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CHARTS FOR ESTIMATION OF LONGITUDINAL-STABILITY 

DERIVATIVES FOR A HELICOPTER ROTOR 

I N  FORWARD FLIGHT 

By Kenneth B. Amer and F. B. Gustafson 

SUMMARY 

Charts are presented t o  provide a convenient means f o r  obtaining 
the  der iva t ives  of r o t o r  r e su l t an t  force,  r o t o r  pi tching moment about 
the  he l i cop te r  center  of gravi ty ,  and r o t o r  torque with respec t  t o  r o t o r  
angle of a t t ack ,  forward speed, ro to r  speed, and co l l ec t ive  p i t ch .  The 
ana lys i s  i s  made f o r  untwisted, untapered blades which have f lapping 
hinges loca ted  a t  the  r o t o r  shaf t .  The cha r t s  can, however, be used 
without se r ious  e r r o r  f o r  blades with normal values of t ape r  and t w i s t  
and means are indicated f o r  obtaining the  addi t iona l  terms necessary when 
the  cha r t s  a r e  applied t o  r o t o r s  having moderate flapping-hinge offsets .  
These cha r t s  do not r e l y  upon the  assumption (o f t en  used f o r  convenience) 
t h a t  t he  r o t o r  resul tant-force vector i s  perpendicular t o  the  t ip-path 
plane. This assumption i s  shown t o  lead of ten  t o  grossly inco r rec t  
l ong i tud ina l - s t ab i l i t y  der iva t ives .  

The method of using the  cha r t s  t o  ob ta in  the  various der iva t ives  i s  
explained and i l l u s t r a t e d .  
general  s t a b i l i t y  c h a r a c t e r i s t i c s  of the he l icopter  ro to r  i s  a l s o  
i l l u s t r a t e d .  

The use of t he  cha r t s  i n  the  study of t he  

INTRODUCTION 

During t h e  pas t  few years, the  f ac to r s  t h a t  a f f e c t  t he  performance 
of t h e  he l i cop te r  have become fa i r ly  well understood and, as a r e s u l t ,  
t he  performance of the  he l icopter  has been improved appreciably. 
ences 1 and 2 ind ica te ,  however, t h a t  t h e  f l y i n g  q u a l i t i e s  of  he l icopters  
a t  %he present  t i m e  a r e  st i l l ,  in general, i n f e r i o r  t o  those of a i rp lanes .  
Reference 1 s t a t e s  t h a t  fu tu re  Navy spec i f ica t ions  w i l l  incorporate  
s t r ingen t  f ly ing-qual i t ies  requirements f o r  he l icopters .  
reference 2, t he  iong l tu f ina i  f l y i n g  q u a l i t i e s  i n  forward f l i g h t  a r e  most. 
i n  need of improvement. Reference 3 presents t e n t a t i v e  longi tudina l  

Refer- 

According t o  
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f ly ing-qual i t ies  requirements based on the  normal-acceleration charac- 
t e r i s t i c s  during a pull-up maneuver i n  forward f l i g h t .  This reference 
ind ica tes  t h a t  a he l icopter  t h a t  meets these requirements will be much 
s a f e r  and l e s s  fa t igu ing  t o  the  p i l o t  than one which does not.  

I n  order t o  determine whether a praspective he l icopter  design w i l l  
meet the  longi tudina l  f ly ing-qual i t ies  requirements, s tab i l i ty  calcu- 
l a t i o n s  f o r  a pull-up maneuver must be made. 
s e t t i n g  up and solving simultaneously the  d i f f e r e n t i a l  equations of 
motion of the  he l icopter .  I n  order t o  s e t  up these equations, the  sta- 
b i l i t y  der ivat ives  of t he  he l icopter  and, therefore ,  of t he  r o t o r  must 
be known. The s t a b i l i t y  der iva t ives  are a l s o  useful  f o r  pred ic t ion  of 
other  s t a b i l i t y  and cont ro l  c h a r a c t e r i s t i c s  and f o r  t h e  study of stabi- 
l i z i n g  devices and au topi lo ts .  I n  addi t ion,  these der iva t ives  provide a 
convenient bas i s  f o r  es t imat ing load f a c t o r s  f o r  a r b i t r a r y  gust values .  

Such a ca lcu la t ion  involves 

The r o t o r  theory of references 4 and 5 has been used f o r  performance 
and blade-motion ca lcu la t ions .  These ca lcu la t ions  have compared favor- 
ably with f l i g h t  t e s t  r e s u l t s  (see,  f o r  example, references 6 and 7 ) ;  
therefore ,  experimental checks a re  expected t o  show the  same theory su i t -  
ab le  f o r  s t a b i l i t y  ca lcu la t ions .  The r e s u l t s  of  reference 3 show t h a t  
t h i s  theory can be used f o r  a n a l y t i c a l  s tud ie s  of t he  a b i l i t y  of t h e  
hel icopter  t o  meet the  t e n t a t i v e  longi tudina l  f ly ing-qual i t ies  require- 
ments of t h a t  reference.  This theory, however, i s  presented i n  a f o r m  
convenient f o r  performance and blade-motion s tudies  but i s  not p a r t i c u l a r l y  
convenient f o r  s t a b i l i t y  s tud ie s .  Thus, a rework o f  the  theory i n  order 
t o  present it i n  a form more convenient f o r  s t a b i l i t y  s tud ies  w a s  con- 
s idered  des i rab le .  For example, i n  estimating ho r i zon ta l - t a i l  a r ea  needed 
t o  o f f s e t  t he  angle-of-attack i n s t a b i l i t y  of a he l icopter  ro to r ,  it was 
found that ,  although the  changes i n  magnitude o f  t he  r o t o r  resul tant-force 
vector  with angle of a t t ack  could r ead i ly  be calculated,  es t imat ion of 
the changes i n  vector  longi tudina l  tilt with angle of a t t ack  t o  t h e  
necessary degree of accuracy was r e l a t i v e l y  d i f f i c u l t .  Approximation of 
t he  vector longi tudina l  tilt by the  easily calculated longi tudina l  flap- 
ping al appeared excessively inaccurate  f o r  t he  purpose. The bas ic  
theory was accordingly used t o  prepare t h e  cha r t s  presented here in  from 
which t.he values of the paramet,c?r a ' ;  which represents  vector  longi tudina l  
tilt, could be read d i r e c t l y .  For convenience, values of torque coef- 
f i c i e n t  a r e  a l s o  obtainable f r o m  these  char t s ,  and add i t iona l  cha r t s  from 
which var ia t ions  i n  magnitude of t h e  resul tant-force vector  can be read 
d i r e c t l y  a re  a l s o  included. 

The cha r t s  presented here in  can be conveniently used t o  obta in  most 
of  t h e  ro tor  l ong i tud ina l - s t ab i l i t y  der iva t ives .  
depend upon pi tching ve loc i ty  a r e  not included i n  t h e  present paper; 
however, t he  damping moment due t o  a steady pi tching ve loc i ty ,  which i s  
the  most s ign i f i can t  pi tching-veloci ty  der iva t ive ,  can be obtained from 
reference 8.  

Those der iva t ives  which 
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SYMBGLS 

Physical Quant i t ies  

'e 

(T 

e 

11 

P 

Y 

V 

Vh 

number of blades per r o t o r  

r a d i a l  dis tance t o  blade element, f e e t  

blade radius ,  f e e t  

blade-section chord, feet  t::) equivalent blade chord (on t h r u s t  b a s i s ) ,  f e e t  

r o t o r  s o l i d i t y  (bce/nR) 

blade-section p i t c h  angle; angle between l i n e  o f  zero l i f t  of 
blade sec t ion  and plane perpendicular t o  axis of no fea ther ing ,  
radians 

mass moment of i n e r t i a  o f  blade about f lapping hinge, slug-feet* 

mass densi ty  of a i r ,  slugs per cubic f o o t  

mass constant of r o t o r  blade, expresses r a t i o  of a i r  forces  
t o  mass forces  (cpaRk/I1) 

angle i n  plane of r o t a t i o n  between perpendicular t o  blade-span 
axis and flapping-hinge axis, pos i t ive  when an increase i n  
f lapping produces a decrease i n  blade p i t c h  

Air-Flow Parameters 

t r u e  airspeed of hel icopter  along f l i g h t  path, f e e t  per second 

horizontal  component of t r u e  a i rspeed of hel icopter ,  f e e t  
per  second 
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UP 

ar 
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v e r t i c a l  component of t r u e  airspeed of hel icopter ,  f e e t  
per  second 

r o t o r  angular veloci ty ,  radians per  second 

r o t o r  angle of a t tack;  angle between f l i g h t  path and plane 
perpendicular t o  axis of no feather ing,  pos i t ive  when axis 
i s  pointing rearward, radians 

'Os a assumed equal t o  ( RR tip-speed r a t i o  

induced inflow ve loc i ty  a t  ro to r ,  always posi t ive,  f e e t  
per  second 

(" - 9 inflow r a t i o  

blade azimuth angle measured from downwind pos i t ion  i n  direc- 
t i o n  of ro t a t ion ,  radians 

component a t  blade element of r e su l t an t  ve loc i ty  perpendicular 
t o  blade-span axis and t o  axis of no feather ing,  f ee t  
per second 

component a t  blade element o f  r e su l t an t  ve loc i ty  perpendicular 
both t o  blade-span axis and UT, f e e t  per second 

inflow angle a t  blade element i n  plane perpendicular t o  blade- 

span axis, radians tan-' 2 
:T) 

blade-element angle of a t tack ,  measured from l i n e  of zero l i f t ,  
radians ( 0  + @) 

Aerodynamic Charac te r i s t ics  

sec t ion  p r o f i l e  drag coe f f i c i en t  
CdO 

a slope of curve of sec t ion  l i f t  coe f f i c i en t  against  sec t ion  
angle of a t tack ,  per radian 
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r o t o r  l l-f t ,  pounds 

r o t o r  t h rus t ,  component of r o t o r  r e s u l t a n t  force  p a r a l l e l  t o  
axis o f  no feather ing,  pounds 

rotor-shaf t  torque, pound-feet 

( nR2;ilR)') 
r o t o r  t h r u s t  coef f ic ien t  

rotor-shaf t  torque coeff ic ient  A ( nR2 p (RR) 2R) 

r o t o r  p r o f i l e  

r o t o r  induced 

pa ras i t e  drag 

Performance Parameters 

drag- l i f t  r a t i o  

drag-lif t r a t i o  

of helicopter components other  than l i f t i n g  
r o t o r s  divided by r o t o r  l i f t  

drag-l i f t  r a t i o  representing angle of climb o r  gl ide,  pos i t ive  
i n  climb (vv/vh) 

r o t o r  drag- l i f t  r a t i o ;  r a t i o  of equivalent drag of r o t o r  t o  

r o t o r  l i f t  ((E), + (f)J 
component of ro to r  resu l tan t  force  along f l i g h t  path ( t h a t  is ,  

usefu l  component of ro tor  r e su l t an t  force)  divided by r o t o r  

lift ((!)p + (;)J 
shaft--power parameter, where P i s  equal t o  rotor-shaf t  power 

divided by ve loc i ty  along f l i g h t  pa th  and i s  therefore  a l s o  
equal t o  drag force that. could be overcoEe by s h ~ f f t  paver 

a t  f l i g h t  ve loc i ty  ((:\ + (e\ 1 
{\Lh \Lh/ 
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angle of climb 

Rotor-Blade Motion 

blade f lapping angle a t  pa r t i cu la r  azimuth posi t ion,  radians 

constant t e r m  i n  Fourier s e r i e s  t h a t  expresses P; therefore ,  
ro tor  coning angle 

coe f f i c i en t  of -cos $ i n  expression f o r  p; therefore ,  
longi tudinal  tilt of ro to r  cone 

coe f f i c i en t  of - s in  JI i n  expression f o r  p; therefore ,  l a t e r a l  
tilt of r o t o r  cone 

S t a b i l i t y  

project ion o f  angle between r o t o r  force vector and axis of no 
feather ing i n  plane containing f l i g h t  path and axis of no 
feather ing 

hel icopter  pi tching veloci ty ,  radians per second 

increment 

funct ions o f  p given i n  reference 4; subscr ip ts  a and b 
represent numbers used t o  i d e n t i f y  a pa r t i cu la r  funct ion 

parameter defined by equation (A10) i n  appendix A 

STABILITY DERIVATIVES NEEDED FOR PULL-UP ANALYSIS 

The s t a b i l i t y  der iva t ives  needed f o r  a pull-up ana lys i s  a r e  now 
discussed, not  only because of the  s ignif icance of such an ana lys i s  but  
a l s o  because mos t  of t h e  der iva t ives  needed f o r  other  longitudinal-  
s t a b i l i t y  s tud ies  are included i n  t h i s  r e l a t i v e l y  complex case. 
ac tua l  use of these der iva t ives  i n  a pull-up ana lys i s  i s  not discussed 
herein.  

The 

Rotor forces  and blade flapping are a f fec ted  by f i v e  independent 
variables:  ro to r  angle of a t t ack  a, forward speed V, r o t a t iona l  
.speed R, co l l ec t ive  p i t c h  8,  and pi tching ve loc i ty  q .  The he l icopter  
i s  affected by both t h e  magnitude and d i rec t ion  of t h e  r,-t.or r e su l t an t  
force  and by t h e  magnitude of t he  r o t o r  torque. (The r o t o r  resultant-force 
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vector is assumed to pass through the rotor hub inasmuch as present-day 
conventional rotors are designed with near-zero airfoil pitching moments 
and with coinciding aerodynamic centers and chordwise centers of gravity.) 
If the flapping hinges are offset from the rotor shaft or cocked, the 
helicopter will also be affected by longitudinal and lateral flapping and 
coning-angle changes. 
rotor resultant force depend upon C 0 and at, respectively, and the 
magnitude of the rotor torque depends upon 
helicopter stability derivatives needed f o r  a pull-up analysis therefore 
requires knowledge of the following rotor derivatives: 

The magnitude and longitudinal direction of the 

CQ/O. 
T I  

Calculation of the 

By definition, each partial derivative is obtained by assuming the other 
f o u r  independent variables to be constant. c 

I 

All the preceding GT/O, at, and CQ/O derivatives, except those 
with respect to q, are obtainable f r o m  the charts in this paper. The 
ao, al, and bl derivatives, except those with respect to q, can be 
obtained from the equations of reference 4. 
restricted to the case of flapping hinges on the rotor shaft, the equa- 
tions are believed to be reasonably accurate for small values of flapping- 
hinge offset. The derivatives with respect to q are not included in 
the present paper; however, the changes in at and al due to a steady 

Although reference 4 is 

pitching velocity, which are the most significant pitching-velocity 
derivatives, c.a-  be obtained from reference 8 ,  
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For spec i f ic  he l icopter  configurations,  many of these  der iva t ives  
may be expected t o  be ins igni f icant ,  but no spec i f ic  inves t iga t ion  of 
t h i s  poss ib i l i t y  has y e t  been made. 

For ce r t a in  longi tudina l -s tab i l i ty  calculat ions,  other  ro to r  aero- 
dynamic der ivat ives  are desired.  
ro to r  contribution t o  the  var ia t ion  of s t i c k  pos i t ion  with speed a t  
f ixed pitch, t h rus t ,  and r o t a t i o n a l  speed, t h e  der iva t ive  aar/aV a t  
constant CT/O ( ins tead  of a t  constant a )  i s  needed. This a! deriva- 
t i v e  can a l so  be obtained from the  cha r t s  i n  t h i s  paper. 
&'/all and &'/de, as w e l l  as the  der iva t ives  of CQ/O with respec t  
t o  V, R, and 0 ,  can be obtained a t  constant CT/U from the  cha r t s  

presented herein.  

For example, i n  order t o  determine t h e  

Similarly,  

ASSUMPTIONS OF THEORY 

I n  order t o  l i m i t  t he  labor  involved i n  the  theo re t i ca l  der iva t ions  
necessary t o  prepare t h e  char t s  of t h i s  paper, various assumptions were 
made. For t h e  readers '  convenience, t he  more s ign i f i can t  assumptions 
ca r r i ed  over from references 4 and 5 as w e l l  as those made here in  are 
discussed. 

Rotor Physical Charac te r i s t ics  

The r o t o r  i s  assumed t o  have f r e e l y  f lapping rectangular untwisted 
blades with mass f a c t o r  y 
be on the ro to r  shaf t  perpendicular t o  the  blade-span axis. 
however, a r e  considered applicable t o  ro to r s  with blades having a range 
o f  y from 0 t o  25, moderate amounts of t w i s t  or taper ,  and moderate 
amounts o f  flapping-hinge o f f s e t  or angular i ty  ( t i3  

of  151 and the  f lapping hinge i s  assumed t o  
The charts ,  

angle).  

The consideration t h a t  the  char t s  are applicable t o  r o t o r s  having 
v.%laes of 
i s  shownin reference 4 t o  be appl icable  t o  t h i s  range of y when a 
value of y = 15 i s  used. The fact  t h a t  the  theory i s  sa t i s f ac to ry  over 
t h i s  wide range of 
angle, l a t e r a l  f lapping angle, and of higher harmonics of flapping, 
suggested t h a t  it might be appl icable  t o  see-saw ro to r  systems. Further 
invest igat ion of t he  problem indica ted  t h a t  t h e  char t s  presented here in  
should, i n  general, give su f f i c i en t ly  accurate r e s u l t s  f o r  see-saw ro to r  
systems. 

y rangifig from 0 t n  7 5  i s  hased' on t h e  fa.ct. khat,  t he  theory 

y, and therefore  f o r  a var ie ty  of values of coning 
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The cha r t s  a r e  considered applicable t o  r o t o r s  having moderate 
amounts of t ape r  because the  sa t i s fac tory  comparison between ca lcu la ted  
and measured r o t o r  performance and blade motion previously r e fe r r ed  t o  
was obtained with blades which actual ly  had a moderate amount of t ape r .  
The t ape r  was accounted f o r  t heo re t i ca l ly  by basing the  s o l i d i t y  
t h e  blade mass f a c t o r  y on an equivalent blade chord. (See llSymbols.ff) 

o and 

The consideration t h a t  t he  charts  a r e  a l so  appl icable  t o  r o t o r s  
having moderate amounts of t w i s t  i s  based on a comparison made between 
t h e  cha r t s  presented here in  and calculat ions f o r  a r o t o r  with - 8 O  of 
l i n e a r  t w i s t .  This comparison showed t h a t  t he  CT/a der iva t ives  are not  
s i g n i f i c a n t l y  a f fec ted .  The absolute values of a '  given by the  cha r t s  
are nowhere i n  e r r o r  by more than 1' and r o t o r  i n s t a b i l i t y  with angle of  
a t t ack  i s  ind ica ted  t o  be somewhat high, which i s  conservative.  The 
other  a '  der iva t ives  and t h e  CQ/U der iva t ives  f o r  t h e  r o t o r  with 
-80 t w i s t  are given by the  cha r t s  t o  a s a t i s f a c t o r y  degree of engineering 
accuracy. 

The a p p l i c a b i l i t y  of t he  cha r t s  t o  r o t o r s  with moderate amounts of  
flapping-hinge o f f s e t  i s  log ica l ly  j u s t i f i e d  as follows. Small amounts 
of flapping-hinge o f f s e t  ( l e s s  than 5 percent R )  a r e  not considered 
l i k e l y  t o  a f fec t  r o t o r  performance. Thus, inasmuch as t h e  cha r t s  presented 
here in  a r e  derived f r o m  performance equations, they should be appl icable  
without excessive e r r o r  t o  ro to r s  having flapping-hinge o f f s e t s  of less 
than 5 percent of t he  r o t o r  radius .  For  such r o t o r s ,  however, the  e f f e c t  
of longi tudina l  f lapping with respect  t o  t h e  s h a f t  i n  producing add i t iona l  
pi tching moments du? t o  t he  centr i fugal  force  i n  the  blades must be taken 
i n t o  account. 

The cha r t s  can be applied t o  ro tors  having angular f lapping hinges 

( 6 3  angle)  if the  r e su l t i ng  e f f e c t  of l a t e r a l  f lapping on t h e  long i tud ina l  
pos i t ion  of t h e  axis of no feather ing i s  taken i n t o  account. 
no fea ther ing  i s  the  axis about which no f i r s t  harmonic p i t ch  va r i a t ion  
occurs. See appendix of reference 7 f o r  d iscussion of i t s  use and 
s ignif icance . ) 

(The axis of 

Section Aerodynamic Charac t e r i s t i c s  

The equation representing the blade-section p r o f i l e  drag coe f f i c i en t  
is 

Cdo = 0.0087 - 0.0216ar + 0 . 4 0 0 ~ ~  2 

Comparisons between t h i s  t h e o r e t i c a l  p ro f i l e  drag polar  and s t a t i c a l l y  
measured experimental po iars  f o r  several typical  a i r fo i l s  a r e  given i n  
f igu re  1 of reference 5. This theo re t i ca l  polar  can a l so  be compared with 
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s t a t i c a l l y  measured drag polar  da ta  presented i n  reference 9 .  
t i o n  i s  assumed t o  have a l i f t -curve  slope of 5.73 per radian. 
value can be compared with s t a t i c a l l y  measured l i f t  curves of various 
rotor-blade a i r f o i l  sec t ions  which a re  a l so  presented i n  reference 9 .  

The sec- 
This 

These l i f t  and drag sec t ion  c h a r a c t e r i s t i c s  a re  assumed t o  be con- 
s t a n t  over t he  r o t o r  disk;  t h a t  i s ,  e f f e c t s  of r a d i a l  v e l o c i t i e s  and 
var ia t ions  around the  d isk  i n  Reynolds number and Mach number a re  
neglected. 

Rotor  Aerodynamic Charac te r i s t ics  

I n  the  ca lcu la t ion  of r o t o r  aerodynamic c h a r a c t e r i s t i c s  f r o m  the  
blade-section cha rac t e r i s t i c s ,  t he  i n f l o w  ve loc i ty  i s  assumed t o  be 

u n i f o r m  and 0, @, a,, p,  a, tan-’(:) , and a ’  are  assumed t o  be 
11 

small angles s o  t h a t  t he  s ine  i s  equal t o  {he angle and t h e  cosine i s  
uni ty .  The char t s  a r e  l imi ted  t o  values of p between 0.15 and 0.50 
where these assumptions a re  believed t o  be va l id .  The most questionable 
assumption i s  t h a t  of uniform i n f l o w  ve loc i ty .  
s idered  reasonable f o r  ca lcu la t ing  long i tud ina l - s t ab i l i t y  der iva t ives  i n  
view of the  previously r e fe r r ed  t o  s a t i s f a c t o r y  comparisons between r o t o r  
theory based on t h i s  assumption and both measured longi tudina l  f lapping 
and ro tor  performance. 

This assumption i s  con- 

The l o s s  i n  l i f t  a t  t h e  t i p  of the  blade i s  approximated i n  cal-  
cu la t ing  r o t o r  aerodynamic c h a r a c t e r i s t i c s  by assuming t h a t  the  outer  
3 percent of  t h e  blade radius  i s  ine f f ec t ive  i n  producing l i f t  but does 
produce drag. 

I n  ca lcu la t ions  of r o t o r  t h r u s t ,  t he  contr ibut ion of blade-section 
drag i s  omitted a s  being negl ig ib le .  

LIMlTS OF VALIDITY OF THEORY 

S t a l l i n g  L i m i t s  

A s  was explained i n  references 4 and 5, t he  accuracy of t he  theory 
becomes doubtful when a s t a l l i n g  angle of a t t ack  i s  encountered a t  
by e i t h e r  a sec t ion  a t  the  blade t i p  o r  by an inboard sec t ion  with r e l a t i v e  
ve loc i ty  equal t o  four-tenths the  r o t a t i o n a l  t i p  speed. The reasons f o r  
t h i s  doubtful accuracy are  t h a t  the  theory f a i l s  t o  take account of the  
nonl inear i ty  of the  lift curve and the  increased drag r ise a t  the  s t a l l .  

$ = 270° 
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The char t s  of t h i s  paper, therefore,  follow the  procedure of t h e  
cha r t s  of reference 5 i n  t h a t  locus l i n e s  f o r  12O and 16' angles of 
a t t ack  a r e  included. The locus l i n e s  f o r  t he  conditions f o r  which a 
blade element a t  an azimuth angle of 270' with a r e l a t i v e  ve loc i ty  
equal t o  four-tenths t h e  r o t a t i o n a l  t i p  speed reaches a spec i f ied  angle 

UTRR 

Similar ly ,  t he  of a t t a c k  a re  designated by the  symbol a ( ~ ~ ' 0 . 4 )  ( 2 7 0 O ) '  

locus l i n e s  f o r  t he  conditions f o r  which t h e  blade t i p  a t  an azimuth 
angle of 270' reaches a spec i f ied  angle of a t t ack  a re  designated by t h e  
symbol Inasmuch a s  a ro to r  with twis ted  blades has approxi- 

mately t h e  same p i t c h  a t  t h e  three-quarter radius  a s  a r o t o r  with untwisted 
blades f o r  t h e  same f l i g h t  condition, t h e  spec i f ied  angles on t h e  t i p  locus 
l i n e s  should be reduced by approximately one-fourth of t h e  blade t w i s t  
value when using the  cha r t s  f o r  twisted blades. A similar co r rec t ion  t h a t  
depends upon p can be ca lcu la ted  f o r  t h e  spec i f ied  angles on t h e  locus 
l i n e s  f o r  UT = 0.4. 

reference 5), the optimum f l i g h t  condition f r o m  considerat ions of he l i -  
copter performance i s  approximately t h a t  a t  which s t a l l i n g  j u s t  begins. 
A he l icopter  designed t o  f l y  near t h i s  optimum performance condi t ion 
the re fo re  always en te r s  t h e  s t a l l e d  region during an appreciable pull-up 
o r  upward gust .  
necessary empirical  correction, i f  any, t o  t h e  s t a l l e d  p a r t  of t he  c h a r t s  
presented herein.  This correct ion,  however, i s  believed t o  be beyond 
t h e  scope of t he  present paper. 

A s  pointed out  i n  several  previous NACA papers ( see ,  f o r  example, 

It  would therefore  be des i rab le  t o  determine t h e  

Mach Number L i m i t s  

Although the  sec t ion  l i f t  and drag c h a r a c t e r i s t i c s  vary with Mach 
number, on the  bas i s  of performance prediction experience, it i s  believed 
t h a t  such changes would not s ign i f i can t ly  a f f e c t  the v a l i d i t y  of the  
cha r t s  presented herein (except perhaps f i g .  l ( a ) )  a t  l e a s t  u n t i l  t h e ,  
Mach number f o r  l i f t  and drag divergence i s  reached. 
these  cha r t s  may be v a l i d  somewhat beyond t h i s  point because of a t i p -  
relief e f f e c t  and other  f ac to r s ,  but  fu r the r  discussion of t h i s  point  i s  
believed t o  be beyond t h e  scope of t h i s  paper. 

It  i s  possible  t h a t  

The quan t i t i e s  given i n  f i g u r e  l ( a )  a r e  more d i r e c t l y  dependent on 
l i f t - cu rve  slope and, f o r  he l icopters  with unusually high t i p  speeds, t he  
e f f ec t  of Mach number m a y  be s ign i f icant  even before the  l i f t  divergence 
i s  reached. For such designs, t h e  average sec t ion  l i f t -curve  slope may 
be aFpreciably higher than the  value of 5.73 used herein.  
t he  case, equations given i n  appendix A may be used i n  place of f i g u r e  l(a) 
f o r  g r e a t e r  accuracy. 

If such i s  

Rotor Angle-of-Attack L i m i t s  

Inasmuch as  the  term cos a occurs i n  the accurate expression 
p,, a chauge i n  r o t o r  angle of a t tack while c'onstant forward speed f o r  
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and ro tor  speed are  maintained causes a small change i n  
i n  p 
t o  a as ca lcu la ted  with cos a assumed t o  e q u a l l . O .  If desired,  t h i s  
correct ion i s  obtained as f o l l o w s :  

p. This change 
i n  t u r n  causes a small correct ion t o  t h e  der iva t ives  with respect  

v cos a 
= RR 

Dif fe ren t ia t ing  t h i s  expression y i e l d s  

Theref ore, 

a 
& 

- p t a n  a - 
($)const. v = ($)const. p 

Calculations ind ica t e  t h a t  the  r o t o r  angle of a t t ack  i s  usual ly  small 
enough t o  make t h i s  correct ion term ins ign i f i can t .  

Need f o r  Experimental Ver i f ica t ion  

Because of t h e  various assumptions used i n  the  theory on which the  
cha r t s  presented here in  a re  based, adequate experimental v e r i f i c a t i o n  i s  
necessary before these  cha r t s  can be used with complete confidence. 
approximate and incomplete experimental checks a re  a s  y e t  ava i lab le .  
Nevertheless, because of t he  s a t i s f a c t o r y  co r re l a t ion  of experiment and 
theory f o r  r o t o r  performance and blade motion previously r e fe r r ed  t o  and 
because of t he  s a t i s f a c t o r y  comparison between measured and predicted 
pull-up t i m e  h i s t o r i e s  shown i n  reference 3, it i s  believed t h a t  these 
c h a r t s  can be used with some confidence even before any f u r t h e r  experi- 
mental ve r i f i ca t ion  i s  obtained. 

Only 

DERIVATION OF CHARTS 

C CY Derivatives T I  

The CT/a  der iva t ives  a re  obtained by combining equations (6) and ( 7 )  
of reference b, which (with the  blade-twist term dropped) are, respec t ive ly ,  
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and 

13 

(The symbols such as  
The subscr ipt  designates t h e  t a b l e  number and l i ne .  
twis ted  blades, 

t3,1 r e f e r  t o  t abula ted  constants  i n  reference 4. 
For a r o t o r  with 

8 i s  approximately t h e  p i t ch  a t  the  three-quarter rad ius . )  

The manner i n  which these  equations a re  combined and processed i s  
described i n  appendix A.  
of h and CT a r e  employed i n  obtaining f i g u r e s  l ( a )  and l ( b )  (X = -0.05, 
CT = 0.005). Calculations ind ica te  t h a t ,  f o r  p. 2 0.15, t h i s  approximation 
should seldom involve any s igni f icant  e r r o r  but,  for spec ia l  cases,  t h e  
equations given i n  appendix A can be employed. 

A s  explained i n  t h a t  appendix, t y p i c a l  values 

Derivatives of CT/o with respect t o  8 and a,- The deriva- 

f o r  constant p. and a and the  der iva t ive  + T / 4  f o r  aa 
a t i v e  

constant  p, and 8 a r e  p lo t t ed  against  p i n  f igu re  l ( a )  f o r  values 
of p from 0.15 t o  0.50 and f o r  o = 0.03, 0.06, and 0.09. 

ae 

a c  ( T / )  0 

Derivative of C o with respect t o  p.- The der iva t ive  
( T / )  au 

f o r  constant a and 8 i s  given by t h e  following equation: 

where t h e  k q u a n t i t i e s  a re  plot ted aga ins t  p i n  f igu re  l ( b )  f o r  
values of p from 0.15 t o  0.50 and f o r  o = 0.03, 0.06, and 0.09. 

a '  and C o Derivatives 
Q/ 

Figure 2 shows t h a t  the  longi tudinal  angle between 
resul tant-force vector  and the  axis o f  no fea ther ing  i s  

the  r o t o r  
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Therefore, use of the trigonometric formula f o r  the tangent o f  a 
sum of  two angles gives 

(;)u + t a n  a 

t an  a r  = - 
1 - (F) t a n  a 

U 

Subst i tut ing equation ( 7 )  of reference 4 and equation (1) of 
reference 5 gives 

P X  GT 

t a n  a '  = 

According t o  t he  second term of equation (11-4) o f  reference 10, 

Thus, 

U t a n  a = 

1 - (E) t a n  a 
U 

Subst i tut ing f o r  h 
t w i s t  term) r e s u l t s  i n  the  following equation: 

from equation (6)  o f  reference 4 (dropping the  blade- 

2cT 
t3,20 - - cra 

"3,1 t a n  a r  = ( 7 )  
1 - (f) t a n  a 

U 
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Assuming t h a t  a ' ,  a, and arc  t a n  (e) are  small angles,  a '  can 
U 

be expressed i n  degrees as f o l l o w s :  

The angle a v o  can be calculated from equation (8) a s  a funct ion 
of p, CT/o, and 8 by f i rs t  calculat ing (D/L), and P/L as 
funct ions of p, C 0, and 8 f rom the  equations of reference 4 as was 
done t o  obtain the  cha r t s  of reference 5. The r e s u l t s  of these  calcu- 
l a t i o n s  f o r  a '  are p lo t t ed  i n  f igure  3, which a l so  includes l i n e s  of 
constant P/L. Thus, f i gu re  3 can be used t o  obtain a '  and C 0 deriva- 
t i v e s  ( C Q / ~  being d i r e c t l y  r e l a t ed  t o  P/L). Each char t  of f i g u r e  3 i s  
f o r  a constant value of co l l ec t ive  pi tch,  because t h i s  parameter i s  the  
one most l i k e l y  t o  remain constant during a change i n  f l i g h t  condi t ion 
caused by a gust  o r  maneuver. 

T 1  

Q/ 

The values of a '  and P/L, ra ther  than t h e i r  der iva t ives ,  a r e  
p l o t t e d  i n  f igu re  3 i n  order t o  keep the  number of cha r t s  down t o  a 
minimum. 
ca l cu la t ion  of ten  must be made i n  order t o  obtain the  a '  
C o der iva t ives  f r o m t h e  cha r t s  of f i gu re  3. 

Thus, slopes o r  differences must be measured and some simple 
and 

Q/ . 

COMPARISON BETWEEN a '  AND a 1  

Because of t h e  unavai lab i l i ty  of a convenient source of a ' ,  most 
s t a b i l i t y  ca lcu la t ions  have heretofore been made on the  assumption t h a t  
a '  = al because al w a s  much more readi ly  calculated.  The e r r o r  caused 
by t h i s  assumption i s  shown i n  f igure  4, which compares t h e o r e t i c a l  values 
of a '  and a1 f o r  p = 0.15, 0.30, and 0.50 and 8 = Oo, 8 O ,  and lko.  
I n  general ,  t he  comparison between the s lopes o r  increments i s  q u i t e  
unsa t i s fac tory ,  and thus it i s  concluded t h a t  t h e  subs t i t u t ion  of 
f o r  a '  f requent ly  y i e l d s  grossly incor rec t  ro to r  s t a b i l i t y  der iva t ives .  

al 
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METHOD OF OBTAINING STABILITY DERIVATIVES 

NACA TN 2309 

The procedure f o r  obtaining the  r a t e s  of change of 
C o with respect  t o  a, V, R, and 8 f o r  a he l icopter  r o t o r  i n  for-  
ward f l i g h t  from the  cha r t s  presented herein i s  as follows: 

C T / 0 ,  a ' ,  and 

Q/ 

(1) The values o f  o and R and the  t r i m  values of V, p, CT/O, 
and P/L must be known. For  cases where P/L i s  not  a l ready known, it 
can be obtained from the  cha r t s  of reference 5. 

( 2 )  The value of co l l ec t ive  p i t ch  8 can be obtained e i t h e r  from 
the  charts  of reference 5 o r  by in te rpola t ing  between t h e  various char t s  
of f igure  3 presented herein.  For a r o t o r  with twisted blades, t h e  col- 
l e c t i v e  p i tch  on the  char t s  represents  approximately t h e  p i t ch  a t  t h e  
three-quarter radius .  

(3) The r a t e s  of change of thrust-coeff ic ient  - s o l i d i t y  r a t i o  with 
r o t o r  angle of a t tack  and co l l ec t ive  p i t ch  angle are obtained f r o m  f ig -  
ure l ( a )  where these two der iva t ives  are p lo t t ed  against  tip-speed r a t i o  
f o r  specif ied values of ro to r  s o l i d i t y .  (The upper curves of f i g .  l ( a )  
are accurate t o  within 4 percent and the  lower curves are accurate t o  
within 7 percent f o r  ?, from 0.05 t o  -0.10, CT from 0.002 t o  0.008, 
and a l e s s  than 10' i n  magnitude. For grea te r  accuracy, equations ( A S ) ,  
( A l O ) ,  and ( A l l )  of  appendix A can be used.) 

(4) The r a t e  of change of th rus t -coef f ic ien t  - s o l i d i t y  raltio with 
tip-speed r a t i o  can be calculated by use of equation ( 2 ) .  
the  f i v e  constants i n  equation ( 2 )  can be obtained from f igu re  l ( b )  where 
they are p lo t t ed  against  tip-speed r a t i o  f o r  spec i f ied  values of s o l i d i t y .  
(The curves of f i g .  l ( b )  are accurate t o  within 4 percent f o r  between 
0.05 and -0.10 and CT between 0.002 and 0.008. Also equation ( 2 )  assumes 

X/p 
and ( A l S )  of appendix A can be used.)  

The values of 

h 

t o  be less than 0.5 i n  magnitude. For grea te r  accuracy, equations (A10) 

Derivatives with respect  tc 1.T and 0 are then nhtsined as follows: 



3 NACA TN 2309 17 

(5) Once the  CT/a  der iva t ives  are  known, the  r a t e s  of change of 
longi tudina l  rotor-vector tilt and torque-coefficient - s o l i d i t y  r a t i o  
with respect  t o  r o t o r  angle of a t tack,  tip-speed r a t i o  (and, therefore ,  
forward o r  r o t a t i o n a l  speed), and pi tch s e t t i n g  can be obtained f o r  
various t r i m  combinations of tip-speed r a t i o ,  th rus t -coef f ic ien t  - 
s o l i d i t y  r a t i o ,  and power input  from f igu re  3, which cons i s t s  of a 
s e r i e s  of cha r t s  f o r  d i f f e ren t  values of p i tch  s e t t i n g .  
t h e  longi tudina l  angle a r  between the r o t o r  resul tant-force vector  and 
t h e  a x i s  of no fea ther ing  i s  p lo t t ed  against  t he  thrus t -coef f ic ien t  - 
s o l i d i t y  r a t i o  f o r  spec i f ied  values of tip-speed r a t i o .  
power d rag - l i f t  r a t i o  
a re  cross-plotted i n  t h e  char t s .  

I n  these  char t s ,  

Lines of constant- 
P/L, which i s  d i r e c t l y  r e l a t e d  t o  torque coe f f i c i en t ,  

(6) The a1 and C a der ivat ives  a re  obtained from f i g u r e  3 by 
measuring slopes o r  differences and using these q u a n t i t i e s  i n  the  following 
formulas (sample der ivat ions of these formulas  a r e  given i n  appenclix B, 
and a sample problem i s  worked out i n  t h e  sect ion following t h i s  one): 

&/  

7 1 

(The values of Aat and A0 a r e  obtained f r o m  two adjacent cha r t s  f o r  8 
a t  an appropriate combination of p and CT/O.) 
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a ('T/.> 
const .  a = c L  ae 
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SAMPLE ROTOR LONGITUDINAL-STABILITY-DERIVATIVE CALCULATIONS 

I n  t h i s  sect ion,  t h e  longi tudina l -s tab i l i ty  der iva t ives ,  which 
experience has thus f a r  indicated t o  be s ign i f i can t  (except those with 
respect  t o  pi tching ve loc i ty) ,  a re  calculated f o r  t he  ro to r  for t he  
sample he l i cop te r  of reference 5 by use of the  methods ind ica ted  i n  t h e  
previous sect ion.  
b i l i t y  der iva t ives  discussed i n  the  previous sec t ion  a re  then r ead i ly  
deducible and thus  a re  not  spec i f ica l ly  discussed. 
he l icopter ,  

The procedure for ca lcu la t ing  any of t he  o ther  s ta-  

For t h e  sample 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  0.07 
20 
80 

0.20 

0.094 

R , f e e t  . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

V , f e e t p e r s e c o n d  

;/L 0.20 

Determination of P/L and 8 

For cases where P/L i s  not  already m a i l a b l e  from performance 
ca lcu la t ions  o r  measurements, it can be r ead i ly  obtained by t h e  method 
i l l u s t r a t e d  i n  reference 5. If t h e  charts  of reference 5 a r e  used f o r  
t h i s  purpose, t he  co l l ec t ive  p i t ch  8 which i s  needed f o r  some of t he  
der iva t ives  can conveniently be determined a t  the  same t i m e .  Because 
P/L i s  already known f o r  t h i s  sample problem, 8 can be obtained from 
f igu re  3. In te rpola t ion  between the  charts  f o r  8 = 8 O  and 8 = loo 
and use of the  known values of p, CT/G, and P/L gives 

0 = 9.2' = 0.160 radian 

If t h e  sample r o t o r  has twisted blades, t h i s  p i t ch  value i s  t h e  value of 
p i t c h  a t  approximately the  three-quarter radius.  
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CT /a Derivatives 

From f i g u r e  1 (a ) ,  

= 0.23 per radian 
aa 

-- a(cT/o) - - 0.76 per radian 
a0 

From equation ( 2 )  and f i g u r e  l ( b ) ,  I 
a(cT/o) = -3.4(0.160) + 6.2(0.094) - 3.1(100)(0.09~)(0.07)(0.16)2 + 

acL 

0.7 (1000) (0.094)~ (0.07) ( 0.160) - 3.6 (100) (0.094)3 ( 0  -07 ) 

V 
12 

RR = - = 400 f e e t  per second 

a = -  ''' = 20 radians per second 
20 

From equations ( 9 )  and (101, 

= 
av 400 

= 0.0001 per f o o t  per second 

a(CT/") = (- ") (0.0b) = -0.0004 per radian per second xi 20 

a '  and CQ/O Derivatives 

- derivat ive.-  In te rpola t ion  between t h e  c h a r t s  for 0 = 80 and 
aa -- 

6 = loo of the  slopes of the  l i n e s  f o r  p = 0.20 gives 

= 290 = 0.51 radian 
a (CT /a) 
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Using equation (11) yie lds  

&!- = (0.51)(0.23) = 0.12 radian per radian 
aa 

- aar 
av der iva t ive  a t  constant CT/O.- Interpolat ion between the  char t s  

f o r  8 = 80 and 8 = 10' of the increment i n  a' from p = 0.15 t o  

p = 0.25 a t  - cT - - 0.0% gives 
0 

= 22' = 0.38 radian aa 1 - ( ap)const.  cT/o 

Using equation (12)  y i e lds  

- - 0.38 = 0.00095 radian per foo t  per second 
400 

- aa r  der iva t ive  a t  constant a.- Using equation (13) y i e lds  
av 

- b.38 + (0.51)(0.04)] = 0,0010 radian per foo t  per second 
('Iconst. a -400 

a /o> derivative.-  Interpolat ion between the char t s  f o r  8 = 8 O  

and 8 = loo of the  increment i n  P/L from - cT = 0.084 t o  - = 0.104 

along the  l i n e s  f o r  

aa 
CT 

CY o 
p = 0.20 gives 

Using equation (18) y ie lds  

= (0.20)(0.23)[0.20 + (O.O94)(-4.8)1 = -0.012 per radian 
3 ( C Q p )  

- an, 
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- a@& der iva t ive  a t  constant CT/O.- Comparison between the  c h a r t s  
ae 

f o r  0 = 8 O  and 8 = l oo  a t  p = 0.20 and 2 = 0.094 gives 

Using equation (19) y i e l d s  

= 0.20(0.094)(3.3) = 0.062 per radian 
const.  CT/O 

a(cQ/a) der iva t ive  a t  constant a.- Using equation (20) y i e l d s  ae 

= 0.20(0.76)[0.20 + 0.094(-4.8fl + 0.20(0.094) (3.3) 
const.  a 

= -0.038 + 0.062 

= 0.024 per radian 

i n  autorotation.-  For  purposes of a subsequent 
const.  a 

d i  s cus sion , for the  sample he l icopter  i n  au toro ta t ion  

is iiow obtained. F~~ cL Q . ~ Q ,  - = n no), but - - c! , i nt ., a r n n l  r-------- a t.i nn P -  
L ". ",LC cT 

const.  a 

0 
between the char t s  f o r  8 = 4 O  and 0 = 6' gives 

8 = 5.6' 

= 3.1 per radian 
const.  CT/O 
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Thus, subs t i t u t ion  i n  equation ( 2 0 )  y ie lds  

= -0.063 + 0.058 

= -0.005 per  radian 

ROTOR STABILITY CHARACTERISTICS 

M a n y  s ign i f i can t  s t a b i l i t y  cha rac t e r i s t i c s  of t h e  he l icopter  ro to r  
may be deduced from the  cha r t s  presented herein.  
c h a r a c t e r i s t i c s  a r e  now discussed. A s  f u r t h e r  i l l u s t r a t i o n s  of the  use 
of t h e  char t s ,  a number of spec i f i c  s t a b i l i t y  problems and cur ren t  sug- 
ges t ions  as t o  means f o r  improving hel icopter  s t a b i l i t y  a r e  a l s o  discussed. 

A number of these 

Rotor-Thrust Variations; Load Factors 

Examination of f igu re  l ( a )  shows t h a t  the  va r i a t ion  of  a P T P )  
aa 

with p i s  .approximately l i n e a r  (about 1 . 2  power). Because (at  cons5ant 
r o t a t i o n a l  speed) r o t o r  t h rus t  i s  proportional t o  
i s  proport ional  t o  
of-attack change a l so  increases  i n  approximately l i n e a r  fashion with 
ve loc i ty .  This r e s u l t  i s  i n  cont ras t  with the  var ia t ion  with V2 which 
app l i e s  f o r  t h e  a i rp lane .  
i n  progressively lower angle-of-attack changes f o r  increasing forward 
speeds, a sharp-edged gust of f ixed  veloci ty  tends t o  produce about the  
same normal acce lera t ion  f o r  a l l  airspeeds,  i n  cont ras t  with a l i n e a r  
increase  with airspeed f o r  the  airplane.  

CT and forward speed 
p, the  load-factor increase per degree ro to r  angle- 

Also, because a f ixed  gust ve loc i ty  r e s u l t s  

Figure l ( a )  a l s o  shows t h a t  while is  much less af fec ted  ae 
by p than i s  -, an appreciable increase does occur with 

increasing p. A change i n  p from 0.15 t o  0.50 increases  

50 percent .  
i n  t h r u s t  per  degree p i t ch  increase a t  
g rea t e r  than t h a t  for 

a c  0 
ae about 

aa 

Thus, f o r  a sudden increase i n  co l l ec t ive  p i tch ,  t h e  increment 
p = 0.50 i s  about 50 percent 

p = 0.15. 
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R o t o r  Longitudinal S t a b i l i t y  Charac te r i s t ics ;  Variations o f  a '  

For purposes of t h i s  discussion, the  following assumptions are made: 

(1) The hel icopter  being considered i s  a single-rotor machine with 
f lapping hinges on the  ro to r  sha f t ;  therefore ,  i t s  r o t o r  force vector 
passes through i t s  ro to r  hub. 

( 2 )  The hel icopter  center  of grav i ty  i s  i n  i t s  normal pos i t ion  below 
the  ro to r  hub and l i e s  on the  t r i m  pos i t ion  of the  ro to r  resultant-force 
vector.  

For these conditions,  pi tching moments about the  he l icopter  center  of 
grav i ty  depend primarily upon var ia t ions  i n  a '  and an increase i n  a t  
always causes a nose-up moment. (For  those cases where t h e  center  of 
grav i ty  i s  o f f s e t  from the  t r i m  pos i t ion  of the r o t o r  fo rce  vector,  t h r u s t  
var ia t ions  produce addi t iona l  pi tching moments. Offset flapping hinges 
a l s o  r e s u l t  i n  addi t iona l  pi tching moments when there  i s  longi tudinal  
ro to r  blade flapping with respect  t o  the  r o t o r  sha f t . )  

Power-on f l i g h t ;  var ia t ions  of a '  with angle of a t tack.-  The cha r t s  
of f igure  3 indicate  tha t ,  during power-on f l i g h t  ( 0  = Lo t o  lbO), the  
hel icopter  r o t o r  i s  s t a t i c a l l y  unstable with changes i n  angle of a t t ack  
( o r  
b i l i t y  can be deduced f r o m  the  pos i t ive  slope of the  l i n e s  f o r  constant 
tip-speed r a t i o .  When the  he l icopter  noses up, a increases  and thus 
CT/O increases. Inasmuch as the  slope of t he  l i n e s  f o r  constant p i s  
pos i t ive ,  an increase i n  a '  r e s u l t s .  Because a '  i s  pos i t ive  when t h e  
r o t o r  force vector i s  t i l t e d  behind the  axis of no feather ing,  an increase 
i n  a '  (with no change i n  longi tudina l  s t i c k  pos i t ion)  r e s u l t s  i n  a nose- 
up pitching moment on the  he l icopter ;  therefore ,  the  r o t o r  i s  s t a t i c a l l y  
unstable with change i n  angle o f  a t t ack  a t  constant p i tch ,  r o t o r  speed, 
and forward speed. 

CT/O) a t  constant pi tch,  r o t o r  speed, and forward speed. This ins ta -  

Comparison of t he  slopes of t he  various l i n e s  f o r  constant p shows 

t h a t  aa '  increases  ( t h a t  i s J  becomes more unstable)  approximately 

l i n e a r l y  with increasing p a t  constant CT/O and 0 .  Thus, inasmuch 

as a P T P )  var ies  approximately with p la2 ,  

mately with p2.* a t  constant CT/O and 0 .  Comparison of t he  various 
cha r t s  of f igure  3 reveals  t h a t  t he  r o t o r  i n s t a b i l i t y  with angle of a t t ack  
increases with increasing 8 and, therefore ,  i n  general, wi-th increasing 
rotor-shaft power. 
increasing slope of the  l i n e s  f o r  constant p with increasing 8.  Thus, 

d(CT/O j 

var ies  approxi- 
aa  

This increase i n  i n s t a b i l i t y  can be deduced from the  
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the  va r i a t ion  of 
(beyond t h e  speed f o r  minimum power) has  an exponent even higher 
than 2.2 because of  t h e  increase i n  e 
speed. The increase i n  t h r u s t  t h a t  accompanies an increase i n  angle of 
a t t ack  f u r t h e r  adds t o  the  r o t o r  s t a t i c  i n s t a b i l i t y .  
The rap id  increase i n  i n s t a b i l i t y  a t  the higher forward speeds as shown 
experimentally i n  f igu re  4 of reference 2 i s  thus seen t o  be explainable 
by means of these cha r t s .  

aa I/aa with increases i n  level-f  l i g h t  forward speed 

with increase i n  l eve l - f l i gh t  

(See reference 11.) 

Methods f o r  o f f s e t t i n g  unstable var ia t ion  of a '  with angle of 
attack.-  Inasmuch as the  he l icopter  rotor  i s  s t a t i c a l l y  unstable  with 
aqgle of a t t ack  i n  forward f l i g h t ,  some means must be incorporated on 
the  he l icopter  t o  o f f s e t  t h i s  cha rac t e r i s t i c .  
hor izonta l  t a i l  surface as discussed i n  references 3 and 11. 
the  cha r t s  presented herein,  t he  unstable r o t o r  pi tching moment per  degree 
change i n  angle of a t t a c k  can be obtained and used t o  determine t h e  s i z e  
of t a i l  surface needed t o  s t a b i l i z e  t h e  he l icopter .  
which has  received a t t e n t i o n  i s  t o  design the  hub l inkage i n  such a way as 
t o  cause t h e  co l l ec t ive  p i t c h  t o  decrease with increasing coning angle. 
Theory ind ica t e s  t h a t  al decreases with decreasing co l l ec t ive  p i t c h  a t  
constant CT/O and p. (See f i g .  4.) A s  a result, when al i s  assumed 

equal t o  a ' ,  ana lys i s  i nd ica t e s  t h a t  a he l i cop te r  r o t o r  with s u f f i c i e n t  
"pitch-cone" change would be s t a b l e  with angle of a t t ack  a t  constant ro ta -  
t i o n a l  speed, forward speed, and collective-pitch l eve r  pos i t ion .  

One means i s  t o  use a 
By use of 

Another method 

By means of t h e  c h a r t s  of f i gu re  3, t h i s  method may be examined with- 
out re ly ing  on the assumption t h a t  al i s  equal t o  a l .  Comparison of the  

various cha r t s  of f i g u r e  3 shows tha t ,  f o r  t y p i c a l  c ru is ing  condi t ions f o r  
current hel icopters ,  improvements i n  s t a b i l i t y  should be obtainable.  
Further comparison shows, however, tha t  a r ,  unlike a1 does not neces- 
s a r i l y  decrease with decreasing p i t ch  a t  constant C 0 and p and 

t h a t  a t  high values of t he  r a t i o  - e a r  ac tua l ly  increases  with 
cT/o' 

decreasing p i t ch .  Under these circumstances, i f  a given angle-of-attack 
change i s  considered, then the  pitch-cone change w i l l ,  by minimizing t h e  
increase i n  r o t o r  t h r u s t  (and, therefore,  CT/o> ,  reduce t h e  increase i n  
caused by t h e  increased r o t o r  angle of a t tack .  
not,  however, result i n  s t ab le  moments because some increase i n  t h r u s t  
must be permitted. A l s o ,  if a given increase i n  t h r u s t  i s  required,  as 
f o r  a spec i f i c  maneuver, under these circumstances the  r e s u l t  i s  a g rea t e r  
unstable moment than without the  pitch-cone change. 

T I  

a '  
The pitch-cone change can- 

The value of t he  
parameter - e above which a r  increases with decreasing p i t ch  a t  

C T p  
constant p and CT/O, var ies  f r o m  about 3 a t  p, = 0.15 t o  about 2 1  2 
a t  p = 0.50. Because s t a b i l i t y  problems appear l i k e l y  t o  be more acute  
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f o r  high-speed (over 150 mph), high-powered he l icopters ,  addi t iona l  tal- 

culat ions were made t o  determine t h e  probable values of 

designs.  It w a s  found t h a t  such hel icopters ,  i f  of conventional basic  

design, w i l l  necessar i ly  operate a t  values of 

therefore ,  t he  preceding discussion appears appl icable  t o  t h i s  type of 
hel icopter .  

- f o r  such 
CT /o 

- higher than 3; 
C T P  

Power-on f l i g h t ;  var ia t ions  of a '  with speed.- The char t s  a l s o  
r evea l  t h a t ,  during power-on f l i g h t ,  t h e  ro to r  i s  normally s t a t i c a l l y  
s t a b l e  with var ia t ions  i n  speed a t  constant p i tch ,  r o t o r  speed, and 
t h r u s t .  This s t a b i l i t y  i s  indicated by t h e  increase i n  a r  with 
increasing p a t  constant CT/o. Thus, an increase i n  forward speed 
results i n  a rearward tilt of t h e  r o t o r  r e s u l t a n t  force,  tending t o  oppose 
the  increase i n  speed. This tilt is,  by def in i t ion ,  a s t ab le  var ia t ion ;  
therefore ,  the  ro to r  i s  s t a t i c a l l y  s t ab le  with changes i n  speed. 
spacing o f  the  l i n e s  f o r  constant p ind ica tes  t h a t  t h e  s t a b i l i t y  with 
speed i s  approximately constant f o r  various speeds a t  constant 
arid 0 .  However, a t  very low values of CT/O and high values o f  )I, f o r  
values of 8 of 60 and higher, t h e  cha r t s  ind ica te  t h a t  t h e  r o t o r  becomes 
unstable with speed a t  constant C T p .  This i n s t a b i l i t y  ind ica t e s  a 
problem f o r  t h e  high-speed hel icopter ,  which w i l l  necessar i ly  operate a t  
low values of CT/o i n  order t o  avoid s t a l l i n g .  

The 

CT/O 

Power-off f l i g h t ;  var ia t ions  of a '  with speed.- For power-off f l i g h t ,  
t h e  rotor  speed va r i e s  during a gradual change i n  f l i g h t  condition i n  such 
a way a s  t o  maintain zero aerodynamic torque; although f o r  rapid changes 
i n  f l i g h t  condition, ro to r  i n e r t i a  prevents t he  r o t o r  f r o m  reaching i t s  
equilibrium speed f o r  a s ign i f i can t  amount of time. The der iva t ives  f o r  
slow changes i n  f l i g h t  condition are thus obtained by following t h e  l i n e s  

P f o r  - = 0. 0 2 2 O ,  t h e  au toro ta t ing  r o t o r  i s ,  unlike the  
L 

power-on case, neut ra l ly  s t a b l e  with speed a t  constant angle of a t t ack .  
[The case of 0" p i t c h  i s  discussed subsequently.) 
understood when it i s  r ea l i zed  t h a t  a t  = 0 and constant  0 and a, 

p and, therefore ,  a r  must remain constant.  (One point  on the  char t s  
represents t he  whole speed range.) The physical meaning i s  t h a t  a slow 
var ia t ion  i n  forward speed a t  constant angle o f  a t t ack  results i n  a pro- 
port ional  va r i a t ion  i n  ro to r  speed, such t h a t  t h e  tip-speed r a t i o  and, 
therefore,  a '  remain constant.  Thus, t h e  s t a b i l i t y  with speed a t  con- 
s t a n t  a i s  neutral .  Inasmuch as CT/O a l s o  remains constant during a 
var ia t ion  i n  forward speed a t  constant a, t he  accompanying var ia t ion  i n  
r o t o r  speed results i n  a var ia t ion  i n  magnitude of t he  r o t o r  force .  

For values of 

This statement can be 

L 

If 
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I -  

I .  

1 a(CT O> i s  always posi t ive,  CT/O i s  reduced with 
i3U 

increase i n  forward speed i n  order t o  maintain constant t h r u s t  ( a s  would 
be done i n  f l i g h t  i n  order t o  maintain l g  normal acce lera t ion) ,  t h e  
ro to r  speed increases  less than i n  proportion t o  t he  forward speed. 
p and a '  increase and t h e  ro to r  i s  s t ab le  with speed. These state- 
ments can be ve r i f i ed  by noting t h a t  a reduction i n  

f o r  = 0 results i n  an increase i n  a '  and an increase i n  p. Thus, 

the  au toro ta t ing  r o t o r  a t  constant th rus t  i s  s t a b l e  with speed as f o r  t h e  
power-on case; whereas a t  constant a 
speed. 

Thus, 

CT/O along a l i n e  

L 

it has neu t r a l  s t a b i l i t y  with 

It might be pointed out t h a t  t he  fixed-wing a i rp lane  has these  
same two types of s t a b i l i t y  with speed. 
a re  ignored, t h e  fixed-wing a i rp lane  has neu t r a l  s t a b i l i t y  with speed a t  
constant angle of a t t ack  and i s  s tab le  with speed a t  constant l i f t .  

If Mach number and power effects 

Power-off f l i g h t ;  va r i a t ions  of a '  with angle of a t tack.-  For t h e  
same p i t c h  range, t h e  au toro ta t ing  rotor  i s ,  i n  con t r a s t  t o  t he  power-on 
case, s t a t i c a l l y  s t a b l e  with angle of a t t ack  (or  
speed. 
E = 0. L 
a reduction i n  p and a '  because the l i n e s  f o r  = 0 slope down t o  

the  r i g h t .  The physical  meaning is that ,  i f  a i s  s lowly  increased, 
t he  r o t o r  speed w i l l  increase and p w i l l  be reduced a t  constant for -  
ward speed. Owing t o  t h e  s t a b i l i t y  with changes i n  tip-speed r a t i o ,  
t h e  reduction i n  p produces a decrease i n  a '  which overcomes t h e  

CT/'T) a t  constant forward 
This statement can be deduced by again examining t h e  l i n e s  f o r  
An increase i n  a r e s u l t s  i n  an increase i n  CT/O and therefore  

P 

increase i n  a '  due t o  t h e  increase i n  a a t  constant p near - P = o), 
( L  

and thus  a '  i s  reduced. Thus, because the  ro to r  speed var ies  during 
a slow change i n  
i n  angle o f  a t tack .  

a, the  au toro ta t ing  ro to r  i s  s t ab le  with s low changes 

Power-off f l i g h t ;  8 = Oo.- For the case of 
about va r i a t ions  i n  a t  
higher p i t c h  values except t h a t  the  var ia t ion  of CT/O with p (and u) 
i s  negl ig ib le .  

8 = Oo, t h e  same ideas  
with speed and angle of a t t a c k  apply as f o r  t h e  

Rotor-speed e f f e c t ;  power-on f l i g h t . -  A rotor-speed e f f e c t  occurs 
i n  power-on f l i g h t  s imi l a r  t o  t h a t  i n  autorotat ion i n  t h a t  if a i s  
slowly increased, t h e  r o t o r  speed (and  engine speed) w i l l  increase some- 
what due t o  t h e  reduction i n  CQ/O (at constant p).  The r e s u l t i n g  
rzdiiction i n  
a t tack .  

p reduces somewnat t h e  r o t o r  i n s t a b i l i t y  with angle of 
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Variations o f  longi tudinal  s t i c k  pos i t ion  f o r  t r i m . -  These ideas  
on t h e  var ia t ion  of a t  with speed and angle of a t t ack  can be appl ied 
d i r e c t l y  t o  var ia t ions  of he l icopter  longi tudinal-control  pos i t ion  
during steady unyawed f l i g h t  i f  it i s  r ea l i zed  t h a t  longi tudina l  cyc l i c  
p i t c h  i s  equal t o  a '  when t h e  f lapping hinges and the  center  of g rav i ty  
a re  on t h e  r o t o r  s h a f t  and when fuselage pi tching moments a r e  negl ig ib le .  

Rotor-Torque Variations 

The va r i a t ion  of CQ/O with 8 a t  constant p and a i s  a sig- 
n i f i can t  der iva t ive  f o r  t he  coaxia l  he l i cop te r  which uses d i f f e r e n t i a l  
torque obtained by d i f f e r e n t i a l  co l l ec t ive  p i t ch  f o r  yawing cont ro l .  
The sample ca lcu la t ions  of t h e  previous sec t ion  confirm r e s u l t s ,  which 
a re  understood t o  have been obtained i n  f l i g h t  tests, ind ica t ing  t h a t  
t h i s  means of yawing cont ro l  involves l a rge  va r i a t ions  i n  e f fec t iveness  
with changes i n  power. For the  sample he l icopter  i n  au toro ta t ion  a t  

cT = 0.094, the  va r i a t ion  of C CJ with 8 a t  constant p Ql ~1 = 0.20 and - 
(J 

and a i s  about 20 percent of t he  leve l - f l igh t  value and i s  reversed 
i n  s ign.  
con t ro l  would have reversed yawing cont ro l  a t  t h i s  f l i g h t  condition. 
A t  some intermediate power condition, the  he l icopter  would have no 
yawing control .  Thus, coaxial  he l icopters  apparently must use some 
addi t iona l  source of yawing cont ro l  i n  t h e  low power and au toro ta t ive  
conditions f o r  s a t i s f a c t o r y  f l y i n g  q u a l i t i e s .  Synchropter-type he l i -  
copters  t h a t  rely e n t i r e l y  on d i f f e r e n t i a l  c o l l e c t i v e  p i t ch  f o r  yaw 
con t ro l  a r e  understood t o  have a l s o  encountered t h i s  l a rge  va r i a t ion  
i n  yawing con t ro l  e f fec t iveness .  

Thus, a coaxial  he l icopter  re ly ing  so le ly  on t h i s  type of 

CONCLUSIONS 

Theoret ical ly  derived cha r t s  have been presented from which t h e  
long i tud ina l - s t ab i l i t y  der iva t ives  of a he l i cop te r  r o t o r  i n  forward 
f l i g h t  (except those depending on pi tching ve loc i ty)  can be convenientiy 
calculated f o r  t i p s p e e d  r a t i o s  from 0.15 t o  0.50. 
severa l  basic o r  cur ren t  problems by means of these cha r t s  ind ica ted  t h e  
following conclusions: 

Examination of 

1. Comparison between t h e o r e t i c a l  values of rates of change of 
( longi tudinal  angle between t h e  r o t o r  force  vector and a x i s  of no 
feather ing)  and al ( longi tudina l  f lapping c o e f f i c i e n t )  i n  general  
shows large d i f fe rences .  Thus, t h e  use of t h e  assumption t h a t  t h e  r o t o r  
fo rce  vector i s  perpendicular t o  t he  t ip-path plane and, therefore ,  t h a t  
al = a t  (of ten  r e so r t ed  t o  f o r  convenience) can lead  t o  la rge  e r r o r s  i n  
s t a b i l i t y  ca lcu la t ions .  

a1 
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2. The load-factor increase per  degree r o t o r  angle-of-attack change 
(a t  constant r o t a t i o n a l  speed) increases i n  approximately l i n e a r  fash ion  
with t h e  forward ve loc i ty  V. This r e s u l t  i s  i n  cont ras t  with t h e  
va r i a t ion  with V2 which appl ies  f o r  t h e  airplane.  

3. I n  power-on f l i g h t ,  the  rotor  i s  unstable with angle of a t t ack  
and i s  o rd ina r i ly  s t a t i c a l l y  s t a b l e  with speed. The i n s t a b i l i t y  with 
angle of a t t ack  increases  with increasing t r i m  value of tip-speed r a t i o  
o r  of power s e t t i n g  but i s  reduced somewhat i f  t he  ro to r  speed var ies  
due t o  the  accompanying change i n  aerodynamic torque. 

4. The au toro ta t ing  r o t o r  i s  neut ra l ly  s t a b l e  with speed a t  con- 
s t a n t  angle of  a t tack,  i s  s t ab le  w i t h  speed a t  constant t h r u s t ,  and i s  
a l s o  s t ab le  with slow change i n  angle of a t t ack  a t  constant forward 
speed. 
because of t h e  r o t o r  rotational-speed va r i a t ion  with slow change i n  
f l i g h t  condition. 

The au toro ta t ing  ro to r  i s  d i f f e ren t  from the  powered r o t o r  

5. The cha r t s  confirm the  reduction o r  r eve r sa l  of yawing cont ro l  
which i s  understood t o  be encountered i n  low-powered f l i g h t  and auto- 
r o t a t i o n  i n  coaxial  and synchropter-type he l icopters  when d i f f e r e n t i a l  
torque, as obtained by means of d i f f e r e n t i a l  co l l ec t ive  pi tch,  is  
employed as t h e  only source of yawing cont ro l .  

Langley Aeronautical Laboratory 
National Advisory Committee f o r  Aeronautics 

Langley Field,  Va. ,  November 25, 1950 



30 NACA TN 2309 

APPENDIX A 

DERIVATIONS OF CT/O DERIVATIVES 

By combining equations (6) and ( 7 )  of reference 4, t h e  following 
equation i s  obtained (omitting t h e  blade-twist term): 

Derivative of CT/O with respect  t o  8.- D i f f e ren t i a t ion  of 
equation (Al) with respect  t o  8 a t  constant p and a y i e l d s  t h e  
following equation: 

+ f + if d391 b p a ( x / d  = t ( A 2 )  

ae 3 9 2  

but  

a ( A h )  Subs t i tu t ing  f o r  ae i n  equation (A2) and combining terms gives 
r 

t3, 2 
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Thus, 

where 

1 + ($2 

is‘- 
c =  

31 

The expression f o r  C can be reduced t o  a more convenient form as follows: 
Equation ( 7 )  of reference k can be rewri t ten as 

CT X = t a n  a - 
CL 

Differen t ia t ing  with respect  t o  CT/U a t  constant p and a gives  

Rearranging terms gives 
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'Thus, 
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Combining equations ( A 6 )  and (A9) gives 

1 1 +  

- 1  - 2p2 [l + (X/p)2] 3'2 
c =  CT 

Calculations ind ica te  tha t ,  f o r  p 2 0.15, the  parameter C i s  rela- 
t i v e l y  independent of var ia t ions  i n  X and CT and thus depends prima- 
r i l y  upon p. Hence, inasmuch as t depend upon p only, 

392 
and t 391 v P )  

ae equation (AS) ind ica tes  t h a t  2 i s  pr imari ly  a funct ion of p 

a c  0 

ae p lo t t ed  i n  f i g u r e  l ( a ) ,  which were and u. Thus, t he  values of 

calculated using 
e r r o r  f o r  h between 0.05 and -0.10 and CT between 0.002 and 0.008. 

X = -0.05 and CT = 0.005, are less than 4 percent i n  

Derivative o f  CT/U with respect  t o  a.- Differen t ia t ion  o f  

equation (Al) with respect  t o  a a t  constant p and 0 and repeating 
the  procedure of the  previous sect ion y i e lds  the  following equation: 

where C i s  given by equation (A10). A s  mentioned previously, C i s  
primarily a funct ion of p f o r  p 20.15. For values of a less  than 
loo i n  magnitude cos*a can be assumed equal t o  uni ty  with no more than 

a +percent e r ro r .  Thus, f o r  p 2 0.15, a ( c ~ / u )  i s  pr imari ly  a funct ion 
aa 

of p and u. Thus, t he  values of a(CT/a) p lo t t ed  i n  f i g u r e  l ( a ) ,  which aa 
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were ca l cu la t ed  using 
7 percent i n  e r r o r  f o r  X between 0.05 and -0.10, CT between 0.002 
and 0.008, and a less than 10' i n  magnitude. 

1 = -0.05, CT = 0.005, and a = 0, are l e s s  than 

Derivative of CT/O with respect t o  p.- The der iva t ive  of CT/o 

with respec t  t o  p a t  constant a and 0 can be s e t  up conveniently 
a s  follows: 

Di f fe ren t ia t ion  of equations (6) and ( 7 )  of reference 4 with respec t  
t o  p a t  constant X and 8 r e s u l t s  i n  the  following equation (omitt ing 
the  blade-twist term) : 

Subs t i tu t ion  of equations ( A l l ) ,  ( A 1 3 ) ,  and ( A l 4 )  i n  equation ( A 1 2 )  and 
rearrangement of terms y i e l d s  t h e  following equation: 

For normal values of X/p, t he  l a s t  two terms of the  braced expression 
can be approximated s a t i s f a c t o r i l y  by means of the  binomial theoren as 
f o l l o w s  : 

r 7 

L J 



where 

k2 = - 1 at3,1 + 2 + t3,1a 
t3,1 aCL 
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Substituting this approximate equation in equation (Als), expres- 
sing h in terms of CT and 8 by means of equation (6) of refer- 
ence 4, and rearranging terms results in the following equation for 

2 
t3, 1 
t3,1°C 

k3 = - (Z) 
p4(: + 2p ) 

The parameter C is given by equation (A10). 
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Although, as discussed previously, t he  parameter C v a r i e s  somewhat 
with h and CT, ca lcu la t ions  indicate  t h a t  t h e  values of k p l o t t e d  i n  

f igu re  l ( b )  using CT = 0.005 are less than 4 percent  i n  
e r r o r  f o r  values of X between 0.05 and -0.10 and values of CT between 
0.002 and 0.008. 
f i c i e n t l y  accurate  f o r  values of X/p of smaller magnitude than  0.5. For 
spec ia l  cases with values of 
values of CT o r  X outside the  range f o r  reasonable accuracy i n  t h e  
values of k, equations ( A 1 0 )  and ( A l s )  can be used. 

X = -0.05 and 

Examination of equation (A16) ind ica t e s  it t o  be suf- 

X/p l a rge r  i n  magnitude than 0.5, o r  with 
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A P P E N D I X  B 

SAMPLE DERIVATIONS OF EQUATIONS FOR USE WITH FIGURE 3 

I n  the sec t ion  e n t i t l e d  "Method of Obtaining S t a b i l i t y  Derivatives," 
simple formulas a re  given f o r  use i n  obtaining s t a b i l i t y  der iva t ives  f r o m  
f i g u r e  3. 
derived. The der ivat ions of t he  remaining formulas a re  then r ead i ly  
deducible and consequently a re  not spec i f i ca l ly  discussed. 

I n  t h i s  appendix, t he  most s ign i f i can t  of these formulas a re  

der iva t ive  .- If the  r u l e s  f o r  d i f f e r e n t i a t i o n  are followed, 
aa l /aa  can be wr i t t en  as 

aal/aV der iva t ive  a t  constant CT/o.- A s  before,  t h e  r u l e s  f o r  

d i f f e r e n t i a t i o n  give 

aal/aV der iva t ive  a t  constant a.- The der iva t ive  dal/ap a t  
constant a i s  f i r s t  obtained as follows: 

The second t e r m  t akes  account of t h e  e f f e c t  of any change i n  
that  O C C ~ ~ S  ul:hen 9 i s  changed while keeping a r,onst.snt., Then,  as 
before,  

CT/O 
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a ‘Q/.> derivative.-  The coeff ic ient  CQ/a  i s  given as a funct ion 
aa 

of P/L by the  following 

Simplifying t h i s  equation 

37 

expression from reference 5: 

gives 

Dif fe ren t ia t ing  equation (Bl) gives 

However, 

Theref ore,  

a(cQ’a) der iva t ive  a t  constant C 0.- Differen t ia t ion  of equation (Bl) ae T I  
with respect  t o  0 a t  constant p and CT/O y i e l d s  

der iva t ive  a t  constant 

with respect  t o  0 a t  constant p and a y i e l d s  

a.- Different ia t ion of equation (Bl) ae -- 
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However, 

const. a 

The second t e r m  takes account of t h e  e f f e c t  of a va r i a t ion  i n  
when 0 i s  changed while keeping a constant. Thus, 

CT/O 
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Figure 1. - CT/O derivatives. 
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Figure 1. - Concluded. 
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Rotor resu l tan t -  
force vector  

Rotor resu l tan t -  
force vector  

Perpendicular to 
f l i g h t  p a t h  

no fea ther ing  

Figure 2.- Schematic side view of helicopter rotor in forward flight. 
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Thrust-coe f f ic ient  - s o l i d i t y  ratio, Cr/c 

(a) 6 = 0'. 

Figure 3.- Charts for determining a' and CQ/U derivatives. 



(b) 8 = 2'. 

Figure 3. - Continued. 
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Thrust-coefficient - solidify ratio, C T / ~  

0 
( c )  e = 4 . 

Figure 3.- Continued. 
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(a) e = 6'. 

Figure 3. - Continued. 



NACA TN 2309 

(e) e = 8'. 

Figure 3. - Continued. 



T h r u s t - c o e f f i c i e n t  - solidity r a t i o ,  C T / ~  

(f) e = io'. 

Figure 3. - Continued. 
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Thrus t -coef f i c ien t  - s o l i d i f y  r a t i o ,  CTAT 

(g)  e = 12O. 

Figure 3. - Continued. 
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./4 .I5 .I6 ./7 . 

', CT/d 

3 

0 
(h) 8 = 14 . 

Figure 3. - Concluded. 
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