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FREsm, EI?TROPY,ANDENERGY

ByW. E.Moeckel

Equationsarederivedforcomputingtheformof anob13queshock
waveasitpassesthroughsupersonicregionsinwhichstaticpressure,
stagnationpressure,stagnationtemperature~ or combinationsof these
arecontinuouslyvariable.Rigorousportionsof theanalysisarelimited
to shockstrengthsforwhichtheflowdownstreamof theshockremains
supersonic.,Whenno downstream~ves otherthanthosegeneratedby
theinteractionprocessarepresent,therateof changeof shockangle‘
withupstreamMachnumiberisfoundtobe a functiononlyof thelocal
shockangleandupstreamMachnumberj hence,thepropagationthrough
a nonuniformregiondependsonlyontheinitialshockstrengthandMach
number.A procedureis describedforcomputingthesupersonicportion .
of theflowfielddownstreamoftheshockwave.

Forthespecialcasesof supersonicshearflowandRrandtl-Meyer
flow,chartsoftheshockangleasa functionofupstreamMachnumber
arepresentedsothatthepassageof a shockwavethroughthesetypes
ofnonuniformregionscanbe easilytraced.Fora prescribedinitial
shockstrengthandinitialMachnumber,a minimumupstresmMachnumber
is foundbelowwhichnophysicallyrealisticsolutioncanbe obtained
withtheequationsforsimplepropagation.Thisresultservesasa
sufficientconditionfortheavoi~ce of separatedflow,reversed
flow,orotherupstreameffects.An exampleis computedofthepropaga-
tionof a shockwavethrougha Wake-twesupersonicshearprofileand
theflowfielddownstreamoftheshockisconstructed.

131T130DUCTION

Themostfrequentlydiscussedexampleof thepropagationof a
shockwaveintoa nonuniformflowregionappears,atpresent,tobe
theshock-waveboundary-layerinteractionproblem.Nlthoughmuch
theoreticalandexperimentalresearchhasbeendevotedtothisproblem,
it is stillunsolvedin thesensethatnomethod@sts wherebythe
effectof a shockofprescribedstrengthon a boundarylayerwith
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2 Il&ATN 2725

prescribedprofilecanbe predicted.Thediffictityinformulatinga
theoreticalapproachcanbe attributedchiefIytothefactthatthe
flowupstreamof theshockisnotindependentof thepresenceof the
shock.IfthesubsonicNrtionof theboundarylayerwereremoved
(bycontinuoussuction,forexample],itmightbe expectedthatthis
difficultywouldbe eliminated.Circumstancesfrequentlyarise,how-
ever,forwhicheventhisexpectationisnotfulfilled.ItWaS shown
qualitativelyinreference1,forexample,thatthepresenceof a
su~ersonicwakeupstreamof a bluntbodyrequiresmodificationofthe
uystreamflowinorderthatphysicallyrea13sticpressuregradients ~’
canbe obtaineddownstreamofthedetachedshock.Thefactthatthe N’
flowupstreamoftheshock,iscompletelysupersonicdoesnot,therefore,
guaranteethattheupstreamflowwillbeuninfluencedby thepresence
of theshock.

.

i

Inordertoformulatecriteriafordeterminingwhetherornotthe
flowupstreamof a shockisindqendentofthepresenceof theshock,
it isfirstnecessaryto analyzethepropagationof shockwavesthrough
regionsinwhichupstreamflowconditionsarevariableovera wide
range.Suchananalysiswascarriedoutforweakwavesandforthe
particularcaseof a supersonicshearlayerinreference2.

In thepresentre~rt,thepropagationof obliqueshockwavesof
arbitrarystrengththroughsupersanieregionsinwhichstaticpressure,
stagnationpressure,stagnationtemperature,or combinationsofthese
arevariableoverwiderangesis considered.In additiontoproviding
criteriafortheavoidanceofupstreameffectsof shockwaves,the
analysisprovidesa methodfortracingshockwavesthroughjetsorwakes
of,knownprofileor thzmughothertypesof flowwithlargenonuniformi-
ties.An analysisof thepropagationofweakwavesin generalnonuniform
regionsisalsogiven,anda procedureis iklscussedforconstructing
thesupersonic~rtionof theflowfielddownstreamof shockwavesor
weakwaves.ThisinvestigationwasconductedattheNACALewis
laboratxmy.

ANALYSIS

GeneralEquations

Theinteractionof a shockwavewitha nonuniformsupersonicstream
is firstdiscussedforthemostgeneralconditionsfeasible.Theresult-
ingequationsarethensimplifiedforseveralspecialtypesof flow.
Symbolsusedaredefinediptheappenti.

Forthemostgeneralcaseconsidered,thefolJ_owingassumptions
aremade:

(1)Inthevicinityoftheinteractionregion,effectsof viscosity
turbulencearenegligible.Thisassumptionpermitsuseofnonviscous
shockandflowequations.

.— .— — — .— .— —.. . . . . . -——- _____ ___ ___
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.

(2)Theflowis
inpressureandflow
characteristiclines

everywheresupersonicand,consequently,changes
Urectiontake@ace onlyacrossshockwavesor
(Machwaves).

(3)Theflowfieldcanbe dividedintostresmtubesof smallthick-
ness. StagnationtemperatureT andratioof specificheats y are
constantineachstreamtubebutmaychangeacrossthestreamlinesthat
boundeachstreamtube. (Ifthestatictemperature,andconsequently
Y) c~~es a~~recia~Vacrosstheshock~ve~= ave%e ~lue of T
canbeuse~foreachstreamtubewithslightadditionalcomplication.}

(4)Stagnationpressureremainsconstantin eachstreamtubeexcept
whenthatstream_bibepassesthroughtheshockwave. ‘

(5)Fluidpropetiiesupstreamoftheshockwavecontain.nolarge
discontinuities.(Ifthisconditionsnot-inpsed,thenumericalwork
soonbecomes~robibitivel.ylengthy.Evaluationof theexactsolution
atthepint of impingementof a shockwaveon a contactsurfacethat
6eparatesfluidswhosepropertiesdifferby largeamountsisdiscussed
inreferences3 and4.)

Withtheprecedingassumptions,thewaveandstreamlinepttern
neara pint on theshockwaveinthenonuniformflowfieldcanbe
representedasin sketch1. Lines= and ~ areincidentwavesor
characteristicsupstreamof theshockjline @ isanincidentwaveor
characteristicinthedownstreamfieldjand Of isa reflectedwaveor
characteristic.Staticpressureandflowdirectionmaychangeacross

c \-

\ \

\ \
.

b-

a
— Shock
— — Characteristic

/

~ Streamline

‘Sketch1

anycharacteristicoracross
theshockwave;stagnation
pressurecanchangeacross
anystreamlineor across
theshockwavejandstagna-
tiontemperatureandspeci-
ficheatcanchangeacross
anystreamline.Assump-
tions[3)and(5)implythat
allwavesexcepttheshock
wavearesufficientlyweak
sothattherelationbetween
flowdeflectionandpressure
changeacrossthewavesatis-“
fiestheweak-waveequation:

whereprimesrepresentdown-
streamvaluesandunprimed
symbolsdenoteupstresm

I
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4 MACATN 2725

values.Theplusandminussignsareused,res~ectivelyjforwaves
whoseslopeis~sitiveornegativein sketch1. AU wavesexceptthe
shockwaveareinclinedatthelocalMachanglerelativeto thelocal
flowdirection.

Thefollowingrelationsbetweenvaluesupstreamofa shock(unprimed)
andvaluesdownstreamoftheshock(primed)arerequiredfortheanalysis

.
I

{

f3(M,Tj@= (4j

where

M’2=
(y+ lj%%in% - 4{M?sin2~- 1)(y&sin2q+ 1)

(5)
~@2sin2~- (y- I)][(T- l)M2sin29+ 2]

Theequationsrelatingthequantitiesineachof theseveral
regionsof sketch1 arederivedwithreferenceto thenuniberingsho~m. in sketch2,whichis

\
an _ded versionof
thevicinityofpointO

\
in sketch1. Thewaves
andthestreamline

\
separatetheflownear

3 pointO intoeight

\
regions,in eachof

2 whichallfluidproper-
tiesareconstant.03n-

? ditionsintheupstream
regions1,2,3, and8
arekno%mjandtheinci-
dentshockangleq8 is

/ blown.Fromtheshock
/

w,
equations,conditionsin i
region7 aredetermined
by g8>~} and ~8*,,

/
Theunknmmsare q3

Sketch2

—..—— —- —— —-.. .——. ..- —.—_
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and
are
the

conditionsinregions4,5, and6. Sincepressureandflowangle
constantacrossstreamlines,thefollowingrelationsexistamong
pressuresandtheflowangles: ‘

,~4= X5 (6)

P4 P5P6 P7P8—=——
“+j p6p7~&

(7)

Slibstitutionfromequations(1),(2),(3),(4),and(6)intoeqmtion(7)
yields

Butfromequation(3)

= ‘3 + ‘2(”3Y?_3J3‘4 Q}

Hence,equation(8Ibecomes

Allquantitiesin equation(lJ_)areknownexcept93,~, and X6. If.
wavesof type ~ in sketch2 canbe ~liminatedfromtheproblem,the
solutionis”greatlysimplified,sincethen X6= k

7 ‘d ‘6=%; ‘d
theonlyremainingunlmownisthetransmitted-shockangleq~. Oandi-
tionsunderwhichtivesof type ~ can,b.eneglectedcanbe ascertained ‘
withtheaidof thefollowingsketches:

.

.
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I?onunifomfbw

Sketch3(a). Sketch3(b).

In sketch3(a)wavesof ~ z aregeneratedby theobjectthat
producestheshockwaveandreachtheshockbeforeitpassesthrough
thenonuniformflowregidn.Forthiscase,therefore,thistypeof
incidentwaveisobti~zlynotnegligible.m sketch3(b),ontheother
hand,wavesof type Og thatoriginateon,or arereflectedfrom,the
objectreachtheshockonlyafterithaspassedthroughthenonuniform
region.Thereremainsthepossibility,however,(asillustratedin
sketch3(b))thatwavesreflectedwithinthenonuniformfielditself
willapproachandappreciablyinfluencetheshockformbeforetheshock
leavesthenonuniformflowregion.Conditionsforwhichthesewaves
arenegligiblecanbe determinedby ananalysisof thestrengthof the
waveoftype ~ thatseparatesregions2 and3 in sketch3(b)relative
tothestrengthof thewaveof type & thatseparatesregions1 and2.
~us, in sketch3@), sinceP4= P3,~ = Pl,X3 = ~4jand xl = ~5~

(useof equation(1)yieldswith
)

~ = f(M)

c

fromwhichisobtained

!

———. . . . — — — .
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Consequently,
intheregion
if ax<< 2,

. 7

wavesoftype ~, iftheyarisefrominternalreflection
ofnonuniformflow,canbe neglectedwithoutseriouserror
whereAk canbe interpretedasthestrengthofthestrong-

estwaveof type ~. Sincethestrengthof the ~ wavesisdetermined
by themagnitudeofthediscontinuitie;upstreamoftheshockwave,this
criterion,ineffect,specifiesthemagnitudeof theupstreamdiscontinu-
itiesthatcanbetoleratedifequation(lI_)istobe simplified.It
willbe assumedthroughouttheremainderof therepmt thattheu stream
flowsatisfiesthisrequirement,andthatconsequently~ and $~
be setequalto M7 and ~7yrespectivelyifnowavesotherthanthose
resultingfromslmti~ropagationarepresent.Themodificationsrequired
whenwavesof ty-peOg otherthanthoseresultingfrominternalreflec-
tionarepresentareconsideredinthesectionDISCUSSIOIJAIJDAJ?pLIWON.

If ~6=~7 andM6= %, equations(8)or (n) become

Sincechangesin flowvariablesfl’omonestreamtubetothen&t
havebeenassumed,small,functionsof ~, Q3, and y3 differonly
slightlyfromthesamefuncttonsof ~,q8, ad T8- Consequently,let

andlet

%=

‘3=

Equation(12)thenbecomes

flu+til= p8
~8+ dp

d~f--l-— [PI
flf3(dk+ df2)] (15)

wherethedifferentialscorres~ndto changesinquantitiesupstresm
of theshockwavefromonestreamtubetothenextinthedirectionof

. ---- _____ .- F-______-----..----...-—...-.—_ ._ ____ -_ -=-—.. -—. ..._-.-______ .._
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propagationof theshockwave. Ifonlyfirst-orderdifferentialterms
areretained,equation(15)becomes

But

dp=%lf
dM

Hence,equation(16)becomes

aM- , af. af.

(16)

(17)

(18)

All@antitiesintherightmemberof equation(181dependonly
on conditionsupstreamoftheshock~~~ej hence,ifthevariationsof
y, h,and p withupstre-=Machnumberarespecified(astheywillbe
ifupstreamconditionsarelmown),thentherateof changeof shock
anglewithupstreamMachnumberisa functiononlyof q and M. For
anyinitialshockangle,andforarbitrary(butcontinuous)upstream
Machnumberdistribution,equation(18)canthereforebe integratedto
obtaintheformofthestickwaveinregionsofnonuniformsupersonic
flOTTs Fordiscontinuous,butsmall,changesinupstreamconditions,
equation(18)mustbe evaluatedina step-by-stepmannerfromone
discontinuitytothenext. Thevalidityofeqpation(18)islimited
to shocliwavesforwhichtheflowdownstreamis supersonicandto
segmentsof theshockwavethatme freeof interactionwithdownstream
incidentwavesotherthanthoseresultingfromthepropagationprocess. I.

Thepartialderivativesrequiredin equation(18)as evaluatedfrom
equations(2)and(3)are:

—...——- . .—.——. —..—. ——___
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4YMSinzo

(r + 1) [2rM2sin2Q- (y- lj’J

af2 (y+ l)McotqJ
z“

[(
1+M2 *- )12Binz(p + cot2q(M2sin2q- I)2

(
~+r+l

afz
—-
2 )(

2sin2qM2+~-
2 )

y sin2(p&sin2q
~ =
dq ([ _( )1

2
sin2q l+M2~-

2 sin:(p
}

+ cot2q (M2sin2q- 1)2

af2
~z
z cotcp(M2sin2~- 1}-—

~=

[[ )121+M2 ~ - Sinzq ‘2
2

+ cot2Q(M2sinP - 1)2

SpecialCases

Supersonicshearflow.- If flowangle,staticpressure,and
of specificheatsareconstantimmediatelyupstreamof theshock,
tion(18)reducesto

1 afl af2
qX- +f3~dq

—5-
dM ~ afl af2- ‘4(MJ’~

——+f3~
flap

9

(19)

(20)

(21}

(22)

(23]

(24)

ratio
equa-

(25).

A COdOW plot of d(pf&4as functionof q and M is shown in
figure1. Integralcurvesof figure1 arepresentedin figure2. The
constmctionoftheseintegralcurvesby an isoclinemethodisaided
by thefactthatthecurveofMachangleagainstM (Msinq = 1) is
itselfan integralcurveof equation(25).Thisfactcanbe deduced
fromequation(25),whichreducesforthiscaseto

.- -——. .. . . ... ... ___ -—. ..—-—. ..__. _ __. . . _.. _ __ - —________ _,__ ---- .____._._~_____
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whichis exactlytheslopeofthecurveM sin~ = 1.
theslopeof allintegralcurvesattheirintersection
f~= constantcontouristhessmeastheslopeofthe
curveat itsintersectionwiththatcontour.

(26)

Consequently,
withan
Msinq=l

Theintegmalcurvesoffigure2 yieldthevariationof shockangle
withupstreamMachnumberwhenthereflectedwavefromeachdifferential
interfaceistakenintoaccount.Forcomparison,figure2 alsocontains
curvesobtainedwiththeassumptionthatthesereflectedwavesare
negligibleand,hence,thatthepressureratioacrosstheshock {or

. M sinq (seeeqpation{2})remainsconstantastheshockpassesthrpugh
theshearregion.Sincetheslopeofany M sinq = constantcurveis
dQ/dM=- (tanq)/M,thecurvef4(M,q)= - (tan~)/M {fig.2)isthe
locusofpints forwhichtheslopeoftheintegralcurvesis equhlto
thesloyeof theconstant-yressure-ratiocurves.Comparisonofthe
constsmt-presswe-ratiocurveswiththeintegralcurvesin figure2
showsthatthepressureratioacrosstheshockdecreasesasupstream
Machnumberdecreasesintheregionto theleftof thecurve
f4{M,~)= - {tan@)/M.Totherightof thiscurve,pressureratio
increasesasupstreamMachnumberdecreases.Theintersectionof this
curvewiththeI@changlecurveat M = 1.41 agreeswitha result
obtainedinreference2 fortheinteractionofIreakwaveswtthparallel
supersonicshearlayera.Fora weakincidentwaveenteringtheregion
“ofdecreasingMachnuaiber,itwasfoundthatfor M = @ no reflected
waveoccured.Thecurvef4(M,~)= - (tan~)/M in figure2 thusrep-
resentsa generalizationof thisresulttothecaseofwavesof arbitrsry
stren@h.

Forfairlyweakshocks,theassumptionthatthepressureratio
acrosstheshockremainsconstantthroughtheshearregionappearsto
be anadequateaypro~tion. Forstrongershocks,however,thepres-
suregradientdownstreamof theshockcanbecomeqtitelarge,andthe
actualshockanglesmaytifferconsiderablyfromthoseobtainedwith
theconstant-pressure-ratioassumption.

Theintegralcurvesof figure2 cannotbeconstructedbeyondthe
M’= 1 curve,sincethereflected-waveconceptusedto derivethese
curvesismeaninglessifthedo~mstreamflowis subsonic.Forthis
region (CPS< ~ < 90°)J howe~r~it sho~dbe aw~~tely -d in
certaincasesto assumethatthepressureimmediatelydownstreamof
theshockis constantalongtheshock,particularlyif theflowdown-
streamof theshockis expected@ be almostparallel.A largepressure
g’adientnormalto thesubsonicstreamlineswouldbeinconsistentwith
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theexpectednearlyparallelflow. Clm2aequentlyjinorderto compute
theformof theshockfor q > Qs,theinte~ curvesof figure2 can
pmbabl.ybe extendedto 9 = 90° alongcurvesof constant-pressure
ratiowithno significanterror.

Whensuchextensionsaremade,itis seenfromfigure2 thatfor
anyinitialMachnuriberandshockanglethereexistsa dnimumupstream
Machnuniberbelowwhichno shocksolutionisobtained.IftheMach
numberprofileof theshearregionis suchthattheminimw’Machnumber
islessthanthatforwhicha @ck of’specifiedinitialstrengthcan
be tracedthroughtheregion,somereadjustmentoftheupstreamflow
appearstobe reqpiredtoobtaina solutionthatisphysicallyrealistic.
Forexample,thesituationshownin sketch4 maybe considered,wherein’

Y
ik

Upstream
Machnumber

l.dOJ1.36

Sketch4

a shockof initialangle
q.= 28.6°andinitial
Machnuuiberof3.0enters
a shearregioninwhich
theminimumtichnumber
is.1.2.Eromfigure2,the
incidentshockisfoundto
becomenormalat M = 1.36.
If theshockremainednor-
malfromato~,as
,indicated~y the@tted
extensionof theshock,
thenthepressureratioat
b wouldbe 1.52as com-
‘&redwiththepressure
ratioat a of 2.0. Since
thenormal-shockimplies
initiallyparallelsubsonic
downstreamflow,it seems
unreasonable@ expectthat
a pressuregradientnormal
tothestreamlinessuchas
requiredinsketch4 will
be established.

.

A situationsimilartothatshownin sketch4 wasdiscussedin
reference1,wherethemotificationrequiredintheshockformwhena
shearlayeroccursaheadofa bluntbodywasconsidered.Itwasargued ,
thatthepressurenearthebaseor centerlineoftheshearlayercould
be increasedtoa magnitudecompatiblewiththatoutsidetheshear
layeronlyifthestagnation@nt movedupstreamto thevicinityof
theshockwave. Hence,a separated-flowre@onwasrequiredaheadbf
thebodytoprovidea mechanismforestablishingpressureequilibrium
in subsonicPrtionsof thedownstreamflow.Althoughthenatureof
themodificationrequiredinthepresentcaseislessevident,the

. . . . . ---—- ------ --.-e.—— .. _____ . . .._ ------ _____ ------ ,_
—.—. . . ..-— . . . . . . . . . . .
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.
formationof a
outsideof the

separated-flowregionwitha consequentlambdashock
shearlayerappearstobe themostlikelypossibility.

In anyevent,thecurvesof figure2 providea criterionfordetermining
whethersimplepropagationof a shockwavethroughtheshearregion
cantake‘place.If theshockcanbe tracedthroughtheshearregion
by meansof figure2,thentheyhysicalshockshouldcorrespndto that
calculated.If,ontheotherhand,theshockcannotbe tracedthrough
theshearlayer,thena morecomplicatedflowpatternwillbe obtained
whichmayormaynotinvolvereversedflowandflowseparation.a TMs
criterionyieldsno information,of course,on themagnitudeof the ~
separationthatmayresultif simplepropagationis impossible. u)N

Nonuniformisentropicflow.- Ifthestagnationpressureupstream
of thestickis constant,thenfromtheisentropicflowrelation

-’r

therei$obtained

ldp=.— -
( )

y-M1+ T;1M2-1
pdM

(27)

If T is alsoconstant,eqyation(18)becomes

Sincethevariationof 1 with M depends,in general,on thestructure
of theflo~;upstresmoftheshock,theprofileof M and X mustyin
genersl,be specifiedtoobtaintheshockformfrome~ua.tion(28).For
sometypesofflow,however,suchasPrandtl-.eyerflow,thequantity
d~d. is a prescribedfunctionof M sothatequation(28)canbe
representedon a ~ - M plotas forshearflow. Thus,forPrandtl-
.eyerflow,since
%

aSincespearated-flowregiQnsunsupportedby so~d bou&ariesare
mt commonlyobservedexperimentally,itmaybe helpfulto pint out
thatsuchregionscanbe maintainedin equilibriumrelativetothemain .

streamby thehighdownstreamyressurethatisestablishedinthesepa-
ratedregion.Thebranched-shockconfi~ationthatresultsfromflow
separationcanproducetherequiredequilibriumconditions.

-.—
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thereisobtained

a—= *J==
dM (M 1+~M2

2 )

(29)

andequation(28)becomes

wheretheplussignisusedwhen ~/dM is~sitiveandtheminus
signwhen dA/dMisnegative,

YPositivevaluesof d dM correspndto interactionssuchas
thoseshownin sketches5(a and5(b)Jnegativevaluesoccurforinter-
actionssuchasthoseshownin sketches5(c)and5(d)andariseless
frequentlyinpracticethanpsitivevalues.

Thecompressive,or reversed,F’randtl-Meyerflowshcuanin
sketches5(b)and5(d)is,of course,describedbyequation(29)only
inregionsinwhichtheflowcanbe representedbya sequenceofweak
waves.Whentheweakwavesformanenvelopeshockof sufficient
strengthtoproducenotableentropyincreases,theflowangleandMach
numberareno longerrelatedby thePrandtl-Meyerequation.

Thefirsttermof therightmemberof eqpation(30)is thevalue
of dq/dM forconstantp,k, and T (equation(25))Jthesecond
termistheeffectof staticpressureandflowanglechangesinPrandtl-
Meyerflow.

A contour
is showninfigure3
regioninwhichboth

—
.-

plotof d~/iJM=f5(M,g)forPrandtl-Meyerflow
forthecaseinwhichtheshockis enteringa
k and M eitherincreaseor decrease

(~/m >0]. Thecurve sinq . 1.M isagainanintegralcurveof
equation(30),sincethelasttermInthisequationis zerowhen q is

.

-.—- .——--.-. . -—— .—-. —-_ .--, >.-./”_ ....— ... ..___—. _______– _ ,_..-._.______ _____
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(c) Decreasing 1, increasing M

(b)DecreasingX and M
()
*> o

/.// /

/

//~’

//
‘//

(d)Increasing~ decreasingM

()3<0
dM

Sketch5. - Typesofinteractionof shockwaveswithFrandtl-Meyer
flowregions.

theMachangle.Co_ison of figures1 and3 showsthatformost
valuesof M and q theshockangleincreaseslessrapidlywith
decreasingMachnumberforPrandtl-Meyerflowthanforshearflow.

Inte~ cUrvesof figure3 areplottedinfigure4,together
withseveralamstant-pressure-ratiocurves.Itis seenthatthe
assumptionthatpressureratioacrosstheshockremainsconstantin
passingthroughthenonuniformregionis evenlessvalidforthiscase
thanforshesrflow.Forfairlyweakshocks(~’-A< 100),however,
itisfoundthattheinte@ curvesfollowquitecloselycurvesof
constsmt-flowdeflection(constantf2). Theintegralcurvesfor
shearflow,ontheotherhand,followedcurvesof constant-pressure

. ratiomorecloselythancurvesof constant-flowdeflection.Forvery
weakwaves,thetwotypesof curvesbecomeindistingu3.shable.

—.. .
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The curve f5(M,9)= - (tan~)/M separatestheregioninwhich
pressurerati6decreaseswithdecreasingMachnuriberfromtheregion
inwhichpressureratioincreasesasMachnumberisreduced.This
curveagainintersectstheMachanglecurveat M = @x

StrengthDistributionforWeakWaves

Asmentionedpreviously,a analysisoftheinteractionofweak “
waveswitha supersonicshearflowwasdevelopedinreference2. In
thisanalysis,theassumptionsweremade(asintheprecedinganalysis
of shockinteraction)thattheflowupstresmofthewavewasuninflu-
encedby thepresenceof thewaveandthatthisupstreamflowcould
be dividedintoelementarystresmtubes.@ additionalassumption
wasmadethattheMachnwiber
passingthroughthewave. In
a weakwavewithmoregeneral
ered,andtheassumptionthat
stresmtubeisomitted.

+

ineachstreamtibewasunchangedti
thepresentsectiontheinteractionof
nonuniformsupersonicregionsis consid-
theMachnuniberremainsconstanth each

A weakwaveishereindefinedasoneacrosswhichpressureratio
andflowdeflectionarerelatedby equation(1)i Whentheupstreem

flowvariablesarespecified,the
localdownstreamflow~ables

Incident
///

aredeterminedby mans ofa five-
weakwav

/ sectorconfiguration(sketch6)
.

/
inwhich,sincep3= p4,the ‘

/. 2,( /’ pressuresarerelatedby

P3P2 P4P5——=——
P2~ P5PI

/ ,/ \ Useof equation(1)for
sureratiosof equation

Sketch6 resultsin

.- . .

[

1+
T5~2

(31)

thepres-
(31)

(32)

As fortheskck wave,anaveragevalueof T insteadof theupstream
valuecanbe usedforeachwavewithslightadditionalcomplication.
Inthismannerthevariationof T withtemperaturecanbe takeninto
accountasthecomputationproceeds.

. ...- ..-. ____ -.___.- —...-.-,. ..- .-—- ..—. .._!_. ..— ._ ._. . ----- __-r ______— _
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.

Since ti changesacrossthewavesandacrossthe‘streamlinesare
small,let

f(Tl~M2)= f(rl,M1)+ 5f{y1,M1)= f + bf

where

Equation(32)canthenbewritten(since14= &J

Let d~= X5 - Al andlet 19be thechangefnflowangleacrossthe
weakwave~then

e+de=A4-k5

Equation(33)nowbecomes

[
l+(f+5f)(e+de+dX -‘o[’-fel=F+%)[’-’f(m’(’+
whichywhenrearranged,becomes

Neglectof alltermsofhigherorderthanthefirstyields

fde(z-ef)=-edf+ (+ -f d$l - ‘f)
(34)

. — —— .. ..—. .—_. _______ . -.. . ____ _
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Calculationsshowthat f islesst* 10.1for 1.01
Consequently,inthisrangeofMachnumbers,if 8 is
of 1°,then @f canbe mnsiderednegligiblecompared
equation(34)becomes

,

.

Zf =’/?-fd’)g=-g+1
e

Forthecaseof shearflow (dy= O, dT= 0, d~=
reducesto

d$ ~2 - 2 dM~—=-
!9 4(M2- 1).M2

17

< M < 5.00
oftheorder
withunityand

(35}

O)jequation(35)

(36)

whichistheresultderivedby a differentprocessihreference2 with
theassumptionthatMachnumberis constantineachstreamtube.As
pintedoutinreference2,itisreadilyshownfromequation(36)that .
a weakincidentwaveenteringa regionof decreasingMachnumber@e-
ducesa reflectedwaveofthesamesense(compressionor expansion)or

F
op sitesensedependingonwhetherM islessthm or greaterthan
2. Inte&tionof equation(36)yields,asinreference2,

(37)

wheresubscriptzeroreferstoanyinitialor specifiedvalues.The

function(M2- 1)‘i4/M isplottedin figure5.Forshearregions
withlarge,changesinMachnumber,itisevidentthatthecumulative
effectof thereflectedwaves,whichaccountsforthechangein 6’in
theinteractionprocess,isnegligibleonlyiftheinitialweakwave
isitselfnegligible.

Forproblem,inwhich alp/por dA areof thesameorderas
19M, equation(35)mustbeusedinsteadofequation(37).If theflow
upstreamof
becomes,by

the-weakwaveisof the_Prandtl-Meyertype,equation(35)
useof equations(27)and(29),

(38)

wheretheplussigncorrespondsto ~/dM>O (seesketchesS(a)
and5(b)).Sinceanincidentweakwaveiseverywhereinclined-atthe
localMachangle,interactionsof thetypeshownin sketches5(c)

. . . . —. - -. . . . . . . . . .. . . .. . . —.—.. .- -— - . — ..- .—. . . . . . ...-+-— . —-.. .—— - ——
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5(d)b notoccurinthiscase
)
dO=O

@ysicallysignificantcase (dkdM> O)

NACATN 2725

becausedM= 0). I?or
eqpation(38)canbe

written
.
I 1

I de I ~z.-~
.— =- +

)]

(38a)
~z

Thisequationis easilyintegmtednumericallyfor
and ~.

DISCUSSIONANDAPPIZCATION

anyprescribede.

Constwctionof downstreamflowby stepwiseyrocess.- Whenthe
formofa shockwaveina nonuniformregionhasbeendeterminedby
equation(18)or itscorollaries,andwhentheresultingdownstream
flowis completelysupersonic,themethodof characteristiccsforanisen-
tropicflowcanbe usedto completethe-computationof thedownstream
flowfiela.Thismethod,however,isqtitetediousnumetically~andit
maybe desirable,in caseswheregreataccuracyisnotrequired,to
establishtheessentialfeaturesofthedownstremflowby a simple
methmi.Theweak-waveproceduretobe describedconstitutessucha
simplification.

Beforediscussingthecomputationproce@re,itisnecessaryto
establishanddefinethe“orderofmagnitudeofthevariouswaves
encountered.Forthispur_@se,theinteractionprocessshownin sketch7
is considered,whereina shock‘waveis shownenteringa nonuniform
regionfromtheupperleft.Theflowupstreamoftheslmckmaybe
continmwor itmaycontaindiscontinuitie.ssufficientlysmallsothat
thecriterionforneglectofallexcepttheprimaryreflectedwavesfor
computingtheshockformis satisfied.Thiscriterionwasdiscussedin
thesectionGene=lF@.zations.titertheshockfomuis.determined,the
upstreamflowfieldcanbe dividedintoa sequenceof streamtubesineach
ofwhichallfluidquantitiescanbe assumedt.abe constant.~s sub-
divisionisrequiredforstepwisecomputationof thedownstreamflow
fieldeveniftheupstreamflowis mntinuous.Thesubdivisionproduces
a wavepatternof thetypeshownin sketch7.

.— —— .— — .—— ______
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First-orderwaves

wave.5

19

r

.
.

.

Sketch7

Theshockwavecanbe consideredtobe
passingthroughthenonuniformregion,

a zero-orderwavewhich,~in
producesa sequenceofreflected

first-orderwaves.Theintegatedeffectof thefirst-orderWves on
thestrengthoftheshockwavecanbe ofthesaneorderofmagnitudeas
theinitialstrengthoftheshock.A zero-ordersolutiontotheinter-
actionproblemmustthereforeretainthetite~te~ effectof first-
orderwaves.S5milarly,eachofthereflectedfirst-orderwaves,whose
initialstrengthis,knownfromconditionsjustdownstreamoftheshock
wave,canbe consideredtobe a primaryweakwavepassingthrougha
regionof nonuniformflow.Eachfirst-orderwavepzmducesa sequence
of second-orderreflectedwaves,whoseintegratedeffecton thestrength
of thefirst-orderwavescanbe ofthefirstorder.”To.computeaccu-
ratelythestrengthof thefirst-orderwavesastheyemergefromthe
nonunifomflowfield,it isthereforenecessarytouseequation(35)
foreachfirst-orderwave(sincep, k,and M areallvariable
upstresmof thesewaves).Theuseof equation(35)to computethe
strengthof eachfirst-orderwaveyieldsanapproximatesolutionfor
conditionsupstreamofthenextfirst-orderwave. Withtheseconditions,
thestrengthdistributionof eachsucceedingfirst-orderwavecanbe
computed.

.

. .. . ..-— —., ..- . . .. ._____ ___..-. —---—-—— -------- ----—- -— ----- ——,. . .—____ .. _. _.-. ___
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Sketch8 showstheprecisemannerinwhichthesecond-orderwaves

l)’/’ ,//

a

f

Sketch8

aretakenintoaccountby thispro-
cedure.Conditionsups~eamof first-
or@erreflectedwaves ab and fi
areknownfromtheshoc$kform. The
strengthof thesecondaryreflected
wave = isobtainedfromeaua-
tion(351,whichgivesthec&ge
inflowdeflectionofwave = —
at b. Thestrengthofwave bc,
inturn,determinesconditions
upstreamof se~ent ~, ~_m which_
thestrengthof segmentsde and dg
canbe calculatedby equation(35).
By amtinuationof thisprocedure,
theentiresupersonicpxrtionofthe
downstreamflowfieldcanbe con-
structed.Theonlyapproximafiion
madeisthatwavessuchas bc b

k
In
N’

not significantlyaffecttheaverage
flowvariablesupstreamofprimarywavese@nentssuchas ~djh other—

acwords,thattheratio— is closetounity.Sincethisratiois
a

veryclosetoumitywhenallwavesareinclinedat thelocalMachangle,
themaximumerrortkt canresultfromviolationsof thisconditionis
equivalentto theerrorthatcouldresultfromneglectof a single
sequenceof second-orderwaves(thosenearesttheshockwave),which,
inturn,isappro-tely equivalentto theeffectof a singlefirst-
orderwave. In general,therefore,theuseof equation(18)andits
corollariesforshockwavesandtheuseof equation(35)anditscorol-
lariesforfirst-orderwaveswillyieldan accuratefirst-ordersolution
totheinteractionproblem.

Inmanyproblems,theforegoingproceduremayyieldhigheraccuracy
thanisrequired~anditmaybe desirable,forthesakeof simplicity,
to ignoresecond-orderwavesentirely.In sucha case,thepressure
ratioorflowdeflectionacrosseachfirst-orderwaveis considered
constantuntilitintersectsanotherfirst-orderwaveor a shockwave.
Theneglectof second-orderwaves1s permissible,ifonlya fewsuch
wavessregenerated.Thus,in sketch7,thefirstthreeor fourfirst-
orderwavesgenerateonlya fewsecond-orderwaves%eforetheyemerge
fromthenonnniformregion.In general,iftheupstreamMachnuniber
variesovera smallrange,sothatonlya fewstreamsheetsarerequired
tobreaktheflowintosufficientlysmalldifferences,thentheneglect
of second-orderwaveswillresultinnegligibleerror.

Effectof incidentfirst-orderwaves.- Iffirst-orderwavesother
thenthosearisingfromthepassageof a stickwavethzmughthenonuniform .
regionarepresentythenthecomputationofthedownstreamflowfieldby

—. . . .. . -.
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thewavemethodisfeasibleonlyif second-orderwavesareentirely
neglected.Evenwiththisappro-tion, however,thepreciseconstruc-
tionof theflowisratherlaboriousbecausetheintersectionsofwaves
withwaves,andwaveswithstreamlinesoccurat differentpositions.
Thesituationlocallyisas shownin sketch9,where a,b, and c may
be first-orderwavessuchasthoseshownin sketch3(aj~d, e,and f
maybe first-orderreflected-wavesduetothepassageof a shockwavej

L

a b\ \ ‘ /“

‘+$!&
i3

/

/’;<’ “*
d

/
\/’\

e A
f/

Sketch9

and g and h arestream-
Mnes. Thesimplestcomputa-
tionprocedureconsistsin
assmingthatstagnation
pressureandstagnation
temperaturesareconstant
ingridssuchas ~
(ratherthanbetweenstream-
lines).Ifthewidthof
eachgridisof thessme
orderastheinitially
assumedstreamtubewidth,
thenno appreciableerroris
introducedby thisprocedure. ‘
Thestreamlinescanbe
ignoredexceptinsofaras
theyindicatetheapprmdmate
localstagnationpressure
andtemperature,andeach
~mputationofpropertiesin
successive@d spacesis

merelyanapplicationof theweak-waverelation{equati~n(1)~ tothe
problemofinteractionof twoweakwaves.Thus,if renditionsingrid
spaces1, 2,and4 areknownfromprevioustimputations,conditionsin
region3 areobtainedfromtherelation .

P3— P4 P3—=— P2—
P4PI P2 PI.

{39)

or,withtheuseof equation(1)forthesepressureratios,

which,whensolvedfor ~, yields

.—-—. —.—.—-... .. . . _. _-._. ._-.__,- ..-. —.-_____ .. . . -— ___ .. . ..... .._ . .. . . :______
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Since allwavesare consideredtobe weak,let

If thesfepsare
withunity,then
tion(40)yields

,

f(~) = f(M1)+ 5f ‘

f(M4)= f(M1)+ ~

sufficientlysmallso
neglectof allexcept

that f(M)Akis smallcompared
thelowestordertermsin equa-

(41)

or

WhiChshowsthat
namely,that the

theassumptioncmmonly@e forisentropicflow,
flowdeflectionremainsconstsntacrosseachfirst-

orderwaveininteractionswithotherfirst-orderwaves,isalsoa~@i-
cablewhencontinuousor stepwisesmallvariationsin entropyandenergy
occur.

With P3 and T3 takenequalto P1 and Tl,respectively,
eqmtions(41)permitcalcuhtionofpressureandMachnumberin
region3. Theaccuracyof thisproceduredependson thenegligibility
of second-orderreflectionsatthedifferentialentropy@d ener~
interfaceswhich,inturn,dependsonthenumberofstreamtubesreqtired
to dividetheupstreamflowintosufficientlysmalldifferences.If the
upstreamMachnumbervariesovera verywiderange,useof themethod
of characteristicsforanisentropicflowmaybe requiredinplaceof
thefirst-or&rwaveprocedureifa highdegreeof accuracyisrequired
downstreamoftheshockwave.

Interactionof incidentfirst-orderwaveswithshockwave.- When
first-orderwavesotherthanreflectedwavesduetopassageoftheshock “
arepresent,itis likelythatsomeof thesewaveswillintersectthe
“shockwaveintheregionofnonuniformflow. ~S ~ssibilitywS
pintedoutinthefirstsectionof-theANALYSIS,@d discussionwas
@stponedbecausetheanalysisneglectingthewaveswasvalidif such
intersectionswerefewandforsegmentsof theshockbetweensuchinter-
sections.Thelocalmodificationof shockstrengthrequiredatthese
intersectionpints isderivedwiththeaidof sketch10,inwhichan
incidentwaveof me @ isassumedto intersecttheshockwave

1
— -— -—. .— ——
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.

Sketch’10

occursattheintersectionisthesame
accuracyin-theshock-expansiontheory
Theconditionsforwhichthe ~ wave

23

betweentwosuccessiverefiected
wavesduetoupstreamflowvari-
ations.At theintersection,
point,anadditional.reflected
wave ~ canarisewhichis
dueonlytotheinteractionof
~ withtheshockwaveandno’t
tovariationintheupstresm
flow.Thestrengthofm at
the,intersection@nt is con-
si@ed knownfromcomputations
of itsinteractionswithall
first-orderwavesinitspath.
Althougha solutionforthe
strengthofthewave ~ result-
ingfromtheinteractiontith
theshockwavecanbeobtained
fromequation{U), theprocedure
isratherI.,aborlous,andit seems
adeqyateformostpurposesto
neglectthereflectedwave e
entirely.Theassumptiont~t
no reflectedwaveof type Of
assumptiathatismadewithgood
fortwo-dimensionalairfoils.
isnegligiblecomparedwiththe

incidentwaveare.fullydiscussed’inreference6. Specifically,the
assumptionisthatin sketch10 kz = A3 and P2= P3~where ~ and

‘3 arebarn fromtheprecedingstepinwhichthefomulaforthe
intersectionof twoweakwaveswasused. Thechangeinpressureratio .
acrosstheshockatpint O trausferstheshocktoanotherinte~
curveof equation(18){orfig.2 or 4)2whichitfollowsuntilanother
intersectionof thisltypeoccurs.ECheentireshockformistherefore
determinedto firstorderby itsownpropagationprocessandby first-
orderwavesfromexternalsourcesthatintersectit.

Theaccuracywithwhichtheflowfieldcanbe calculatedlyneg-
lectinga~,exceptfirst-orderwavesandfheinitialshockwavedepends
on thestrengthofthesecond-orderwavesthatareneglected.An
estimateof theerrorcanbe madeby determiningthestrengthofthe
second-orderwavesthatareproducedby thestrongestfirst-orderwave
intheflowfield.Theerrorsinthecornputedpressuresandflowangles
shouldbe comparablewiththec-es inpressureandflowangleacross
theseneglectedwaves.

,.
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As an examlleof shockpropagationthroughsupersonicshearregions,
theformof a shockwaveina constant-pressurewake-typeTrofilewas
computed.Theprofileassumedis showninfigure6,togetherwiththe
shockformtracedwiththeaidof figure2. Theinitialshockangle
andMachnumberwereassumedtobe 34.0°and3.0,respectively.The
streamlinesandfirst-orderreflectedwavesweremmputedunderthe
asswptionthatsecond-orderwaveswerenegligibleandthatconsequently
theflowdeflectionandpressureratioacrosseachfirst-orderreflected z
waveremainconstant. 2

TheminimmMachnuder inthewakewastakentobe 1.75,which
yieldsa regionof subsonicflowdmnstreamof theshock,butdoesnot
exceedthecriterionforsimplepropagation.Theregionof subsofic
flowwasdesiredto illustratean appm-te procedureforhandling
suchregionswhentheyareimbeddedina supersonicstream.Thepro-
cedureusedwasasfollows:In theregionof subsonicflow,thewave-
t~e calculation;of course,isnotvalidjbut itwasassumedthatthe
pressuredifferenceandflowdeflectionacrosseachfirst-orderwave
wasimpressedon theideddedsubsonicregionandthatthesepressure
&fferencespropagatethroughthemibsonicregionnormalto theflow
directionandemergeattheoppsitesmic lineintheformofwaves
withthesanestrengthastheincidentwaves.Thisprocessappears
reasonableiftheexknsionof theshockthroughtheregionQ > q~ by
meansoftheconstant-pressurecriterionisapproximatelyvalid.In
thatcase,theshockformdeterminesthefirst-orderwavepatternwhich,
in turn,determinesthestreamwisepressure~dient inthesupersonic
streamlinesadjacenttothemibsonicstreamlines.Theassumptionthat
thispressuregradientistransmittednormallythroughthewibsotic
regionis consistentwiththeexpectationthatcurvatureof thesubsonic
stream@eswillbe smallifthecurvatureoftheadjacentsupersonic
streamlinesis small.

Withtheassumptionthatno separationtakesplacedownstreamof
theshockandthatpressureistransmittednormallythroughthesubsonic
portionof thedmnstreamshearlayer,theinteractionprocessis easily
constructedintermsofthelocalMachanglesandflowangles.The
resultingpatternof streamlinesandfirst-orderreflectedwavesis
shownin figure6 fortheexamplechosen.Theflowanglejustdownstream
of theshockvariedfrom16.7°atthepint of incidenceto 19.2°near
thecenterline.Thepressureratioacrosstheshockvariedfrom3.12
atthepointof incidenceto 2.72nearthecenterline. Sincethe
staticpressureandflowangleareconstantbetweenanytworeflected
first-orderwaves(duetoneglectof second-orderwaves),thesefigures
representtherangeof variationfortheentireinteractionregion.
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Althoughthesevariationsinflow-e andpressureratioS&
appreciablerelativetotheinitialflow@flection~d PreSsureratio
(about15and13percent,respectively),theyareneverthelessfairly
smallandmaybe neg13@bleforsomepupses. Theresultingvariations
inlkchnumberareindicatedonfigme 6. In thestresmoutsidethe
shearlayerthevariationisonlyabout4 percentof theinitialdown-
streamMachnuniber.Theserangesof variationcan,of course,be pre-
tictedas soonasthefom oftheshockisknown.Thelocationofthe
variations,however,mustbe determinedlyconstructingthefirst-order
wavepattern.

Theself-insistencyofthemethodusedtotracechangesinpres-
sureandflowanglethroughthesubsonicstreamtubescanbe checkedto
someextentby comparingthechangein streamtubearearequiredbyone-
dimensionalequationswiththechangeactuallyobtained.Inthepresent
case,thechangeinMachnuriber&mm 0.90to0.80alongthecentral
streamtubesrequiresan areachangeof onlyabout3 percent,whichis
self-consistentwiththeareachangesactuallyobtainedwithintheerror
intracingthestreamlines.

CONCLUDINGREMARX3

Analysisofthepropagationof shockwavesandfirst-orderwaves
throughnonuniformregionsof supersonicflowshowedthatthestren@h
distributionof an incidentwavein suchregionsis determinedlythe
upstreamdistributionofMachnu@er,flowangle,pressure,andspecific-
heatsratioprovidedthatnowavesotherthantheincidentwaveand
reflectedwavesgeneratedby itspropagation,arepresent.Ifthe
upstreamflowcm be dividedintoa sequenceof smalldiscontinuities,
eachincidentwavecanbe consideredtopzmducea sequenceof reflected
waveswhosestrengthisanorderofmagnitudelessthanthatof the
primarywave. Theintegratedeffectofthesereflectedwaves,however,
maybe of thesameorderofmagnitudeasthestrengthoftheprimary
wave.

Whenthepr&ry waveisa shockwave,a’minimumupstreamMach
numberisfoundbelowwhichnophysicallyrealisticsolutioncanbe
obtainedwiththeequationsforsimplepropagation.A sufficientcon-
dition is therebyobtainedfortheavoidanceofflowseparation, “
reversedflow,orothernonsimplephenomena.

men first-orderwavesotherthanthosereflectedwithinthenon-
uniformregionduetopassageof a shockwaveoccurdownstreamof the
shock,a first-ordersolutiontotheinteractionpzmblemisobtained -
by neglectingallsecond-orderreflectedwaves.Theaccuracyof this
proceduredependson thema~tude of thevariationsinfluidproperties
upstreamoftheshockandbecomeslessaccuratewhenthesevariations

.
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are large. If a high’degeeof accuracyisrequired,theflowdown-
streamoftheshockcanbe constructedby themethodof characteristiccs
foranisentropicsupersonicflow.

Althoughthewaveanalysisusedbecomesinvalidwhena pa%ionof
theflowdownstreamoftheshockwavebecomessubsonic,approximate
proceduresaregivenforcomputingthedownstreamflowfield,aswell.
as theshockform,whenthecurvatureofthestreamlinesinthedown-
streamflowfieldis small.

LewisFlightPropulsionLaboratory
NationalAdvisoryCommitieeforAeronautics

Cleveland,Ohio,MarchX3,1952

.
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APPENDIX- SYMBOLS

me followingsymbolsareusedinthisrepmt:

27

2“

&
2 -1

pressureratioacrossshock,p;lp (equation(2))

flowdeflectionacrossshock,(X’- A) (equation(3))
,2

+
(equatiori(4})

,2-1

dg/dM,forshearflow(equation(25))

dQ/dMforPrandtl-Meyerflow(equation”{30))

Machnumber

stagnationpressure

staticpressure

ratioof specificheats

flowdeflectionacrossshockorweakwave (?b’-l) (posi-
tivevalueforcompression,negativevalue,for~ansion)

flowanglerelativetoreference‘Mrection(pxitivesense
indicatedwhereneeded) >

shockanglerelativetolocalupstreamflowdirection
/

valueof q for M’ = 1.0

For k,p, and M unprimedvaluesrepresentconditionsupstream
of shockorweakwaveandprimedvaluesrefertoconditionsdownstream
of shockorweakwave. ,,

Nmibersubscriptsfor ~ (p,p, r, M refertovaluesin cor-
respondingregionsinaccompanyingsketches”.

; 1. Moeckel, W. E.: FlowSeparationAhead
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