View metadata, citation and similar papers at core.ac.uk brought to you by ;i CORE

provided by NASA Technical Reports Server

=

i kb S

;5’7”&&:/5':4/23&5’ |
< NATIONAL ADVISORY COMMITTEE
2 FOR AERONAUTICS

TECHNICAL NOTE 2305

AN ANALYTICAL AND EXPERIMENTAL INVESTIGATION OF THE
SKIN FRICTION OF THE TURBULENT BOUNDARY LAYER
ON A FLAT PLATE AT SUPERSONIC SPEEDS

By Morris W. Rubesin, Randall C., Maydew,
and Steven A. Varga

Ames Aeronautical Laboratory
Moffett Field, Calif,

Washington
February 1951

BUSINESS, SCIENCE
& TECHNCLOGY LEPT,



https://core.ac.uk/display/42803161?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

NATTIONAL ADVISORY COMMITTEE FOR AERONAUTICS

TECHNICAL NOTE 2305

AN ANALYTICAL AND EXPERIMENTAL. INVESTIGATION OF THE SKIN
FRICTION OF THE TURBULENT BOUNDARY LAYER ON A
FLAT PILATE AT SUPERSONIC SFEEDS

By Morris W. Rubesin, Randall C. Maydew,
: and Steven A, Varga

SUMMARY

A review 1s presented of turbulent-boundary—layer analyses and
experimental data for average skin—friction coefficients on a flat plate
in high—speed flow. The postulates employed in the development of these
analyses are discussed, New solutions are presented which show both the
effect of using a continuous velocity gradient at the iuterface of the
sublayer and the outer region of -the boundary layer, and the effect of
the extent of the laminar sublayer on the average skin—friction coeffi-
cient. From examination of the various analyses, the effect on the
calculated skin—friction coefficient of using either the von Kermsn or
the Prandtl mixing length is determined. These effects are shown numer—
ically as a function of Mach number for Re = 7 X 10°.

A Average skin—friction coefficients on an insulated flat plate were
measured at a Mach number of 2.5 and over a Reynolds number range of
2.1 X 108<Re< 6.2 x 10® and the data are compared with the several
analyses. The analysis that corresponds most closely to the experimen—
tal data for average skin—friction coefficient is-the extended Frankl
and Voishel analysis, for which a convenient interpolation formula is
presented for the case of an insulated flat plate. In addition, other
experimental data for various Mach and Reynolds numbers were found to
agree w1th the extended Frankl and Voishel analysis. The widely known
von Karmsn .estimation formula gave values of average skin—friction coef—
ficients that are 14.5 percent lower than the experimental data for

Mo = 2.5,
From the Reynolds analogy befween.skin friction and heat transfer
for a flat plate with constant surface temperature and for a Prandtl

number equal to unity, the results obtained for the skin—friction coef—
ficient hold equally well for the heat—transfer coefficient.

INTRODUCTION

In many cases, skin—friction drag represents a significant portion
of the total drag of a supersonic vehicle. The magnitude of the skin-
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friction, therefore, assumes considerable importance in the process of
computing performance, particularly range. Because of the high speeds
of these vehicles, the resulting frictional heating also makes a con—
"sideration of the heat transfer important, due to its effect on the
structure and load.

The turbulent boundary layer is often the type of boundary layer
occurring on these vehicles. Nevertheless, knowledge of the skin-
friction and heat—transfer characteristics in turbulent boundary layers
is meager when speeds are sufficiently high to introduce frictional
heating and the' accompanying variations through the boundary layer of
density, viscosity, and thermal conductivity. The reason for this
dearth of information is three—fold. First, exact analysis of the tur—
bulent boundary layer is not possible at present because the mechanism
of turbulence, even in the simplest cases, is not thoroughly understood.-
Second, an approach to a description of the real mechanism, such as the
use of statistical methods, introduces such complex mathematics that the

~problem has so far proved to be intractable. Third, experimental,
investigation has been neglected somewhat because of the preoccupation
of existing high—speed wind tunnels with aerodynamic problems such as
over-all drag, lift, stability, etc.

A number of approximate analyses exist which allow computation of
the coefficients of skin friction and heat transfer of a flat plate in -
supersonic flow. These flow conditions and plate temperatures would
bring about variations in the fluid properties: density, viscosity, and
thermal conductivity. It is the purpose of the analytical portion of
this report to review these analyses and to investigate the effect of
certain arbitrary boundary conditions which are imposed in the analyses. .
It is the purpose of the experimental portion of this report to present
additional data on the high-speed, turbulent-boundary-layer, skin—
friction characteristics and to-compare these data and other data with
the results given by all the theories.

NOTATION

a thermal diffusivity <Ek— , square feet per second
. C g
p

cg local skin—friction coefficient, dimensionless
A : : _ x
Cy average skin—friction coefficient < %L/h Cp d%>, dimensionless
o} :

cp specific heat at constant pressure, Btu per pound, O

g gravitation force per unit mass, 32.2 feet per second per second
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h average heat—transfer coefficient, Btu per second, square foot, Op

H boundarjf;layer—shape paraméter , ratio of displacement thickness ;to
momentum thickness, dimensionless ’

k thermal conductivity, Btu per second, square foot, °rp per foot

K constant in von Kérmen's similitude ex_pfession, dimerisionless

1 mixing length, feet

M- Mach number, dimensionless

Nu  Nusselt number <i—3‘->, dimensionléss :

Pr Prandtl number (%),jdimensionless

v + €g
8.+€M

Pre effective Prandtl number < >, dimensionless
r temperature recovery factor , dimensionless

UpPoX
o

Re Reynolds number ( ), dimensionless

T temperature, °F absolute .

u velpcity parallel to plate, feet per second

Y velocity parameter u  dimensionless
O B [%(Cf72)172]’

b4 distance along plate from leading edge, feet
y distance normal to plate, feet

¥ uopolcp/2)*/2
Ko

y+ distance parameter [ } » dimensionless

Y ratio of specific. heats (1.40, for air), dimensionless

o] boundary—layer thickness, feet : : |

8% displacement thickness, feet

Ax, effective starting length (x—x¢), inches
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€g eddy diffusivity of heat (virtual thermal diffusivity resulting
' from the mechanism of turpulence) , square feet per second

€y eddy diffusivity of momentum (virtual kinematic viscosity resulting
from the mechanism of turbulence), square feet per second -

e momentum thickness, feét

u viscosity,lpound—second per square foot

v - kinematic viscosit.y <%>, squé.re feet per second
P mass'dénsity, slugs per cubic foot

T local shear stress, pounds per square. foot

w
W temperature, absolute viscosity exponent [f— = <TT_0> ]:
‘dimensionless °

Subscripts

" a conditions at the interface of the laminar sublayer and the outer
‘ region of the boundary layer.

e ‘referring to an effective length
o free—stream conditions

w plate—surface conditions

REVIEW OF ANALYSES

At present, there are a number of methods available for estimating
the effect on the skin friction and heat transfer of the variation of
density, viscosity, and thermal conductivity. The earliest and most
widely known .method was suggested by von Kérmén,»reference 1l. In this
method the skin—friction coefficient (and heat—transfer coefficient) is
. evaluated from low—speed relationships in terms of Reynolds number with

the modification that the fluid properties used in these terms are no
longer evaluated at the free—stream temperature but are replaced by the
properties evaluated at the surface temperature. This is a first
approximation to the problem and is based on the premise that the prop—
erties of the fluid next to the surface determine the skin friction. A
result of this method, for example, is to predict a reduction in the
-coefficient of skin friction for an insulated surface in an air flow at
a free—stream Mach number of 3 and Re = 7 X 10% of about 50 percent
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below its value for the M = 0, or constant property, case at the same
free—stream Reynolds number. |

The effect of variation of fluid properties through the boundary
may also be obtained from several analyses. The methods of these anal-—
yses are simllar, and the following is a resumé of the general method
used. .

Method of Analyses

It is assumed that the portion of the boundary layer treated-is
sufficiently far from the leading edge of the plate that changes of
variables in the x direction are negligible compared to changes in
the y direction. )

The boundary layer is divided into two regions. The first region
is the laminar sublayer and is the region next to the surface in which
molecular viscous forces are considered to predominate. The differen—
' tial equation governing the velocity distribution in this layer is

Tep @

The second region is comprised of that portion of the boundary layer out—
gide of the laminar sublayer. 1In this region, in the most general form,

both molecular viscous forces and eddying viscous forces are present. The
equation for this reglon is postulated (reference 2) as ‘

ekt <dy 1$| - (2)

The second term of the right member of equation (2), representing the
eddying shearing forces, is assumed to apply to a compressible gas when
a variable density term is used. _The assumption here is that the com—.
ponent of shear stress produced by the fluctuating density is small com—-
pared to the other terms.

Two forms of the mixing length expression 1 may'be used. For
incompre561ble flow, Prandtl (reference 2) postulated that

1 =Ky ‘ (3)

From the theory of mechanical similitude for incompressible flow,
von Karman (reference 3) deduced an alternative expression for the mix—

ing length : |
a 1 -g - Su/dy . (k)
d2u/ay® : )
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The symbol K, which represents an empirical constant, is assumed to be
independent of Mach number, Reynolds number, and the plate surface tem—
perature. Jts value of 0.4 has been determined from experimental deter—
minations of the velocity distribution for incompressible flow in the
entrance sections of channels and in the downstream portions of pipes by
Reichardt and by Nikuradse, respectively (references 4 and 5).

In order to integrate equation (2) it is necessary to know the
shear stress T as a function of y. The manner in which the shear
stress varies through a compressible bhoundary layer is not known at
present. Although it must certainly vary from its value "7, at the sur—
face of the plate to zero at the outer edge of the boundary layer, the
shear stress T 1s assumed constant through the boundary layer and
equal to its value at the plate surface. This simplifies the mathe—
matics of the analyses considerably. Further, it will be shown later
that this assumption is Justifled somewhat by the fact that analyses,
using constant gas properties and employlrg the same assumption, indi—
cate values of the skin-friction coefficient that compare well with low-—
speed experimental results. This does not necessarily mean that the
shear stress 1s constant across the boundary layer, but rather that the
large stress near the outer edge of the boundary layer is somehow compen—
sated by the high value of mixing length assumed near the outer edge of
the boundary layer. .

The values of the viscosity and density terms in equation (2) are
obtalned by relating the local temperature to the local velocity as
indicated by Crocco (reference 6). This relationship results directly
from the postulate that the effective Prandtl number is unity through—
out the bowndary layer, Further, it is implied that the energy of the
turbulent fluctuations and the energy dilssipation by these fluctuations
are emall in comparison with the corresponding characteristics of the
mean flow, - :

‘ To obtain particular solutions of equation (2), it is necessary to
impose certain boundary conditions. When equation (3) is used for the
mixing length, one boundary condition is required. When equation (L) is
used, two boundary conditions are required. The number of boundary condi—
tions are determined by the order of the differential equation resulting
from the combination of equation (3) or (4) with equation (2). When equa—
tion (3) is used, the boundary condition imposed is the extent of the lami—
nar sublayer, specified by the distance from the. surface to the interface
of the sublayer and the outer region of the boundary layer and by the veloc—
ity occurring at the interface. When equation (U) is used, in addition to
the above boundary condition, it is necessary to impose the boundary con—
dition of the velocity gradient occurring on the side of the interface

in the outer region of the boundary layer. Since no experimental data
exist which indicate the values of these boundary conditions in the high—
speed boundary layer, it is necessary to base the extent of the sublayer
and the velocity gradients at the interface on experimental values deter—
mined at low speeds. The data used to obtain these values are shown
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in figure 1. 1In figure 1 is shown von Kérmén's emplrical curve repre—
senting the data for fully developed, turbulent velocity distributions
in pipes and channels. The coordinate system of u* and y* used in
this figure allows correlation of the constant property data., When it
is postulated that the velocity in the sublayer varies linearly with the
distance from the surface, the dotted curve shown in this figure is
obtained, The conditions at the interface are given by the intersection
of these lines. Thus, at the interface

u,t =115 . (s)

It is to be noted that a discontinuity in the velocity gradient
occurs at this point; du*/dy" varies from 1 in the sublayer to 0,218 -
in the outer reglon of the boundary layer, that is

( >_0218", -  (6)

In all the analyses, except where noted, these boundary conditions
are modified somewhat arbitrarily to account for compressibility, and
there results O ’

- /o, 1/2 .
ug” = 11.5 \ 7, (1)
and ' o . , V
R
W o8 (2 (8)
ay*t ’ T
a+ w ’

This is equivalent to stating that the interface acts as one in a fluid
having constant properties evaluated at the surface temperature. An o
of unity was used in the numerical work of this report. The .correspond—
ing value of y* is found directly from integration of equation (1).

When these boundary conditions are imposed on the results obtained
by integration of equation (2), the velocity distribution is obtained
for a specified local skin-friction coefficient and specified thermal
and flow conditions. When these velocity distributions, together with
the local density, are introduced into the von KArmAn momentum integral,

which 1s
- a 5
T = o u 1‘—>
hé-pouo dy

the Reynolds number at which the particular velocity distribution and
skin friction occur is determined. Thus, a relationship between the
skin—friction coefficient and Reynolds number is established.
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The postulate that the effective Prandtl number is unity and the

‘condition that a constant pressure exists along the plate allow applica—

tion of the Reynolds analogy (reference 7) to relate the coefficients of
heat transfer and skin friction; thus

C
Nu = —2£Re , - (9)

Particulars of Analyses

In 1937, Frankl and Voishel (references 8 amd 9) performed the v
analysis indicated in the foregoing section. The eddy forces of equa—
tion (2) were considered to predominate and, consequently, the viscous
portion of the stress was neglected. Equation (4) was used for the

mixing length. Both boundary conditions (equations (7) and (8)) were

employed. It should be noted, however, that the constant of equation (8)
used in reference 8 was equal to O. 289 As the value 0.218 comes
directly from the expression of wvon Karman' s empirical curve when

ugt = 11. 5, some error is indicated in the report of Frankl and Voishel.
Further, as the von Kermdn momentum integral could not be solved in
closed form, Frankl and Voishel performed thls integration in terms of
a power series in Mach number, thereby restricting the analysis to low
free—stream Mach numbers. This analysis will be referred to g hereafter,
as the original Frankl and Voishel a.nalyms.

To avoid the restriction to low Mach numbers and to eliminate the
apparent error in the constant of the boundary condition (equation (8)),
the analysis was repeated herein, restricted to a linear varlatlon of
viscosity with temperature. The integration of the wvon Kérmin momentum
integral in this case was performed numerically. These computations,
however, were restricted to an insulated plate (a plate with zero heat
transfer at the surface). The average skin-friction coefficient on the
insulated plate is given by the following interpolation formula which
represents the results computed numerically to within 12.percent in the

range 0 < My < k:

_ 0.472
:(loglo Re)2.58 < 7_1 M > 467

(10&)

The local skin-—friction coefficient is glven by the following mterpola—

tion formula:
1.12 ) (10b)

(q1_
)0 -467 < loglo Re

0.472
2. =1
(log, Re)®*°° 4<1 + o M2

Cf=
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This analysis will be referred to, hereafter, as the extended
Frankl and Voishel analysis. Another analysis along lines indicated pre—
viously was performed by Kalikhman in 1946 (reference 10). The molecu—
lar viscosity term of equation (2) was again omitted. Egquation (3) was
used for the mixing length, although 1t was modified somewhat so as to
be linear in a new variable which defined the distance from the surface.
The boundary condition represented by equation (7) was used. The sig—
nificant results of the analysis happened to be identical with those of -
the method suggested by von Kdrmdn, namely, use of wall properties in
‘place of free—stream properties for the Reynolds number and the defini—
tion of the skin—friction coefficient

The analysis by Ferrari in l9h8 (reference 11), which also used the
Prandtl mixing length expressicn, included the effect of the fluctuating
density in addition to the vaeriation of the mean density in the region
outside the sublayer but neglected molecular viscosity. The results of |
this analysis are dependent on the value of ‘e parameter introduced to
account for the effect of the fluctuating density, the value. of which is
unknown initially. Ferrari indicated that the value of this parameter
could be determined by comparing his analytical results with experimen—
tal data. - The effect on skin friction and heat transfer of the varia—
tion of the fluid properties, therefore, cannot be determined from this
analysis before knowledge of the parameter of density fluctuations is

. obtained from experiment.

!

The analysis made by Wilson in 1949 (reference 12) is the same as -
the original Frankl and Voishel analysis except in a few minor details..
Wilson avoided the tedious numerical integration of the von Karman 4
momentum integral by using an interpolation expression which represented
the" integration to within 5 percent over a range of Mach numbers from O
to 10, 1Imn deriving the Reynolds number expression, Wilson followed the
procedure of von Karman (reference 13) :in dropping terms of lower order
of magnitude which results in a simple expression for the average skin— -
friction coefficient in terms of Reynolds number and Mach number. This
analysis, however, is restricted to the case of an insulated plate.

The equation for determining the average skin=friction coefficient as.
given by Wilson is

'. ~1/2 .
sin™/ o <l P > / 0.24

= log,, (CfRe) - log,, <l+r 72;1 M02> (ll)
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where

_[O1)/2) M52
S 1+ [(1)/2] M2

The temperature recovery factor r was arbitrarily included in equa—
tion (11) by Wilson, although a Prandtl number of 1 was used throughout
the development of the analysis.

Van Driest, in 1950, performed an analy81s (reference 14) similar
in procedure to the work done by von Karman for the incompressible case
(reference 13), except that the effect of compressibility was considered.

~ Molecular viscosity was omitted in the region outside the sublayer and

equation (3) was used for the mixing length. The boundary condition
represented by equation (7) was used implicitly. Through the derivation
of an interpolation expression for evaluating the von Karman momentum
integral, Van Driest obtained a simple expression for the skin-friction
coefficient in terms of Reynolds number, Mach number, and, in addition,
wall temperature, thereby including the effect of heat transfer.

The expression for the average skln—friction coefficient glven by
Van Driest is

0.2k ., [a<(B/2a)]

- sin™ ‘
2 (1y/m0) M2 [(B/28)% + 1] 1/2.
. .- ) | (B/EA) | . ' 142w . T
M e s 1y T ot (et (3 >“%°<ﬁ> (32)

where
2 L)1 M7
Tw/To

{l +[(r-1)/2]1 M 7 }—1

Ty /To
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Effect of Boundary Conditions

It is believed that the two assumptions concerning the boundary -
conditions at the interface of the sublayer and the outer region of the
boundary layer, represented by equations (7) and (8), are somewhat arbi-
trary. The first assumption (equation (7)) implies that the extent of
the laminar sublayer is the same as in a fluid having constant properties
evaluated at the surface temperature. This is based on reaspning similar
to von Karman®s toward the relationships between the skin—friction coef—
ficient and Reynolds number. The second assumption (equation (8))
states that the ratio of the velocity gradient in the outer region of
the boundary layer to the velocity gradient in the sublayer is taken
constant and equal to its value for the case of constant propertles.

Although these assumptions are plausible, some test of their sig—
nificance is necessary. For instance, if it is determined that a large
change in these boundary conditions leaves the solutions unaffected,
any differences between the results of analysis and experimental data
can be attributed to some other quantity or postulate introduced into
the analysis, as was done by Ferrari. If, however, the influence of
these arbitrary boundary conditions is found to be large, little more
than a possible range of theoretical results can be determlned from
analyses of this nature. y

The effect of the first of these aésumptions was determined by sub~’
stituting equation (5) for equation (7), and repeating the extended
Frankl and V01shel analysis. This made the extent of the sublayer iden—
‘tical to that in a fluid having constant properties which are evaluated
at the free—stream temperature, the other extreme alternative. Integra—
tion of the von Kérmén momentum integral was again performed numerically.
In the following discussion the results of the computation are referred
to as the modified Frankl and Voishel analysis.

The effect of the second assumption, concerning the velocity gradi-
ent at the interface, was determined by integrating the complete equa—
tion (2) and allowing the velocity gradient at the interface to be equal
* to the velocity gradient in the sublayer. In addition to allowing the
velocity gradient to be continuous, this procedure introduced the effect
of a buffer layer, the region between the completely laminar and com—
pletely turbulent regions, which is known to exist from experiments at
subsonic speeds. The extent of the sublayer used in this analysis was

gt =9 o a2 (13)

which is in the same form as that of the modified Franklland Voishel
solution in that it does not include the variation of properties. The
reason that equation (5) was modified can be seen by considering the
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solid line in figure 1 which represents the veloclty distribution for an
incompressible fluid resulting from this analysis. It was necessary to
alter the extent of the sublayer to the value given by equation (13) so
.that the velocity distribution approached the fully turbulent velocity
distribution asymptotically near the outer edge of the boundary layer.
All integrations in this method were performed numerically for w = 1.

In the following, the results of the analysis are referred to as the
buffer-layer analysis.

Comparison of Analytical Methods

For the M .= O case, the Frankl and Voishel and the buffer—layer.
anglyses reduce to Schlichting 8 interpolation equation for incompressi-
ble flow (reference 15), which 1s

0.472 . |
Ce = (14)
(log]_o -Re)2 «58 .

It is interesting that the results of the Frankl and Voishel analysis
and the buffer-layer analysis are essentially the same for M = O,
indicating that both the slightly different extent of the sublayer and
molecular viscosity in the outer region of the boundary layer have little
effect on the average skin-friction coefficient, at the Reynolds numbers
indicated, when the fluid properties -are constant Van Driestt!s and
Wilson's analyses at M = 0 redude to von Kdrmén's empirical drag law
for incompressible flow, that is,

}—%_’f = log,, (CsRe) )

A comparison of these equations with existing data is made in figure 2.

In figure 2, the results of equation (14) are shown to be about
4 percent higher than the values given by equation (15) which is based
on the data of Kempf (reference 15). The data of Wieselsberger (refer—
ence 15) are slightly hlgher than these results.

In figure 3, a comparison of the local skin—friction coefficient
determined from the interpolation formula of the extended Frankl and
. "Voishel analysis (equation (10a)) is compared with the local skin—
friction coefficient calculatea from the original Frankl and Voishel
analysis (equation (8) of reference 9). The ratio of the local skin—
friction coefficient for compressible flow to the local skin—friction
coefficient for incompressible flow is plotted against Mach number. As
-can be seen from figure 3, using the power series for the solution of
the momsntum integral, as was done in the original Frankl and Voishel
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analysis, rather than using the less restricted numerical solution, as
was dons in the extended Frankl and Voishel analysis, introduces a
deviation in the local skin—friction coefficient that increases with
increasing Mach number. At M = 3, for example, this deviation is of
the order of 12 percent. These conclusions are essentially independent
of the value of the constant of the boundary condition (equation (8)).

A comparison of the several analyses up to a Mach number of U 1is
shown in figure 4 for an insulated plate at a Reynolds number of 7T X 10S.
The ratio of the average skin—friction coefficient for compressible flow
to the average skin—friction coefficient for incompressible flow is
plotted against Mach number for the various analyses. The analyses pre—
sented are the Frankl and Voishel modified, the buffer—layer, the
Van Drlest, the Wilson, the extended Frankl and Voishel, and the
von Kérmin estimation applied to equation (14).

For a Mach nunmber of 3, the percentagé reduction of average skin—
friction coefficient from the M = O case of each of the analyses is
given below:

Modified Frankl and Voishel T percent
Buffer—layer ' 17.5 percent
Van Driest ' 2T percent
Wilson ‘34  percent
Extended Frankl and Voishel 38 percent
von Karman's estimation 49  percent

For sake of comparison in figﬁre 4, unity was used for both the recovery
factor and for w, the exponent in the viscosity-temperature variation,
in all the analytical methods.t :

. Comparison of the modified and extended Frankl and Voishel methods
‘indicates that the extent of the sublayer alters the skin—friction drag
by 31 percent for the My = 3 case. [Thus, using the wall properties of
the fluid to govern the thickness of the sublayer is arbitrary, although
plausible. It is apparent that the choice of temperature used in the

lafter completion of the work presented in this report, a new theory by
Eckert for determining skin—friction coefficients along a flat plate
was published in the Journal of Aeronautical Sciences, volume 17,
number 9, September 1950. Eckert developed a theory for flow in pipes
which correlates experimental data from supersonic flow in pipes. He
then transformed this empirical theory for pipe flow to flow along a
flat plate and obtained a relationship for calculating skin-friction
coefficients along & flat plate. The calculated results of this empir—
ical theory would lie between the buffer—layer analysis and Van Driest's
analysis if Eckert's results were plotted in figure k4.
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evaluation of the fluid properties has a very large effect on the skin—
friction coefficient. If the fluid properties were evaluated at the wall
temperature in the buffer—layer analysis, the skin—friction coefficients
obtained would be the same as from von Kdrmén's estimation.

Comparison of the modified Frankl and Voishel and the buffer-layer
analyses shows the effect of using a continuous velocity gradient at the
interface of the sublayer and the outer region of the boundary layer,
and the effect of adding the molecular viscosity term in the expression
for the shear in the outer region of the boundary layer. This combined
effect lowers the skin—friction coefficient from the modified Frankl and
Voishel analysls by 10.5 percent for the My = 3 case.

Comparison of the Wilson and the extended Frankl and Voishel analy—
ses shows the relative accuracy of both neglecting terms of lower order
of magnitude in the expression for the velocity distribution and using
an approximate interpolation formla for von Kérmin's momentum integral.
These factors caused the average skin—friction coefficient (at M, = 3)
of the Wilson analysis to be 4 percent higher than the extended Frankl
and Volshel analysis. '

’

Comparison of the Wilson and the Van Driest soIutions for the case
of the insulated plate shows the effect of the use of different mixing
lengths in the shear expression, that is, equations (4) and (3),
respectively. Van Driest and Wilson make similar mathematical approxi-
mations in order to integrate the von KArmAn momentum integral. The
net result of these differences for the insulated plate is that the
final equations of average skin—friction coefficient and Reynolds number
differ only by a factor of 1.5 in the constant term when w = 1. For
the My = 3 case of the insulated plate, the average skin-friction coef-—
ficient from Van Driest!s anaslysis is 7 percent higher than the values
from the Wilson analysis.

The von Kédrmén estimation method applied to Schlichting's equation
for incompressible flow shows the greatest reduction of average skin—
friction coefficient from the M =0 to the My, = 3 case, that is,

49 percent. ' :

-In view of the wide difference in the predicted skin-friction vari-—
ation with Mach number resulting from the several analyses, each of
which is based on a more or less arbitrary set of assumptioms, it is
necessary to compare the results of these analyses with the results of
experimental data to establish which of the basic postulates best
predicts skin—friction coefficients. ‘
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REVIEW OF PREVIOUS EXPERIMENTAL RESULTS

Two sets of experiments are known to have been conducted to deter—
- mine skin—friction coefficients on an insulated flat plate at super—
sonic speeds. :

One set of data was obtained by Wilson, Young, and Thompson (refer—
ence 16). The data were taken over a range of Mach numbers from 1.60 to
2.19 and a range of Reynolds numbers from about 4.4 X 10% -to about
19 x 108, Since natural transition from a laminar to a turbulent bound—
ary layer occurred far from the leading edge, the total skin—friction
measured included a considerable laminar and transitional portion at
Mach numbers above 1.9 but not at the lower Mach numbers. By assuming
the boundary layer to have a l/T—power—law velocity distribution in the-
region beyond a transition point, Wilson, Young, and Thompson were able
to transform their data at the higher Mach numbers to a Reynolds number
based ‘on an effective length of the fully turbulent boundary layer.
This method restricted the form of the skin—friction data so that it
varied with the 1/5 power of the effective Reynolds number, even though
this variation actually may not have existed. Thus, the method of
interpretation is somewhat in doubt at the higher Mach numbers.

Realizing these limitations, Wilson reinterpreted these and some
additional data according to his afore-mentioned theory (reference 12),
again subjecting the results at the higher Mach numbers to a possible.
restriction. For the range of Mach numbers and Reynolds numbers tested,
the agreement between the experimental results and theory was within a
maximum deviation of 7 percent.

. The following portions of the present report describe experiments-
carried out at Ames Laboratory to provide additional data at higher Mach

numbers for comparison with the data just dlscussed and with the results
given by all the theories.

DESCRIPTION OF EQUIPMENT
Ames 6-Inch Heat-Transfer Tunnel

The 6~inch heat—transfer tunnel used in the present study has been
described in detail in reference 17.
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The Flat Plate Model

The full-span flat—plate model used for the tests, shown schemat—
ically in figure 5, was constructed from stainless steel. The model was
16 inches long, approximately 5—1/2‘inches wide, and 1/2 inch thick.

The leading edge was chamfered to form an angle of 15°, and was rounded
to a radius of about 0.003 inch. The top surface of the plate was g
ground and polished. Static—pressure orifices, 0.0135 inch in diameter,
were placed in a line 1 inch from each side of ‘the plate (fig. 5). A '
strip of lampblack extending from the leading edge to 1/2 inch from the
leading edge was used to cause transition of the boundary layer from
laminar to turbulent flow. Clear lacquer was sprayed on the model and
the lampblack was dusted on to form the boundary—layer trip. The region
‘from 4 inches to 8. inches from the leading edge constituted the testing
region.

The support for the flat—pla+e model consisted of a steel plate,
3/h inch thick, which was bolted to the rear portion of the test plate.
The supporting plate was secured to removable side plates in the tunnel
walls downstream from the testing section. Both the test plate and the
supporting plate spanned the test section and were sealed at the walls.

Boundary—Layer Survey Apparatus

The impact—pressure probe (see fig. 5) used in ths boundary—layer
surveys was made of 0.063—inch stainless—steel -tubing and had a rec—

- tangular opening 0.080-inch by 0.013-inch outside dimensions and
0.075—inch by 0.008-inch inside dimensions. With the probs in contact
with the plate, the center line of the probe was 0.0065 inch above the
plate surface. Stainless—steel stiffensrs were soldered to the probe to
prevent its deflection by the air stream (fig. 5).

The probe used for the static—pressure survey was made of 0.100-inch
outside—diametér stainless—steel tubing and had an ogival head with four
equally spaced orifices 0.0135 inch in diameter located at a cross sec—
tion .0.79 inch from the tip.

The height of the impact—pressure probe above the surface of the
plate was measured by visual observations with a cathetometer. To elim—
inate refraction errors due to density gradients in the boundary layer,
fins lines were scribed high enough on the body of ths probe to be in

. the free stream at all times, and the cathetomster was focused on the
lines rather than on the tip of the probe itself.
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TEST PROCEDURE
Method of Obtaining Data

The test conditions for the flat—plate model were chosen so as to
obtain the largest possible range of Reynolds numbers based on the
length along the plate and to obtain a turbulent boundary layer with a.
minimm of disturbances from the boundary-—layer trip as indicated by
mean velocity distributions. With the lampblack boundary—layer trip it
was necessary to start testing at 4 inches from the leading edge of the
model to be out of the region affected by the wake from the trip. The
maximum length along the plate that could be used for testing was 1imi-—
ted to 8 inches by both the travel of the traversing mechaniem and the
reflected bow shock wave.

The actual testing procedure was divided into the followiﬁg phases:

1. A static—pressure survey was made with the static—pressure
probe along the plate center line at l—inch increments over the testing
region of 4 to 8 inches at 30 to 40 pounds per square inch absolute stag-
nation pressures. This static—pressure probe was first calibrated by
meking surveys over the static—pressure orifices in the plate (fig. 5).
Since a small static—pressure gradient was in evidence spanwise across
the 5-1/2—inch tunnel width and the drag measurements were to be made
along the center of the tunnel, it was decided to survey along the
tunnel center line 1/2 inch above the plate with the static-pressure
probe rather than use the values of static pressure obtained from the
orifices in the plate.

2. With the lampblack boundary-layer trip existing from the lead-—
ing edge to 1/2 inch from the leading edge, boundary—layer surveys were
made at l—-inch increments over the U4—inch testing region at 30 and 40
psia stagndtion pressures. The boundary—layer probe (fig. 5) was used
in determining the impact pressures. -

The impact, static, and stagnation pressures were measured with a
mercury manometer with a high vacuum system as a reference. The refer—
ence pressures were measured with a McLeod gage. :

In making the boundary-—layer surveys with the impact—pressure probe,
the cathetometer readings could be repeated to within +0,001 inch. The .
zero distance of the probe above the plate was determined by visual
- means, Various methods were tried earlier for setting this zero point.
Electrical contact of the probe with the plate surface and the impact—
pressure minimum methods were used. It was found that the zero point
could be obtained with the same accuracy by visual means as by either of
the above methods, and to do so was much more convenient.
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The time lag of the probe was of the order of 2 minutes. Chances
of error due to time lag were minimized by waiting 4 minutes between
each reading and by traversing up through the boundary layer and then
back down to the plate surface for each survey.

Reductioﬁ of Data

The momentum thickness from von KdrmAn'!'s momentum integral is given

5 '
0 = eu <1—l> dy . (16)
‘ ‘j: Polo Y9 v , .(

by

' This equation can be expressed in terms of local Mach number in the

boundary layer by using a temperature distribution as in reference 6 for
a turbulent boundary layer,

S . 1/2
1 54M2 ]
6 = —= == | - M
The momentum thickness was calculated for each test condition by lntegra—
ting equation (17) numerically using Slmpson's rule.

The displacement thickness in terms of local density and local
velocity is given by - ) ‘
' o* _=f (1 - > dy : (18)
) o) po o]

The displacemenf thickness can be expressed in terms of local Mach number
in the same manner as the momentum thickness,

_ _ SHME N }d' - (19)
5*/(: 1 Mo<5+Mo | y 4(_

The displacement thickness was calculated for each test condition by
integrating equation (19) numerically.using Simpson's rule.

Since turbulence in the boundary layér was artificially induced by
means of a lampblack boundary-layer trip at the leading edge of the
plate, the combined effects of the form drag as well as the shock waves
from the bow of the plate and trailing edge of the lampblack made it.
meaningless to use the length from the leading edge of the plate as the



NACA TN 2305 . _ 19

characteristic length of the turbulent boundary layer. Therefore, a
method was devised for determining the effective length for the fully
- developed turbulent boundary layer.

The starting point of the effective length was determined in the
following manner: All the theories predict that 6, the momentum
thickness, varies in a given range of Reynolds number with some power of
the effective length of the turbulent boundary layer. This exponent of
the effective length ranges from 0.804 to 0.832 for all the theories in
the range of Reynolds numbers tested, The original data were plotted on
logarithmic graph paper against the actual distance along the plate.
‘The slope d(log 2 0)/d(log x) was determined by the method of least
squares. Each point was then altered in x Dby an equal amount until a .
value of the slope was obtained which was equal to the mean slope of the
-analytical methods having the extreme slopes. This mean slope is equal
to 0.818. The equal amount by which each point was altered in x to
give a value of the slope equal to the mean slope of tbe'theories was
then taken to be the length by which the plate was altered to produce an
effective plate length.

Figure 6 shows the procedure as applied to the data obtained at

40 psia stagnation pressure. The original data are shown plotted with
circular points, and the slope as determined by the method of least
squares is 0,670, To each x distance of the data points 1.35 inches
was then added and these adjusted points were plotted as shown by the
square points., The slope of this line is 0.818 and, since this slope
.18 the same as the average slope of the theories having the extreme
slopes, the effective leading edge was 1.35 inches upstream of the
actual leading edge of the plate. This procedure was repeated for the
data from the 30 psia stagnation pressure tests, and the effective
‘starting point based on the mean ‘slope of the theories was found to be
.~ 1.30 inches upstream of the leading edge. These effective gtarting
lengths were used to determine the characteristic dimension x used in
evaluating the average skin—frictlon coefficient and the Reynolds
number,

2As a check on the method of determining the effective starting length
of ‘the turbulent bourdary layer, this method was applied to a limited

" set of data obtained using a 0.012—inch wire as a turbulence promoter.

'The effective starting length was .determined in the afore-mentioned
manner and found to be 0.2 inch upstream of the leading edge of the
plate. The average skin—friction coefficient determined from the tests
with the wire turbulence promoter (effective starting length 0.2 inch)
agreed within the accuracy of the experiments with the corresponding
results obtained with the lampblack turbulence promoter (effective
starting length 1.35 inches), thus providing additional evidence for
Justifying the method of determining effective starting length.
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Discussion of Experimental Errors

The possible error in the experimental skin—friction coefficients
contributed by reading of the instruments was of the order of +2.5 per—
cent. : : ’

A maximum variation of 2 percent in free—stream Mach number existed
along the testing region (fig. 7). The effect of this slight Mach number
variation on the average skin friction was calculated using von Kdrmsdn's
boundary-layer momentum equations in integral form, and found to be less
than 2 percent of the value of the skin friction determined when neglect—
ing the Mach number gradient.

The velocities used in determining the average skin—friction coeffi-
cients were computed on the assumption that the energy per unit mass in
the boundary layer was constant. Wilson, Young, and Thompson (refer—
ence 16) have shown that this assumption gives an error in the velocity
of less than 1-1/2 percent at a Mach number of 2.

Tests were conducted to determine whether the velocity gradient
across the opening of an impact—pressure probe caused an error in assum—
ing that the pressure measured existed at the geometric center of the
probe. The dimensions of the rectangular opening of the probes tested
were 0.001-, 0.002—, 0.004—, and 0.006—inch inside heights, and 0.003-,
0.006—, 0.008—, and 0.013—inch outside heights, respectively. The
inside width of all the probes was 0.065 inch with an outside width of
0.080 inch. When the geometric center of the probes was used to deter—
mine the distance from the surface of the plate, the results of the
tests indicated that the probe size had no effect on the impact—pressure
measurements within the experimental accuracy of the tests. These
results were corroborated by Wilson and Young (reference 18).

Other possible sources of error are the unknown effect of the finite
thickness of the model leading edge on the boundary layer, the influence-
of the bow wave off the leading edge of the plate, and the influence of
the shock wave and expansion wave off the lampblack boundary—layer trip.
These effects would contribute an error in the measured skin—friction
coefficients which is believed to be eliminated by determining an effec—
tive starting length as described in the reduction of data.

Mach number profiles in the boundary layer obtained at several span—
wise positions and visual observations of boundary—layer transition by
luminescent lacquer techniques have indicated that the effects of trans—
verse contamination in the testing region were small and were confined
to the regions close to the walls.
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DISCUSSION OF RESULTS

In table I are shown the experimentally determined values of the
momentum thickness, the displacement thickness, and the shape parameter
determined from numerical integration of the boundary—layer velocity
distributions. Values of momentum thickness indicated are those used in
evaluating the average skin—friction coefficient in the portions of the
report which follow.

The velocity distribution in the boundary layer of the flat plate
is shown in figure 8. Each of the impact—pressure probe surveys is
plotted in terms of u/uO versus y/6. Figure 8 indicates that the
boundary layer for each axial position and stagnation pressure level was
‘essentially of the same shape, and that throughout the reglon tested the
boundary layer was fully turbulent.

When the effective starting points for a fully developed turbulent
boundary layer were determined as explained in the reduction of data, it
- was possible to evaluate the average skin—friction coefficient and the
Reynolds number based on the effective length of the fully turbulent
boundary layer (from the values of 6 taken from table I). These are
plotted in figure 9. As the exponent of X wused in the relationship
between ‘8 and x corresponds to the mean of the theories, 1t is
possible, therefore, to compare the corresponding skin—friction coeffi—,
cients with all the theories. For this comparison, all the afore—
mentioned theories were evaluated for an insulated plate at _a Mach
number of 2.5. The exponent for the viscosity variation with tempera—
ture was set equal to unity in all these amnalyses because this.value of
the exponent is known to conform approximately to the experimental value
of the viscosity exponent which was 0.87 in the range of temperatures
experienced in the wind tumnel. In addition, Wilson's theory was eval-—
uated using a recovery factor of 0.88 to determine the surface tempera—
ture of the plate. This procedure was recommended by Wilson although
this contradicts his earlier postulate that Prandil number is unity.

The data indicate that the extended Frankl and Voishel theory pre—
dicts the average skin—friction coefficient better than any of the other
theories in the range of Reynolds numbers and at the Mach number tested.
Because of this good agreement between the extended Frankl and Voishel
analysis and the experiment, it was decided to again evaluate the effec-—
tive starting point of the fully turbulent boundary layer, but this time
to use the relationship between 6 and x for the extended Frankl and
Voishel analysis [d(log 2 8) /d (log x) = 0.832] rather than the average
of- the theories,.
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The effective starting lengths determined from the slope of the

" extended Frankl and Voishel analysis were obtained as in figure 6. These

lengths were 1.40 inches and 1.45 inches, ahead of the leading edge of
the plate, for the 30 and 40 psia stagnation pressures, respectively.
This changes the effective starting lengths from the previously deter—
mined values by 0.1l inch for each stagnation pressure.

The final data are presented in figure 10 using these new effective
starting lengths to determine the final average skin—friction coeffi—
cient and effective Reynolds number. These data are compared with the
extended Frankl and Voishel theory for a Mach number of 2.5, and the
agreement is excellent., '

As an additional check on the validity of the extended Frankl and
Voishel analysis, all ‘the available experimental data are compared. with
this analysis in figure 11, It can be seen from equations (10) and (1k)
that the ratio of the compfessible to the incompressible average skin—
friction coefficient is independent of Reynolds number and a function
only of Mach number,

The two experimental points from the Ames 6—inch heat—transfer
tunnel are arithmetic averages of five experimental points at each of
the 30 and 40 psia stagnation pressure levels. The experimental points
of Wilson (reference 12) representing seven different Mach numbers are
arithmetic averages of five or six data points for each Mach number.
For the incompressible experimental data, the one point from Kempf
(reference 15). was an arithmetic average of nine experimental points and
the one point from.Wiesélsberger_(reference 15) represented an arithmetic
average of fifteen experimental data points. The agreement between the
available experimental data and the extended analysis of Frankl and

‘Voishel 1is excellent over the range of Mach numbers O > M, > 2.5. It is

of particular interest to note, however, that the experimental scatter of
the incompressible data is greater than the scatter of the data at
higher Mach numbers. Further, this agreement, by several experiments,
indicates that the inherent errors in each of the experiments are either
small or consistent. :

Wilson (reference 12) corrected his data to account for the effec—
tive starting length of the turbulent boundary layer. These corrections
altered the values of the skin—friction coefficients from 10 to 500
percent. Use of the effective starting length from the lampblack turbu—
lence promoter in this report altered the skin—friction coefficients
from 16 to 36 percent. From the limited data with the wire turbulence
promoter, in this report, use of the effective starting length altered
the skin—friction coefficients from 2.5 to 4 percent. With these cor—
rections for the effective starting length of the turbulent boundary
layer, the corrected data agreed with the theory of the extended Frankl
and Voishel analysis to within t5 percent.
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A comparison of a typical experimental velocity distribution and a
calculated velocity distribution from the Frankl and Voishel extended
analysis is presented in figure 12, The ratio of the distance normal to
‘the flat plate to the momentum thickness is plotted against the ratio of
the local velocity in the boundary layer to the free—stream velocity.

It was expedient to use the local skin—friction coefficients from the
experimental data to determine the velocity distribution from the Frankl
and Voishel analysis. The agreement between the experimental profile
and the theoretical profile was not as close as might be expected from
the excellent agreement of the experlmental average skin friction with
the Frankl and Voishel analysis. This might indicate that, although the
skin-friction coefficient agrees with the theory very well, this agree—
ment may be fortuitous since the velocity profiles are not coincident.
This was also evident from the data of Wilson, as is pointed out in
reference 12. The same condition is known to prevail at low Mach num—
bers. The difference between the theoretical and experimental velocity
distributions is much larger than the possible error introduced by eval-—
uating the experimental velocity distribution under the assumptlon of a
constant energy per unit mass (references 6 and 16).

CONCLUSIONS

The following conclusions can be drawn from the results of the
present investigation:

1. A critical review of various analyses concerned with the pre—
diction of skin friction on a flat plate with a compressible turbulent
boundary layer has revealed that extremely large variations in the pre—
dicted average coefficients result from the differences in assumed math—
ematical boundary conditions.

2. An interpolation formula for the average skin—friction coeffi—
cient determined from the extended Frankl and Voishel analysis for an
insulated flat plate agreed with previous and present experimental data
to within 5 percent in the range of Mach numbers, 0 < M< 2.5.

3. A comparison of a typical experimental boundary-layer velocity
distribution with a theoretical velocity distribution based on the.
extended Frankl and Voishel analysis-revealed that the profiles were not
coincident. This indicates that the excellent agreement of the experi—
mental average skin—friction coefficient with theory may be fortuitous.

Ames Aeronautical Laboratory, ,
National AdVisory Committee for Aeronautics,
Moffett Field, Calif., October 25, 1950.

’
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TABLE T.— MOMENTUM THICKNESS, DISPLACEMENT THICKNESS, AND
SHAPE PARAMETER ALONG A FLAT PLATE, M, = 2.5.

Yo

Nominal stagnation pressure

x in

inches (1b/sq in. absolute)

along 30 ko ,

plate 3 3

6x10~ in,|8*x107in.| . E ox10 3 in, |d*10% in. | H

in 6.66 - 29.4 L4kl 6.81 29.7 L.37
5 8.40 35.6 L ok} 8,10 34,9 4,31
6 9.30 | 39.3 [4.23] 8.88 | 37.9 h.27
7 10.2 ko b - fh4,15( 10,1 2.3 k.20
8 11.3 k5.7 [4.03] 10.8 UL k.15
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Extended Frankl! and Voishel
————— Original Frankl! and Voishel

1.0
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_ N
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Mach number, M

Figure 3— Comparison of the variation with Mach number
of the local skin-friction coefficients determined from
the extended Frankl and Voishel analysis and the
original Frankl/ and Voishel analysis for an insulated
flat plate at Re = 7 x 10°.
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coefﬁciehfs along a flat plate with a turbulent boundary
layer.
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Figure /2.—‘ Comparison of Frank! and Voishel velocity
distribution with an experimental velocity distribution
in the boundary layer, M = 2.5 .
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