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EFFECTOFSLIPONFLOWNEARA STAGNATIONPOINT

ANDINA BOUNDARYLAYER

ByT. C.LinandS.A. Schaaf ‘

Theoreticalanalysesare
ofa rarefiedgasneara
flat~late.Theresults

stumAm

presentedoftheeffectof sliponthe
stagnationpointandin a boundarylayer
indicatethatthestagnationpressureis

increased~ecauseoftheeffectof slipbutthatth;reis a-negligible
effectontheflat-plates~-frictioncoefficientin therangeof
applicationoftheanalysis.

INTRODUCTION

Intherarefied-gas-dynamicsregimeitisknown
conditionofno slipat a willisalteredandshould
relationbetweenthewallshearanda sliPVelocity.

that theordinary
be replacedby a
usuallytakento -

be givenin theformindicatedin equatio~(4)or~quation_(13)(refer-
ence1). Itis alsobeliewdthattheNavier-Stokesequationsofgas
dynamicsareinadequateforaccuratedescriptionoftheflowfield.
At leastthreedifferentsystemsofsupposedlymoreadequateequations
havebeenproposedinreferences2 to 6 buttheirvalidityremainsopen
toquestion.It isthepurposeof_Misnoteto determinetheoretically
therarefactioneffectof slipintheboundarycondition,usingthe
Navie~Stokesdifferentialequations.Aswillbe indicatedbelow,it
is probablethattherarefactioneffectassociatedwiththeboundary
conditionproducestermsofthesameorderasthestillundetermined
rarefactioneffectassociatedwiththedifferentialequations.Hence,
thepresentanalysisprobablyfurnishesonlya partialimprovementover
thenormaldensitytreatment.Therelativelysimplebounda~-layercase
isconsideredfirstandthenthemorecomplicatedstagnation-pointflow..

ThisworkwasconductedattheUniversityofCaliforniaunderthe
sponsorshipandwiththefinanci~assistanceoftieNationalAdviso~
CommitteeforAeronauticsandwas~der thesupervisionofProf.R. G.
Folsom,E.D. Kane,andS.A. SChaafoftheDepartmentofEngineering.
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SYMBOLS

b radiusofcurvatureofnoseofimpacttubeorradiusof sphere

PCP=P V2p~ 1

f

f.

fl

K

L

M

P

‘St

PZz

()PZz St

‘P

‘Po

r

Re

Rex

u

stagnation-pointfunction,definedin equations(16)and(17)

stagnation-pointfunctionforno-slipcase

slipcorrectionto stagnation-pointfunction,equation(24)

:onstantin equation(18)

molecularmeanfreepath

Machnumber

gaspressure

meanhydrostaticstagnationpressure

normalpressurein z-direction

normalstagnationpressure

viscouscorrectiontoimpactpressure,givenby equation(53)

viscouscorrectionto impactpressureforcaseofno slip

distancefromz-axis

Reynoldsnumber
.

Reynoldsnumberbasedon x (uo+’)

&angentialvelocitycomponent,thatis,velocitycomponentin
x-direction;alsoradialvelocitycomponent,thatis,
velocitycomponentinz4irection
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free-streamvelocitypastflatplate

normalvelocitycomponent,thatis,velocitycomponentin
y-direction;alsoaxialvelocitycomponent,thatis,velocity
componentin z-direction

undisturbedfree-streamvelocityof gas

distance

distance

distance

tangentialtoflatplate

normaltoflatplate

normaltowall

coefficientofslidingfriction

velocityexpansionparameter,givenby equations(13)

ratioof specificheatsofgas

boundary-layerdisplacementthiclmess

no-slipbounda~-layerdisplacement

dimensionless

di-mensioriless

tidependentvariable,

parameter,definedby

thiclmess

definedby equation(15)

equation(20)

mechanical-viscositycoefficient

tiematic-viscositycoefficient(w/P)

coefficientof slip,definedtyequations(S)and(12)

gasdensity

Maxwelllsreflectioncoefficient

streamfunction,equations

Blasiusstreamfunction

slipcorrectiontoBlasius

(2)

streamfunction

—-.——.-——.. .—..— .—— _______ —— —-. — —
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Subscripts:

B conditionat edgeofboundarylayer

1 free-streamconditions

o no-slipconditions

BOUNDARY-LAYERFLOW

Thestreamfunctionforincompressibleboundarylayerona flat
plateisgovernedbytheBlasiusdifferentialequation(reference7)

where

~a2q *a+_v&—-
ayaxay ax‘# *3 (1)

u. $
1

.

Thecorrespondingboundaryconditionsare

V=o, y.()

u = % yam 1
andfortherarefied-gas-dynamicsregime(reference1)

+=u,y.o

(2)

(3)

(4)

(5) ,.

..— — — —. . .
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where u istheMaxwellreflectioncoefficientand L, themolecular
meanfreepath.Forthecaseof&Hfusereflectiong xL. Interms
ofthestreamfunction~

*=0, y-o

whereequation(6)reducesto theordinary

V=*O+LV1

UoY y=m ) (6)

densitycaseif L = O. Write

Substituteintoequations(1)and(6)andequatecoefficientsof L
to O andobtain

J(7)
w Wo

~o=Oand-#=Ofory=O, and== ~ fory=m

W1 a~o *1
ij =0 and-=— for y = O, and —= Ofory=~

w # * r

Clearlythesystemofequation(7)is exactlytheordinaryBlasius
andthesolutioniswell-lmown.Thesolutionofequation(8)maybe
directlyverifiedtobe givenby

(8)

case

Ifl =
Wo

(9)

——. .. ——.—— -—— ——— —. —- —.-
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sothat ~ isimmediatelydetermined,to orderL, fromtheknown
Blasiussolution.Thedisplacementthiclmessisgivenby

Thismaybewrittenintheform

(II)

Thereis no changeinthedragcoefficienttothe orderofterms
retained.Thissomewhatsurprisingresultarisesfromthespecial
natureoftheassumptionsmadeandit shouldnotbe inferredthatthere
isno decreasein sldnfrictiondueto slipeffectsina physical
rarefied-gasflow.Themathematicalexpressionindicatedinequation(9)
isa solutiontotheincompressibleboundary-layerequationwitha sliF-
flowboundarycondition. IvTermsoftheorder1 R% ascomparedwith

termsretainedhavebeensystematicallyneglectedin reducingthecow
pleteNavie~Stokesequationstothebound~-layerequation.The
assumptionofincompressibilityalsolimitstheapplicablerangeof
Machnumbers.Thustheassumptionsimplicitintheuseofequation(1)
restricttheMachandReynoldsnumbersto roughly

Theeffectof slip
example,theterm
1/2percentinthe
ever,isthatthis
form

M < 0.S

~>l&

ontheboundary-layerdisplacementthiclmess,for

I
0.867’M@ inequation(Ill.),isthuslessthan
rangeofapplicability.A moreimpofiantfact,how-
termisonlyoneof severaldifferenttemnsofthe

l— l—
/“lConstantRex

l–
or ConstantM ~~
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whichwouldpresumablybe obtainedina completeanalysis,thatis,a
solutionofthecompleteNavie~Stokesequationsforcompressibleflow.
Thepresentresultwithrespectto skinfrictionthusseemsto indicate
onlythattheslipboundarycondition,by itself,isinitiallyofless
importancethanlowReynoldsnumbermodificationsofboundary-layer
theoryin determiningg sldnfrictionina slightlyrarefiedgas. Inthis
connectionit shouldbe notedthatthesomewhatcruderanalysesof
references8 and9 aswellastheexperimentaldataobtainedatBerkeley
andpresentedinreferences10 and11 (seefig.1)allindicatea rela-
tivedecreasein skinfrictiondueto slipeffectsat sufficientlylow
Reynoldsnumbersbutonlyaftertheskinfrictionhasfirstincreased
abovethevalueithasathighReynoldsnumbers.Thisispresumably
associatedwiththebreakdownofboundary-layertheory,thatis,to the

/rincreasingimportanceofadditionaltermsoftheform ConstantRex.

A furtherassumptionimplicitintheuseofequation(1)isthat
rarefied-gas-dynamicterms,forexample,mett te~, h thebasic
differentialequationssuchasthosediscussedin references2 to 6 may
be neglected.Inspectionoftheseequationssuggeststhatadditional

Itermsoftheform Constant@ wouldalsoariseinthisconnection.
Therearealsoadditionaltermsintheboundarycondition(reference4)
butthesedonotaffectthepresentresultsto theorderofterms
retained.Inthestagnation-point-flowanalysispresentedinthenefi
section,sucheffectshavebeenneglected;thecompleteNavie~Stokes
equationshavebeensolvedtotheorderoftermsretained,however.

STAGNATION-POINTFLOW

Itisthepurposeofthissectiontoprovidea theoreticalbasis
fortheinterpretationofimpact-tubemeasurementstakenin a high-.
velocitygasstreamof sufficientlylowdensitysothattheeffectof
velocitysliponthereadingoftheinstrumentcannolongerbe ignored.

Consideredfirstistheproblemoffindingtheflowinthevicinity
ofa forwardstagnationpointfora viscousfluidhavingtheplane z = O
asa fixedwall. At thesurfaceofthewallareprescribedtheboundary
conditionsthatthenormalvelocityis zeroandthatthetangential
velocity- thatis,thevelocityof dip - is propofiio~tothe
velocitygradientinthenormaldirection.Itisknownfromthekinetic
theoryofgases
(reference1):

thatthefactorofproportionality~ is essenti~

()E = 0.998@ La (12)

.

——— ...—— ___ _______ ,___, --- : 1 .:’
.-
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where a istheMaxwellreflectioncoefficientand L, themolecular
meanfreepath.Atlargedistancesfromthewallthemotionisessen-
tiallythesameasthatgivenbythepotentialflow. Itfollowsthat
theboundaryconditionsfortheproblemare:

For z = m:

For z = O:

u= @ and v= -2P(z- 5*)

(13)

OnassumingtMt theflowis steady,incompressible,andfreefrom
externalforces,theforwardstagnation-point-flowproblemcanbe
reducedtothatof solvingthethird-ordernonlinearordinarydiffer-
entialequation(reference12),

fllf+’2ffll_ (ft)z+1 = () (u)

satisfyingcertainconditionsontheboundarywith

-r-J= (p/v)@z

u = @f’(q)” (16)

v. -2(pv)l/2f(q)

and

p.+ p(p%2+ #) + W%

(17)

(18)

Theprimesdenotedifferentiationwithrespectto q. Forthepresent
problem,uponusingequations(1S)to (17),theboundaryconditions
(equations(13)) become

f(o)= o
1

and

f‘(o) = ~1 l(o)

}
ft(co)= 1 J

(19)

.

—. —.--—————— .—— —.. —....—
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where

9

r

.

,.

()X= ~(~/V)l/2=0.998=L(~/v)l/2a

usingequation(12).

NowIf f. denotesthefunctionf forthenonslipcase,onehas
(reference12)

()
folll+~ofoft- fot2+1=0 (21)

and

fo(o)= o

fo’(o)=0

fol(m)=1
1

FromHomannfssolutionto f. (reference13)

fo(~)=q- o.~~76

fo’’(o)=1.317

fo’’(m)=0
1

For A small,onemaywrite

f= fo+Afl ‘(24)

(20)

(22)

(23)

accurateto thefirstpowerof 1.
(22),and(24)

flllf+ 2fofl”-

Thenfromequations(~), (19),(21),

2fo‘f~1+ 2foIlf1= () (25)

“

. . — .—..—————— _ .—— ——.—— — — ——



10

and

NACATN2568

fl(o)= o 1
fll(o)= fol’(o)

}
(26)

fll(co)= o

J
alsoaccuratetothefirstpowerof k. Differentiatingequation(21)
withrespectto q once,oneobtains

(27)

Fromequations(22)and(23)it is seenthat f. satisfiestheconditions .

fo’(o)= o

folf(m)= o1 (28)

If f~ isreplacedby fof,equations(2s)and(26)arereducedidenti-
callyto equations(27)and(28),respectively.Therefore

(29)

isthesolutionto equations(2s)and(26).Hencefromequation(24)
.

f=fo+kfof (30)

Thus,besidestheparameterA, thefunctionf oftheslipcaseis
expressedintermsof f. anditsderivativefo’ ofthenonslipcase.
_ useofequation(30)~d Ho~’s solutiontofO (reference13)s
oneobtainsinfigure2 thecurvesof f, f’, and flt for A = 0.1.
Referringto equation(gO),k% 2M/@ (seefig.3). The
curvesforthenonslipcaseandthepotentialcasearealso
figure2 forcomp~son.

At thestagnationpoint r=z=v=Oandp= pst.
theseintoequation(18)

corresponding
shownin

Substituting
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()p~t+f+p=
az Z=o (31)

where p~t isthemeanhydrostaticpressure,orthemeanofthenormal
pressuresacrossanythreeorthogonalplanes,atthestagnationpoint.
Forimpact-tubemeasurementsthenormalstressacross.thewall pzz at
thestagnationpointis ofspecialinterest.Forincompressibleflow,
ingeneral(referencelL),

Pzz=-p +211.5

At thestagnationpoint

P~~= ()PzzSto
Fromequations(32)and(31)

()PzzSt ()
=-K+w~zo =

Fromequations(1S)and(17)

()av
z Z=o= -2pft(o)

(32)

(33)

(34)

Fromequation(30),uponusingequations(23)and(22)

f’(o)=10317-A (35)

Substitutingequation(34)intoequation(33),andusingequation(3s),

()PzzSt= -(K+ 1.317X 2~~)

wherethenegativesignindicatescompressivestress.

Theaboveequationis a solutiontotheNavierStokes
slip.Sofarnoboundary-layerassumptionhasbeenmade.

(36)

equationswith

.

—. -.—.—.—-—-—— _ _______
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IMPACTTUBE

Solution(36)willbe appliedtothecaseofanimpacttubewitha
h--sphericalnose,testedat subsonicspeedatlowpressureconditions,
withitslongitudinalaxisplacedparalleltothedirectionoftheflow.
Lettheflowalongthecentralstreamlineleadingtothestagnationpoint
decelerateisentropicallyto theoutsideseamoftheboundarylayer,
whichispresumedtoformintheneighborhoodofthestagnationpoint.
It.isassumedthatinthebound~ layerintheneighborhoodofthe
stagnationpointtheflowcanbetreatedasviscousandincompressible
andthatoutsidetheboundarylayertheeffectsofviscositycanbe
neglected.

At thepointoftheboundarylayerwherethestagnationstreamline

enters,thatis, z = ~, r = O and
()

av = -2P (reference15)so
x z=z~

thatfromequation(18)

( )K= PB+;F#B2’443 (37)

where ~ and VB arethepresspreandvelocityatthepoint ZB. The
termin parenthesesrepresentstheimpactpressurepR recordedby an
impacttubeplacedina gasstreamH theeffectofcompressibilityin
theboundarylayeris zero.Sincethiswaspreviouslyassumedfora
subsonicflow,theimpactpressureis givenbytheconventionalisentropic-
flowequation(reference16) .

Substitutingtheseintoequation(36)

(38)

(pzz)sv-[,~+&.12)* +2wP(l+l.31n) ,3,,1
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Theconstant~ mustbe determinedfromthevelocitydistribution
attheseamoftheboundarylayerwhichsurroundsthebody’atthestag-
nationpoint.Sincetheflowoutsidetheboundarylayerisassumed
inviscousandcompressible,~ canbe deducedfromthecorresponding
idealsubsoniccompressiblepattern.Fora half-sphericalimpacttube
ofradiusb, ~ hastheform(reference17)

where V. is theundisturbedfree-streamvelocity.
L

Becauseofthe
tbiclmess5~, the
impacttube,becomes
sphere,the~average

&ofthenons“pcase

(40)

presenceofa boundarylayerofaveragedisplacement
effectiveradiusofcurvatureofthenoseofthe
b + 6*. Forviscousincompressibleflowpassinga
displacementthicknessGO* oftheboundarylayer
canbe expressedas (reference13)

where

similarly

G* q*
—=—
b

r
3pe

with

Fromequation(30),

*=
~ q- f(co)

uponusingequations(23)and(22),

A

(u)

(42)

(43)

(44)

. —. —.— . ————..————.. —.. —
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sothat

and

Thereforeequqtion(40)

q*= 0.ss76-l

6* (0.455- 0.816X)—=
b @

becomes

p=g ( )+$%2
(1 + 0.455- 0.816X)
\

A-

Substitutingthisintoequation(39)

() .-
PzzSt

NACATN2S68

.

(45)

(46)

(47)

)
_Y_

( -1 )Ml*(1+ 1.317L)
YP1l+yMl

* y-1+ pvl
%- (48)+0.455- 0.81

FRe
1-

Considernextthe
intoequation(20)and
theslipcorrectionto

d

expressionfor k. Substitutingequation(48)
forthepresent,sinceh is small,neglecting
theeffectiveradiusoftheimpacttube,

Uponusingtherelation(reference18)

L/b= 1.2%~M/Re

(49)

with y = 1.40g and o = 1, equation(49)becomes
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Thevariation
valuesofthe
equation(s1)

(1- 0.252M12 1/2 ~
A = 1.997

)

1 (51)
1 + O.bqjx ~

of X withtherarefactionparameter~ /Re forvarious
Mach
tito

()Pzz St (
= -pl1

-L*
numberMl is showninfigure3. Substituting
equation(48)

)y-1++12 _

(29—-Vl, 8 34
‘T

1.63

If Pp denotes
fromequation(48)

Forthenonslipcase

(52)

theviscouscorrectiontotheimpact-tubepressure,

=—
b ~ + o.455-o.816x

?L=O, ‘P

Vvl
P .—
Po b

sothat,uponusingequation(S1)

= Ppo. Fromequation(53)

(53)

(54)

.————— ..—— —-
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.+2.63~3
L= .
PPo

‘-’*6’-: .

9For M smalland Ml smalltheaboveexpressionis
unity.Itfollowsthattheeffectofslipincreasesthe
rectiontotheimpact-tubemeasurements.Thecurvesof

largerthan
viscouscor-
‘14%o

againstMl@, l/~s and Re forvariousvaluesof Ml are
infiWes 4, ~, and6, respectively.

Upon
and

ures

Define
7

‘Pcp=————
2

; Pvl

}
Pv

%. = 2.
$ pvl

(55)

usingequations(56),(53),(52),

Cvo with Re and ‘1/Refor Ml

7 and8,respectively.

d

and(51),thevariations
= 0.4 and0.8areshown

SLIPFLOWPASTA SPHERE

Itis interesttito notethatatthestagnationpointthe

(%)

of Cw
infig-

normal
messureacrossthewaJJincreaseswiththecoefficientofslip,
‘althoughatthesamepointthemeanhydrostaticpressure,that-is,the
meanofthenormalpressuresacrossanythreeorthogonalplanes,
decreases.Thisisduetothefactthatfortheslipcasethenormal
velocitygradient(dv/dz) atthestagnationpointisnolongerzero.
Itfollowsthattheeffectofslipincreasestheviscouscorrection
(reference1s)totheimpact-tubemeasurements.A similarresultis
obtainedforthecaseoftheS1OW tr=s~ation ofa spherethrougha,
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viscousfhid withslipfromthewell-knownsolutiongivenbyBasset
(reference19 orreferenceu, pp.603-601J.Inhiscasetheinertia
termsareneglected.

Forthecaseoftheslowtranslationofa spherethrougha viscous
fluid@th sliptheimpactpressurepi attheforwardstagnationpoint
hasbeenobtainedbyBasset(reference19),whoneglectedtheinertia
termswhicharesmallin comp-sonwiththeviscousandpressureterms.
If b istheradiusofthesphere,% thevelocity,a, thecoef-
ficientof slidingfriction,and pm, thehydrostaticpressure,then

onusingtherelation(referenceI-8)

equation(s7)becomes,for y = 1.40s and a =

(57)

1,

(53)

P=St

Theviscouscorrectionto

Pp

Forthenonslipcase a =

Therefore

theimpactpressureis

3 pv~1 + 8.8m@=l——
2b l+& ~~Re

CO,fromequation(57)

~ _ 1 + M38M@
P-% 1 + 4.44M@e

(59)

(60)

(61)

(62)

——__. .-.—- -———— —- _— ——.— —— ——
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As a comparisonthecurveof %fpvo fortheBassetsphereagainst

M@e is showninfigure4.

CONCLUSIONS

A methodhasbeendevelopedfordetermmngsomeoftherarefaction
effectsin slip-regimeflowfortheflatplate,a wall,anda hemi-
sphericalimpacttube,usinga reducedformoftheNavieA3tokesequa-
tionsanda slipboundarycondition.Withthismethoditwasfound
that:

1. Theeffectofslipontheviscousflowaboutanimpacttubeis
to ficreasetheviscouscorrectiontotheidealimpactpressure.

2.Theeffectofslipontheflatplateisto reducetheboundary-
layerdisplacementthiclmess.Thereisno effectonthedragcoef-
ficienttotheorderoftermsretainedintheanalysis.

UniversityofCalifornia
Berkeley,Ca3if.,October20,19~0
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Figure2.-Functions of formrd stagnation-pointflom. u = @fl(q).
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