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A methd developed
velocityfieldbehinda

Em4MAm

ina previousreport
supersonicwingwith

forfindingtheinduced
knmn loaddistribution

isused.-to findthedownw&hbehinda ~~ wingwithsubsonic
leading edges.ResultsE&6givenforthechordplaneh theextended
vortexwakeofthewingandfortheverticalplaneofsymmtryupto
about20percentofthewhg spen abovethepkne of thewing.

A mthodhasbeendevelopedh reference
d-ash behindwingsofhewn loadingflying
Thesolutionwasbasedonthedistributionof

1 forcomputingthe
at supersonicspeeds.
supersonicdoublets

overthe plan formandwakeofthewingina rannerdeterminedby
theloaddistribution.Themethodma appliedinreference1 to
thecalculationof thsdownwashbehinda triangularwingwith
leadingedgessweptbehindtheMch conefromthevertex.l’karthe
trailingedge,however,thesecalculationswerelimitedtoa region
closeto m extensionofthecenterlineofths*, thatis,tlm
x axis(fig.1)~ @ infaotwereexactody onthislineitself.
A simplefirstapproximationwasadvancedforthedowmwashvariation
about the x =is; namely,thattheclifferenceh thedownwashatthe
position(x,y,z)fromthevalueattheposition(x,O,O)wasa linear
functionofthez distauoeandMependentofthey distance.
Howeverjtheaccuracyofthisapproximationcouldbe testedonlyfor
kge valuesof x wherethedownwashwasknownforallvaluesof,
yanaz.

Thepurposeofthisreportisthreefold:First,to continue
theexactcalculationsso asto includeallpointsonthe xy and

---— .— . ... —.—. —..— _ .—. - —.. — — .—— —-. .—...— .—— —-——-.—



r

2 f I?AC!ATNNo. 1803“

xz planesbehindthetrailingedgefordistancesuptoabouta
semispanfromthex axisinthexj planeanduptoabout~ percent
ofa semispaninthexzplane;second,to comparethesevaluesof
dowuwashwiththoseobtainedfromtheapproximatemethcdgivenin
reference1;and,third,to sene asa guidethroughsomeof the
moreclifficultmathematicalmnipulationssothatthecalculations
canbe extendedto otherplanforms.
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ofsoundinthefreestream

rootchordofwing

complete ellipticintegralofthesecondkindwith

~dulus k,%, respectimly
(E ‘J%%)

incompleteellipticintegalofthesecondkindwith

argumentt andtiulue k

20wn
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modulusk K= dt
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ticompleteelJiptic&egral ofthefirstkindwith

argumentt andmodulusk

oV4free+treamMachnumbera
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U,v,w

Ww
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X,y,z

Xl,yl,zl
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‘o
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&=%)2-P2(Y-d’-Hz-d’

perturbationvelocitycomponents
x,y, andz axes,respectively

u@~

free+treamvelocity \

inthedirectimofthe

z componentofvelocityinducedby doublet,distribution
overplanform

z componentofvelocityinducedby doubletdistribution
overwake

+@ “

Ctiesiancoordtcatesofan arbitrarypoint

Cartesiancoordinatesofsourceordoubletposition

z
co

&
Cd

&
co

angle ofattack

fli.+1
ptang

densityinfreestream

perturbationvelocitypotential

%%

semivertexangleoftriangularwing

signdenotingfinitepartof integral
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subscripts

u

1

L.E.

T.E.

w

P

B

A,B,C,D,E

ITACAm NO.1803

conditions on upperportionofsurface

conditionsonlowerportionofsurface

conditionsatleadingedge

conditionsattrailingedge

wake

planform

conditionsondiscontinuitysurface(atzl=O)

conditionsinregionsA,B,C,D,orE, inwakeoftiiemgula
m (figs.1 and2)

!mEORY

Thetheoreticaldevelopmentinthisreportissubdividedinto
twopartt3. First,thsproblemofdeterminingthedmnwashbehinda
flat-platetriangdarwingsweptbackoftheMachooneisreducedto
thesolutionofcertaintypesofellipticintegrals.Thismaterial
hasalreadybeenpresentedh reference1,andthebriefdescription
presentedhereshouldbe a stificientzeview.Second,anevaluation
oftheresultingtitegalsismadeinboththe xy and xz planes.
Someofthedetailedevaluationsaregimn becausethemthodsand
substitutionspresentedmaybe usefulinthesolutionofdowuwash
problems

The
hasbeen
isgiven

forotherplanforms.

BoundaryConditionsandThetiSolution

loaddistributionfora triangdarflat-platewing(fig.1)
determinedundertheassumptionsofthin-airfoiltheoryand
as

(1)

Sincetheloadingcoefficientdeterminesthejumpintbe u hduced
velocityintheplaneofthewing,thedefinitionoftheperturbation

/
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velocitypotentialQ gives

1
xl

A@~= Ausdx
.E.

where 2@~ representsthejumpinthevelocitypotentialinthe xy
plane. lhanylift~urface problemtherearethreeregionsh the
w P- forw~ch theeq@io~ for AO~ me different:theregion
definedby theboundariesoftheliftingsurfaceitself,theregionof
thevortexwakebeldndtheliftingsurface,andtheremainderofthe
plane.Forthetriangularwingthejumpinpotentialoverthelifting
surfaceisgivenby theequation .

where
xl <. co

H=
2a’vo
Eo~

(2;

Znthevortexwak(th semi-infinitestripbehindthewingextending
fromtiptotipwithsidesp=allelto thefie+streamdirection),
AO~ isindependentof xl andisgivenby

.A~ = H&2c02+~=2 (3)/
where

xl > co

Everywhereelseh the ~ planeA@a iszero.

Thebasicpartialdifferentialequationsatisfiedbythepertr
bationvelocitypotenti~

P*.

insupersonicflowiswelllmowntobe

(k)

,’ Thegeneralsolutionofequation(4)isgiveninreference2 inthe
form

,

. .. .. . .-—
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O(x,y,z) = -*

(5)
where

.
~“c= J(X--X=)2-P2(y-y=)w(z-=)z

andthesubscripts indicatesthatthefunctionistobe evaluated
at 21 equalszero.ThsregionT istheportionofthecotiined
areaoftheplanformsmdwakeboumdedby theleadingedgeofthe
wing,thesidesofthevortexwakeandthetraceinthe zl=O plane
oftheMachforeconewithvertexatthepoint(x,Y,z).Thesign~
istoberead“finitepartof”and
Ithasthepropertythat

isusedinbothreferences1 E& 2.

f(x)–i(b)~ 2f(b)—— (6)
(1+”” &

Sticetheparticularproblemofthisreprt isa liftingplate
withoutthiclmess .

~ _ ;::

andequation(5)reducestotheform

O(x,y,z)= @(x,Y,z)p+O(X,Y,Z)JJ

.–g j-y
A@8& til

pleaform[(X-XI)2+2(3-Y1)2+2Z21S’2

.:’

,,

SoluticmintheXyPlane

I
I
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planform;and,two,thestudyoftheeffectsofthedoubletsdistri–
butedoverthe*. Sucha division-s alreadybeenimpliedby the
~ement ofequation(7). Hence,inthefollowing~ and Wp
willbe derivedseparatelyandthetotaldownwashwillbetheirsum,
w=~+wpo

Effectofdoubletsintheplanform.- Forthepurposeof integration,
itisconvenienttodividethearea%ehindthewingtito threeregions
as shownh figure1. Thedivisionlineseparatingtheseregionsare
formedby theMachconetracesfromthetrailing-edgetips. Thelimits
of integrationwhichformthe@ses ofthedivisiondifferineachof
thethreeregionsandarediscussedinmoredetailinreference1.

Thefollowingsynibolswillbe usedinthederivationofthe
expressionsfordownwash,inthe xy plaae,inducedbythedistri–
butionofdoubletsovertheplanformofa triangularwingswept
behindtheMachcone:

El,E2,~

Kl,&, K&

k=

completeelliptic
modulikl,~,

complete.elliptic
modulikl,k,

.

integralsofthesecondkindwith
and &, respectively

integalsofthefirstMnd with
and %, respectively

72

7=

E(WP’)-44H) (V+E)(v’+)
~~t+2E

(W’+E2)+((E2-) (E2*’2)‘
Ww t

— ______ _ . . . . . .— ..-—— - --—— —.-. —.—.—- —-——— -—--— ———- —-. .
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1

(W’++2)+J(E2-P’)(E21.L’2)
V* ‘

E(W’)+4MV%L)(IJM)(v’~)
p-p?+*

(PP’+E2)-A21J’)(E’+’)
V+Pt

FJ(Y-YJ -
co -

,,

X0-l

Thedownwashwp(x,y,O) my be obtainedby *consideringlim ~
*II @z

inequation(7). It canbe shownthat,inthiscase,thislimiting
processcorrespondstotaldngthepartialderivativeofequation(T)
withrespectto z sadttinsimplysettingz equalto zero.!I%US
theexpressionsfor WF intheregionsA,B, andC sre,respectively,

“A=-’ m=-’~ ‘8)

—— ———~- — —.—.,... ,’
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The solutionof the threetitegrels11, 1=, end ~, will,be diaousse&In AppendixA.
G

The expreeiskmfor downwashin regime A, B, @ C q thenbe e~essed ae the following
s~e tite@ whioh oiube handledby standapammerionl mthods:

(n)

(12)

..
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EffectofDotiletsintheWake.- Thestudyofthedownwashinduced
onthe xy’planeby thedoublets
be dividedintothethreeregions
listedasfolhwswilJ.be usedin

distributedoverthewakewillalso
indicatedinfigure1,andthesymbols
thederivations:

completeelliptictitegmlsoftheseoondkindwith
~fli kAj~, m q, respectively

incompleteellipticintegralsofthesecondkindwith.
ergumentsl/aA,l/aB,andac/kc,andwithmodulikA,
@, aud~, respectively

completeelliptic
modulik& kB,

integrelsoftheftistkindwith
and@, respectively

imompleteellipticintegialsofthefirstkindwith
ergumentsl/aAJ l/aBj and~/~, andmodulikA,kB,
sad~, respectively

, .,
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kA

kB

Z.

7A ‘

7C

%

undefinedlimitsof integration.

co

(VW+E02)-J(EO%V2) (go%+)q

.@i+ )-Jf 2go(v-vq (v-go) (Eo+vq
vf-v+2.go

W+E02)+J(50W (E02--W2)
V+v~

Eo(v+vt)+42EO(V-VT)(% )(g+V’)
vt-v+2.50

(VV’+502)-JE02-F) (+F) .
V+vt

NACATNNO.1803
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v yoi%o

60 Xo-l

Onintegratingthesecondterminequation(7)withrespecttoxl
andusingthenotatiunJustpresented

Thelimitsontheintegralas petiouslynotedWfer inthe
regionsA, B, andC showninfigure1;however,ineachcasethe
limitsarerootscd?oneofthetworadicalsintheintegrand.

Itisdmirabletoexpressequation(14)ina differentformin
orderto obtainan expressionfordownwashintheplaneofthe
airfoil.Integratingby -s

.

.. -—-.——— —.—— -----—— . . . . . ... ——.——— .—.—-
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ZO+M3

the dmnnash mile

I The solution.,
,,.!

~ti A

%

-&
is oonsMeretl, it

by the dumk!ts in the

osnbe showntit in

Hakeiagimnbythe

all threeregions

-wan

.

the Oontrlbntlontm G

L1 Vw-q 4K=F%~ “i%Jk 2q4/(v-ll)(l@J’)

of equation(Is)fi regionsA, B, M C villbe consideredseparately.

I In regLonA,

(15)

theradioalof the intern, and equation(15)becomes

,

I
I v-YA

E2o = 7A8A
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(BA-~)(vr7A) + (~@’) (WA) = D

are usefulin * Mqg73tion.

6A+meb?aqefolsilation 03 = — t Is muli mtxcanea, matlmrecqressitmfoxdi3wmia6hIwmm3s
V7A
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EItegratlngthe secondtermby partsml applyingthe fundamentalpropmties of evenand g
@l funotionayield

J
-1

1 +’1
1

&l)

(.7AaA ~ &kA%’) (1+) }
1- —

8A

[

1 8A2( bkf) M%o—T-’-FL
1 V+vt

-}= ( hA20.+’)A/:+%?)(1-)
+2 +2 (17)

(8A27A~Ae) (14) l-kA

The Jacobiantmnsformtion m = m u reducesthe titegralsin equation(17)to standard
eld.iptioform (reference3), and E’

Lu

.
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RegionB

Inregion B L1. EO and L2. v’ and equetion(15)MY be written

723+WThe tramfommtione ~ = — and a= ~t where
l+t 7BW’

,

and

1
reduoeequation(19)ti

(Q)

=0

o

I
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I

(20)

When the *f omat ion m - m u i~ made,equation(20)ie readilyIntegrable(referenoe3),
and, after algebmio simplifloation,my be written

. HD ~(%#’ )2&l) (v’+1)
WWB IIEO&j=(’t’-l) (l+”J {@~)~-7i%T “

[ ($)%)-w(*j%)](1-q (~2+q~ w
(“B-%)d(~’-l) (“B2-%E) 1.

1
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RegionC 4

E
h regionc,Ill= E~ * k=+o, and13quation (15)is written~

Q

The derivationof the expressionfor WC is SMISJ? to that for WA with the exception

f
that in this casethe substitutionm = ~t is ~de, md equation(22)mybe written

Solutionin the xx Pbme

(23)

that as h the studyof Mmwash in the ry plane,EIOalso In its studyin the xz plane it
is convenientto oonsiderseparatelythe effectsof the doubletsdistributedoverthe plan form
W the wake. The subsoriptnotationfor ~ and VP Is the same as beforeand again w is equal
to WV + Wp.

Effeotof dotiletsin the plan form.- Ih the xz planetwo regicm me MlOat&i in figme 2.

RegionI!licebetweenthe Mach wedgefromthe trailingedge md the line of intersectionof the
two oonesfroEIthe trailing+igetips. RegicmD oomeotB this regionto im?hity. Agati the G
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limitsoftitegationformthebasisof%hedivisionintothetwo
regions.

Thesymbolslistedbelowwillbe udedinthederivationofthe
expressionsfordownwashinthexz plane,Inducedby th distribution
ofdoubletsovertheplanformofthe~ ● .

E4,E5,E4,E5 completeelli~ticintegralsofthesecondlrlnd
00 tithtiuli k4,~, ~o,ad ~. ,reSPecti~lY

K4>% sK40Jf50 completeelliyticintegralsofthefirstkind
withmodulik4, k~,k4,a k~ ,resP-eoti~lY

o 0

IS4

k40

k
50

J-

.,

.,

— .— .-. —— ———- —
.,,
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Regim D

In regionD, the firatiterm in equation(7) is wit-ten

Integrating with respectto yl

#

dq

—1



[
*0 “ $L9033+P*ZW40%0

2’1

f (
40

+
x%4EJ#

o [80%@+@(k402-902) ]‘/2-9(*) }
(K,+.)fi4

In regionE, a dmilar derivationyieldsthe solution

(25)

(26) E
~.- The I.indtsof fntcgraticni agdn neoeasitatethe divisionof We ~

portionof the planebehindthe traKM&e@e HEveiI&oim regioneD and E. -fO~~I?tOf ~
symbob willbe used h the derivwtim of dmmmsh in the xz plme, titieaby the@lets aislmudea
overthevortexHake:

&Q1

...
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aD

~J
D

aE

~v
E

ED,m

1

E(aI=,k’D)

E(a’E,k’E)

KB,KE

1F(alDjk’D)

F(a’E,k(E)

~
(=%)

m%%?
completeellipticintegralsofthesecondkindwith
modulikD and kE, respectively

ticompleteelliptictitegrcilsofthesecondkindwith
argumentsa~D and a?E andmodul.ik’D ~d k’E~
respectively

completeellipticiptegralsofthefirstkindwith
moduliIqIand m, respectively

ticompleteellipticintegralsofthefirstkindwith
argumentsa‘D and a’E andmodulik’D and k’E,
respectively

Jxio)2-$2z2

J/-
eoco

I
—--. —.. -.. .— . . ..—. — —.. — —— . . . ——— --— —----- .——. —- —— .. .. ——. - —.—. .——. . . .
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RegionD

b regionD, the semod term h equation(7)becma

axl (27)
[(x-!r,)’+qyl’ts’) 18’2

Intemting with respeotto XI, and udng the defiMtion of l—

~

m(~o) P

J

%2%9%2
%D=~

(Yl+~’)M
W1

.0 x-o~)%%ylwpzp

where

d“



t
\ r

E
.yy+- .—.....—..__-.—..._ la

~wD“

The expression for @wD as

H(X-CO)902U02 %0

‘[

l-znzu ~u

Il$z (X+. )2+222 l~2kD2m%

g!
.

(28) g’

givenin equation(28), is intemble (reference3) and becomss

El)
- iE(a?=,k’D)- @&IrD)k?D)—

KD1}

{
.- ~ a’$’D2KD +

= [5
F(a’D,klD)~ F(a’D,k’D)_KDE(a’D,k’D)1} (a)



Shoe it may be shownthat N)m I
I

: [~ R(a’D#D)– ~ ~(a’J),krD) - KD E(a’D,k’D)1E - ~ [
(1-a~%t=a

(K@D) a’I@D .,
A/Fz=+Oo=oo~ 1

D

the expression for the &SmaaSh
to z may be writ-tan

{

~ KD(l-s’D’)_
~=$ _a,D+

a!D

~ obtainedby takingthe partial derivativeof Oh with reapeot

RegionE—-

In regionE a Bimllsrderivation gives

- KE E(a~E,k*E)]
}

(‘-at.2KE)-q kfF(a%~klE)‘%r(a%kfd
K*

k$

1
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DISCUSSION

Inreference1,thedownwashbehindthetriangularwingwas
computedalongthex axisonly;butitwasindicatedthatonly
slightvariationswith y shouldbe e,xpectedforsomedistanceon
eithersideoftheaxis. Thevalueof w/wol alongthex axis
d’erivedinreference1 forvarious190isisshowninfigure3.

Theresultspresentedinfigure4 canbe usedtoassessthe
accuracyofthepredictionofreference1 h regardstothes=
wisevariationofdownwash.Thedownwashinthexyplaneispre-
sentedforvariouseo~s andspanwisestationsandforallvalues
of x fromthetrailingedgetoa pointwheretheasymptoticvalue
iscloselyapproached.Infigure4 thecurvefor y. = O represents
theresultsofreference1. Theregioncoveredinthe y direction
extendsfromthe x axisoutto about~~ o,whereinthecoordinate

2
systemused X. equals40) Yo equalsBY/co,@ eo isthe
semispanofthewing. Withinabouta halfspanfromthetrail- edgeof
ofthewingno generalstatementcanbe madeastothevariationof
w/w. in
increase
wasless
trailing

deviates

0For

the y directionexceptthatintheregionconsideredthe
ordecreaseinthevaluesofdownwashfromthoseat Y. = O
than0.1.Fordistancesgeaterthana halfsw fromthe
edge,however,thevariationisquiteuniformand w/w.

fromitsvalueat Y=O onlyslightlyfor -$ eo<yo<$ eoo

eo=o,6,a moreextensivestudywasmadeofthevariation
ofdownwashWith y. Figure5 presentsvaluesof w/w. aorossthe
spanforseveralpositionsbehindthetrailingedge. Immediately
behindthetrailingedgethevalueof w/w. fallsandappcxaches
-m as thewingtipisapproached.However,at 0.4ofa rootchord
behindthetillingedge (Xo=l.l+),w/w. risesandreachesthe
valueof0.7as thewingti~isreached.At XO=2.2thespanwise
variationof w/w. isessentiallyconstant.Theapproximationof
reTerence1, thatthedowmwashisindependentof y intheneigh-
borhoodofthex axis,isalsoshowninfigure5. It isevident
thatthisapproximationisusefulouttoabouta thirdofa semispan.

.

~he variablew/w.(i.e.,(wp+ wv) /We) rewesenb thetotal
downwashbeMnd thewingdividedby theinducedverticalvelcwlty
onthewingitself.If 6 isthedownwashangleand u the
angleofattackofthewingthen

_=gw.
‘o

. . —. ——._— . ...__—_ —_.._ . ....———______ ____ ______________~



ThevariationofdownwashinthexzpLineispresentedin
figure6.Thecurvesrepresentvaluesof w/w. fromthetrailing-
edgewavedowxmtreamto a pointwheretheasymptoticvalueisclosely
approached.Inthehmxiiate vicinityoftheMachconesfromthe
trail~dge tips(i.e.,X.* 1 + 8.)thecmes werenotcentinued
becausew~wo beconmverylargeandapproachesnegativeinfinity
astheMachconeisapproached.(Sincethiseffectresultsfrom
infinitelyL3rgevaluesoftheradialcomponentof tiucedvelocity
attheMachcone,itdoesnotexist in the ZO=Oplane.) Sucha
behaviorisconsistentwith,themathematicalidealizationof infinite
pressuresattheleadingeiigeandofan abruptfallofloadatthe
trailingedge.Howewm,inau actualflowfieldwherethese
phenomenadonotexisttheflowwillexperiencea milderchangein
passingacrosstheMachcone.Eveninthetheoreticalresults
presentedinthisreportthegrowth.oftheverticalinducedvelocity
intheneigliborhoodoftheMachconeislogarithmic,andtheinterval
inwhichw/w. isappreciablydistortedfromthegeneraltrendis
verysmall.

Somefurtherinsightintothebehaviorof w inthevicinity
oftheMachconefromthetrail~dge tipscanbe obtainedby
studyinga singlevortexwhichextendsinfinitelyfaraheadfromthe
originatanobliqueaugletotheflowandinfinitelyfarbehindthe
originparalleltotheflow(fig.7). Thehalfofthevortexwhich
extendsaheadn@sesananglewiththefre~treamdirectionlessthan
theMachanglesothatthecomponentoffre~treamvelocitynormal
to itwillbe subsonic.ThuE,outsideoftheMachconeoriginating
atthesuddenbendinthevortexattheorigin,theflowwillbe
exactlylikethatofa linearizedcompressiblesubsonicvortexwith
a superimposeduniformvelocitypsralleltothelineofthevortex.
hide theMachcone,however,theflowiscompletelychanged.
Figure7 givesan indicationofthechange.Theterm“bent”vortex
referstothevortexalongthex axiswhichisturnedsuddenQat
& originfromtheangleithadmaintainedfrom -m Theterm
“unbent”vortexontheothsrhandreferstoa vortexwhichmaintains
thesameanglefrom -m to +co. Theunbentvortexisincluded
to showtheeffectofthesuddenturn. Thefigureshowsthaton
the z=Oplane(sectianAA)thedownwashisfiniteaudcontinuous
inpassingthroughtJMMachcone, butthatabovethe z=Op.lane-
(sectiauEB)thevalueof w becomesinfiniteastheconesurface .
isapproachedfromthetifde. ‘lhisbehaviorattheMachconB
mayaidininterpretingthediscontinuityintheresultsforthe
completewingas giveninfigure6.

A comparisonofthesimplifiedstudynadeinreference1 with
theresultsofthisreportinthe xz planeisgiveninfigue 8. ,

.
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The conclusionofreference1 wasthatto a firstorderthevariation
of w/w. with 2./00was linear witha slope<l/lZo)..Thefigure
shows’thattheapproximationisusefulupto abouta thirdofa semi-
Span.

Valuesof w/w. werenotcomputedforpointsoffofthe X2
and w planesalthoughthemethodsemployedexequitecapableof
handl~ theproblem Theresultsalreadygivenwouldapparently
indicatethattheapproximationsofreference1 arevalidinthe
ficinityof ~/3)60 aboutthex axis.T!Msassumptioncaneasily
he checkedforlargedistancesbehindthetrailingedgeby consider-
ingt@eflowfieldas ~ approaches~. Thusfigure9 sham a cm
prism betweentheexactmlue of W/XO ~i~ed bY ~~ of*
linearizedequationandtheapproximatevaluegiveninreference1
forallpointsgreaterthanshoutonechordlengthbehinathe
trailingedgesOnceagaintheagreementisfairlygoodoutto about
on~thirdofa semispaneitherverticallyorhorizontallyfromthe
x tis.

W order that some ideaofthevariationofdownwashwithMch
nuniberat variouE positionsdownstreamcouldbe obtained,‘figure10
wasprepsred.Thisfigureshuwsvaluesof w/w. onthex axis

plottedasa functionof ~ forvariousvalues‘of *. Thevalm
ofthesweepback~le is450emdthe&ch nmiberrangecovered
couldbe etiendedto 1.4andtb
be sfisonic.

AmesAeronatiicalLaboratory,
RationalAdvisoryCommittee

MoffettField,CaMf.

leading edgeofthe~ wouldstill

forAeronautics,

.

APPENDIXA

EVACUATIONOFSPECIALIN’I!EGMIS

Ihtegral11

Shoe thereareno singularitiesin 1=,thefinite~ sign
maybe discarded.Theltneartermintheradicaliselated by
thetransformation ~ = (yl%lt)/(l+t) andthetitegalbecomes

.
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(Al)

T& e~ressicmsfor 51 and 71 maybe ocmibinedto givethe usefulidentities

ana

Notingthat
‘canonicalform

52 = 7181

(71-V)(MJ’)=(P’71) (h+)

the integmd is an even funotion, equation (Al) may be redwed to the

k,,j--(!)&..’8& (A2)

I by the BUbatitution

1
By the titrcduction of the Jacobianell.iptiofunctions(refemmce3) In the trmsforimtlcm Q

m - an u~the titegrationmy be completed,and #

c *



, ,

1.

where od u E on u/dn u,

I

i

Integral 12

M the first step in reduo~ 12 to oanoniual fom the integral is written

I4 In this ease the following identitiesmy be obtaineddireutlyfrom the definitlonaof
I 72 and 82● .
I
I
[
1 (72-M)(542)+(72+)(M42) = o
1
4 an&

I
(g+72)(v’-52)+(kl’-72)(g+52)= o

].’

I



y@#i
The tramformtions q - ~

u
and m u ~ t wre made,and afteralgebraicsfmplifioationsm

equation(Ah)becoma “

+WW(’+%9x:} (M)

By .9P@r7the fundamentalpropertiesof evenand cdd functiom, the firsttwo inte.gals
in equation A5 oan readily be integated. !Ilhe prcaedwe for bmdling the fimltepart sign
overthe thirdintegralwill be uonslderedin detail. Shoe,

a.sdff

mm

f

L
( ) 1

.l

dm

-, (l-a?-)J(l-L:&)(1-m’)
du)=2

0 (1-0’)’”4/GxF

c
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(
I

The ,901uticmof

12 =

-1

[f

1

=2 h
J- &$l J2(k&k,2) -. (1+’)’”/ l-k,2uF

( E,
=2 K,

)
-—
l-k22

equation(A5)Mcoms, @ter algebraicBimpliffcation,

(A6)



NACA~ NO. 1&)3

Theprocedueforintegrating13 issimilartothatpreviously
discussedinconnectionwith11. Inthiscase,theintegralis

f ~ t audthesolutionmaytecsmonicalizedby thesubstitutionu = ~_
mitt en

1. Heaslet,k.
washBehind
PlanForms.

2. Heaslet,Max.
andDoublet

(A7)

A.,anaLore,Harvard:
SuprsonicWingswithan
NACATNNO. 1620,1948.
A.,@ Lo-, Harvard:
DistributionsExtendedtotheSolutionofArbitrary

TheCalculation‘ofDowu-
ApplicationtoTriangular

TheUseofSomce-6ink

BoundaryValueProblemsinSupersonicFlow. NACATNNo.1515,
1948.

3. Whittaker,E. T.,andWatson,G.N.: A CourseofModernAnalysis.
Cambridge,TheUniversityPress,hthed.,1940,ch.22.
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Figure 1.-Regions A,B ond C for triongu/or wing
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