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suMMARY

A theoretical solution is obtained for the problem of the compres-
sive buckling of flat rectangular Metalite type sandwich plates with
simply supported loaded edges and clamped unloaded edges. The solution
is based upon the general small-deflectiontheory for flat sandwich
plates developed in NACA Rep. 899. A compar@on is made of the present
results and other solutions of the problem.

“
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A comparison is also made between the present theory and experi-
mental results for two types of sandwich plates: plates having alclad
24-S-Talminum-alloy faces and end-grain balsa-wood or cellular-cellulose-
acetate cores. Better agreement is found between computed and experi-
mental buckling stresses of sandwich plates with cellular-cellulose-
acetate cores than for sandwich plates havtig

INTRODUCTION

The increasing use of sandwich materials

end-grain balsa-wood cores.

in aircraft design makes
the problem of analyzing the buckling of sandwich plates one of impor-
tance. Since sandwich pktes cannot be analyzed by ordinary plate theory
because of the a~reciable effect of low core shear stiffness on deflec-
tions, a general small-cleflection theory for elastic bending and buckling
of flat sandwich plates was developed in reference 1. This theory was
extended to include plastic buckling in reference 2 and was applied to
the problem of the el.astic and plastic compressive buckling of simply
supported flat rectangular Metalite type sandwich plates.

In the present paper, the elastic compressive buckling of flat rec-
tangular Metalite type sandwich plates with simply supported loaded edges

%upersedes NACA TN 1886, “Compressive Buckling of Flat Rectangular
Metalite Type Sandwich Plates with Simply Supported Loaded Edges and
Clamped Unloaded Edges,” by Paul Seide, May 1949.
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and clamped unloaded edges (fig. 1) is
equations of reference 1 are solved to

NACA TN 2637

n
investigated. The differential
yield a stability criterion giving

eiastic-buckltig-stress coefficients implicitly in tefi of the pla;e – .

aspect ratio and the ratio of the plate flexural stiffness to the core
shear stiffness. Charts are presented to facilitate the determination
of elastit-compressive-bucklingloads and an approximate correction for
plasticity is outlined.

The results of the present paper are compared with those of other
theoretical solutions and discrepancies are discussed in the light of
the assumptions of the various theories.

Experimental buckling stresses of sandwich plates with alclad 249-T
aluminun-alloy faces and end-grain balsa-wood or cellular-cellulose-
acetate cores are compared with theoretical buckling stresses computed
from the present results.
. .

SYMBOLS

Ef Young~s modulus for face material

Pf Poisson’s ratio for face material

tf face thickness

G= shear modulus for core material

& core thickness

Do flexural stiffness per unit width of Metalite type
sandwich plate with faces considered as membranes

Df flexural stiffness per unit width of both faces

.
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Subscripts:

Comp

exp

shear stiffness per unit width of Metalite type sandwich
plate with faces considered as membranes

plate length

plate width

plate aspect ratio (a/b)

()JI%0
core shear-flexibility coefficient —

b2DQ

critical compressive stress in x-direction

()2b2acrtfelastic-bucklfig-stresscoefficient
X2D0

critical caapressive load per unit width
(2acrtf)

coordinate axes (see fig. 1)

deflection of middle surface of plate in z-direction

number of half-waves in buckled-plate deflection surface
in direction of loading

angles in xz- and yz-planes, respectively,between
lines originally perpendicular to undeformed middle
surface and lines perpendicular to deformed middle
surface

computed

experhental

. .-. —— .—. - .— .—. —-. -— ——--- ‘— —.— -- ——— —--—— -—



4 NACA TN 2637

RESUEI!SAND DISCUSSION

The solution of the problem of the compressive
flat rectangular Metalite type sandwich plates with
loaded edges and clamped unloaded edges (fig. 1) is

buckling of elastic
simply supported
obtained herein by

means of the differentid equations of deformation and equilibrium
derived in reference 1. DetailE of the solution are given in the
appendix.

Stability criterion and buckling curves.- The solution to the prob-
lem conEidered in the present paper is embodied in the stability crite-
rion, equation (All) in the appendix. This equation gives the elastic-
buckling-stress coefficient k implicitly in tezms of the plate aspsct
ratio B and the core shear-flexibility coefficient r. solutionE of
the stability criterion for Poisson’s ratio equal to 1/3 are presented
in table 1 and graphically in figure 2. The elastic-buckling-stress
coefficient k is plotted in figure 2 against the plate aspect ratio ~
for different values of the core shear-flegibility coefficient r. As
the core becomes more flexible (r increases), the effect of the clamped
unloaded edges on the plate buckling strength is lessened and the buckling
curves approach the curves obtained h reference 2 for plates simply
supported on all edges. When the core shear-flexibility coefficient is
equal to or greater than unity, the wave length of buckle is zero. In
this case, as for simply supported Metalite type sandwich plates (refer-
ence 2), the elastic-buckling-stresscoefficient is determined simply
by the shear-flexibilityparameter and is given by

.

.,

(1)

This result is a consequence of the assumption, implied by the theory
of reference 1, that the plate faces are so thin that they can be treated
aa membranes having a negligible stiffness in bending about their own
middle surface.

In figure 3 the elastic-buckling-stresscoefficients of infinitely
long Metalite type sandwich plates with clamped unloaded edges are com-
pared with the buckling coefficients of infinitely long Metalite type
sandwich plates with stiply supported edges. As was noted in the dis-
cussion of figure 2, the elastic-buckling-stresscoefficients of clsmped
plates rapidly approached those of simply supported plates as the core
shear-flexibility coefficient increases, the two being equal and given
by equation (1) for values of r greater than unity.

.
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Unlike results obtained for isotropic plates with deflections due
to shear neglected, the elastic-buckling-stresscoefficients of Metalite
type sandwich plates with simply supported loaded edges and clamped
unloaded edges depend on Poisson’s ratio for the face material. The
variation of the elastic-buckling-stress coefficient with Poissonrs ratio,
however, is small.

Correction for plasticity.- Because of the complexity of the 6ta-
bility criterion (equation (All)), no attempt was made to extend the
solution to include buckling in the plastic range. An approximate cor-
rection for plasticity is suggested, however, by the results of refer-
ences 3 and k from which, for long plates with edges elastically
restrained against rotation, the ratio of the plastic buckling stress
to the elastic buckling stress can be seen to be approximately independ-
ent of the magnitude of the elastic restraint. This fact suggests the
use of the results of reference 2 for simply supported plates to obtain
curves of plastic buckling stress plotted against elastic buckling stress
for various values of plate aspect ratio and core shear-stiffness param-
eter. The appropriate curve for given values of p and r is then
entered with the elastic buckling stress obtained by means of figure 2
to get the approximate buckling stress of a plate with simply supported
loaded edges and clamped unloaded edges.

COMPARISON WITH OTHER THEORETICALSOLmIONS

.

Solutions of the problem of the compressive buckllng of flat rec-
tangular Metalite type sandwich plates with simply supported loaded edges
and cldmped unloaded edges, based on other sandwich-plate theories, are
in existence (references 5 to 7). A comparison of the results of these
theories for infinitely long clamped Metalite type sandwich plates with
those of the present paper (fig. 2) is shown in figure 4. Appreciable
spread occurs in the elastic-buckling-stresscoefficients computed from
the variouE theories. The maximum deviation of the elastic-buckling-
stress coefficients of 15 pa-cent to -15 percent of the results of the
present paper occurs at a value of r of about 0.2. The discrepancies
become less as the shear-flexibility parameter approaches zero or unity.
The various theoretical results are discussed in more detail in the
following paragraphs.

In reference 5, a potential-energy expression for bending and
buckling of sandwich plates that includes the effect of bending of the
faces about their own middle surface is derived. The assmption is made
that any line in the sandwich core that is initially straight and normal
to the middle surface of the plRte will.remain straight.after deformation
of the plate but will deviate frcxnthe direction of the normal to the

—.— -— ——— - -—— -——.—.
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p

deformed middle surface by an amount that is proportional to the slope
of the plate surface, this proportionality factor heing constant through-
out the plate. While this assumption leads to a rigorous solution for
the compressive buckling of simply supported plates, it is not rigorously
correct for other loadings and boundary conditions.

For the present problem, a stability criterion is obtained in refer-
ence 5 by means of an approxtite deflection function. This stability
criterion (equation (42) of reference 5) is, in the notation of the
present pa~r,

k= (m16~2+3m2 1—— ——
32 )16$2+?

-(m )

16f+3m2+l——
32 16 ~2 ?

1+ r

+ + + )1 Df——
2 Do

(2)

The first term in the right-hand side of equation (2) b the approximate
elastic-buckling-stress~oefficient that w&ld be obtained if ;~e faces
were assumed to k membranes and is analogous to the present solution.
The second term is the elastic-buckling-stresscoefficient of the two
faces alone.

L!

For sandwich plates having relatively large ratios of core thick-

()hness to face thickness =>10,
tf

the effect of the second tem in the

expression is very small, except for plates having low aspect ratios.
For tifinitely long sandwich plates the second term may be neglected
because if the core-thickness - face-thickness ratio is ~ater than 10,
elastic-buckling-stresscoefficients for a given value of r and differ-
ent values of, DflDo practically coincide. In figure 4, therefore, the

results of reference 5 were obtatied by minimizing equation (2) with
respect to P/m while the term involvtig Df/Do was neglected.

The results of reference 5 with the bending stiffiess of”the faces
about their own middle surface neglected differ by at most 15 percent
from the results of the present paper. The elastic-buckling-stregscoef-
ficient for r equal to zero, which corresponds to the clamped isotropic
plate, is about 4 percent higher than the exact value of 6.98 and the

—



4

.

NACA TN 2637

value of r at
3/4 rather than

7

which the wave length of the buckled plate vanishes is
1 as given by the present theory. Whether these dis-

c&pancies are due to the assumption of the theory of reference ~ or to
the approxtiate deflection function used is impossible to ascertain with-
out an e=ct solution of the equations of reference 5, but the fairly
close agreement of the results of reference 5 and those of the present
paper appears to indicate that the elastic-buckling-stresscoefficients
are relatively insensitive to the assumption of proportionality of shear-
defomation angle and plate slope.

A method for simplified solution of Metalite type sandwich-plate
buckling problems is developed in reference 6. The theory of the paper
is largely based upon intuitive reasoning and involves the assmnptions
that the internal moments and shears in a sandwich plate are the same
as those that would occur if the core had infinite shear stiffness and
that the deflecticm of the plate is made up of two parts: a part due
to stretching of the faces by the internal moments and the remainder
due to-shearing of the core by the internal shears. These two parts of
the deflection surface are assumed also to have the same shape.

An approximate equation for the elastic-buckling-stresscoefficient
for the present problem can be obtained from the results of reference 6,
in the notation of the present paper, as

(3)

132
l+—

m2

Equation (3) is identical in form with equation (2). The first term in
the right-hand side is an approxhate elastic-buckling-stresscoefficient
of sandwich plates with membrane faces and the second term shows the
effect of stiffness of the faces in bending about their own middle sur-
face. The effect of the second tezm in equation (3) is again very small,
except for plates having low aspect ratios, and may be neglected for
infinitely long plates when the ratio of core thiclmess to face thick-
ness is geater than about 10. The results of reference 6 shown in fig-
ure 4 were obtained by minimizing equation (3) with respect to j3/m
while the temn involving Df/DO was neglected.

----- —.—~ . ..- ——— —— -—- ___ -— —.-——.—-. —
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The elastic-buckling-stresscoefficients given by the theory of
reference 6 are at most about 7 percent higher than those of the present
P*r. The two solutions coincide for r equal to zero and for r
equal to or greater than unity. Thus, despite the nonrigorousness of
the method of split rigidities, relatively accurate elaatic-buckling-
stress coefficients are obtained through its use.

A potential-energy expression more rigorous than that of refer-
ence ~ is developed in reference 8; however, in the derivation the sand-
wich core is implicitly aasumed to be attached to the middle surface of
the faces, an assmption which underesttites the core shear stiffness
and results in values of elastic-buckling-stresscoefficients that are
lower than exact values. The calculus of variations is applied to the
potential-energy expression to obtain differential equations and appro-
priate boundary conditions for the bending and buckling of sandwich
plates. These differential equations are solved approximately in refer-
ence 7 to obtain upper and lower ltiits for the elastic-buckling-stress
coefficients for the present problem and a chart is presented giving the
arithmetic mean of these limits for infinitely long plates.

The parameteraused in reference 7 are a buckling-stress coef-
ficient ~, a core shear-stiffness parameter R, and, in the notation

of the present paper, the ratio of the core thictiess to the face thick-
ness ~-tf. The relationship between the first two parameters and those

of the present paper are given by the following expressions:

k
cm~ =

()

Df
41+T

o

(4a)

(lb)

The theory of reference 7 gives a different curve of elastic-buckling-
.$

stress coefficient k against core shear-flexibility parameter r for
each value of the ratio of core thickess to face thickness

/
hc tf. 0

.

.—— —
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Curves for h~tf equal to

hc/tf equal to 10 deviates

10, 20, and 50 are shown. The curve for

from the present results by a maximum of

9

15”percent and by about 7 percent for hcltf equal to 20; whereas the

/
points plotted for hc tf equal to 50 coincide with the present results ‘

except in the region near r equal to zero.

A theory, which takes into account the bending stiffness of the
faces about their own middle surface, would be expected to yield elastic-
buckling-stress coefficients higher than those of the present paper,
derived from the membrane theory of reference 1. The results of refer-
ences 5 and 6 also indicate that curves of k against r for infinitely
long clamped plates for core-thickness - face-thickness ratios’greater
than about 10 should practically coincide. The differences between the
various curves obtained from reference 7 and between those curves and
that of the present paper may therefore be attributed to the effect of
underestimating the shear stiffness of the core by assuming it to be
attached to the middle surface of the faces. If the core shear-stiffness
parameter R of reference 7 is redefined by the expression

R=
1

hc
2

()

Df
—l+—r
tf Do

‘(5)

the replotted curves of reference 7 for hcltf greater than about 10

would practically coincide with the present results. The redefinition
of R by equation (5) iE equivalent to taking into account the attach-
ment of the core to the inner surface of the faces rather.than to the
middle surface of the faces as waa assumed in references 7 and 8.

COMPARISON OF TEIEORYAND EXPERIMENT

In figures 5 and 6 experimental compressive buckling stresses for
sandwich plates with simply supported loaded edges and clamped unloaded
edges are compared with the buckling stresses computed from the results
of the present paper. The experimental stresses are the results of
Forest Products Laboratory tests (reference 9) made on Metalite type
sandwich plates with alclad 24S-T aluninm-alloy faces and end-grain

.
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baba-wood or cellular-cellulose-acetatecores. Theoretical stresses h
the plastic range are approximate and were obtained by the method
described
in tables

Poor
end-grain

previously. The experimental and computed data are surmnarized
2 and 3.

agreement exists between theory and experiment for panels with
balsa-wood cores, whereas the agreement tetween theory and

experbent for panek with cellular-cellulose-acetatecores is good, as
indicated by figures 5 and 6. For panels with end-grain balsa-wood cores
the theoretical buckling stresses are an average of 26 percent higher
than the experimental stresses, as is shown by the dashed line of fig-
ure 5. Individual discrepancies range from 12 percent to 45 percent.
For panels with cellular-cellulose-acetatecores the theoretical buckltig
stresses are an average of 1 percent below the experimental buckling
stresses with tidividual discrepancies ranging, however, from -17 per-
cent to 27 percent.

CONCLUDING REMARKS

Charts have been presented to facilitate
retical elastic-compressive-bucklingloads of

the detemdnation of theo-
flat rectangular Metalite

type sandwich plates with shply supported loaded edges and clamped
unloaded edges. A correction for”plasticity has been suggested.

A comparison has been made between the present theory and experi-
mental results for two types of sandwich platesi plates with alclad 24-S-T
alminmn-alloy faces and end-grain balsa-wood or cellular-cellulose-
acetate cores. Better agreement is found between theoretical and experi-
mental buckling stresses of sandwich plates having cellular-cellulose-
acetate cores than of sandwich plates having end-grain balsa-wood cores.

Langley Aeronautical Laboratory
National Advisory Committee for Aeronautics

l&ngley Field, Vs., September 6, 1$?51

.
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APPENDIX

11

DERIVATION OF COMPRESSIVE BUCKLING CRITERION FOR FIAT FWCTANGUIAR

MEKNILITETYPE SANDWICH PLATES WITH SIMPLY SUPPORTED

LOADED EWES AND CLAMPEDUNLOADEDEDxs

Differential equations.- Differential equations for sandwich plates
that may be used to derive the buckling criterion are given in re,f~r-
ence 1. Seven physical constants (two Poisson’s ratios, two flexural
stiffnesses, a twisting stiffness, and two shear stiffnesses), which must
be specified, are given by

DX=DY= lEt(1 + Vf)%y = ~ f f(hc + tf)2 }
(Al)

()D%= D%= Gchcl+~2

These ph~ ical constants are identical with those
ence 2, with the exception of the expression for ‘Qx

has been changed as suggested by Bijlaard in reference
upon which the expression in reference 2 for DQ ~d

x

given in refer-
and D

%
which

10. The assumption

‘% was based,

that the sandwich core carries all the vertical shear forc~s, causes the
core shearing stiffness to be underestimated.

For a Metalite type sandwich plate compressed in the x-direction,
the equations of reference 1 are then .

. —- — . ..— —-—. — _— .. — ——- —— ..- .——+ -——
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.

a2
2 axay

Qx—-
DQ (1- Pf 32

—+
2 ai2 )‘DQ ~

-——
Do DQ

4

(A2)

Boundary conditions.- The boundary conditions that are to be satis-
fied by the functions chosen for the milidle-surfacedeflection w and
the shear angles Qx/DQ and ~/DQ are that no middle-surface deflection

occurs at the plate edges, that no point in the boundary is permitted
G

to move parallel to the edges, that no bending moment exists along the
simply supported edges, and that along t~ cl-ampd edges the sectio~
making up the boundary do not rotate. (See reference 1, pp. 8-9.)
These conditions are given by the following equations:

At x=O, a

%“=q. DQ= o

Jx_% Qyo—-
DQ b DQ

(A3a)

(A3b)

.

————
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The bending moment Mx is given by equation (12a) of reference 1 as

‘x=-DOR~-3’+i$-a!l

13

(A4)

Solution of differentid equation.- Solutions for the middle-surface
deflection w and the shear angles ~1 DQ and ~lDQ exist in the form

(A5)

QY mm

F J

fl~Y
—=sin — Ci Sinh —
DQ a b

where m is an integer indicating the number of sinusoidal half-waves
in the x-direction and values of Ni and the coefficients Aij Bi, and

c~ are to be determined. Equations (A5) satisfy the boundary

conditions (A3a).

Substitution of equations (A5) into equations (A2) yields, after
simplification, the following set of simultaneous equations which applies
for each set of values of Ai, Bi, Ci, and Iii:

.

(A6a)

‘1

..——— .— ——. .—— _ _ _—. . ....—---
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1 - Pf
2

2 ( )]
- Iti: .& Ci=o (A6b)

(A6c)

Three values of Ni, for which equations (.5) satisfy the differential

equations (Al), are obtained by setting the determinant of the coef-
ficients 0+ eqtitions (A6) equal to zero:

‘3=;/’-5-/’

Expressions for the coeffic’ients .i

by solving equations (A-6a)and (A6b).

and Ci in terms of

This procedure gives

(A7)

Bi are found

a

—.— — — —. ——
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A1=O ‘

A3 .

cl =

C2 =N2:B2

>

~ (n)4P2
pf+ l+—–

#

Equations (A5) may then be written as

15

(A8)

..— _. —..—.— . — .—— — ——-— .Z —— .. — ___— .—..—
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[

f12Y
v= @B2cosh — 1.+(1-@B3 cosh~~~inm=

b b mfi a

—

Q ( ~~Y fi2Y

)

llN3Y cO~ mfi
-= B1coshy+B2cosh Y +B3coshy —
DQ a

!
(A9)

~- 1 B1.~~Y+N2~B2s~~+~-

(
N1 ~

b b

)

f13Y
N3~B Sinhy sinm~

m3

The coefficients Bl, B2, ad B3 must be adjusted so as to make

equations (A9) satisfy boundary conditions (A3b). Substitution of equa-
tions (A9) into equations (A3b) gives the following set of simultaneous
equations:

mz llN3
B2@ cosh ~ + B3(1 - @) cosh ~ = O

lll?~ I-CN2 ‘3 ()Bl cosh ~ + B2 cosh ~ + B3 cosh ~ =

!

(Ale)

G1
Sinh —

2 flz ‘i3 o
B1 +~(1-@)R2~s~~+B3@N3~sw~ =

l?~:

.

—.——— —. .-
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The condition that Bl,

mines the criterion for

17

~, and B3 have values other than zero detes-

tability under compression of flat rectangular
Metalite type sandwich plates with simply supported loaded edges a-d
clsmped unloaded edges. The stability criterion, obtained by setting
the detendnant of the coefficients of equations (AIO) equal to zero, is

[

1-

2

—

Ym~

-[RI

-T- ~+ 1 2 Yd?z ?W2

Ycrq
—tanh—

~+ 4 p2 2 2+

(m)
—-
~2

1
* (All)

When the plate shear stiffness is infinite (r = O), equation (All)
reduces to the stability criterion for isotropic plates with deflections
due to shear neglected:

—
/

(Au)

.— ——— . —— ————— —— .— —— ——. — _ . — . . . —
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P
ii

o

.1

.2

.3

.4

.5

.6

.7

.8

.9

1.0
+

TABLE 1

C(XIPRESSIVXBUCKLING-STRESS COEFFICIENTS k FOR MBI’ALITE

TYPE SANIXTICHPLATES WITH SIMPLY SUPPORTED LOADED

EDGEs AND CLAMPED UNLOADEDEIX3ES

(:)
w

----

----

----

9.44

7.69

7.05

7.00

7.29

7.83

----

0.025

40.00

-----

-----

10.44

7.72

6.51

6.06

6.06

6.36

6.85

7.52

0.06

16.67

-----

10.59

7.78

6.19

‘5.41

5.12

5.15

5.42

5.86

6.43

0.10

10.00

9.19 ‘

7.53

6.05

5.07

4.56

4.38

4.43

4.61

5.05

5.55

0.15

6.67

6.32

5.53

4.73

4.15

3.82

3.71

3*79

3.99

4.34

4.75

0.25

4.00

3.89

3.61

3.29

3.05

2.91

2.88

2.96

3.14

3.40

3.72

(a)Values of k taken frop reference 11..

0.40

2.50

2.46

2.37

2.27

2.18
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1. ~

1.84
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1.00
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9.8

15.7
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.6&1
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.010
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.022
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667
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6.9
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6.9
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16.3
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.

--—
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30.5
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.

)Correctedforplasticity.
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Figure 1.- Metalite type sandwich plate with simply supported loaded
edges and clamped unloaded edges.
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Figure 2.- Elastic buckling-stress coefficients for Metalite type sandwich
plqtes with simply supported loadeK edges and clamped unloaded edges.
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Figure 3.- comparison
long Metalite type
supported edges.

.4 .6 .8 Lo
r

of elastic-buclding-stresscoefficients for infinitely
sandwich plates with clsmped edges and with simply

..— —.—— — —-––—



4Q

,,

25

-I-44---LPresent ‘paper
Reference 5

7 {

\

4 .6 .8 I 3

Figure 4.- comparisons of
buckling of infinitely
edges.

various theoretical solutions of the compressive
long Metalite type sandwich plates with clsmped

u

——.. . -—— —— -- —— .-



26 NACA TN 2637

4C

3C

20

10

0

—Theoretical stress =
experimental stress

—-—Theoretical stress = 1.26 x
experimental stress

/

/
c) o/Q

o /

o‘/
Plastic I

—-————-.————-—.——_—————.—————
Elastic

/
/

8
/

I
I

4

I
1
I
I
I

# I

8
I

0 10 20 ‘ 30

Experimental buckling stress , ksi

Figure 5.. Comparison of theoretical and experimentalbuckling stresses
for sandwich plates with alclad 24s-T aluminm-alloy faces and end-
grain balsa-wood cores.
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Figure 6.- Comparison of theoretical and experimentalbuckling stresses
for sandwich plates with alclad 24S-T .ah@..num-alloyfaces and cellular-
cellulose-acetatecores. .
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