
. Gc

NATIONALADVISORYCOMMITTEE
FORAERONAUTICS

.

TECHNICALNOTE 2183

ANALYSISFOR CONTROLAPPLICATIONOF DYNAMIC

C~CTERISTICS OF TURBOJETENGINE

WITHTAIL-PIPEBURNING

ByMelwi.nS.FederandRichardHood

LewisFlightPropulsionLaboratory
Cleveland,Ohio

Washington
September1950

-. p-,!’!\,’s.;““‘‘“
14---. J..

p-::-- - . ‘ -:f,:;’j’
-.

--—.——, -“”

i

I

-. ..- . . ... .. .-J

https://ntrs.nasa.gov/search.jsp?R=19930083125 2020-06-17T19:46:20+00:00Z



1

.,

TE~HLIBRARYKAFB,NM

IIIIIIIIIIUIIIIIMIM
m!rIoNALATJvIsmcoMMlm!EEFoRAERoImTJ!CIcs 0065337

TECEMICALNOTE2183

ANALYSISFORCOIi!BlOLJUT’LICATION

cHARAcTERIsmcsm’!mRBwET

cm’DYNAMIC

ENGINE

WITHTAIL-PIEEBQRNII?G

ByMelvinS;JIWerandRichaniHood

-“.
Thegeneral formoftmansferfunctionsfora turbojetengine

withtail-pipeburningwasdevelopedandtherelationsamohgthe
variablesinthesefunctionswerefoundfromthetransferfunotions
andfromengineW3modpamics.Bymeansoftheserelations,the
dynemiccharacteristicsoftheenginecanbefoundfrozlsteady-
statedataandonetransientrelation.

Theresultsofthisanalysisshowedthatifa stepchangein
enginefuelflowcausestheinitialvalueofturbine-outlettem-
peraturetobegreaterthanthefinalvalue,astepchangein
exhaust-nozzleareaortail-pipe-burnerfuelflowwillcausethe
initialvalueofturbine-outlettemperaturetobelessthanthe
finalvalue,andconmmely.Schedulesthatmatitainconstant
enginespeedandturbine-outlettemperatureforarangeoftail-
pipeconditionsandconstantenginespeedfora rangeof’exhaust- “
nozzleareaswereexplicitlydefinedintermsofsteady-statedata.

Theresults,whenappliedtothedesigncd’anoninteracting
controls@em,gavetheformofallthere~uireacontrolfunc-
tionsandshowdthatallbutone& thecontrolfunctionscanbe

“ determinedfromsteady-stateenginedata.

.

12J!I!R(XXICTION

Theapplicationoftail-pipeburningtoturbo$etengineShas
becomeincreasinglyimportantinimprdvingtheperformanceandthe
effectivenessd thistypeofaircraftpowerplant.Theaddition
ofthetail-pipeburnertotheturbojetengine,however,increases-
thecomplexityatthecontrolproblembecauseoftheadditional
degreesatfreeacmpossessedbytheengineandbecausebothengine
speedendtemperaturemustbeaccuratelycontrolledtoobtain

.
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maximumengineperformancewithssf%engineoperation.Further-
more,theaotionofonecontrolvariableduringthetransientstate ,
causesohangesintheothervariables.

Thefirstbasicproblemthatmustbesolvedbeforecontrol
synthesiscan~ooeedisthatofdeterminingthedynamiooharaoter-
isticsoftheengine.Accordingly,ananalysisofthea-c g
behaviorofthetnrbojetengine.withtail-pipeburningwasmadeat 1+
theWA Lewislaboratoryandispresentedherein.

Inreferences1 and2,itisshownthatthea--t dynamic
oharaoteriaticsofturbojetandturbine-propellerengines,respeot-
iv&LY,msYbeexpressedintermsof* slopesofeqne-speed
torquecurves,whicharederivablefromengineperformancedata.
Itfollows,asshowninreferences1and2,thattheengineproc-
essescanbeconsideredquasi-static,whichimpliesthata thermo-
dynamicprocessduringtransientconditionsfollowsthepathof
equilibrium-statepoints.Thermo@emic rdatid thatareVdia
forsteady-stateengineoperatiopcanthereforebeextendedtothe
transientstate.5erm@memicrelationsbasedonthisresultare
usedinreferenoe3todeterminetheeffectofthe@mary engine
variablesonthedynamicbehaviorofaturbojetenginewitha
centrifugal-flowcompressor.

Inthepresentinvestigationofthedynamicbehaviorofa
turbojetengtnewithtail-pipeburning,thegeneralformofthe
enginetransferfunctionsaredevelopedandrelationsamongthe
coefficientsandthetimeconstantsarederiv~fromtietrmfer .
functionsandfromthermdymmicrelationsfortheengine.The
me isconsidereda line=systeminwhiohincrementalchanges
fromsteady-stateo~ratingconditionsareconsidered.

Therelationsamong“theooeffioientsandthetimeoonstants
areusedtodeteminetheitiiciaIresponsecharacteristicsofthe
engineandtheanalysisisthenappliedtoscheduledandnoninter-
aotionCxxltrols.

,
AmLYsIs

&mf31’ELlFormOf-M _CS

Thedevelqmentandthedatapresentedinreference1fora
turbojetengineandinreferenoe2foraturbine-propellerengine
showthat,atclose-to-equilibriumoperatingconditions,unbalanced
torquecanbeexpressedasafunctionoftheenginespeedandthe

— —.— - .— — --—. --. —--- .—— —-.——.. . . .
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en@neindependentvaxiables.Foraturbojetenginewithtail-pips
burningoperatingata oonstantrampressureratioandaltitude,
itthereforefollowsthatunbalancedtorquecanbeexpressedasa
functionoftheenginespeedandtheengineindependentvariables
inthefollowingmanner:(Allsymbolsusedinthisreportarede-
fma inappendixA.) .

also - .

Q= ID(AN) (2)

Equation(1),whenexpandedandlinearized.aroundsteady-state
operatingpointsandccmibinedwithequation(2),leadstothe
transferfunctionfortheresponseofenginespeed
theindependentvariables.Thisexpiwss@n,which
appendixB,is

AN al AFe %? AA+ % ‘t—=— —— —— —
IV TD+lFe +7D+1A TD+lFt

tochangesin
isdevelopedin

(3)

AsshowninappendixB,thereqmnseofturbine-outlettem-
peraturetochangesintheindependentvariablesisgivenby

●AT2 TID+l Al?eT2D+1 AA T3D+1 AFt
—%1=+ —b2r+T~b3—q = m+l TD+l F*

(4)
e

ThesymbolA indicatesincrementaldeviationsfromsteady-state
values.ThevariablesI?e,A, andFt,whichappearinthe
denominators,arethesteady-statevalues.Thus,thetermAlJ/N,
forexample,istherelativeorpercentagechangeinenginespeed.
Thevariableshavebeen@acedinthisdimensionlessfommtomake .
themconsistentwiththethermo@amicdevelopmenttofO11OW.

.
Frcmequilibriumconditions(D+O) andthe@ricipleof

superposition,thecoe.fficientsal throughb3 areshownin
appendixB tobeproportionaltotheslopesofsteady-stateengine
operatingcurves.Thesecoefficientsaredeftnedinthefollowing
table:

. . .. .. .. . . .. . ______ . .— - ..- —— -------- —-—— - -- —- ——----- -- --—— ---- -- -. .-
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&mfficientDefinitionVsxiables
of constant

coefficient

/

AN AFe
al T~ A,I?t

%? /
AN AA
r-z- Fe,Ft ‘

g
/
Art

a3 N F~ Fe,A

/

AT2 AFe
~1 —— A,Ft

‘2 ‘e

/
AT2 AA

b2
~ ‘8$‘tT

b3

Theenginetime constantT inequations(3)and(4)isa
cbraoteristictimeinthetraneientsolutionofthehomogeneous
equationsand“mmthereforebeconsideredastheenginetimecon-
stantwhentheenginsisdisplaoedfranequilibriumandthenre-
leased
ofthe
vi-
tothe
of N

Thus,

(withalltheUpen&nt variablesfixed).Thesignificance
timemnstantsT1, T22 andTs maybeillustratedbydi-
equation(3)byequation(4)titertheresponseof N andT2
sameforoingf~otionisC0nsia43r8a.Forexample,theresponse
to T2 at cmstantA andI?tis

AI’Jl alAT2—— —
~ =TID+lblT2

T1 istheenginetimeconstantatmnstant
Ft. TheenginetimeoonstantsT2 andT3 maybe
similarmauner.Thedefinitionsoftheenginettme
presentedinthefollowingtable:

(5)

T2, A, and
aefitiina
constantsare

. . ..c. - -—. ————

A.
—.. .— _- . . . .— - --—— -- -- ------ --
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constant
T

‘1
‘2
T3.

Equations(3)and(4)presf

T&riables
constant

nt thegeneralformofengine
dynamicsfora turbojetenginewithtail-pipeburning,be;ause,as
showninappendixB Intiediscussionofequation(B13),equa-
tion(4)willbeofthesameformforanydependentvariable.
Italsofollowsthattheformofequations(3)and(4)isgeneral
forotherenginesinadditiontoturbojetengineswithtail-pipe
burning.Forexample,fortheturbine-propellerehgine,blade
anglecenbesubstitutedforA inequations(3)and(4)andFt
vanishes.Thetimeconstantsandthecoefficientscanthenbe
definedinthemannerpreviouslydescribed.

A relationamongthecoefficientsandthetimeconstautsin
equations(3)and(4)isdevelopedinappendixB. Thisrelation
is ,

bl b2
~ (T1-T) s ~ (T2-T) .

%
~ (T3-T) (6)

Becauseofthegeneralformofequations(3)and(4),therelations
inequation(6)holdforotherenginetypesbesideanen@newith
tail-pipeburning,andcanbeusedbyproperlydpfiningthetime
constantsandthecoefficients.

Equations(3),(4),and(6)aredevelopedwithoutconsidering
enginethermdymmics.Intheanalysisthatfollows,enginether-
~CS tillbeUS*todeveloprelationssongthetimecon-
stantsandthecoefficientsinequations(3)and(4),inaddition
totherelationpresentedinequation(6).

EngineThermo-cs

U theengineprocessesareconsideredquasi-static,thermo-
dynamicrelationsthatholdinthesteadystatecanbeextendedto
thetramientstate.Becauseuzibalancedtorqpeisasmalldifference

.-_. ----- .. .. ... .. ____ ____ .-______ ., ____ --r__—-. .—--- ——. —— .—— .-—... ...
.



6 IWUA~ 2183

betweentwolargemembers,onlythesethermdpamic expressions
thatm preciseandindependentofengineefficiencieswillbe
used.Theseexpressiwm theheat-balanoeequationandthecon-
tinuityequation. .

Engineandtail-pipeequations.-Foraturbojetengine,the
heat-balanoeequationfortheengineW .

Fe
He=W—=W# +H2-H1

a a
(7)

whereQl?/kaistheadditionalfaotorinimduoeiibyeonsideration
ofnonequilibriumconditions. .

Theheatbalanoeforatail-pipeburneris

Thesynibols~
thatfollowmore

Ft
%“=~=H3-% . (8)

a

and~ areintroducedtomaketheequations
Compaot. .

F&cmthecontinuityofflowandthe
itfollowsthatthegasflowthou@the

definitionofMaohnumber,
exhaustnozzleis

(9)

Differentiationandlinearizationofequations.-Ifaltitude
andrempressureratioareassumedconstantandifspeoificheat
isaasumeaconstantfordifferentialchemgesinthe&xriables,
equations(7)to(9)canbedifferentiatedtogivethefollowing
expressio?is:

Equation(7)bemmes

me tma . H2dT2
J%j+——~-W~=Fe HeT2

andequation(8)bemmes..
dFt dWa ~ dT3‘ H2dT2

(lo)

(11)

,

.
,

. _ .. —. .- .-— -.— --—. — ----- — —-- - —.— ---- . . ... -.
-,:”””
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E thetail-pipe-burnerpressureratioiaassumedconstant,

apz ap~
—.T
‘2

Differ&tiationofthecontinuityequationyields

(12)

.

A detaileddevelopmentof
appendixB.’ ‘ .

Thetermap3/~ in
forconstantaltitudeand
thereisnochangeinstaticp?essure,andforsonicflowthe”last
termintheequationiszero. .

equations(10)and(13)ispresentedin

equation(13)canbeomittedbecause,
subsonicflowinthee&nurknozzle,

Equations(10)to(13)areindifferentialfrom.Ifitis
assumedthattherelationsamongthevariablesinequations(10)
to(1.3)applyforincrementalchangesfrcmsteady-stateconditions,’
thevariablesintheseequationswillbeofthesamelinearform
asthoseinequations(3)and(4).Thus,equation(10)canbe
c0nf3ia8r8ass

AF8 AWa.EAQ+3AT2—.—
Fe Wa Fe (14)He~

Inthisexpression,AQ isthedifferencebetweenthefinaland
theinitialunbalancedtorque;therefore,becauseinitialcondi-
tionsaresteadystite,the~t~l ~ba~ed t-~ iSze~~ .
AQ,isequalto Q. Ina similarmanner,equations(11)to(13)
canbeconsideredintermsofticrementalc-es ~ the~iables●.

Equations(11)to(13)canbecabinedtoeliminatedP3 ad
dT3. Ifthe~emanipulationsareperfomedandincrementalchanges
fromsteady-stateconditionsareconsidered,thefollowingequation
results:

. . . ------- --- ----- ._-.. .-. — —-. —. ..—-— -— ——. ——. - -—--- .—. —-—
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where

(Thelast
erenceto

.

()A++
‘=73 M

4

twotermsinequation(15)arebracketedbecauseafref- ~
themintherestofthereport.)

r-l.

Ingeneral,thetermqJWa inequations(14)~ (15)isa
functionofenginespeedandcompressor-inletand-outletcondi-
tions. H an=i--f10WGcmq?resscrisassmed,however,tie~r
flowmaybeapproximatedasafunctionofenginespepdalone;
therefore

AWa
—.ya’f (16)
Wa

avJwa
whereWa’=- whichisproportionaltotheslopeofthe

steady-staterelationbetweenenginespeedandairflow.
.

Inthethermodynamicdevelopment,themm?iableshavethusfar ‘
beenplacedintheseineformesthoseintheenginetransferfunc-
tion(equations(3)and(4)). Inozdertoobtainenginetransfer
functionsexpressedinoperationalformsimilartoequations(3)
~ (4),equations(14)to(16)arecombinedwtthonemofier@
withequation(2).

Transferfunctions.-Equations(14)to(16)cannotbeused
tocompletelydescribetheengineintermsoftheindependentvari-
ablesbecauseAP2,whicha~earsonlyinequation(15),cannotbe
eliminatedfrantheseexpressions.A completedescriptionofthe
enginewouldthereforereqzireanitiepetientexpressionforP2.
A physicalconsiderationoftheengineshowsthatP2 canbe
expressedasafunctionof Ii,Fe, andT2.Becausethtif--
tionalrelationdoesnotcontainA or Ft, andbecausetheTSJ?i-
ablesAA andAFt appearonlyinequation(15)andnotinequa-
tion(14)or(16),thesevariableswillappeartogetheronlyin
themannerindicatedinthebracketedtermofeq~tion(15).The
enginetimeconstantsinvolvingeitherofthesevariablesare
thereforeequal,andrelationssmongthecoefficientsinthetrans-
ferfunctionscanbefoundinthefollowingmanner:

..—— ———- . . — -. - —.-. —— —-—-
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9

equation(3)canberewrittenas

(17)

andfromthedimussionofequation(1.3),equation(17)bewmes

(18)

therefore .

.
% “%—u-—
% 2E%J

Also,asshowninELWIIMXB,thetransferfunotionforthe-
responseof M to Fe andT2 canbefoundbycxadbiningegua-
tlon(14)withequations(2)end(16)toeliminateAQ andAWfia.
Thisrelationis

where,asshowninappendixB,

II+T2=T3=—
FeWal

(19)

(20)

Thus,frcxuthethermo@M@odevelopment,thetransferfunotio-n
fortheresponsed N to CWmgeS in E’e Snd T2 is precMaely.
definedInt- ofstbady-statevariables.

Equations(18)aniL(lZ),whenmmbinedtoeliminateAlV/IT,
givethefollowingtransferfunotionfortheresponseof T2 to
ohangesIntheindependentvariables:

(21)

. ... . . . . ... .... .-. —. .. --— -.—. ------- ......- -----
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@ eq-tion(4),rewritteninthisfomnwith
.

‘AT2 TID+l ~e

( )[
T2D+1AA

—+bz ~ r‘bl Fe~ =TD+l

. It40ATN2183

T2 equalto T3,iS
“

b3AFt——
+b2Ft1 (22)

Equations(18)end(19),whencab~ toelimi~teAFe/FeJ 8
givethefollcwingtransferfunctionfortheresponseof Ifto T2, 3

g= 1 1

{

% J%AT2—.
N

+
T-alWalT2 l-alWa’ He T2
l-alWa’ D+l

!

Equations(18),(19),(21),and(23)am
&atdescribetheengine_cs intermsof
data.

.

(23)

transferfunctions
aminimumofrequired

Relationsamongcoefficientsandtimeconstants.-Equa-
tions(3)and(4)havebeenrewritten,asequations(17)and(22),
to* relationsamongthecoefficientsandthetimeconstants.
Equations(21)and(22)areequaltooneanotherandinvolvethe
sameindependentvariables;correspondingtermsaretherefore
equal.Asimilarcorrespondenceexistsbe@eenthetermsofequa-
tions(17)and(18).Thefollowingrelationsthereforeexist
betweenthetimeconstantsendthe’coefficients:

T-%WatT2
Tl= l-alWa’ 1 I

%bl= (1+1 Wa’) — 1H2 ~

b3 b2 He
—=—= -Wa’—
%5%2 .%
a3 b3 %. —=

, * ~=-~

(24)

and(repeatedforconvenience)therelationsgiveninequations(6)
ana(20)

-.—. -— --— ---- ..— --- .——— - - .—
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bl b2
~ (13-T)~ (q.* .~ (Tz-l),= ~ (6)

I& (20)T2=T3= FeWa’

Equations(6),(20),and.(24)summarizetherelattonsthat
havebeendevelopedamongtietimeconstants- tieOoeffi~ien’@..

Equation(6)~Isnotanimiependentexpression,butmu be
developedfrm equations(20)and(24)andisconsistentwiththem.
Equation(6)ispresentedbecause,asindioatedinthediscussion
oftheequation,therelationisofa generalnature.

RISULTSANDDISOllESIOl?

-e Dynmmlc&araoteristios
.

Thet~fer funotionsoftheengineareofaformforwhioli
specificdynamicoharacterlsticsoanbeobtained.Onesuohdynamic
oharaoteristicthatisusefulincontrolsanalysisisthezwsponse
ofasystemtoastepinput(indicialresponse).Anotherimport-
antcharacteristicisfrequencyresponse.

Thetransfer
whlohare

functionsoftheen#ne- oftwogeneralfores,

and,if a is zero,

(25)

(26)
.

Inasmuohasthepropertiesofthesetransferfunotionsarewell
known,onlytheresponseofthefunctionstostepohangesinthe
Independentvariableswillbediscussedindetail.

Indicialresponse.-Forstepohangesintheindependentvar-
iables,transferfumtionsoftheformofequations(25)and(26)
leadtoexponentialourvessimilartothose~esented-”infigure1.

.

——--- . .——. . .—. -.—— ... . . —— ...— ——. . . ..— —..—-- . . ..—
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Finaleguil.ibmhmconditionsForastepinputin&e independ-
entvariablescsnbefonndfromequations(25)and(26)byallow-
ingD toap~aohzeroandarec~, asshowninfigure1.
Initialrenditionsforastepin@ am hefoundfromtheseequa-
tionsbyallowingD toa~.~ e. Thus,fortransferfunc-
tionsoftheformofeq..tion(26),theindioialresponsewillbe
asshuwninfigurel(a),wheretheinitialresp.pnsetoa step -
inputiszero.If a~$>1 inthetransferfunotionsofthefozm
ofequation(25),theInitial.valueofthedependentvariablewill
begreaterthanthefinalvalueandtheitiicialzwsponsewillbe
asshowninfigurel(b).Similarly,if a/~< 1, th6initial
valueofthedepemlentvariablewillbelessthanthefinalvalue
andtheindioialresponsewillbeasshowninfigurel(c).

Thecoefficiento Inthetransferfunotionsisa soalefao-
torthatcouldbeinooqwratedintheordinatesofthecnarvesof
figure1. Inthegeneralcase,thecoefficiento canbeposi-
tiveornegativeandtheofiinatecanbeinterpretedconsistent .
withthesignonthiscoefficient.

Thetrausferfunotionsoftheengine,asderivedinthepre-
viousseotion,oannuwbeinterpretedintermsofthemrvesof
figure1. Fromequations(3)and(4),theinitialandfinalvalu-
es ofthedep@lentvariablesforstepdangestntheitibpendent
variablescanbefoundinthemannerdiscussedforequations(25)
smd(26).!t!heresultsofthisprooeiiure~ present~inthefol-
lowiigtable:

step OhangeVariables
in Constant

AFe
~ A,Ft

AA
T Fe,I’t

Art
q- Fe}A

Responseof Responseof
enginespeedtudbine-outlet

tenperature
Inltla”FinalInitial~~
valuevaluevalue value

ThistableshowsthattheNioial
toohangesintheindependentvariables

responseofenginespeed
willbeofthefozmgiven

,
.

.

.. ..-. — — —.. ----- — --- -—-—— .— — —--- -- . .—- .
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infigurel(a).
turetodlallges
showninfigure

13

Theitiicialresponseofturbine-outlettempera-
intheindependentvaria~leswillbeoftheform
l(b)orl(o),dependinguponwhethertherattoof

thetimeconstantsisgreaterorlessthan1.
G
P Infigure1,noconsiderationwasgiventothepossibilityof

negativevaluesof a. Fora to.benegatile,11,?2, or T3
mustbenegative.Fromequation(20)~however,72 or T3 will
notbenegativeunlessWai isnegati~;Wa: isproportionalto
theslopeofthesteady-staterelationbetweenairflpwandengine
speedand,beoausethesevariablesi..cressetogether,Wat will
bepositive.

The?irstofequations(24)~cates thepussibili.ty& negative
valuesof T1.Negativevaluesae T~ occurifaninoreaseinen-
ginefuelflowgivesa reductioninthesteady-statevalueofturbine-
outlettemperature.Thispossibilityexistscmlynearidltngengine
speedwhenthecoefficientbl ,whichisproportionaltothesteady-
staterelationbetweenturbine-outlettemperatureandenginefuel
flow,maybenegative.Inthencmmalengineoperatingqej T1
willthereforebepositive..

Therelativevaluesofthetimeoonstantwareofinterest,”
because,aspreviouslyexplained,theratiosofthetimeoonstants,
escomparedwithunity,determinewhethertheinitialvalueofthe
indioialresponseisgreaterorlessthenthefinalvalue.Infor-
mationconcerningtheratiosofthetimeconstantscanbeobtained
fromaconsiderationofequations(24).

Thefirstofequations(24)mayberewrittenas
+2

~= l-alWa’y
l-alWaC

(27)
T

Ashasbeenexplained,Wa’ ispositive.!lheooeffioiental,
whichisproportionaltotheslopeofthesteady-staterelation
betweenenginespeedandenginefuelflow,isalsopositive.Eqza-
tion(27)thereforeshowsthatfl

?1
y>l

then.

----- -, -,-- -— . —.. —.. —.-.-—- . ———. ——..—. ——- —- --— -... — - — - .-—--- —- —
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T1
—<1T
.

then

‘2~>1

Therefore,asshownintheai80usf3i~offigure1andthe
premdlng*hle,itcanheoonoludedthatifastepohaugein
_ fuelflOWOaUSOStheinitialvalneoftwblne-outlettem-
peraturetobegreaterthanthefinalvalue,astepohangein
eitheraihmist-nozzleareaortail-pipe-burnerfuelflowwilloause
theinitialvalueofturbine-outlettemperaturetobelessthan
thefinalvaltie.Oonvezwely,ifastepohangeineitheredmmt-
nozzlearea~ tail-pipe-burnerfuelflowoause8theinitialvalue
ofturbine-outlettemperaturetohegreaterthanthefi~ value,
astepchangeinenginefuelfluwwilloausetheinitialvalueof
turbine-outlettemperaturetobelessthanthefinalvalue.

Theaiacmssionofindioialresponseoanbeitierpretedfor
.

inputs&herthanastepinput.I’orexample~forthefre@enoy-
responseoheqwteristiu,if Tl/~> 1 therewillbeaphaselag
betweeninputandoutputand,mnvwsely,H T~T < 1 ~e~ till

#

be @baseleadbetweeninput@ out~. Itthereforefollowsfor
aturbo~etenginewithtail-pipeburningforsteady-statesinusoidal
inputsthat,‘ifturbine-otilettemperatureleadsenginefuelflow,
thistemperaturewilllageither~ust-nozzleamaortail-pipe-
burnerfuelflowor,conversely,ifturbine-outlettemperature
* enginefuelflowthistemperaturewillleadeitherexhaust-
nozzle-a ortail-pipe-burnerfuelflow.

Responseforotherenginetypesendotherenginevariables.-
ASexplainedinthe&isoussionofequations(3),(4),and(6)in
thesectionNUIZSJ3,theseeqyationstaanbe-e~ed toinolude
aependent_bl.ss otherthanturbine-outlettemperatureand
enginespeedforaturbojetenginewithtail-pipeburning,orq
beartendedtQ@herenginetypes.

Equation(27)appliesfora turbojetenginewithanexial-
flowaxupressurandtheresultsregamiingindiotalresponseapply
onlytosuohenengine.Thesameresultsmqvbe
eq,ion(6),whi~hholdsforanen@ne@.thany
if,fromaphysicalconsiderationoftheengine,

obtaiieafrom
typeofmmpressor, -
positiveor .

,.

.-———.- ..— — ———--—-<-- —— —---- .—— -
. .
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negativesignsareappliedtothecoefficientsinthisequation.“
Ashasbeene~lalned, thecoefficiental ispositiveand,in
general,bl isalsopositive.I&omlogicsimilartothatused
todeteminethesesigns,itisseenthat~ ispositive,bz.
isnegative, a3 isnegative,andb3 ispositive.Withthese
signsapg~ed$equation(6)becomesaw .

m
IP
.

.

.

1~1 ‘T1-q=l~l(T-72)=l~l(T-73). (28)

Equation(28)showsthatif ~/T>1, then?3/’< 1 or
T2/?< 1,orconversely.!Eheoonolusionspreviouslyreachedcon-
cerningindioialresponseandfrequencyresponsethereforeapply
toallengineswithtail-pipeburning.

Eqaation(6)q beappliedtoenginesotherthana“turbojet“
enginewithtail-pipeBurning.Forexample,forwe turbine-
Propellerengine,prope~er-bladeanglecanbesubstitutedfor ‘

● exhaust-nozzleareainequations(3)and(4).(Thetatl-pipe-fuel-
flowtermvanishes.) Ifthecoefficientsandthetimeconstants
areredefined,eqzation(6)uanbeusedtodeteminewhetherthe
ratiosoftietimeoonstants(TlfiandT2/T)aregreateror
lessthan1. Froma considerationofthesteady-statecharacter-
isticsoftheturbine-propellerengine,itoanbeseenthat(con-
siderl.ngoorrespotiingcoefficients) al,bl, andb2 areposi-
tiveanda2 isnegative.Withthesesignsap@lied,anequation
similartoequation(28)isobtainedfortheturbine-propeliler
engine.l!herefore,fortheturbine-prqwllerengine,ifastep
changeinenginefnelflowcausestheinitialvalueofturbine-
outlettemperaturetobegreaterthanthefinalvalue,a Step
ohangeinpropeller-bladeanglewillcausetheinitialvalueof
turbine-outlettemperaturetobelessthanthefinalvalue,and
conversely. .

●

Unpublishedenginedatashow,,ingene=l,thatfora step
changeinenginefuelflowtheinitialvalueofturbine-outlet
temperaturewillbegreaterthanthefinalvalueand,therefore,
thatforstep
tial@.ueof
finalvalue.

. Theform

ohangesintheotherindependentvariablesthelni-
turbine-outlettemperaturewillbeless.thanthe

GeneralControlApplications

(4))canbeairOOt~
enginetransfer
usedinsetting

funotions(equations(3)d
upanygeneralcontrol

,

. .. . .. . . -. —. . -. ... .——--- .——--- ---— —.-—— ———- - —— ..-. -——- —-—
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configuration.Forthis-e, itisneoessarythatthedynamio
oharaoteristiosoftheengineheknown.-Equations(6),(22),and.
(26)oanbeusedtodeterminemuoh@ there~ti~dinformation{
Theseequationsshowthatwitheither~ theenginetimecon-
SmS T or T1 ae%erminedfromenginedynamicdata,theaynsmio
Ohsraoteristicsoftheenginacanthenbedescribedintermsofa
minimumofsteady-statedata.Thesedynamtcoharaoteristicscan
thenbeusedinthesynthesisofmntrols.Ecamplesofthepm-
mdures- thetechniquesused.incontrolsynthesisarepresented.
inreferences4and5. Theutilityof-theanalysispresented
herein,however,willbeillustratebyapplyingtheanalysisto
soheduledandnoninteraotioncontrols.

Sohe&iledControls

Steady-stateconditionsfortheturbojetenginewithtail-
pi~eburningaredeterminedbyspeoificsettingsintheindepemd.-
entvariables.Itfollowathat,withonevariablecmnstant,
uniquerelations“existbetweenthetworemdnhgvariablesfora “
givensteady-staterendition-.Itis~ thisbasisthatSOh*lib3d
oontrolsarepossibleforsuchanengine. .

RelationbetweenA andFt.-Framanoperationalviewpoint,
itisaesirabletooperateanenginewithtail-pipeburningatmaxi-
mumenginespeedandtemperatureoverarangeoftail-pipe-burner
fuelflowsandexhaust-nozzleareas.A sohedulebetweenexhaust-
nozzleareaandtail-pipe-burnerfuelflowthataocmplishesthis
aimisexplicitlyaefinedineqpations(18)and(23)bythebraok-
etedterm,whiohinbludesthesevariables.Thisrelationis

AA%%—=— —
A 2H3Ft (29)

.

Asisexpected,f0??steady-stateengineoperation,exhaust-
nozzleareaandtail-pipe-burnerfuelflowaotinasimilar,but
opposite,manner.Atconstantenginefuelflow,therelation
betweeneihaust-nozzleareaandtail-pipe-burnerfuelflowthat
maintainssteady-stateconditionsisgivenbyequation(29)and
~ beusedq abasisforascheduleticontrol.

RelationbetweenT2 andFe.-Asisexpected,a relation
betweenturbine-outlettemperatureandenginefuelflowexists
thatmaintainsoonstantenginespeed.ThisrelationIsdefinesin “
equation(19)andis

.

._ —-.... - —. -— , ——.—. ..—— —--- .— -——— —-
. .

. .
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AFe H2AT2
——

~ ‘qT2 (30)

: Equafion(30)canbeusedasabasisforasoheduledcontrolE thatmaintainsconstantengiriespeedforarangeofexhaust-nozzle
areas.Suoha controlisofinterestforengineoperation@en a
variable-areaexhaustnozzleisusedasameansof@rovingthe
thrust-controloharaoteristlcsc&theengine.Thesohedulein
equation(30)followsdireotlyframtheheat-balanoeequationfor
theengine-, inasense,isarestatementofit.

Thesohedulespresentedinequations(29)and(30)mm be -
usedinclosed-loopcontrolsystemsinwhioherroroorreotionIs
appliedonlywhenthecontrolledvariablesdeviatesmallemounts
fromthecalled-forcon&ttions.

I?ontnteraotionControls

.

.

.

b.

Theutility aftheanalysiswill nowbeillustratedbyapply-
ingtheanalysistononimberaotioncontrols.Inreference6,the
operationalfomnfortheengined controldwraoteristicsis
u8edbothdiagremmatica13y@ algebraicallytosetupa @.neral
controlconfiguration,tosolvefor.theconditionsrequiredofthe
controllers,toeliminateinteractionamongthecontrolledvaria-
bles,andtofinclthecontrolleroperationalfunotionsthatgive
anydesiredsystemresponseaotion.

Theproblemofsatisfactoryoontroloftheturbojetengine
withtail-pipeburninginvolvestheproblemofinteractionandmul-
tiplecontrolbecausethereareatleasttwodegreesoffreedom,
ortwoenginevariables,thatcanbesimultaneouslycontrolled.
Thisinteractionrefers,ingeneral,totheeffectofonecontrol
looponanothercontrolloop.”Inreference6,thattypeofnon-
Interaotionisattainedwherebyanycontrolledovariablesetting
affectsonlyitscorrespondingcontrolledvariableandnoother
controlledqumtity.Themethtiofreferenoe6appliestocontin-
uouslinearsystemsandmaythereforebeappliedtothesystem
consideredherein.

DevelopmentofControlFunotions

I&onreference6,ageneralcontrolconfigurationisassumed
andisshowninschematicforminfigure2. Theengineandthe

..— -.. —----- .—- _____ .-. _ ____ ._. _ .—-z ——— ______ —
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control~ representedas.matrioes,wheretheE’s,andC*S=e
engineand.controlmatrixelements,respectively.Theinputtoa
matrixbaxnmlttplieseveryelementinitsooluum.Anyoutputis ‘
thesumofproductsinitsrow.Thecontrolsystemisgeneralized
tothisextent:(1)Twodependentenginevariables(1?andT~)
aretobecontrolledsadone‘independentvariable(Ft)istobe
controlled;(2)thecontrolsystememployBnegativefe~baokIn
whioherrorsarea~lied
affeoteveryindependent

Itisusefultouse
systemoffigom2:

tothecontrol;snd(3)eaoherroristo
variable.

thefollowinga.lgebratceguationsforthe

3= 2 1.i$k”xk whereJ= 1,2

5=&[;)8 -q+c’k3=&)= -~] ‘
wherek=1,2,3

(31)

Thevariablesinequa~ions(31)havebeenplaoedinaform
mnsistentwiththeprecedingdmelopment.Thegeneralvariables
inegpations(31),intemnsc&engtnevariables,m

‘“: (S’s”k)s?3

.

.

—. . . —.. — — .— ..— .—..- — -——-—-- ---.-—-
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Itcanbeseenthatthefirstof’equations
equations(3)and(4)writteninccqactform.
tions(31)leadstothefollowingequations:

19

(31)issimply
Theseoondofequa-

() 1]-ArtAl+..—~Bl’t

(32)

Thecotiitions(ss.obtainedfromreference6)onthecontrols
toattainthenoninteractionconditionsspecifiedareasfollows:

F’orasettingof ~
tion (17a)in

forasetting
ence6 gives

fora setting
ence6gives

reference6
or T2 tohavenoeffeoton Ft, equa-
gives

\
C31= C32= O

of I’?toeffectN only,equation(19)inrefer-

c~ E22 b’~2D+l-.—
K = -G = % TID+l

of & toeffectT2 only,eqaation(19)inrefer-

’12 %.2 %—= -— s-—
“2 Eu %

andfor a settingof Ft toaffectF’t
reference6andequations(6),(20),and

c’~ -- %%2-%$23
“33 %lE22-%2%1

=0

%-—
%2

*, e~ution(~)in
(24)hereingive

or C’H = O
.

(33)
.

.--. — —----- .. . ..-— --. ————.—-. ——— . ..— .—— ----- . ..— ——.
-.
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Itwillbenutedthat
tileineqpation-(29).For
rdrswninfigare3.

. NACATli2163
.

thelastd equations(33)isthesohd.-
oonvenienoe,thecontrolmatrixIs

Controlledresponseaotion.-Thepreoedingnoninteraotlon
ocnditlons(equations(33).)@vethereqpired,ratiosbetweenthe :
elements& anyoolwnmoftheoonkrolmatrix(fig.3).Inorder
toocmpletet@eanalysis,itremainstoohooseanyoneelementin
eaohoolnmn.Thereisafreedomofindependent~ohoosingthe
responseofeaohmntrol.ledvariabletoItscorrespondingsetting.
Anycontrollerinthefirstoolwnnwi~ determineengine-speed
response;anycontrollerintheseoond.oolumn-willdeteminetem-
peratureresponse;andanymntmollerinthethirdoolumnwill
determinetail-pipe-burnerfuel-flowresponse..Theoontrolfuno-
tionsoanbedeterminedfromdeslrdresponsewhereintheresponse
funotions4P aredefinedastheresponseofthecontrolledvari-
abletoitssetting.Theresponsefunctionsaretherefore

()*411”:6 “

M!2 ()AT2 .
—=azz “—T2 T2 s

AFt
()
AFt

—=4?’33”~~8 E’t 1

(34) “

Itfollowsfromreference6 (equations(36)and(37))and ~
equation(6)~esentedhereinthat~e
ofthedesiredresponsea@ltheengine

oonin%lhtions interms
charaoteri.stiesare

~22 EH
CI.2.=— m

l-azz%%1-%%2

a’33
C;33= —l-@33

●

~22 %—r —
1-S?22%%-%lb2 .

J

a.

(35)

.

—— . . ----- ---- .——.. .. —.— — .
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Theremainingcontrolfunctimsfornoninteraotionconditions
aredeterminedfromequations(33)presentedherein.Ittherefore
istheoreticallypossibletoohooseanydesiredresponsecharaoter-
istiosandtosolvefortherequiredoont?mlfunotionstoaohieve
thisresponse.

lyticalresultsappliedtocontrols.-E therelations
presentedinequations(20)and(24)arecombinedwiththecontnl“
functionsasdeterminedfmm equations(33)and(35),thefollow-
ingequationsfortheoontrolfunotionsresult:

au \
cl~=— Wa’(T2D+1)

l-au
.

%C21.-— bl— Wa’(TID+l)
1-a~~b2

%22 H2”al
c22=-— ——

l-azz% %

S?’33a3 .c,23=-— —
. 1-4?’33%?

%’33
C’33.—

1-a’33 /

(36)

Equ&ions(36)givetheoontrolfunctionbintermsofthe
desiredresponseandthecoefficients,thetimemnstants,andthe
Steady-stateenginedataprmio~ly&isO~s~. me dmir~ ~spome
@nctions($%11through@33) aredictatedbytheenginecon-
trolrequirementsandarechosenbytheooptroldesignertofulfill
theserequirements.Equations(36)showthatiftheresponsefunc-
tionsareohosen,allofthe
of %1) willbedetermined
.determinationofeitherT1

.. trolfunctionC~l.

controlfunctions,withthe-exception
fromsteady-stateen@nedata.The
or T isrequiredtoobtainthecon-

.,
.,

... —. ------ .—. - .—._ _ .—— —..— —.— .——. ___ —. __ ____
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Illustmat3veoontrol.-Asanillustrationofthemethodof
determinationofthecontro~funotion,lettheresponseofengine
speedsetting*U be ~ theresponseoftemperatureto

temperature settingbe A andtheresponseoftail.-ptpefuel 4
U.&#’ 5

flowtoa settingaPtail-pipeandftilflow,be +. Therefore,
farexmple,

Theoontrolftmotions(equations(36))then

“w

become‘

(37)

a3 1C123=-— —
a2 83D

1
~’33”Q

“1
3@zations(37)arethecontrolfunctionsrequiredtogivethe

first-ofierresponsesohosen.Ashasbeenweviouslyexplained,
allofthemntrol*ions EUWdetendnedfromste*-state
enginedata,,tiththeexceptionof 021. 4

!Ib3 form.ofthereg~a mntrolfunotionsisgivendireotly
inequations(37).l!hecontrolCll,forexample,whichisthe
responseofenginefuelflowtoanengine-speedemor(fig.2),Is
aproportional-plus-inte~alcontrolwiththegainofthepropor-
tionalelementequalto

—-. ———. —-—— -— .. ---— —- -—— ---. ——— -- --- —--——---
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andthegainoftheintegralelementequalto
G&
* Wa’+

1

Theoontrol(221,whichistheresponseatexhaust-nozzleareato
anerrorinenginespeed,Isalsoa proportional-plus-integralcon-
trol,withthegainsontheseelementsdeterminedasfor C~. It
isnotedthatthegainontheintegralelementofthiscontrolcan
befoundfromsteady-statedata,butthatdeterminationofthegain
ontheproportionalelementrequiresaknowledgeoftheengine
tiqeOonstantT1. Theremainingmntrolfunctions(C12,C22,
C’23,d C’33)szwshownto beInti@d.controlswith@insas
determin&dineqpations(37).

SUMMARYOFRESUIZS
. Thegeneralformofenginetransferfunotionsfora turbojet

enginewithtail-pipeburningwasdevelopedandrelationsamoq
thecoefficientsandthetimeoonstantsInthesefunctionswere
fotifromthetransferfunctionsandfromenginethemdynemics.

1.Byusecd?thedevelopedrelatiobsitwasshownthat:

(a)Thedominantdynamtooharaoteristicsofa turbojetengine
withtail-pipebinningoanbefoundfromsteady-statedataandone
transientrelation.

(b)Thetransferfunctionthatrelatedenginespeedtochanges
inenginefuelflowandturbine-outlettemperatureisdetermined
fromsteady-stiteoperatingdata.

2.Thetransferfunctions,whenanalyzedtodetermineind.icial
responsecharaoteristics~showedthat,ifastepchangeinengine
fuelflowcausestheinitialvalueofturbine-outlettemperature
tobegreaterthanthefinalvalue,astepohangeh either
exhaust-nozzleareaortail-pipe-burnerfuelflowwillcausethe
initialvalueofturbine-outlettempem%lmretobelessthanthe
finalvalue,andconversely.

.. ..— -.. —... .. . —.- .. .. ——— - -— —— .-— -—-— - —..-—. .-— -— ..-—.— . .. . . .---—
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3.Theresultsofwe &is, whenappliedto
controls,.gaw-e:

(a)A relationbetweeneXhaust-nozzleareaand

HACATN2183
.

schefiubd

tail-

-pipe-burnerfuelflowthatmatitainsconstantenginespeed
andtempmmtureoverarangeoftail-pipe-burneroperation

(b) A relatiabetweenen@nefuelflowandturbine-
out~ttemperaturethatmatntainsconstantengines~ed
overa rangeofeXbaust-nozzlearea

4.Theresullmwhenappliedtothedesignofa closed-loop
noninteractingcontrolsystemgavethefomnofallthecontrol
functionsanda solutionh termsofsteady-statedata
forsixofthesevenrequiredcontrolfunctions.

LewisFlightPropulsionLaboratory, .
I?ationalAd*oryCommitteeforA&onautics,

Cleveland,Ohio,March29,1950.

.

.-
‘ ,..

..’ ..,. .
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A

A2PENDSXA

SIMBOI$3

Thefollowingsyiibolsareusedin

. M .

effective*ust -nozzle

enginecoefficients

mntrd funoti.ontoWhioh
errorsareapplied

controlfunctiontowhioh
errorssreapplied

generalcoeffIcient

hisreport: . ,

mea

engine-dependent-variable

engine-independent-variable

differentialoperator,&
at

engine-oharaoteristiofunction

enginefuelflowinener~unitsperunittime

tail-pipefuelflowinener~unitsWr unittime

generalfunotions

accelerationa~ togravtty

totalenthal.~perpoundofairflow

heataddedbyenginefuelflowperpoundoftirflow.

heataddedbytail-pipe-burnerfuelflowperpound
ofairflow

polarmamentofine~iaofenginerotor“

coefficients

Maohnuuiberatexhaust-nozzlethroat

.

—... — -—- - —— ----- -——---—— ---- -
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m

N

P

P

Q

R

a

~r

T

t

w~

.x

Y

a,p

7

%%>%.

‘~‘l~T2~T3

subscripts:

1

2

3

e

I?ACATN21.63
.

functionofMachnumber

enginerotorspeed

total pressure

staticpressure

unbalancedengtne

gasconstant

res~nsefunction
vartable

responsefunction
variable

totaltemperature

torque

forcontrolledenginedependent

forcontrolledengineindependent

statictemperature

@ flow

engineindepe~entvariable.

enginedependentvariable

generalenginetimeconstants

ratioofspecificheats

controlt* constants

enginetimeconstants

compressorinlet(fig.4)

turbineexit(fig.4)

exhaust-nozzlethreat(fig.4)

engine

-— —..———- -.-— .-—. - ..— —.- --- . . --
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f

i

j,k,v

s

t

#

finalvalue

initial value

Mioes

setvalue

tail,pipe

.

.

. .
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APl?@TDIXB

DETAIIS“OFDEVELOPMENT

AlgebraicDerivationofResponseEquations

Engineapeea.-Thebasicequationsusedinthisdevelopment
are

.

Q= I~=I ‘& (q)) (Bl)

If No is the initialsteady-stateenginespeed,equation(Bl),
inoperationalform,is.

Q= ID(Al?) (2)

where~ isanincrementalohangeinenginespeed.Equation(1),
expardedandlineariztiaroundsteady-stateoperatingpoints,is

.

. (B2)

where=N,”forexsmple,is
..()

~
aN “

Equation(B2),whencom-
e$A,Ft

bindwithequation(2),yields

D -“9T+T = s- AFe+s=Au+sr AFtFe Ft (B3)

Equation (B3) cm heplauedintheform

. (B4)

.

,

.-

.

.——. —-. ..— —-= —.. .---- —— - -. —------ -— —--- -
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Thesolutionofthehomogeneousequationdet&auinesthetransient
responseoftheengineto~ oftheforolngfunctions.The
temn-1/3%hasdimemhnsoftime@ isthetimeoonstantof ‘
thesyst~‘&sidered.Thus

?.-—
:N

Becauseequation(B4)islinear,the’Prinoipleof
appliesandtheresponseatenginespeedtochangestn
flowis

andfromequilibriumconditions(DAO),it

(B5)

superposition
enginefuel

(B6)

follouathat

(B7)

whichistheslopeofaste~-stateoperatingcumerelatipgengine
speedtoenginefuelflqwatoonstantA “andFt, eonsideredat
theinitialsteady-stateoperatingoondition.Thecoefficientsof
theremaini~termsofequation(B4)oanbeshowntoberelatedto
theslope& steady-stateoperatingm&vesinthemannershownby
equation(B7). Equation(B4),solvedfortheres~nseofengine
speed,thenbecomes

AN al AFe+% AA a%JAFt—— ——— —
Iv— =TD+lFe ‘TD+lFt (3)

TD+lA

Turbine-outlettemperatureorothervariables.-Theresponse
ofanyotherengtnevariable,suohasturbine-outlettemperature,
tillbeofafonuofthesumofeffeotsduetoohangesintheinle-‘
pendentvarial@s.Theresponseofturbine-outlet~mperatureto
changesintheindependentvariablesq befoundtnthefollowing
manner:P5xmthehypothesispresentedinreferenoe1,itfollows
that

Q = ~(~, W, A,F’t) (B8)

,

—-.—— — . . ..—— -—.—. — -———.— .—..—
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● * in a manner stmilar to that usedtoobtainequation(B3),
tiOn(B8jbemmes

()
ID- 9= m= 5$2AT2

.

.
egua-

whereAA= AFt= O.

Equatifm(B3), withAA ad AFt equaltozero, becomes

(B1O)

Equations(B9)and(B1O),dttidedbyoneanothertoelbdnste
AN andsoltifortheresponseoftemperaturetoohangesinengine
fuel flow,@m

.

Froqthedevelquent
isofthefozm

(Bll) .

ofequation(3),itfollowsthatequation(Bll) -

(B12)

where

.

andbl istheslopeofthesteady-staterelationbetweenT2
andFe atcmnstantA - F’t.The?msPoMeof T2 to*ges
in A * Ft cenbefoundIna simil=manner.

Theresponseofanyvariableto&sagesinthe~ependent
variablesam befoundinamannersimi-tothatdescribedforT“2.
Theproaeduzwforobtai~ theseexpressionsoanbes~ized in
thefollowingmanner:I&pressionsforunbalano~torqueasafuno-
tionoftheindependentvariablesarewrittenin~iohthe&e~ti-
ent-able forwhiohtheresponseisdesiredissuooessivelysub-
stitutedforeaoh~ependentvariable.Theseexpressionsare

.——.— . . :—. — —
.-
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Q = #(N$ Fe}A,Ft)

Q = Y“(N,Y,A,Ft)

Q=W(N,Fe,Y,Ft)

Q= %(E,Fe,A,y) 1
.

(B13)

whereY isanydependentvariable.

Theseexpressionsforunbalancedtorquearethenexpandedin
amannersimilartotMt ~eviouslydescribedandplacedinaform
similartothatofequations(B9)and(B1O).Theprocessusedto
obtainequation(B12)isthenrepeated.BythisProced-the
responseofanyvariabletochangesintheindependentvariables
isobtained.

Theresponsesofenginespeedandturbine-outlettemperature
are

al AFeAN_ %? AA a3 AFt
I?

—.— —
TD+lFe + TD+lA ‘?D-I-lFt

AT2 TID+l AFe T#l+l AA- T3D+1 AFt
~ ‘bl~ —b2~+ _b3—

=TD+l +TD.I-1 TD+l F%.

whereal throughb3 areslopesofsteady-staterelations
thevariablesandT throughT3 aretransientrelations.

(3)
.

(4)

among

Relationssmobgcoefficientsandtimeconstants.-Relations
amongthecoefficientsandthetimeconstantsinequations(3)
and(4)canbeobtainedbysolvingtheseequationsforequilibrium
conditionsandfortheresponseofthedependenttiablestostep
changesintheindependentvaaiables.Equilibriumconditionscan
befoundbyallowingD toapproachzeroinequations(3)and(4).
Theseequationsthenbecome

~ ~e+a2 AA ~—=al —N Fe ~+a3F*
.

AT2.f AFe AFt
=bl~+~

T2
f+b3—

e Ft

(B14)

(B15) “

. . . ... —.. —----—.- ..— — .—. . -— —— -- ——— -— -—. — -—---—
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andforstepohangestitheindepemientvariablesinequations(3)
and(4),theinitialohaagesinthedependent-iablesareobtained ,
fromequations(3)and(4)byallowingD toapproaohitiinity.

Anequationsimilartoequation(B2)cm bedevelopedforthe .
responseof T2 b ohangesin I?,Fe> A, andFt bysubsti-
tutingAT2for Q inequation(l).Thisfunotionexpandedand
linearizedarcxudsteady-stateoperatingpointsis

.
AT2 AFe AFt—sKI y+%~+%y+%—
‘2 e Ft (B18)

Equation(B18)isgeneral@ holdsfcmequilibriumconditionsand
forwe responseof & tostepohangesinthei~epetient
variables.. .

Ifequations(B14)- B15)m oombinedwithequation(B18)
>toe’ljminateAl@ andAT2T2,therelationforfinalmndltionsis ‘

andin a similar manner,fromequations(B16)
talonforinitialresponseis

AFe T2 ~ T3 AFt
—b2~+~b3—

F~+? Ft =%?

(B19)

and(B17),therela-

AA AFt
+K3~+K4—Ft

(B20)

sidesofequations(B19)and.(B20)areidentioaland
thecoeffioientsonsimilartezmwoftheleftsidesare

Thetight
I therefore

equal.IXthecoefficientsoncorrespotiingtermsaresetequal
# tooneanotherad solvedforK1.,thefollowingrelationsamong

theterm9Inequations(3)and(4)result:
.

.

.
.—-— ..__ ___ . . .- _ —-. . .. .. . . . . —
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ThermodynamicEquations

33

(6)

Engineheatbalanoe.-Theengine-heat-balanoeequationfor
nonequilibriumoperatingconditionsfollowsdireotlybyequating
unbal.anoedtorquethemenginespeedtothedifferencebetweentur-

expressionis
Fe -

He=—= ~+~Ma ~ -H1

bineandcgupz%%orpower.–Ifairflowisawmledegpaltogas ‘
flow,theresultant

(7)

Equation’(7)differentiatedwtthH1 constantis

Fordeviationaroundsteady-stateconditions,theMfferentislsih
theeqmtionaredifferentialdeviationsfromsteady-statecondi-
tionsandtheremainingquantitiesare-valuesofthevariablesat
theinitialsteady-statecondition.Ifdeviationsfromsteady-
stateconditionsareconsidered(Q= O), equation(B21).with
specificheatassumedconstantreduoesto

aFe awa H2dT2
—. —-=#-aQA— _
Fe Wa e HeT2

.

(10)

Equation(10),plaoedinlinearformbyconsideringincremental
ohangesInthevariailes,is .

AFe AWa H2AT2—-— =~AQ+— —
Fe Wa Fe HeT2 (14)

In
initial

state,

.

thiseqyation,AQ isthedifferencebetweenfinaland
unbalancedtorqueandbecauseinitialconditionsaresteady
AQ isequalto Q.

.
.
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the

Responseof 19to Fe anaT2.-
T2 canbedevelopedfromequation

NAOATiV2183
.

!llWresponseOf N tO Fe
(lo)U itisassumed.that

enginehasantdal-flowcompressor.TherelationbetweenWa
N forsuohanengineia

E thi@substitutionismadeinequation(14)andtheexpres-
sionfor Q givenbyequation(2)isalsosubstituted,Q and ;
AW~a osnbeeliminatedfromequation(14)togivethefollowing
expression

(B22)

Inequation(B22)thefaotor*/Fe Wa’ isW& enginetime
oonstantatconstantT2 andFe.BeoauseneitherA no~Ft
isinvoltiinthisdevelopment,itfollowsthateitherofthe
restrictionsthatFt isconstantor ,Aisconstantcanbeplaoed .
inthisdefinitionandtherefme

T2 I&=T3=F7
ea

(20) ‘ “

Equation(B22)solvedfortheresponseof N toohangesin
Fe or T2 becomes

Ml (AFe )H2AT2 1—=— —-— ——
N T2D+1Fe HeT2 Wa’

(19)

Differentiationendlinearizationofnozzleequation.-F&cm
continuityofflowitfollowsthat

Logarithmic
sideredconstant

Mfferentiationofequation
gives “

(9)

F(9)-with y oon-

.

.
. . . ... ..— — —- .._— — - .— -- -. --

. .
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but

.

e

.3=,3(++-’
which‘differentiatedis

dti3dT3 (73-1)M2 u
ts “

also

P3“

whichdifferentiatedand

.-!C3 73-1 M
l+yl?

‘3

Solvesfor

H theqssions for at3/t3

aM/M is

(B23)

anddM/Maresubstitutedin
equation(B23),thefollowingefissionresults
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Figure2.-Controlled-engine-systemconfiguration.

Figure3. - RepresentationofSpeoificcontrolsystem.
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Fl~e 4. - Dia~tlo sketchof turbojetenginewithtail-pipeburner. .
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