type
solutionisconwertedtoanabbreviatedsolutionwhichapproximatesthe
series–typesolutionveryclosbly.

‘Inreference5, relaxationmethodsareshowntoprovidea pawerfultool
insolvingredundentproblemsofstructuralframeworks,electrical
circuits,andvibratorysystems.Inthepresent‘reporttherelax&ion
approachemployedisbasedontheprinciples”ofthatreferencerather
thsntheexactproceduresoutlinedtherein.

------- . .. .. ...__ ..-. .. .. . ----------- —..— -y-— —-. ----- ---- ----- ---- ----— -----
.-. .,, ... ,



6 IWCAm 2222’

~ applyingrelaxationmethodstothepresentproblem,theW* is
assuredtobefixedinpositionastherigid=uingloadingisappliedto
thewingandthenthewingisalhwedtodeflectundertheapp13edload.
Thewingthenisfixedinthedeflectedposition,whiletheloading
correspondingtotheaforementioneddeflectionasfoundfromrigid+ing
theoryisappliedtothewing.Thewingthenisallowedtodeflect
4gain.Inthiswaysuccessivedeflectionscanbefomdwhicharedepend-
entontheloadingcorrespondingtothepreviotideflection.Tnthe
formulationofthetheory,thisprocedureisusedonlytodevelopthe
series-typesolution.Actua@ inpracticetheabbreviatedsolution
previouslymentionedis.used.InordertoappljthemethodmosteQedi-
tiously,availablemethodsforthequickdeterminationofaeromc ,
spanloaddistributionsforwingsofarbitrarytwistandarbitraryplan
form(eg:, reference4)shouldbeused.WithanyloaddistributionSO
determinede@ a knowledgeofwheretoapplytheload,itisthena
shplemattertocalculatetheamountofstructuraldeflection(bending
ortorsion)duetothatloadusingwell+nownmethodsofsolution.

Beforediscussingthetheoryindetail,itisdesirable=toestablish
theconventionswhichareusedthroughoutthereportwithregardtospan
loaddistribution.~ accordancewiththeconventionofreferance6 the
spanwisedistributionofliftontherigidwingisconsideredtobesep-
aratedintoanadditionalliftdistributionanda basicliftdistribution
tion,theadditionalliftbeingpro~oz%imaltowingangleofattackand
thebasicliftbeingdependentonlyonbuilt-instructuraltwist.In
thisrepprt,thespanwiseliftUstributionontheflexiblewingiscon-
sideredtobeseparatedinto(1)theadditionalandbasicloadingsas
definedabovefortherigidwing,and(2)anaeroelasticloadingdefined
asthatduetothesectionangle+f-attack,changesproducedbystructural
deflection., .

Theaxesref&redtointhereportareshowninfigure1. The Y
axisisthereferenceaxisforallaerodynamicspanloaddistributions
withthe’liftassumedtoactatthequarter-chordline.Thewingis
assmedtohaveeneffectiverootperpendiculartotheelastica~s and
locatedattheintersectionoftheelasticaxisandtheplaneofs-
metry.

~ thefollowlngUscussion,thebasictheoryisdevelopedinthe
suibsectians,IoadingcmFlexibleWing,-AeroelasticTwistofFlexible
Wing,andEvaluationofAeroelasticTntegrals.Thedetailsofthis
developmentaredescribedinthefol.lowhgsteps:

1. Inthesubsection,LoadingonFlexibleWing,expressionsare
presentedforthermuingloadandrunningtorqueontheflexiblewing
intermsofthecampcmentloadinginvolved.

. “

,’

—.- —.. ----— ... ,—=. ,-.7— -
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. . . . . .

. .



2 I?ACATN2222
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2. Inthesubsection,AeroelasticTwistofFlexibleWing,a gen–
eralexpressionisdevelopedforthetwistduetostructuraldeflection
basedontheunknownaerodynamicloadingzfortheflexiblewingandthe
effectofinertiaaspresentedinthefirstsection.Itisalsoshown
howthegeneralequationmaybebrokendawntolessentheamountofc-
putinginvolvedwhenextensiveaeroehsticcalculatiausaredesired.

3. In thesubsection,EvaluationofAeroelasticIntegrals,itis
shownhowtheequatimresultingfromapplicationoftherelaxation
methodcanbeabbreviatedtoprovidea simpleanddirectmeansofevalu–
stingtheimplicittwistequationspresentedinthe~revioussubsection.

Basedonthebackgrounddevelopedinthesethreesections,anequation
ispresentedina fourthstisection,DeterminationofSpanLoadingfor
FlexibleWing,showinghowthespanload$ngfortheflexiblewingis
determinedfromthevariousloadingsinvolved.Theapplicationofthe
basictheorytodeterminationoflifkxrrveslope,aerod-c c~ter,
anddivergencespsedfortheflexiblewingalsoisdiscussedinsubs-
quentstisections.

Iqadinga FlexibleWing

Theloadswhichwillproducebendingofa flexiblewingarethe
rigid+dngaerodynamiclift(additionalandbasic),theinertiaload
normaltothewing,andtheincrementsinaerodynamicliftproducedby
aeroelastictyist.Theliftingloadperunitspin.basedonstreamwlse
wingsectionscanbeexpressedas

2= (rigid- loading)+ (loadingproducedbywingdeflection)~ ‘

= (c~aw+czbcd+ (czecd

Ifitisassmedthattheeffectoftaperonsweepissmallmough
Aot4maybetakenequalto Aea andiftheeffeotsofinertiaor
weightalsoareincluded,theliftingloadpertit spanalongthe
panelcanbeexpressedas . .

t

(1)

that

dead

2ljlsettingupthee~ressionsforaeroelastictwist,itisccm.venient
tothinkoftheentireflexiblewingloadingasbeingunknown.
Actuallyallcomponentsareknownexceptthecomponatintroducedby
structuraldeflection.

-. —---- ..— ...-. --.-.=— _,__ —.. .—-— -- —..—-— —-. .,- .- .. ..— — ———----- —.-
..



8 NACATN2222.
$

I ~ = (Czacq+ozbcq)cos Aea+czecqcos A=+?% (2) “ -.-
.

Theaerodynamicandinertialoadingsnormaltotheplaneofthe
wingwillproducea torsionalloadhgabouttheelasticaxisiftheir
linesofapplicationdonotcoincidewiththeelasticaxis.Ifawing
hascaxtibertherewillbeanothertorsionalloadingdueto Ct%.Inthis“
report,thecontributionofcanberhasbeentakensuchastoaffectonly
torsiotideflectionsofthewingsinceitwasfeltthatvaluesof
pitching+ncmentcoefficientforsectionsnormaltothequarte~hord
,linewouldmorelikelybe.availablefromtwtiimensionaltests.Inso
doing,however,itisassumedthatsimplesweepconceptsctibeapplied
tofhit-pan wingstithoutseriouserror.Thetdrsional.momentrepre-
sentingtheconixtnedcontributionofsectionlift,hertia,andmoment
tothetorsionallbadingabouttheelasticaxi~at~ spanwisestation
thusmaybe~essed as

~ = (ri@d+fiw torsional loading)+ “

‘ (’torsimalloadingproducedbywingdeflection) 1
[ 1

~ ‘
(3)

= (czacq+ozbcq)acosAea +&h + ~~ COS4Aea +

#
(clecqacos&a) .

.
.

Aeroel.asticTwistofFlexibleWing

Inthissectionofthereport,expressionsfortherotation(or
aeroelastictwist)ofstreamwisesectionsof-theflexiblewingare
derivedintermsofsimpleintegralsofshear=d momentbasedon ..

.
—
‘Thetorsimalloa~ abouttheelasticaxisat n = nl .(wheren=is
anarbitraryvalue~ q)tillbea sumationof‘loa&-ngsina @&ne
normaltotheelasticaxis.Sincethisplanewilltitersectthespan- ,
wiselineofapplicationoftheaerodynamicorinertialoadingsat .
sanepointq = q= (whereq=# ql)anerrorisintroduced,whichwas
i&noredh theanalysis: !“,#

. .- ..- -------- -. --—-.
.: .’.. ,. .-. . . .



I?ACA TN 2222 9

elementarybeamtheory.Thegegeralcaseofthetwistduetotheload-
ingsontheflexiblewinggivenbyequations(2)and(3) isdisoussed
first,fo~owedbydiscussionofa convenientwayofbreakingdownthe .
generale~ressionforaeroelastictwisttofacilitateocmputatimwhen
extensiveaeroelasticcalculationsfora-largenumberoffJ-Q@conti-.
tionsaredesired. . ..

Twistduetoloadi onflexlble~ - Thebendingmomentatany
pointalongthespanduetotheflexlble+&gloadingwill.be4

M=@ ~e; ~.; ~dq~ (,]
,.

andthetorsionwillbe4

Fra elementarybeamtheory

and

‘ (5) ,

(6)-

h

(7)

Forthecaseofthesweptwing,bothbendingalongtheelastica@s. andtwistingabouttheelastic&s causechangesinthestreamwise
angleofattack.Thedangeinsectionangleofattack5duetostruc-
turaldeflectionforarbitrarybendingandtwistmaybeeqressedas

.

t

4Againa slighterrorisintroduced(seefootmote3)becausethevariow
loaUngsliealongclifferentaxes.Tobecorrect* loa~s ~~d
bereferenoedwithrespeottotheelasticaxisratherthanY axis.
Theeffeotofdragonbendingmomentalsowasneglectedinthec&3l-
ysisandnormalforce*S assumedequaltoldftforoe.

%is involvestheassumptionofa straightelasticsxis.forthe~
fleetedwingandignorestheeffectoftaperh regardtotherotation
ofwingsectionsduetotorsion.

,.

. . . . .- -.— —-~ ,— -- — . ..—.. -— ------ :------ ~. ———-—- ---- —— -. .---—
. . . ...,’ .”. .
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InthecaseofSwep=ck Wngs,the
ofoppositesign.Forswept+hrwmd
S~stitutingasrequiredinequatim

NACAm 2222

AM + q)COS Aea” (8)

twoterms.& equati~(8)’~~ Be
wings,thetermsareoflikesign.
(8), wehave

dq+

J’‘nJ:.%m
S2 COS Aea dq

o GJ

I

.

(9)

1-

Ifstistitutionismadgfor 2W and ~ fromequations(2)aud(3) end
if thetermsarearrangedinsuchamannerastoshowclearlythe
varioustypesofloadingwhichcontributetothestreamwlsetwistofa ‘
flexlblewing,theexpressionfor e becomes:6

6
\Equtim (10)c~SitiSofn5neterms.~ worddescriptiongive?lOpp-
siteeachtermonpageU merelygivesa physicale@.anationforthe
existenceofthetermfortheconvenienceofthereader.

,. .— ---— —y~ ---,——rY-- -— - --
;-’, .-. ..”.-.” . . . . .
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[ [2]

fulq.o%aq

f

c a COSAead7
+ S2COBAea dq

GJ I
o

I

{

l(:o~no%bcq Cos Aead~dq I :3]
- Ss sin 43’ . d~

o EI I

I [4J

4
~~l’oczbcqaco~fkadv+ S2Cos dq I
o GJ

.1

ql~o~% cos4Aead~
, [51

f
+ S2 COS&a dq

GJ l“”o

I [61

J’
Iv~)~’~‘%aqdqdq

+S3 Sh Aea
o EI

I

4
Tf:.Owu% I

[71
- S2Cos Ae dq

o GJ
‘1

,f

SQzw Cos ~dq
+ S2COS Aea e dq-.

0

Itisevidentthat
siongivethetwistdue
ThecoJnputathnofthis

I [81

I

1“
, [91

I
(lo)

U,

twist dueto&P
sioncausedby
~tional loadof
therigidw=

twidtduetobend–
~ causedby—
basicloadof
a=

twist duetoto%
sioncausedbfl
l?&2@&2Qof
ri~dwing

twist duetotor-
~ causedb=

%%
ofrigid

R

twistduetobend-
ingcausedby— -
inertialoads

twist duetotor-
sioncausedb~
inertialoads—.

twistduetobend–
~ causedby—
aeroelastic
loading “

twistduetotor-
sioncausedb~
=elastic
loading

thefirstseventermsoftheprecedingexpres- “
tovarioustypesofloadingoftheri~id~.
portionof e isfairlystraightforward;however,

. . . . ..- .: --- - ,.. .— -.
.,’, .

- ....———— ---- -——-—- -- ——. —------. . ? . .. —--. —--- ——-. -..— —.
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. .

thelasttwoterms(terms[8]and[9])inoludeCge(whiohisa fmotion
of ~)sothatanexp~citsolutionforthesetermsisnotimmediately,
apparent. ,,. .

Twistassociatedwithindividualloadings~- Asalreadystated,~e
Pqose ofthemethodpresentedinthisreportistodeterminetheaero-
-C Spanwiseloaddistributionfora flexi%lewing.Ifthisload
distributionisdesiredforonlya stnglesetofflightconditions
(involvinga speoifioconiblnationof ~, q,and ~), theeve- o
effectofflegibilityisexpressedbyequation(lo).However,normally . ‘
itisdesiredtoexaminetheaeroelasticeffectsofa wingovera wide
rangeof ~, q,and Az andforvariouscwibinationsofthesefactors.
Therefore,itIsusuallymoreconvenienttoseparateCle appearingin
terms[81and[9]into the omponentsCzea,Oz%, 02 , ~~d cz

‘% ‘AZ
-oo~ated fi~ CZa3 Ozbs&s and Az, respectively. Theadvantage
of solvingtheproblminthiswayliesinthefactthatox one “
detailedcomputationofthecomponentsof Cle needbemade.This
simplificationarisesfromthefactthat(1).ozea isproportional
to CL,(2) c1 - do notdependon‘~, and(3) OzeA“

% z
isproportionalto AZ (orto ~ fora @v~ q ~d W/S).“Itis
possiblealsotoperfozmthecalculationsfor&t built+l.ntwistand
uuitcembereffect.Thetermsofequation(10)thereforecanbe
separatedintoseveralcomponentsasfollows: ,

. Twistforadditionalload@ ‘onlY.– Theaeroelastictwist
~ a~sociatedwiththeadditionalloading,consistsofterhs[11

. ~ [2]ofequaticm(10)plustheportionsofterms[81and[91
contributedby CZea.Sticetheadditionalloadtngisproportional
to ~ em canbeputintothefollowingform

1

.

.

.

.

-. .-— — .- . .. .. . . ... . . ~-. .... ______ ... .. .
. . . . . . , ., .,.. ., .

,---- . . “,;’ .,. . . ..~. . .
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InthisequationthetermswithintheQracketsarebasedonunit ~.
Onoethesetermshavebeenevaluated,e%

maybefoundforanyvalue
Of ~ smw bymtitiP~ by ~.

2. Twistforbasioloadingonly- Theaeroelastictwisteeb, .
associatedwiththebasicloading,cmk.stsofterms[3]and[4]of
equation(lo)plustheportionsofterms[8]and[9]contributedby
%eb” Sime thebasicloa~ .1syroportimaltobuilt-intwist,

% b
canbeputinthefollowingform: b

cl c
Ilq

f

(e=+qJI.Jx.0btcav
COS~adqdq

~ca+ s SiRAea EI
aq +

o

()
C%c

l-lJ:mo
A COS~ad~

“f

%tcav cav
zzcosAea ● -qcavs GJ

dq.1(12)

o

Inthisequatiathetermswithinthebracketserebasedonunit
structuraltwistofthetipsecticmfora givenspanwisedistribu-
tionoftwist.Onoethesetermshavebeenevaluated.fcmthisdis-
tribution,e~b CSRbefOl@for~ -UlltOftWi.St~ViRg-
samedistributions-l-yby~ti~~ by %tG

j. Twistforcanberload- - .-TheaeroelastictwistIEc?M,

associatedwiththetorsionalmomentduetocanhe~loadbg,consists
ofterm[51ofequation110)Pl~ t~ Porti~sof*- [81@ [91
contributedby c1ecf~.Sinoethetorsiauduetocaniberdepends

upontheamountofcaniber(orthevalueofCt&)~,ec:& canbeput
.inthefollowingform,providedthecaniberisconstantacrossthe
m: .

,
. ----- ,T ----- .- -.—-..-.:.,—- -7 —----- ------- ..— -.—- . - .-. -.— - --~.. . . - . .

. . . . .
. . . . .

,,



—.-.

14 NACATN22&!

qca#=J 8inl& I “o“
~J”J’~o(*) Cos~#@,d,,

0 El

Cz, c
n
J(

‘c%
)
~ Cosl&dq

qcav%aCosf%’J’vl”o “V w“” dq} (13)
o

M thisequationthete~mwithinthebracketsarebasedona unit
cauberequiv$hltto ~ = 0.01.Oncethese terms have bean

ma befouudforanyammntofthistypecaliber:y~:=~, &,oool* Inthecasewherea spanwisevaria-
tionincaniberisemplo~%thesameprocedureadoptedfor ~

9canbeused;that is,calculatethetermswithinthebracketscm
a givencaniberdistribtiiOnandthenuse c’% atSODJSrepresenta-
tivesectionasthescalefactor. .

k. TWLStforinertialoading Theaeroelasticmti ~ zs
associatedwiththe *ia 1 StSofterms[61and[7t
ofequatim(10)@us thepcrtion.softerm ~ 1and@ 1contribtied
W c2e&0 Sincethekertiaordead-eightloadhugispropcrtionaJ-
.to Az, ~~ canbeputh thefolla~ farm:

.

i~:OJ:.O* ‘qdq 4 .
[ J

eAz=Aljjca~sStiAea “ EI aq-.
o

w ~ dq

J

~J~~~cav
Cav2S2COSAea aq -

GrJ60

!.

.

.
..- .-— — .-— — --..—_.— —— . . ... . . ‘... “. ,. .-



3 I14CA!CN2222

h thiseqpaticmthetermswithinthebracketsarebaseda a
structuralweightat lg. Oncethesetermshavebeenmal.uated,
~AZmaybefoundforanyloadfactasin@&bymultiplyingby Az.
Itshouldberemeniberedthatinconibiningtheeffectof A ven

t?bythisequationandtheeffectof @ gi~ byequation11, it
isnecessarytoadheretothefollowingrelation,inordertoretah
W phYSiCtisignificSRCe:

EvaluationofAeroelastioIntegrals

Swep&backwiu - AShas-alreadybeentiscussed,terms[8]and
[9]ofeqT@tiOn(lO)S&enotimmediatelysolvable;however,asshownin
theappendix,thesoltiimofthesetermscanbeexpressedasa power
seriesin q ofthefollowlngtype:

Equations. (10)through(14)can be emresseas *eref’ore,fi sefiesfon
as:

E(q)= +fo(~)q+fl(~)q2+fZ?(~)qs+ fS(q)@+ . . .fn(~)qn (M)

wh&e thecoefficientsaredetemnined.bythepartimlarrequirementsof
theequations(10)through(14)inma. Inthisseries(eqmti~ (M)
the valuesofsuccessivetermsareofoppositesign.Ifequation(16)
isuviaeaby fo(q)q,wetive

AzL=1+w!lq+_q2+. . .
fo(ll)q ‘ fo(ll) o

(17)

h

As has been shownby O. K.&ELthinanunpublishedlbrtbrupreport,7
sumeedingtermsoftheseriesareverynearlyrelatedbya constantof
propotiio=~tysothatequation(17) canbe writtm as:

e(n)
RGiYi=1-kq+k2q2 . . . (w

7Asimilarapproachalsoisoontafnedinoutlineforminreferenoe7
mderthesectimtitledEffectofWingTwist.

. - - ------ --- - —— ------ :—--.--— -- --— --—-- —-— -——.-c —. —.—-—--—— - ---
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where8

AEalsoshuwn
eqptmelan a?

.

bySmith,the.seriesofequation(18)represmtsan
l/l+@ sothat e(q)mm bewrittenas:

(19)

Intheseequations,fo(q)correspmdstoterns[1]through[7]of
equation(10)(or the firsttwotermsofequation(U),(lJ?),or(lk),
orthefirsttermofequation(13))wtth q setequaltouuity.The
fmotim f1(q) correspondstothetwistproduoedbytheaero@mmio
loadingobtainedfromf.(q)byWe m-d ofrefer-e4. w~fi f.(q)
.and fl(q)detemined,thetwistdistributionoftheflexlblewing
e(q)canbequiclilydeterminedforanyvalueof q byequation(19).
Then,kving e(~),ittsa relativelysimplemattertoget Cze(q)by
themethodofreferenoek,whichisbasedcmtheWeissingers~Mfied
Ufting+nnfacetheoryandisgeneralizedtopermitdeterminationof
b~a distribtiimfora wingofarhitrarjplanform=a arbix con-
tinuoustwist distribution. Thereferenoecanbeusedtoprovide
o? (q) foreithera constantliftanalysisora ctitmt angle-of-
%3at okanalysis.

Itshouldbenotedthattheseriesrepresentedbyequation(16)
willdivergeatsanevalueofdynamiopressure,depend@gcmthestruc-
turalrigld$ty.Anotistaudingadvmdmgeofequation(19)(h addition
tobeingbrief)isthatno suohmathematicaldifficultywillbeencoun-
teredsothattheaeroelastioeffectatenydynamic~essuremm be “
calculated.

‘% practice, it is usually mfficiautly accurate to detem.ine k as:

Sincecurvesoftheftmotimsjfo(q)and fl(q)wi.111generallynotbe
ofexactlythesame&hape,thevalueof k wiXlvarysmewhatacross
thespau.Inthemse oftheexm@lewing,thebestapproximationwas..
obtainedbyusingthevalueof k at I@.O sinoe at that station the
twists given by successive twist distributions(asevaluatedusingthe
series-typesoltiion)werealmostexact@proportional.Itsh’ouldbe
notedthatthe~pe ofa givene ourveasfoundfromtheserie~e
solutimwilldifferslightly,ingemeral,fra theshapegivenby
f’o(ll).Ithasbeenfound,however,thatthedifferacesincurveshape
encountereddonotaffectcle(q) significantly.

.

..— — .- ..-. ,---- -.—- -. .. —., — —————. . ..- . . .. . . . . . ... ,...”. ! ,., -
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SwepHorwardwinRs-5 m9th0acanbeap@3edwithapproximately
thesameaocuracy’toa &ep~orwardwingbyrewritingequation(19)so
thata minussignappearsinthedenominatorofthefmctioncontain-

Theequaticmthenbecomes

.-(20)

theminussignarisingfromthefacttht theseriesfora swep~orward
~ (eq~~l~t toequti~ (I-8)forq swep~ackwdng)iS
l+kq+k~2+. . . whichismerelyanexpansionof l/l~q.

Detezmj.r@ionofAerodynamicSpanIoadingforFlexibleWing

.

The.precedingsectionsofthisreporthavelaidthebackzromdfor
determiningtheaerodynamicspan
Fromequation(1)

Fromequation(19)itisevident
thespancanbewrittenas

Czeo(q)=

load‘Ustributicmfora fleti-blewing.

+. Czbc + Clec (21)

that the Qistributimof Clecacross

~f [fo(q)ll+kq

For q=l.0,thisloaddistributioncanbewritkenas

[Czedq)]q=, o= * f [fO(q)]
.

(22)

(23)

Ifsoluticmof f[fo(q)] fromequation(23)issubstitutedinequa-
tion(22)andtheresultingexpressionfor clec isthenstistituted
Inequation(21),equation(21)canthm bewr..tten

z q(l+k)
- = Czac+ Czbc+
q ‘~ “Zgc)q.lO (24).

#
E thefollowingrelation

issubstitutedinequation(24-)andifthevarioustermsarewrittenas ‘
loadingooefficicmts,equation(24)becwnes

..- .. . .. . ------- ——------ . . . .. . ... .. . . -—. . ... .,: . . ., —— .-. -- —.- .-.-.. --—.—.—— . . . .—.-.
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4[(-)’+-’%+ (29’’1;..0q(l+k)

.. ($5)

.

\

With the variousaemelasticloaMngsevaluatedfur q=l.0,itisa si@e
mattertocalculate(Z/~CaV)(q)fortheflexibleWingf~ anyCombination
of g, ~, and Az.

StabilityParametersforIWxibleWing
.

.

Lift-curvealone.-The lift-otrmeslopefortheflexiblewingcsq
befoundbyeitherC$twomethods,’dependingonwhetherthevlewpolnt
adoptedori@allywasthatofcons-t liftooefficimtoroonstant
angleofattack.Bothmethodsare~esentedhereforoonmmience:

1. constantlift-coefficient analySis .- Tha aeroelasticspsm
loaddistributionresultingfroma constant~ analysisisa
basic-&peload3ng,wh$chyieldszeroliftwhenintegrated.In .
solvingfortheaeroelasticloadingbythemethodofreference4,
theeagleofattackofthewingroot ~ requiawdtoobtainzero
uve~ liftalsoisobtained.This-e ofattackrepresents
theanglethroughwhichth6whg rootmustbeturnedinorderto
matmtaina givenwingliftcoefficientfortheflexiblewingatall
-C pressures●

H thel~urve slopefortherigidwingis
hewn,thelift+Uveslopefortheflexiblewingcan.befound
~a3&cU @ s- layingoffthevalueof ~ inthe~owr
directionfromtherigid- liftcurve(tiasing w5ngangleof

. attackforswep-ack.wings)atthe ~ forwhichthevalueof ~
wasob$ahed.Thisprocedcreisindicatedintlmfollowingsketch
forswepWmckwtngs: ,.

●

,.

-.. .. . . . . ..-— --- . . . . . ... . . —— —. —.. . . . ‘“ ,-,.. ,.. ... .’. . . .
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Thevalueof ~ ismadeupof(1)thecautributionassoci-
atedwithrigid- additionalloadingand(2)thecontribution
associatedwithinertia(ordeadweight)loading,sinceonlythe
contribtiionsassociatedwiththeseloadingsareproportionalto~.
Tbasecontributionsaregivenbythevaluesof ~ associatedwith
Czea(q) - c2e&(q)>~swcti~lY. Theseloadimgsarefoundfrom

equations(U) and(14)Previous&presented.Lift--curveslopefor
rigid-s isgivendirectlyinreference4 forawideraugeof
planfOrms● . ,.

2. Constfultanglmf-ttack emalysis.– Theaeroelasticspan
loaddistributionresultingfroma constantanglmf-attackanalysis
issimilartoanadditional-typeloadingandyieldsa liftwhen
integrated.Fora swep&backwing,thechangeh liftresultingfrom
integrationoftheaeroelasticloadingassociatedwiththetwistof”
equation(19)canbewrittenas

where

ML liftcoefficientresulting
loadingcorrespondingto

. ~L1 lti coefficientresulting
I loadingcorrespondingto

.(26)

fromintegrationofthsaeroelastic
e(q)
fromintegration.of.theaeroelastic
fo(q) ‘

.
. . .. ... —-- ----- .--7.——— ----. —- .,----— ---— I—.— -. _ _.. _ _
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thsflexiblewing(swe~ack) therefore

the rigidwing

M equation (@ isdividedbythesrbitrarymgle cfattack,the
l~urve slopefortheflexiblewingcanbewrittenas

wherethesubscripts

Y
,respectively.

(28 becomes

(%Jr

Fand R
.~thecase

(28)

refertotheflexibleandrigid
ofa sw@-forwerdwing,equation

Theaccepteddefinitimof

.

(29) .

aerodyzimiccenter 1.
loads.Itisevi- c

Aerodynamiccenter.-
rigid~ isthecentroidofalltheadditional
thatona flexiblewingtheliftincrenmtduetoangleof.attack

includes* * an additional-typeload (inthe rigi&&g sense)tit
slsoavaryingamountofaeroelastielift.‘Mmeffectiveaerodynamic
centerofa flexiblewingwilllthusdifferfrm thatofthsrigidwing
butwillstillbethecentroidofKU theadditionalloads.~ stability
-es, itmu isoust- toneglectthsverticallocationofthe
centroidsincetheeffectofdragonstabilitymrmallyisnegligible.

TheVmqiIlgamountofaeroelasticlift is made up of’(1)the cab
ponsntassociatedwiththeadditimalloadingmd (2) the CCOQ_ti
associatedwiththeinertia(ordeadweight)loading,sincecdy the
componentsassociatedwiththeseleadingsarepropcrtimalto ~.
Theseccmpcments, (q) - Czc% ~b(q),respectively,=e aetka by

thetwistdistributimsgivenby equa;ions(II_)and (14)prevlousl.ypre-
sm~. With c~a(q) = cZeA(q) detetid, * aerd.yzumiccen-

ter of the fl~ble W& W& be fztibyany~thalfm determining
centroids,remaberingthatthechordwise1- isassumedtoliealcmg
thequarter+hora line ofthewing.Tbssame~ isapplicable,in
general,whethertheanalysisadoptedisforconstmtliftorccmstazxt
angleof”attack.

.- -— ,. .—--.. —. .— ..-..—.. .. . .. .. ---/. --.-, . --. — —— —.—..-- .”.. ,..”.:. .!
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DivergenceSpeedforFlexibleWing

.

Theeasewithwhichdivergencespeedcanbeobta-d fromequations
(19)and(20)isworthyofbriefmntionalso.E equation(19)isdif-
ferentiatedwithres~ctto

J&
a

The conditionfor divergence

q> the derivativebecoms

~&)2 f’oh)e(q) = — (30)

isthatthederivative(d/dq)e(q)must
equalinfinity.Tosatisfythiscondition,

l+kq~=o (31)

where

nl the case of a swept+?orward-$ differentiatingequation(20)and
proceedingasbeforeyields

. gD=;

Equations(32)and(33)s~ thef~ factthata swept-forward

(33)

willdivergeat somepositivevalueof q whilea swepHmckwingwill
notdiverg6atanypositivevalueof q.

—

AIWLICATION

ComputingFornLs

Ccmputingformstoaidinsolvingforthschangeinspm loaddis-
tributica duetowingflexibili~arepresentedintableI. The-sic
dataneededtoperformthecalculationsexeshowninilibleI(a).Tables
I(b),I(c),I(d),ad.I(e)arefarthspurposeofccaqpu%ingthefunctions
(fO(q)@ fl(q))for~ch ofthefiqd~ load~, andrequireesse-
ntiallythesameoperations● Anydifferencesnotedaremerelyforeasein
hmdlingthecomputati&nsfora givenloading.TableI(f)isessentially
thesamsastableI(c)whichisforbasic-@P8load-. w onlYM%
tinctionbetweenthetwoformsisthattableI(f)isfortheaeroelastic
loadingintroducedbywingdei’lectimandtableI(c)isfcmthebasic
l~hg am tOwit-in -st. Wiiihoneexceptiontheseformsconsistof
separatecal-tims ofbe deflecti~(col_ k ~- ‘7)~ ‘f.

. — -.--.—-— --- ---. ——------ -—-—- ~-.~—-- — -—------- ---- —--=---- -- --- —--- - —. ---- . .
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torsionaldefleoticn(columus9 throu@U.).-Thesingleexceptionis .
tableI(e)forcauiberloading(c&)whichdoesnotrequirebendingC- .
putatbnsforobviousreasons.Thelastcolhmm(column12)ineach
caseisthesumofthebendingandtorsi~ deflectionsintermsof
streauwlseangle-of+ttackdmnge. Thiscolumnyields,fo(q)‘inthe
caseoftablesI(b),I(c),I(d),andI(e)andyieldsfl(q)inthe
caseoftableI(f).Thecolumnheadingsareeitherself-explanatoryor
aree~laineainthecomputinginda?ucticms?ollowing”thetables.,In
thecomputinginstructionsoperation.Aintegratestherunnihgload
normaltothewingtoobti theshearatdesignatedspanwise‘stations.
OperationB integratestheshearcurvesoobtainedto&ete*e the
bendingmomentatthesamespanwisestations.OperatianD integrates
thermningtorsionalloadtoobtainthetorsicmalmomentatthesame
spauwisestations.Theslmmmtionsareperfomedasindicatedfrom “
=1.0 to ll=o. OperationC integratesthe Mm curvetoobtain

‘&eslopeoftheelasticaxisatthechosenspanwisestations.Opera-
tionE integratesthe T/GJ curvetoobtainthetwistabouttheelastic
axisatthesamespanwisestations.Thesmmationsinthesetwoopera-
tionsareperformedasindicatedfrom q = O to q = 1.0.The
integratingoperaticmshavebeensetupinaccordance~th thetrapezoi-,
dalruleforappro~te integration.Thespanwisestationsusedin
thecomputations,therefore,shouldbeofsufficientnumberandof~
adequatespacingsothattheintegrationswiU notbes~~ecttosignif-
icanterror.

Numerical.?lhaiple

ThesolutionprocedureNicatedin’theprecedingsectionofthis
‘reporthasbeenappliedtoa relativelyflexibleexamphwingofmoder-
atesweepandhighaspectratio.Compressibilityconsiderationswere
neglectedinthepresentexample,stncethemod- influenceofcom-
pressibilityisfi comparedtotheisolated,primaryinfluenceof
dynamicpressure.Thegeometryoftheexamplewingisshownh figure2
togetherwithcurvesofthestructural-stiffnessdatausedinthecal-
culations. Thew5nghasanaspectratioof9.43, a taperratioof0.42,
anda sweepangleofthequart~hordline-of35°. As ~icatedti
thefigure,theelasticaxisislocatedat38=percentchord.

Therigid=wingloaMngcurvesusedinthecalculationsareshownh
figure3. Theaero@uunicloadings(additicmalandbasic)wereobtained
fromreference4,neglectingcompressibilie.gTheaiiditional-type

‘Forthereaderinterestedinincludingcompressibili@,itshouldbe
notedthatthemethodofreference4 accountsforcozgyessibillty
effectsonthebasisoflinearizedcompressibleflowtheorysothat
themodifyinginfluenceofcompressibilitycaneasilybe included
usingthatreferencebymerelyfollowingtheprocedureotilined
tharein. .

,
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loadingcorrespondstohnove~ wingliftcoefficientof1.0andthe
basteloadingcorrespondstoa lineartwistdistributionhaving1.OO
washoutatthewingtip.Thedead-weightsheardistributionwasobta~d.
fromweightestimatesforthewing.Theabruptshearchanges* are
duetotheconcentratedmassesoftheengines.Thecaniberloadq was
obtainedassumingconstantcaniberacrossthespanequivalentto .
Cfm=-0.01. .

~.- Computationsfor theexamplewing asmmdng onlythe addi-
tionalloa~ to existand based cm a mnstant liftanalysisare pr-
sentedin tableII to illustrateuse d the computingfozms. Table#
‘II(a)presentsI@ geometricma structuralparametersfor the example
wing for specifiedstationsalongthe semispsp.TableII(b)presents
thb caloulatimsfor the angle-of-attackredistributionfromwhich the
fu?mtion f.(q) is found. The fmotim fl(q) is fO~a fromthe
angle-of+ttackredistributionoaloulatedin tableII(c). Intable
II(b),theloadingusedistheadditionalloading.IntableII(c),the
loadingusedisthebasioloadingfoundfrcunthetwistdistributioncal-
culatedIntableII(b).Thefmmtiaasf.(q)and f1(q) andtheratio
f1(q)/fo( ) areplottedinfigure4 againstspauwisestationq. The

?ratiof1 q)/f.(q) isplottedforthepurposeofillustratingthe
differencesincurve-e betweenthefunctionsfo(q)~ fl(q).
Ascanbeseenfromthefigure,thedistribtiimnsoftwist(asdefined
bytheshapeofthemrves)for fo(~)and fl(q)aresomewhatdif-
ferentduet~thefactthatf.(q] wasdete-d frcunanadditional
loadlngand fl{q) wasdet~d frcma.basioloading.m spiteof
theUffermoe*, however,theassumptionofproportionalitybetween
smcessivetermsoftheseriesissuf’fioientlyclosetoprovidea good
approximationsincebasio-tjpeloadingisaffectedveryUttlebydif-
ferenoesincmrveshapesuchasshowninthefigure.Ascanbesea
fromthefigure,a largevariatim.in f1(q)/fo(q)-acrossthesemispan
canexistsothatitisimportauttochoosethevalueofthisratioat ‘-
thepropervalueof q. Asstatedearner,thebestapproximationto
theserie%typesolutiamwasobtainedfortheexampleW@ bychoosing
thevalueof fl(q)/f0(q) atthetipstation.Theseremarksalsoapply
ifa mnstantangle-of-attackana~sisisadopted. -

.
The aeroelastioloadingsassociatedwith each of the rigid+ing

loadingsare premmted in f@ure5 forseveralvaluesof@amic pres-
sureasobtainedfrcmtheconstantA.iftaualysis,Withthesolutionin
theformshowninthefigure,tiecomputationofthsspanwiseload
distributionfortheflexiblewingoanbefo=d relativelysimplefor
anysetofflightconditionsandanysetofcamberandtwistdistribu-
tionshllilartothataaaumxlmerelybyccmibiningtheloadingforthe
rigidwingtiththepropercombinationofbasicloadingsam todefleo-
tia asindl~tedbyequation(25).Ashasalreadybeenpointedout,
sucha owqputingshortcutismadepossiblsbythel.lnearaerodpamic
andstructuraltheoryoftheanalysiswhichrendersthedeflection
loadings(ata given@namiopressure)proporticmaltoeither~, AZ

.

. .

.
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~tJ or c’& dependingontherigid+ingloadinginvolved.Theaero-
elasticloadingsfora constantangl~f+ttackanalysisarenotpr- .
sentedsincetheproperconibinationofaeroelasticloadhgsisbelieved
tobe indicatedsufficientlybyfigure5.

Stabilityparemeters.-Sticenoexper@&taldatawereavailable
withwhichtheoreticalspanloaddistributionsofa flexiblewingcould
becompared,thevalidityofthemethodwascheckedtosomeextentby
comparing~edictionsoflift-curv~lopechangeandaerodynamic-enter
shiftwiththosepredictedbythemethodofreference1.

Thevariatiminlift-curveslopewithdynamicpressureforthe
examplewhg, ascalculatedbytheproceduresoutlinedearlierinthe
report,ispresentedinfigure6,neglectingthemodifyinginfluenceof
compressibility.tithecalculations,a rigid+winglift-curveslopeof
0.071obtahedfromreference4wasused.Inthefigure,a curve
shuwingtheslopevariationaccordingtothemethodofreference1 also
ispresentedforcomparison.As canbeseen,agreementbetweenthetwo
~thOasiS~rY gOOd.

.
Thesptise shifttithecentroidoftheadditionalloadswith.

-c pressureforonepaneloftheexamplewingispresentedh
figure7 togetherwiththecorrespondhgshiftinaerodynamiccenter
paralleltotheplaneofsymmetry.At a -c pressureof500pounds
persquarefoot,thespanwiseshtitisshowntobe inboardbyabout
6 percentofthesemispan.Thecorrespondingchordwiseshiftis“shown
tobeforwardbyabout20percentofthemeanaerodynamicchord.Good
agreementwiththepredictionof

bs” AeronauticalIdmratory2
NationalAdvisoryCommittee

MoffetiI?ield,Calif.,

reference1 isshuwnagain.

forAeronautics,
J- 31.,1950.
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Inthetextofthisreport,thestreamwisetwistofa flexible,
sweptwingisgivenbyequation(lo)asa summaticmoftermsduetothe
variousrigid=wingloadingsandtheaeroelasticloadingintroduced.by
flexibility.Equation(10)canbesumarlzedasfolhws:

dq,)=~o(ll)-w(q)

where

Go(q) the twist of the flexiblewingduetothetotal
@ading(asgivenbyterms[11through[7] of

(Al)

tigia+hg
equation(10))

As(q) thetwistofthe
givenbyterms

flexiblewingauetotheaeroelasticloading(as
[81ma [9]of equation(10))

Asstiteainthetext,thevalueof Ae(q) intheaboveequaticm
cemnotbeevaluateadirewlilyinanyexplicitmannersothatamethorlof
suooessiveapproximationsmustbeemployea.

Onemethdforevaluating~(q) istoadoptthe obviousiterative
approachanacompute~(~)bysuccessiveapproxhationsto A% q) until
sufficlentaccuracyisobtained.A moreconvenientmethotl,however,ig
toapplya relaxationproceriuretothedeterminationof Ae(q). InMS
methoa,thewingisassmeatobefixed.inpositionastherigitkntng
loadingisappliea,~a thenthewingisallmxltodefleotunderthe
appliealoaa,resultinginthestmeamwisetwistdistributione~q) of
equation(“ill).Thewingthenisfi89ainpositionagainma thefigia-
wingloadingisremoves.Theaero@namicloadingcorrespondingto
GO(q)- isapplieatothewingma againthewingis alloweato
defleot(inaccordancewiththeapplieaha only), resultingin a new
twistdistribution.~ thiswaysuccessivetwistdistributionscanbe
fourilwhicharedependentupontheaerodynamicloadingcorrespondingto
theprevioustwistdistribution.Thefinaltwistdistributionforthe
flexiblewingcanthereforebeexpressesas

. . -.

Comparisonofequation(~) withequation(Al)RIIOwsthat ..,
A=(q)= A%(q).+A~2(v) . . . + .A~(n) (A3)

,.

,.

I
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.
Nowsincee .-

[1
A%(m) = q F ‘cze=bl) . ● ●

.

[1
Cze=(d = f GO(n)

where

qll) .[ 1
=qr Cz(q)

or

equation(A4)canbewritteriasitisapparentthat

(A5)

$inklawy, “

‘*(”‘qlc’e$q)l

(A6)

[1
= f Ae=(~)

itisapparent

where

()c2e2 q .

thatsothat,with equatian(A5),
.

(A7) ,

.In like manner

A~n(q)= gn+xfn(q) (A8)

, [ “].*F[’]mrely% theseexpressions,thenotatiansf

indicatethegeneraldependenceofloadingemdtwistcmtheassociated

twistandloading,reSp&tiVely.Thenotationfn[1 indicates .
a spcificfunction.

. .

. ---- . .. ---- ... ., ,----— --
. ..- ...- ,-. , ,’:’. . . . . .
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Itshouldbenotedthatfora swep~ck wingeachnewtwistdis-
tributioncalculationbythisprocedurewillbe ofoppositesigntothe
twistimmediatelypreceting,sincesuccessiveaerodynamicloadingswiU ‘
exertImndingmomentsofoppositesenseduetotheben&@@wtstrel.a- .
tionshipfara swep&backwing.Bummingthesuccessivecontributions
to Ae(q)ofequation(Al).asgivenbYequations(~)s(A7)~~ (A8)~
wehave

&(q) = q==(q) + qsf=(q)+ . . . qn+%n(~) ‘ (A9). .

Substitutingtiequation(Al)for eo(q) bytherelatiagivenunder
equation(Ah)andfcm Ae(q) asgivenbyequaticm(A9),itcenbe.seen
thatthetwistdistributionfortheflexiblewingcanbeexpressedasa
powerseriesh q asfollows:

e(q) = gfo(q) + efi(?l)+qsf2(Tl)+ . ● ● @fm_(rl) (Ale)

.,

L

,

.

.

.- . ...— . . . . -—-— “ “--’ ------ - --=————-— - -— —--—-’ -- “-‘----‘-- ‘““,... ..”... . . . . .



----- ..-

28 NA(!ATN2222

.
1. Diederich,FramKlinW.: TheCalculationoftheAerodynamicLoading

ofFlexiblsWhgs ofArbitraryPlanFormandSti~ss. NACA
TN1876,lgbg●

2. Psi,S.I.,endSeers,W.R.: SomeAeroelasticPm&ties ofS~pt
wings● Jour.&o. Sci.,vol.16,no.2,Feb.1949,pp.105-u6.

3. Miles, JohnW.: A FormulationoftheAeroelasticProblemfora
sweptwing.Jour.Aero.Sci.,vol.16,no.8,Aug.1949,
pp.477-490.

4. DeYoung~JohnjandHarper,CEarlesW.: TheoreticalS-tric Span
LoadingatSubsctnicSpeedsforWingsHavingArbitraryPlanForm.
NACARep.921,1948.

5. SouthweU.jR.V.: RelaxationMethodsinEngineeringScience.
UniversityPress,Oxford,1940.

6. Jacobs,EastmanN.,andRhode,R.V.: AirfoilSection~acteristics
asAppliedtotbel?redictionofAirForcesandTheirDistributionon
Wings.I?ACARep.631,,1938.

.

7. lhlon.: FlightLoadingConditions,M!IC-1.De@. ofCommerce,
CivilAero.ldm,,Dec.7, 1942.

,

,.

I

—. .. . . . . --- .. ~, :-- ., ..=.:- ----:—.-c -.-——- -- ,- .“=-.- .”-, : ...,, . . ...- . . . .’. - ,.”



I

,i

. (a) Wing paramtere

A“ea. COB&a = sinAea=

B = in. K1= Ca+%l Aea=

Cav = in. G = caT%200e &a = _
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TABIEII.- 8AMPIECOMPUWJ?ICN~ EXAMPLEwItiGEAsEDcmiAImI!mmWmmmmIiW

1 I 2. I 3
lEIi K=9Y!!H

o I9.84XLO1OI‘ o*513

.512.77 ! 1.82L
#

.6 1.77 Mu@

.7 1.38 39’654

.8 ‘*97 5J99

.9 .74 6.8x5

1.0 0.66XMPJ 7.641

(a) Gemtrlo‘2ndStruotmalpsiamter2.

4 ! 5 I 6 1’ .7 ! a I 9
K2/GJ. c OOG2Aea

(lt15n.q .1.264 x 1o1o c

~~ . ,“, .@cnMo4i ?2 ’05”— .-

99m=0 ‘O.uo 21.6.7 0.983 O*M 0.V61
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1
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l.al 1.053 SI’Z?.2 .643‘ & .1o24

●9Q 1.404 1.29.6 .588 .34. .0933

.65 ‘1*945 117.3” .532 :283 .0845

.47 2.689 1o5.1 .477 .227 .0757

0.28XLO1O 4.514 I 92.7I .420 .176 .667

=

10

-+

(3 :
o

a.JML68
=2
.00270

.00387

.00!522‘

+

.CQ682
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.o11o3

.o1385

4-
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s = 841ill. K1 = 50043X ld” ti4 s
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o 0.05 0.897 o.&180.363 0.M6S’
.1 .05 .906. .Tu3 .287 .1607

.2 .@ .922 .627 .220 .1478

.3 .05 .934 ●534 .~ .143

.4 .05 .992 .441 .U .14W

. ● ●914 .* .0734 ●1.33i

.6 .~ .8!33. .259 .0430 ●1.2*

.7 ‘ .05 .823 .174 .oa.3 .0778

.8 ..05 .737 ‘ SW .0078 .0406

●9] ●O5 I .~l I .030 .00I.5I .om?

1.01 .Qj o 10 0 I o

‘o O.ul.oO.w42 0.0E2 o 0

-.oi74 ●J-33 .0805 .oti2 .oo1.3 -.o161

-.0886‘ I .Ogo ] .02d .0243I .0L?2I -.0764
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