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NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS
TECHNICAL NOTE 227k

EXTENSION OF THE THEORY OF OSCILLATING AIRFOILS OF FINITE
SPAN IN SUBSONIC COMPRESSIBLE FLOW

By Eric Reilssner
SUMMARY

As part of an investigation of flows around and forces on an oscil-
lating finite wing in subsonic compressible flow, the exact double inte-
grals occurring in the theoretical formulation of the three-dimensional
nonstationary aerodynamic forces havé previously been reduced to single
integrals over the range of either one of the two independent variables,
The present report describes a method for solving the resultant three-
dimensional problem based on a generalization of approximate .methods for
.solving two-dimensional problems. It is shown that the calculation of
three-dimensional corrections to the two-dimensional theory involves
only the solution of a one-dimensional integral equation for the spanwise
variation of circulation, provided tabulated values for the kernel of the
integral equation are available.

INTRODUCTION

The present report is a sequel to an earlier report (reference 1) -
on the problem of the oscillating lifting surface of finite span in sub-
sonic compressible flow. In the earlier report the exact double-integral
equation of the problem had been reduced to an approximate integral equa-
tion in such a way that the double integrals are reduced to single inte-
grals over the range of either one of the two independent variables. The
present report describes a method of solution of the resultant three-
dimensional problem. The proposed method is a generalization of any one
of the known approximate methods for the solution of the two-dimensional
problem. It is shown that the calculation of three-dimensional correc-
tions to the two-dimensional theory involves, within the framework of the
proposed procedure, nothing more than the solution of a one-dimensional
integral equation for the spanwise variation of circulation. The solu-
tion of this one-dimensional integral equation will be no more difficult
than the corresponding solution for the problem of incompressible flow,
once the kernel of the -integral equation has been tabulated for an appro-
- priate range of parameters. Determination of the numerical values of
this kernel function is not a straightforward matter because of the
particular analytical form in which this function appears. Applications
of the present theory depend on the execution of this numerical task.
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SYMBOLS
g*, \* quantities défined as  g*(x*,y*%) = g(x,7);
. ae(x%,y%) = Mx;7) | |
x* .. ' dimensionless coordinate ((x —‘xm*)/b*)
y* ’ dimensiénless spanwise coordinate (x/é\[f_:—ﬁﬁ)
g x : ~dimensionless coordinate '
G,K - kernels of integral equation (lj'-
V¥ = bwy
X * ‘ ‘quantity indicating amoﬁnt of sweep
o quantity defined by equation (2) ‘
n* = q/gvﬁfirié
b* .local semichord divided by semichord b at midspan
X,¥,2 dimensionless coofdinates
k reduced—frequeﬁcy parameter
Q circulation function |
g function defined by equation (8)
A function defined by equation (6)
£, variables of infegéation
VoI -kM2
Dy, , pressure amplitude at lifting surface

s modified potential function
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Wa = W(X,Y;O)

density of stream‘flowing with velocity U
main-stream velocity

semichord at midspan

‘instantaneous shape of lifting surface

Mach number of main stream -
arbitrary constant

auxiliary variable of integration

‘quantity defined by equation (17)

functions defined by equations (19) and (20)
function defined by equation (22)
ratio of semispan to semichord at midspan

Hankel functions of second kind and of zeroth and first
order, respectively : '

function defined by equation (23)
auxiliary'variableé of integration

component of pressure distribution 3gh representing
solution of special two-dimensional problem

component of pressure distribution .55 representing
solution of problem when three-dimensional effects are

neglected
quantity defined by equation (28)
quantity defined by equation (Al)

functions defined by equations (A5)
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a arbitrary constant

Jo,Yo ' Bessel functions of zero order
F1,Fo real and imaginary parts, respectively, of function Fym

defined by equations (Al2)
- " FORMULATION .OF PROBLEM

The problem which. is considered in what follows consists in the
solution of an integral equation of the following form:

1
g (x%,y%) = = ¢ Ax(E%,y¥)G(x* - £*) dE* +
-1

\

-1v me*

jv¥e a*(y*) e~ IVX¥E* qixx - ex) qex 4

e—iV*(X*+Xm*) o dax K(y* - %) dn* (1)
: d.Tl* : .
-1 -

The form of the functions G and K follows from a comparison of the
foregoing equation with equation-(88) of reference 1. Equation (1) is
to be solved for A¥*, in terms of g* and %, and then use is to be
-made of the définition of Q* in terms of A¥; namely,

prl ‘
o* = elV DY d.x* . . (2
-1
_Attention shall here be restricted to the problem of the rectangula
lifting surface for which ' : '
b¥* =1 V¥ =V
TX* = x a* = Q - (3)

Xp* = 0 g*

1
o]

>
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Equation (1) may then be rewritten in the form

1
glx,y*) = - MeE,y*¥)o(x - &) dt +
-1
iva(y*). e~1VE g(x - &) ag +
1
1
e-ivx _g%: K(y* - 1’]*) dn* (}_‘_)
-1 .
1
aly*) = et | Axy*) ax. G
-1

It is now recalled that the function A. is related to the pressure
amplitude P, at the lifting surface by means of the equations

o, dMxy,0) _, % |
e (6)
and
— U oV
pa. = -Pg— elp'x <iV\lfa + Ea) (7)

and that the function g is determined in terms of the instantaneous
shape H of the lifting surface by the relation '

214 L

~ipx f _ e
g = U <ikH . 5_H> (8)
1 - M2 ox .
Note also that
-
Vv = k
1 - M
2
kM
po= (9)
1 - M (
v-u=k
)
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The proposed procedure for the solution of equations (4) and (5)
depends on the introduction of the function ﬁé instead of A into

‘the integral equatior, that is, on the reduction of this equatién,

when d@/dn* = 0, to Possio's form.- This step will be carried out in
the next section., :

~

INTEGRAL EQUATION FOR PRESSURE DISTRIBUTION AT AIRFOIL

Combination of equations (7).and (9) leads to the following
alternate relation between V, and ﬁé:

b 3 —_ -] 1 .
\;fa(xy}'*) =_p_ﬁ e VX Pa(x':y*)e dx' (10)
(0]
-1

A corresponding expression for the circulation function § is obtained
as follows: ' ' '

: 1
P a ]
Q = 2etV ai’a ax = 2e*" v, (1,5%)

. -1

1

- 2b - v .
=53 pa(X',y*)eikx dx! (11)
it e/

From equations (6) and (10) it.fqilows that

X

_ 3 » kgt
N o2 1(k v)x Ba - e iVX oikx

dx! (12)
Pl

-1
Equations (11) and (12) are introduced into integral equation (4).

There occurs one term which must be transformed by integration by parts,
namely, the term
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1 3

e1VE g(x - ¥) PaelkX' axr| at =
1 : -1
g 3 1

e-1ve' G(x --¢"). dg' | §Aeikx' dx* -
@ . ) -1 -1
1 - » '

e~1VE' G(x - ¢7) ag' |Fa(e,y*)etkEh ar (13)

-1 a

The arbitrary constant o may be set equal to infinity. If this is.
done then the integrated portion of equation (13) can be used to cancel
the second term in integral equation (4). Equation (4) becomes

1 .
g =25 ¢ By (5,y) etV 0(x - 6) +
o |
-1 :
3 o .
iv e'iYQ G(x - &) d&'elké at +
. 1
-i Q .
eTVE ¢ G Kyt - W) anx (1)
-1 ‘

On the left-hand side of equation (1k4) the value of g from equa-

tion (8) is introduced. Then both sides of the resultant equation are

i oy (9
multiplied by (poU/2b)e*™*. This gives

) —
poU <— 8H> - ip(x-t)
— _ [ikH + — )= D (E,y*) et 5/ 6(x - &) -
oo \1 - M2 dx N &
iveiux+ikg\ e Ve g(x - g') de'| dE +
4
o
U .
Po o~ 1kx — K(y* - n%) dn* ’ (15)

2b’ dTl*
: -1
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Now set
X-£
Tx - 8) = eln(x-8) g(x - ) - 1velk(x-E) eiVl g(e) at  (16)
and
1
N U ' ]
.Z_g_ == pa(x,y*)elkx dx = -P (17)
-1

This leads to the follow1ng final form of the integral equatlon of the
problem

1
2° .
__PoU” (lkn . 5H> Ba( ty)8x - ©) at -
M2 ’ .

X
nl A
omikx P K(y* - %) an* (18)

- | ar* :

When dP/dn* = O this integral equation must reduce to the corresponding
equation of the two-dimensional theory; that is), the kernel G must be
reducible to the corresponding kernel in Possio's formulation of the
problem. It is not necessary for the present purposes to verify explic-
itly that this requirement is satlsfled

It is useful'to introduce as further abbreviations

1
- ap_ -
Q=4q¢ Foe K(y* - n*) dn* _ ‘(19)
-1
. 2 o -
wi = P (ikH + B—H> | (20)
2b\1 - M2 Ox :
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Finally, before proceeding, the analytical expr8551on for the
kernel function K 1is listed explicitly. :

1 ks 4
K(y* - 7%) = ——= 5y |——= (v* - 7*) (21)
T kesVI-ow [1_.Me ._'} |
where
, -M]z| '
su(m) = & K2 1zl (2 ) 52 (1D ag |-
2 1 -m 2
XS Fy(2) - - - (22)
o0 -izi . > o
. . -iM \Jo2+§
Fy( 2) =‘lEL et : ge ( 1 .M at +
2 o . o2 + 2 Vo2 + €2 ’
-0 —|Z| . AP
. [ e—-iM VT +t<. ,
M2 at | ar +
. e \/TE + C2
-e iM \JT2+22

Clzle 5 1 __ 4 iM)dr]|do ,_ ~(23)
d-w TS + 2z 2 + 22 '

The difficulty of the problem of evaluating the function K 1lies
in the form of the function Fh. In an appendix to this report there
are incorporated some prellmlnary considerations by Z. Kopal concerning
evaluation of this function Fy.

SOLUTION OF INTEGRAL EQUATION FOR PRESSURE DISTRIBUTION g,

. Equation (18) is written in the form SR o ,
, , . |
Pal&,y*)C Ak . . (2k)
-1 ‘

N

Cwi(x,y*) + eTTQ(yX)
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and it is seen that the expression for ﬁé may be considered to be
composed of two parts, as follows:

Ba(x,7%) = B2 (x,5%) - QaB,(x) . (25)

The term pa( ) fepresents the solution of the problem when three-

dimensional effects are neglected. The term Aié represents the solu-
. tion of a special two-dimensional problem, namely, that problem for

which wy(x,y*) = -e~1KX mhis result holds regardless of the mammer in
which the solution of the two-dimensional problem is approached, and
for the present purposes 55(2) and A@é may be considered as known.

It remains to determine the values of Q.  In order to do this
equation (25) may be combined with equation (17). This gives’
n . 1
P(y*) = | Fa(Pel* ax - @ | APeldX ax (26)
doy -1 '
Use is now made of the definition of Q by means of equation (26), in
order to write - .

1 D! 1 .

_ - — (2) ikx -~ ikx dp

Py¥) = | B(Pet™ ax - Spge™™ ax) ¢ gm ke (21)
-1 . -1 -1

In equation (27) the abbreviations

_ 1
P (y%) = | 5,(2)(x,y*)elhx ax (28)
a
1 . .
w(k,M) = | apgel™® ax (29)
-1 '

are used in order to obtain the basic¢ integral equation bf the problem
in the form ’

PWﬂ+ukM)f Eo Ky - ) anx = 22 () (30)
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Equation (30) is the appropriate generalization of the previously
obtained integral equation for the circulation function & in incom-
pressible flow (reference 2). It is seen that determination of the
terms P(2) and u, as defined by equations (28) and (29), requires the
solution of a two-dimensional problem in accordance with equations (2k)
and (25). 1In view of equations (19) and (30) the factor @ ’in the
three-dimensional correction term in equation (25) may also be written in
the form

_p2 _p
-2

Q (31)

What is left to be done, in order to obtain three-dimensional
corrections of the kind here contemplated, is to solve integral equa-
tion (30), and there the main difficulty is the tabulation of the func-
tion K. Once. K . has been tabulated the problem of subsonic compress-
ible flow is solved to the same extent as the problem of incompressible
flow has been solved in reference 2. The solution of specific problems
may then be obtained in the same manner as was done in reference 3 for
problems of incompressible flow. :

Massachusetts Institute of Technology '
Cambridge, Mass., May 5, 1949
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APPENDIX

'SOME CONSIDERATIONS ON EVALUATION OF FUNCTION Fy

" By 2. Kopal
Given
et [ W aER
M(x) = —_— + iM) d
B (\/az'w? )§+
-0 ) 55
‘xle-lM i o 1 + iMY) dT +
. T2 4+ x° Vr2 4 x2
-0 - ’-lx I ) -iM T2+§2 | »
M2 g a7 dt |do : - (A1)
I \r2 + g2 , ,
'~ Since
-Ix 02+ 2 ‘ | - oC+E2
| 5 ( 1 + 1M> at = -9 s at
. =8 \Rve2 ) % 2+ g2
' | ‘ > (A2)
.x,e-m% L) ar o dxd [ eV
. T2 + x° ( 2 4 2 x Ox' s \/72 + x2

J
and since, moreover, the order of 1ntegrat10n in the last integral

(factored by M2) is interchangeable, the foregoing function FM(x) can
also be written as L

a0 = - | el B(oxmM) as (43)
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where

-9 1(x,6?) + g_x o,x) - M | 1(0,t2) do (AL)

In equation (AL) the abbreviations

B e~iM \/a.2+y2

I(a,al) = e ——— dy = I;(ay02) - iIp(a,a?)

[+ ]

cos M\Ja? + y@ i (a5)

I1(a,a2) =

1(a,a?) 2 5 350 dy >
a

Iz(a,a,g) _ sin M\/a. + y2

a J(I2+y2 . w

are used and (since only positive values of X are of interest here)
|x]/x is set equal to 1. ‘

The whole difficulty of the problem centers around the evaluation
of the I integrals when M;é 0. If a =20, -

00 N

cos M Va2 + y2 dy = x Yo(Ma,) P
0 Na? =

- (a6)

o] N
o - Na¥ 4y : ‘ )

It can, furthermore, be proved (although the proof is somewhat involved)
that the I functions, regarded as functlons of M, satisfy the follow1ng
differential equations:
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P1 d1
M2 —L 4 M+ oL = Ma sin M\fa? + oP
oM :
L (AT)
M —§—+M—-+a,2M Ip = Ma cos M\/a2 +
M
=~

which, incidentally, can be written as a single equation of the form

2 N
a 37;-+Mg%+a2M21 = —iMgeMVaTHc (A8)

If a = 0, the homogenous part of the foregoing equations is easily
recognized as Bessel's equation of zero order and their solutions are

I .= % Yo(Ma) - ]
12 = g Jo(MCL) : : } . | (A9)

I=1 - iIg-'=—%i ﬁo(l')(Ma)

where Ho(l') denotes the reSpect_:‘wé Hah_kel fﬁncj:io'n., ,

When the two particular solutions of the homogeneous equation
(for a = .0) are known, the inhdmogeneous equations admit of a solution

-,

I, = £ Yo(Ma) + aJo(Ma) |  &%¥o(ta) sin £\a? + o2 dg -
Mo S
a¥o(Ma) | €239(ta) sin £\a? + o at ' (A10)

' ahd
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M . . .
I, = g Jo(Ma) + aYO(Ma)~ £2Jo(ta) cos ¢ a2 + a® dt -

. M ) - R N -
aJd(Ma) §2Yo(§a) cos t\Jal + &l at ' (A11)

- Since both transcendent functions occurring behind the integral
sign of these integrals can be expanded in rapidly converging power
series of ‘£ and subsequently evaluated, these integrals can hence-
forward be regarded as known. This leaves one more quadrature to be
performed in order to evaluate the function FM(x) ~ the real and
1mag1nary parts of which can easily be written as

. ' . FM(X) = Fl - iF2

o [ ) ) © ' ’T h
P = f g—c I3(x,0°) + g—x Il(_o,x2) - M2 I1(0,t2) dt | cos o do -

X

[

o Ig(x,&2) o I,(0,x%) - M2 I,(0,62) at sin ¢ do
o oo Ox
. X .

g

b -

s (Al12)

-y

Fp = | Il(x,oe) + = Il(o x°) - M2 Il(o,g2) d¢ | sin o do +

O
8
1
% 3

foY

¢} cos o do

%5 Ip(x,0%) + g_x'Ig(U:xz) - Mef I,(0,¢2)
oL i
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